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1 Introduction

In this paper, for Ty > 0 and a bounded domain Q with smooth boundary in R", n > 2, we consider the fol-
lowing general parabolic system of m equations (m > 2):

u; = div(A(u)Du) +f(u, Du), (x,t)e Q=Qx(0,Tp),

u(x, 0) = Up(x), xeQ, (1.1)
u=0 or %:O on 0Q x (0, Typ),
ov

where A(u)isanm x mmatrixinu,andu: Q — R™, f : R™ x R™ — R™ are vector-valued functions. The ini-
tial data Uy is given in W1-Po(Q, R™) for some po > n, where n is the dimension of Q. As usual, WHP(Q, R™),
p = 1, will denote the standard Sobolev spaces whose elements are vector-valued functions u: Q — R™ with
finite norm

lullwr@,rmy = llullze) + 1Dullzr(q).

We say that u is a strong solution if u is continuous on Q with Du ¢ Li5.(Q)and D2y e leoc(Q)'

The strongly coupled system (1.1) appears in many physical applications, for instance, in Maxwell—
Stephan systems describing the diffusive transport of multicomponent mixtures, in models of reaction and
diffusion in electrolysis, in flows in porous media, in diffusion of polymers and in population dynamics
[7, 21, 23], among others. We refer the reader to the recent work [9] and the references therein for the models
and the existence of their weak solutions.

The first fundamental problem in the study of (1.1) is the local and global existence of its solutions. One
can decide to work with either weak or strong solutions. In the first case, the existence of a weak solution
can be achieved via Galerkin, time discretization (see [9]) or variational methods [6], but its regularity (e.g.,
boundedness, Holder continuity of the solution and its higher derivatives) is still an open issue. Several works
have been done along this line to improve the early work [5] and establish partial regularity of bounded weak
solutions to (1.1).
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On the other hand, if strong solutions are considered, then their existence can be established via semi-
group theories as in the works of Amann [2, 3]. Using the interpolation theories of Sobolev’s spaces, Amann
established local and global existence of a strong solution u of (1.1) under the assumption that one can con-
trol ullwi.rq,rm) for some p > n.

In both aforementioned approaches, the assumption on the boundedness of u must be the starting point.
For strongly coupled systems like (1.1), as invariant/maximum principles for cross diffusion systems are gen-
erally unavailable, the boundedness of the solutions is already a hard problem. One usually needs to use ad
hoc techniques on a case by case basis to show that u is bounded (see [10, 20]). Even for bounded weak so-
lutions, we know that they are only Hélder continuous almost everywhere (see [5]). In addition, there exist
counter examples for systems (m > 1) which exhibit solutions that start smoothly and remain bounded but
develop singularities in higher norms in finite times (see [8]).

In our recent works [12-15], we chose a different approach, making use of fixed point theory and discuss
the solvability of (1.1) under the weakest assumption that u is VMO (see (1.3) below) and much more general
structural conditions, compared to [2, 3], on the data of (1.1). The proof in [15] relies on fixed point theories,
instead of the semigroup approach in [3], and weighted Gagliardo—Nirenberg inequalities involving BMO
norms.

In particular, we assumed in [15] the following conditions:

(A) A(u)is C!in u and there exist constants A, C, > 0 and a scalar C! function A(u) such that for all u € R™
and { € R™, we have

Aw) 2 Ao, AW)ICI* < (AW, ¢ and  |A)| < C.A(). (1.2)
In addition, |A,| < C|A,| and the following number is finite:
Ay (W)
A= su .
wein ()

With a slight abuse of notation, A(u){, (A(u){, ¢) in (1.2) should be understood in the following way: For
A(u) = [a;(w)], ¢ € R™, we write { =[], with §; = ({i,1, ..., §,n) and

A(u)( = [zaij(j] . AWG O = Y ay(G, )
j=1 i=1 i,j=1

Also, here and throughout this paper, if Bis a C! function in u € R™ then we abbreviate its derivative g—fj
by By.
(F) There exist a constant C and a differentiable function f: R™ — R™ such that for any differentiable vector-
valued functions u: R" - R™ and p: R"™ —» R™*, we have

If(u, p)l < CAY2(W)|p| + flw),

A (W]
AL/2(y)

IDf(u, p)| < CAY2(w)|Dp| + C [Dullp| + Ifu(w)||Dul,

Ifu(w) < CA(W).

The local existence of a strong solution of (1.1) was proved in [15] under the key assumption that any
strong solution u of the system satisfies the following condition: For any given po > 0, there exists Ry, > 0
such that

A’ sup uCe, Olgyom,, (o) < Ho- (1.3)
x0€Q,te(0,To) #o

This condition was referred to as condition (M’) in [15].
Here and throughout this paper, Br(y) denotes a ball centered at y with radius R, and a locally integrable
function U: Q — R™ is said to be in BMO(Q) if the following quantity is finite:

[U]. = sup { U - Usyqy)| dx.
Br(y)cQ
Br(y)

We denote by Uy the average of U over a measurable set A: Uy = |71| j A U(x) dx.
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The Banach space BMO(Q, R™) consists of functions with finite norm

I Ullmoc,rm) := [Ul« + IUllL1Q,rm)-

We also say that U is VMO in Q if infR>0,BRCQ|| U"BMO(BR,]R"‘) =0.

In this paper, for simplicity of presentation and with models in applications in mind, we consider only
the following special form of the reaction terms which are linear in Du, namely, f(u, Du) = B(u)Du + f(u),
and study local and global existence of strong solutions. Thanks to this form of f the fixed point argument
in [15] can be greatly simplified. Furthermore, we will provide conditions which are a bit stronger than (1.3)
but verifiable in applications. In particular, we will show that a strong solution u exists globally if the norm
lullw.nqy does not blow up in finite time. This relaxes Amann’s conditions in [3] which required a control on
lullw.e(q) for some p > n. Again, we are not assuming that u is bounded and our structural conditions (A) and
(F) are more general than those in [3, 16]. Our results also hold for general f(u, Du) with linear or quadratic
growth in Du, see Remark 2.4.

We organize our paper as follows. In Section 2 we state our main results. In Section 3 we state another
version of the local weighted Gagliardo—Nirenberg inequality [15, Lemma 2.4], which is one of the main
ingredients of the proof in [15] and of our main theorem in this paper. Technical results and auxiliary lemmas
needed for the proof of the main results for linear reaction terms are given in Section 4. We conclude the paper
with an appendix presenting a full and simpler proof for the global and local weighted Gagliardo—Nirenberg
inequalities in [15].

2 Preliminaries and Main Results

In this section we state the main results of this paper. Our first main result concerns the local existence of
strong solutions to (1.1) with f being linear in Du, i.e.,

f(u, Du) = B(u)Du + f(u). (2.1)
We imbed (1.1) in the following family of systems:
u; = div(A(ou)Du) +f(0u, oDu), (x,t)eQ=Qx(0,Ty),0€[0,1],

u(x, 0) = Up(x), x€Q, (2.2)
u=0 or a_u=0 on 0Q x (0, Tp).
ov

In [15] we assumed the spectral gap condition, which requires that the eigenvalues of the matrix A(u)
are not too far apart. Namely, we need that "%2 < C;1, where C, is, in certain sense, the ratio of the largest
and smallest eigenvalues of A(u). One should note that there exist counterexamples for global existence of
strong solutions if the eigenvalues of the matrix A(u) are far apart [1, 17]. We then again assume that

nf=—"—>n. (2.3)

Our first main result is the following.

Theorem 2.1. Assume that (A), (F) and (2.3) hold. Assume also that the following conditions hold for any strong

solution u of (2.2) with (2.1):

(M1) There exists po > O sufficiently small in terms of the constants in (A) and (F) such that for some R, > 0,
which may depends on Ty, we have

A? sup luC-, t)HZBMO(BR(xo)r\Q) < Mo.
X0€Q,te(0,Ty)
(M2) The following quantity is finite:
Cr, o= ” Dul? dx.
Qx(0,To)
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n

TR with p* = min{n*, po}, assuming n* satisfies (2.3) and pg > n,

(L) Thereexist constants L(To) and r* >
such that

sup [[A(u(-, O+ () < L(To).
te(0,To)

Then (1.1) has a unique strong solution u on Q x (0, To). Moreover, if the above assumptions hold for all Ty > 0,
then (1.1) has a unique strong solution u which exists globally on Q x (0, co).

The next results are more applicable and improve those of Amann in [2, 3]. Basically, we need only to control
the W(Q) norm of strong solutions while [2, 3] required that their W'?(Q) norms do not blow up in finite
time for some p > n, and thus the boundedness of the solutions is needed in his results.

Corollary 2.2. The conclusion of Theorem 2.1 holds if (M1) and (M2) are replaced by the following assumption:
(D) There exists a constant Cr, such that for any t € (0, To),

lu(-, Ollwiny < Cr.
If this condition holds for all Ty > 0, then u exists globally.

Finally, concerning the integrability condition of A(u) in (L), we can assume a weaker integrability of A(u) if
it has a polynomial growth. We have the following result.

Corollary 2.3. The conclusion of Corollary 2.2 holds if there exist constants A1, €9 > O such that
)] < AAY50(u)  forallu € R™, (2.4)

and (L) is replaced by the following weaker one:
(L") There exist constants L(Ty), so > O such that

sup A% (-, )l < L(To).
te(0,To)

It is easy to see that condition (2.4) holds if A(u) has polynomial growth in u.
Remark 2.4. The results of this paper also hold for reaction terms with linear growth in Du. Namely, we can
assume that

10¢f(u, Ol < CAY2(u),  10uf(u,0)] < CA(u) forallu e R™ and all { € R™. (2.5)

In fact, it is possible to obtain the same results for f with quadratic growth in Du. That is, we can assume that
[0¢f(u, QI < CAY2(u)(|{] + 1), which is clearly implied by (2.5). The proof is of course more involved and will
be reported in our forthcoming work.

3 Technical Results

In this section we state another version of the local weighted Gagliardo—Nirenberg inequality [15,Lemma 2.4],
which is one of the main ingredients of the proof in [15] and our main theorem in this paper. In order to state
the assumption for this type of inequalities, we recall some well-known notions from Harmonic Analysis. For
y € (1, 00), we say that a nonnegative locally integrable function w is an A, weight if the quantity

' y-1
[w]y := sup ( ][ wdx)( { wlv dx) is finite. (3.1)
Br(y) Br(y)

Here, y' = y_Ll For more details on these classes, we refer the reader to [19, 22].
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Throughout this paper, when there exists no ambiguity C, C; will denote universal constants that can
change from line to line in our argument. If necessary, C(---) or C(.., are used to denote quantities which
are bounded in terms of theirs parameters in (- --). We will also write a ~ b if there exist two generic positive
constants Cq, C, such that C1b < a < C,b. Furthermore, we denote by Bg(xo) a ball with center xo € Q. In
the sequel, if the center xq is already specified, then we simply write Bg and Qy for Br(xo) and Br(xo) N Q,
respectively.

We have the following version of [15, Lemma 2.4].

Lemma 3.1. Letu, U: Q — R™ be vector-valued functions with u € C1(Q), U € C*(Q), and let ®: R™ — R be
a C! function and ®(u)* be an Ag,1 weight for some a > 1% and B < 1%’ Suppose that either U or (I)z(u)%—f/’
vanish on the boundary 0Q of Q. For any ball B¢(x,) with center xo € Q, we set

L(t) = j ®*(w)|DUJ*P*2 dx, L) = j ®(w)|Dul?P*? dx,
Q; Q,

hv:= J |©u()2(DUPP*™2 + [DulP*?) dx,  L(t) := JCDZ(u)IDUlzp_ZIDZUIde.
Q Q,

Consider any ball Bs concentric with By, 0 < s < t, and any nonnegative C' function 1 such that = 1 in Bs
and ) = O outside B;. Then, for any € > 0, there exist positive constants C., ¢, which depend on [®*]g,1 and C,,
such that

13(5) < €l4(0) + 11 (0] + Ceol Uy, 120+ (0] + CelURRo 0, SupIDYCOP | @20IDUP? dx. (3.2)
x€B;
Q¢

The only differences between the two versions are that the factor || UlléMO( By in the last terms of (3.2) replaces
the factor | Ullsmocs,) in (2.17) of [15, Lemma 2.4] and the condition on [®%]g,1 (both facts are not important
in this paper and other applications). The two proofs differ only by the order of using Young’s inequality in
the argument. Since this inequality and its global version will be very useful for other purposes, we present
their proof in Appendix A. Our proofs are somehow simpler than that in [15].

We now let ® =1 and i be a cutoff function for Bg, By, i.e., =1 in Bs and ¥ = O outside B; and
|[DY| < % Then @ is an A, weight for all y > 1 and @, = 0. The following version of the above lemma with
u = U suffices for our purpose in this paper.

Lemma 3.2. Let U: Q — R™ be a vector-valued function in C>(Q). Suppose that either U or % vanish on the
boundary 0Q of Q. Then, for any two concentric balls Bs, B¢, withs < t,and any p > 1, € > 0, there exists C, > 0
such that

I|DU|2P*2 dx<e IlDU|2P*2 dx + Cell Ullgpoca,) J[lDU|2P’2|D2U|2 +(t-s)?IDUP]dx.  (3.3)
Qs Q¢ Q

4 The Proof of the Main Results

In this section we present the proof of Theorem 2.1 and its corollaries. The proof relies on the Leray—Schauder
theorem. We obtain the existence of a strong solution u of (1.1) as a fixed point of a nonlinear map defined
on an appropriate Banach space.

Let us consider the Banach space X = C(Q, R™), where Q = Q x (0, Ty). For any given u € X and o € [0, 1],
we consider the following linear system:

w; = div(A(ou)Dw) + B(ou)Dw + f(ou), (x,t) € Q,

w(x, 0) = Up(x), xeQ, (4.1)
w=0 or a—w=o on 0Q x (0, Ty).
ov
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We then define T4(u) = w. It is clear that a fixed point of T, solves (2.2). In order to apply the Leray—
Schauder theorem, we need to establish the following steps:
Step 1. Themap T,: X — X is well defined and compact.
Step 2. There exists a constant M such that ||u|x < M for any fixed points of u = T4 (u).

Step 1 is fairly standard thanks to the following lemma.

Lemma 4.1. The map T,: X — X is well defined and compact.

Proof. For each u € X, A(ou) satisfies the ellipticity condition (A), and the data of the linear system (4.1) are
bounded and continuous. So, (4.1) satisfies the assumptions of [11, Chapter VII, Theorem 1.1], see also [4],
which applies to the system

we = div(@Dw) + bDw + g,
under the assumption that a, b and ||g|4,»,¢ are bounded for sufficiently large g, r such that % + % = 1. Here,
for any vector-valued function F,

T rlg \M"
IFlgrq = < J (J|F(X, Nt dx) dt)
0 Q

Theorem 1.1 in [11, Chapter VII] shows that w exists uniquely, and so T,(u) is well defined. Moreover, as
the initial condition w( -, 0) = Uy(x) belongs to WP (Q) and then Cg(Q) forfo=1- pio > 0, a combination of
[11, Chapter VII, Theorems 2.1 and 3.1] shows that w belongs to C%-%/2(Q, R™) for some aq > 0. In addition,
the norm ||l ca.a0/2(gy depends on Bo and |A(0u)lleo, IB(0U)llcos Ifo()llg,r,q- Thus, if u belongs to a bounded
set K of X, then |lu|x < M for some M, and there exists a constant C such that

Wl cao.00r2(g) < C(M, 1Uo (-, O)ll co (y)-
Hence, T;(K) is compact in X and T,: X — X is a compact map. O

We now turn to Step 2, the hardest part of the proof, and provide a uniform estimate for the fixed points
of T,. Such a fixed point u of T, satisfies (4.1) and belongs to X. Therefore, u is a bounded weak solution and
continuous, and so [5, Theorems 2.1 and 3.2] apply and yield that Du is bounded in Q x (tg, To) for all to > O.
Thus, Du is locally bounded in Q x (0, To). It is then well known that D?u exists in leoc(Q x (0, To) and that
u is a strong solution in Q x (0, Ty).

Thus, in the rest of this section, we consider a strong solution u of (4.1). As the data of (4.1) satisfy the
structural conditions (A), (F) with the same set of constants and assumptions (M1), (M2) and (L) are assumed
to be uniform for all ¢ € [0, 1], we will only present the proof for o = 1 in the sequel.

We should also emphasize that the estimates in the rest of this section do not require the special form of
fin (2.1) but the growth condition in (F).

For any two concentric balls B, B with s < t, we say that i is a cutoff function for Bg, B; if i is a C?
function satisfying ¢ = 1 in B, and ¥ = 0 outside By and |Dy| < % Similarly, for T1 < T, < T3, we say that
n is a cutoff function for (T1, T3), (T2, T3) if 7 is a C! function satisfying n(t) = 0 for t < Ty, and n(t) = 1 if
t>Ts and ITI[I < ﬁ

We begin with the following energy estimate for Du.

Lemma 4.2. We assume that A, f satisfy (A), (F). Suppose that u is a strong solution of (1.1) on Q x (0, To).
Consider any given triple to, T, T satisfying0 < to < T < T' < Toandp € [1, "%), see the definition (2.3) of n*.
Then there exists a constant C, which depends only on the parameters in (A) and (F), such that for any two
concentric balls B, B; with center xo € Q and s < t, we have
sup J AL (w)|Dul? dx + ” \Dul?P~2|D%uln dx
te(T, T')
Qs Qs,to
T
< CA? ” [Du|*P*2n dx + C((t -s)™? ” |Dul?? dx + t5* J j|Du|2P dx ds>. (4.2)
Quto Qt,to T—to Ot

Here, Q¢t, = Q¢ x (T - to, T') and n is a cutoff function for (T - to, T'), (T, T').
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The above lemma is a special case of the energy estimate for Du in [15, Lemma 3.2] with W = U = u and
B(u) = A-1(u). Roughly speaking, we differentiated the system in x to obtain

(Du); = div(A(u)D?v + Ay(u)DuDu) + Df (u, Du). (4.3)

We then test the above with A1 (u)|Du|?P~2 Du? (x)n(t), where 1 is a cutoff function for Bs, B¢, and 17 is a cut-
off function for (T - to, T"), (T, T'). Because 2p < n*, from the definition (2.3) of n*, itis clear that % <C,
and so the spectral gap condition needed in the proof of [15, Lemma 3.2] is available here. Some simple use
of Holder and Young’s inequalities gives (4.2). Here, the last integral in (4.2) comes from the integration by
parts in time, and we made use of the assumption that S(u) = A= (u) is bounded from above, |n'| < tal and
that |n'| is zero outside [T - to, T].

Next, we have the following technical result.

Lemma 4.3. In addition to the assumptions of Lemma 4.2, we suppose that the quantity

Cto, 1,1 t= ” |Dul|? dx is finite. (4.4)
Qx(T-to,T")

There exists o > 0 sufficiently small, in terms of the constants in (A) and (F), such that if for some positive Ry,
which may depends on to, T, T', such that

A sup JuCe, OllEpoqgeg) < Hos (4.5)
XQEQ,tE(T—to,T’)

then there exist p > 3, an integer ko and a constant C depending only on the parameters of (A) and (F), C¢, 1,1,
Ry, and to, T, T', such that

sup J AM@)Dul?P dx < C foranyR < 27%R,,. (4.6)
te(T,T")
Qr

Proof. We follow the argument in the proof of [15, Proposition 3.1] with W = U = u. Suppose that the energy
estimate (4.2) in Lemma 4.2 holds for some p > 1. We write it as

A(s) + H(s) < CA*B(t) + C[(t - 5)2C(t) + t5*C(D)], O<s<t, (4.7)
where the functions A, 7, B,C and € are defined by

A(s) := sup JA‘l(u)lDulzl’ dx, H(s):= ” |Du|**~2|D%u|?n dx,
te(T,T’)Q a
S s,to

T
B(s) := ” |Du|?*2ndx, C(s) := ” |Du|?? dx, @(s) := J J|Du|2p dxds.
Qs,to Qs,to T-to Qs

On the other hand, we apply Lemma 3.2 to estimate B(t), the integral of [Du|??*2, on the right-hand side
of (4.7). Namely, we let U = u, multiply (3.3) by A7 and integrate the result over (T - to, T') to get (recalling
the definition of yg in (4.5))

A?B(s) < eN*B(t) + C(e)uoF(t) + C(e)po(t — s)2C(E), 0 < s <t<Ry.
Let us define F(t) := A?>B(t), G(t) := H(¢t), g(t) := C(t) and h(t) := talé(t). Then the above yields
F(s) < go[F(t) + G()] + C(t - 5)*g(1),
where g9 = Ae + C(€)uo. This obviously gives

F(s) < &[F(t) + G()] + C(t — s)g(t) + Ch(b).
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On the other hand, (4.7) implies
G(s) < C[F(t) + (t - s)"zg(t) +h(t)].

Ase = A2e + C(e) o, it is clear that we can choose and fix some ¢ sufficiently small, and then for py small
in terms of C, € so that 2Ceq < 1. Thus, if g is sufficiently small in terms of the constants in (A), (F), then we
can apply a simple iteration argument, see [15, Lemma 3.11], to obtain

F(s) + G(s) < C[(t —s)"%g(t) + h(t)] forO<s<t< Ry,

Hence, for any R < R%, we take t = 2R and s = R in the above to obtain

T
” (IDul?~2|D?ul? + |Dul?"*2) dx < Cl(R‘Z ” IDul?? dx + €51 J j \Dul?? dx ds). (4.8)

Qr,ty Qar,ty T—to Qar

The above argument shows that if there exist p > 1 and a constant C(R, to) such that the energy estimate
(4.2) holds for p and

” A1) Dul? dx < C(R, to), 4.9)
Qar,t

then this estimate also holds for p being replaced by any q € (p, p + 1], via (4.8) and Holder’s inequality. By
assumption (4.4), (4.9) holds for p = 1. It is now clear that we can repeat the argument kg times to find a
number p > 8, aslong as 2p < n* (so that (4.2) holds by Lemma 4.2). We then see that (4.8) and (4.9) hold
for such p, and therefore estimate (4.6) follows from the energy estimate for (4.2), with t = 2R, s = R. The
lemma is proved. O

Lemma 4.3 made use of a cutoff function 7 for the intervals [T - to, T] and [T, T'] to avoid the dependence on
the initial data at t = 0. This type of result is useful when one wants to discuss the long time dynamics and
global attractors of the system.

In order to establish the local and global existence results, we have to provide bounds for u in Q x [0, Ty)
and allow to = 0. The next lemma considers this case.

Lemma 4.4. Let the assumptions in Lemma 4.3 with T = to = 0 hold. That is,

|Du|? dx is finite and A®>  sup ||u(-,t)||§MO(QR(X0) < Uo (4.10)

0 1
Qx(0,T") X0€Q,te(0,T")

for some positive uo, Ry, sufficiently small, in terms of the constants in (A), (F) and T'. In addition, for some
T, € (0, Tp) and p > 1, assume that

u € C([0, Ty), L (Q)), (4.11)
sup [[Du(-, t)lr2r(q) is finite. (4.12)
te[0,T1)

If (4.5) holds, then for the same constant C, the conclusion (4.6) now reads

sup I A" w)|Dul?? dx < C + CIDu(-, 0)I;%, ) foranyR < 27%Ry,,. (4.13)

te(0,T’
( )QR

Proof. Thanks to assumption (4.12), we can let T, to — O in (4.8) to see that if |[Dul|;2»(q,, ) is finite for
Qr,0 = Qg x (0, T'), then
H (IDul*~2|D?u|? + |Du|*P*?) dx is finite. (4.14)
Qr,0
Using the difference quotient operator 85, instead of D in (4.3) in the proof of Lemma 4.2, we obtain

(6nu)e = div(A(u)D(8nu) + 6p(A(u))Du) + 8nf(u, Du).
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We test this with A=1(u)|6,u|?P~28,up?(x), where 1 is a cutoff function for Bs, B;. We easily see that the
energy estimate in Lemma 4.2 holds with the operator D being replaced by 6. Since u € C([0, T'), L?(Q)),
by assumption (4.11), we can let T, t, — O and obtain

sup J AL w)|8rul?® dx + ” |6pu|?P~2|DRul? dx
e, 1) J o

< CA? ” \Du2|8pul? dx + (t — 5)°2 ” 6pul?] dx + C j I64u(x, 0)[2P dx.
Q0 Q0 Q¢

As we now see, the integral in (4.14) is finite, and so we can let h tend to 0 and obtain a similar energy
estimate (4.2) for Du with to = 0 and n = 1. Namely,

sup j AN (w)|Du|?® dx + ” |Du|*?~2|D?u|? dx
te(O,T’)Q 4
S 5,0

< CA? ” IDUP*2 dx + (¢ — 5)~2 ” \Dul?P dx + C JIDu(x, 0 dx.
Q0 Qt,0 Q

Again, given the second assumption in (4.10), we can argue as in Lemma 4.3 to treat B(t), the integral
of [Du|?P*2, on the right-hand side and redefine h(t) := |Du(-, O)IIifp(Q), a constant in ¢t. The same argument
then yields a version of (4.8) with ty = 0. In particular, we obtain

” Dul?*? dx < C;R™ ” DUl dx + C1|Du( -, 0)| 22

Q)
Qr,0 Q2r,0
With assumption (4.10) the iteration argument after (4.8) in the proof of Lemma 4.3 on the power p then
gives (4.13). This completes the proof. O

We are now ready to provide the proof of the main theorem.

Proof of Theorem 2.1. By Lemma 4.1, the map T,: X — X defined by (4.1) is compact. In order to apply the
Leray—Schauder theorem and show that there exists a fixed point u for o = 1, which is the solution of (1.1),
we need only to provide a uniform bound for the fixed points of T, and conclude the proof. To this end, for
any o € [0, 1], we consider a fixed point u of Tg.

Since u € X, u is a bounded weak solution and continuous, and so [5, Theorems 2.1 and 3.1] apply and
yield that Du is locally bounded in Q = Q x (0, To). It is then well known that D?u € LIZOC(Q), and thusuisa
strong solution in Q.

We will apply Lemma 4.4 here to provide a uniform bound. First of all, the continuity assumption (4.11)
of the lemma is clear because u € X. Next, forany q = 2p € (n, po), we show that |[u(-, t)[lw.¢(q) is bounded in
[0, To) to verify (4.12). For any h > 0 and any function w, we denote by w(xy = ¢y * w the mollifier/regularizer
of w.Forany f ¢ Lq'(Q), we have

j D(u(x, )f(x) dx = j(Du(x, B)imf () dx = j Du(x, )f () dx

Q Q

Q
= J u(x, t)Dfny(x) dx — I u(x, 0)Dfm(x)dx ast — 0,
Q Q
because u € X. The last term in the above is bounded by [[u(-, 0)lwr o) Ifall Lo ) and u(-, 0) = Uo(-). By the
uniform boundedness principle, noting that Du(-, t) € L9(Q) for each t > 0, we see that [Dum(-, t)llLa)
is uniformly bounded with respect to h for all h > 0 and ¢ € [0, Tp). By letting h — 0, we derive that
SUPyc(o,T,) DU+, B)ll120(q) is finite. Thus, for each fixed point u of Ty, condition (4.12) holds.

Hence, from assumptions (M1) and (M2), the assumption (4.10) of Lemma 4.4 holds, and so the lemma
can apply here to provide uniform constants C*, Ry, depending only on the parameters of (A) and (F), Cr,,
Ry, and |[DUq|lre(q), such that if p < p* = 3 min{n*, po}, then

sup j A1)\ Dul? dx < C*. (4.15)
tE(O,To)Q
Ry
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From the definition of r* it is clear that we can choose p, p; suchthatn < p; <p <p*andr* = pf—;l. As
re = %(p%)’ , by Holder’s inequality, we have

p1/p
j DU dx <A@ j Fwipur x) (4.16)
Ok, QOr,

From assumption (L) on A(u) and (4.15), the right-hand side of (4.16) will be bounded uniformly for all
o€ [0,1].

We then have a uniform bound for |lullw.4(q). As ¢ = 2p1 > n, by Sobolev’s embedding theorem, we see

that |lu|lx < M for some constant M and all o € [0, 1]. The Leray-Schauder theory then applies to provide a

fixed point u = Ty (u). This fixed point is the unique strong solution of system (1.1). O

Proof of Corollary 2.2. We just need to show that assumption (D) implies (M1) and (M2). It is clear that (D)
yields (M2). To verify (M1), we argue by contradiction. If this is not the case, then there exist sequences
{xn} c Q, {04} € [0,1], {tn} c (0, To), {rn}, rn — 0, and a sequence of strong solutions {ug,} such that for
Un(+) = ua,,(' ,tn),

| UnlBMOGB,, (xn)nQ) > €0 for some &g > 0.

By (D), we see that the sequence {U,} is bounded in W"(Q). We can then assume that U, converges
weakly to some U in W'2(Q) and strongly in L?(Q). We then have [|Upllsmosrna) — I UllBMoBzn0) for any
given ball Bg. Itis easy to see that U € W"(Q) and, by Poincaré’s inequality, U is VMO and | Ullsmo(sznq) < %"
if R is sufficiently small. The number R is independent of Ay > 1 because ||U|w.r(q) is independent of A,.
Furthermore, we can assume also that x, converges to some x € Q. Thus, for large n, we have r, < § and
Xn € Bgj2(x). Then, for large n, By, (xn) ¢ Br(x) and

€o
[ UnllBmo(B,, (x)n@) < IUnlBMOBR()NQ) < |UlBMOBR(NQ) + 5 <o
We obtain a contradiction. Thus, (M1) holds and the proof is complete. O

Proof of Corollary 2.3. We need only to show that (D) and (L') together imply (L). Let u be any strong solution
of (2.2) and A(u) satisfy (2.4). There exist sg, Co > O such that
1A% Wllz1 ) < Co(To). (4.17)

We will show that for any r > 1, there exists a constant C, depending on Co, So, 1, |1Q|, To and |[ullw1.n(q), such
that ||/1(u)||Lr(Q) <C.
We choose and fix s > 0 and p € (1, n) such that sp, = sg, where p,, = %. Then (4.17) implies

IAS@W)liLe- (@) < Co'P* (To). (4.18)
We define g(-) = AS*éo(u(-, t)). The definition of A; in (2.4) gives
|[Dg| < C(s) Al AS(w)|Du| < C(s)A1AS(u)|Dul.

Al*&o (u)
Hence, by Holder’s inequality, |Dgllzr(q) < CIIAS(u)lLe- ()llDulln(q). This and (4.18) and (D) provide some
C(To) such that |DgllLr(q) < C(To). Using Holder’s inequality, we have

Iglizi @) < CIA @IS < CCo /P (To).
Hence,

Iglwr) < C(To) + CCy* /P (Ty).

By Sobolev’s embedding theorem, ||g]|z»- (q) is bounded. From the definition of g, we can find a constant C(To)
such that A3+ (u)||Lr+ ) < C(Ty). Thus, there exists a constant C;(To) such that
[A%FP=E0 (u)[| 11 () < C1(To).

This shows that if (4.17) holds for some sg, then it also holds for sy being sg + p.£o and a new constant
C1(To). It is then clear that we can repeat this argument to see that [|ASotkP+£o(y)|| 1) < Ci(Tp) for all inte-
gers k and some Cy(Tp). This fact and a simple use of Holder’s inequality show that (L) holds. The proof is
complete. O
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Remark 4.5. By (4.16), u is Holder in x. We can show that u is also Holder continuous in x, t. Indeed, (4.8)
with p = 1 shows that |D?ul|?, |Du|* arein L1(Q). From the system of u and a simple use of Hélder’s inequality,
we obtain that

luelzig < IA@)Irz)ID*ullz2 ) + lAu@)lz2lIDul?llL2 gy + ||f||L1(Q)-

Since |A(u)|, |Ay(u)] < A(u) and f has linear growth in Du, the right-hand side is finite and bounded by
a constant independent of Ay (using (4.8) with p = 1 and then (4.16) to see that | D?ul|;2(g) < C/\{,l). Thus,
u; belongs to LY(Q). It is well known that if u is Hélder continuous in x, and u; is in L1(Q), then u is Holder
in x, t (see [18, Lemma 4]).

A Appendix

In this section we provide the details of the key global and local weighted Gagliardo—Nirenberg interpolation
inequalities, which allow us to control the LP norm of the derivatives of the solutions in the proof of our main
theorems. The proof somehow simplifies that in [15], as we will not use the Muckenhoupt’s inequality for the
uncentered maximal operator but simple Hélder’s inequality.

Again, we write Bg(x) for a ball centered at x with radius R and will omit x if no ambiguity arises. We use
C, Cy, ... todenote various constants which can change from line to line but depend only on the parameters
of the hypotheses in an obvious way. We will write C(a, b, . ..) when the dependence of a constant C on its
parameters a, b, . . . is needed to emphasize that C is bounded in terms of its parameters.

For any measurable subset A of Q and any locally integrable function U: Q — R™, we denote by |A| the
Lebesgue measure of A and by U, the average of U over A. That is,

Uy = ][ U(x)dx = IA% J U(x) dx.
A A
From the definition (3.1) of A, weights, we clearly have
u

( :[ wdx)( } wl/Hk dx) < [Wlys1 forallp > 0. (A.1)

Br(y) Br(y)

A simple use of Holder’s inequality also gives
W], < [w]? forall § € (0, 1). (A.2)

We first have the following global weighted Gagliardo—Nirenberg inequality.

LemmaA.1. Letu, U: Q — R™ be vector-valued functions with u € C1(Q), U € C%(Q), and let ®: R™ — R be
a C! function. Suppose that either U or qbz(u)%—g vanish on the boundary 0Q of Q. We set

I := JCDZ(u)lDUlzl’*z dx, I,:= anz(u)wmzl”2 dx, (A.3)
Q Q

I = Ilcbu(u)lz(lDUlzlg+2 +|Dul?*?) dx, (A.4)
Q

L= jc1>2(u)|DU|2p-2|D2U|2 dx. (A.5)
Q

Suppose that the following holds:
(GN) @%(u) belongs to the Ag.1 class for some a > 1% and f < 1%’
Then, for any € > 0, there exists a constant C,¢ depending on € and [®*(u)]p.1 such that

I < 821 + Ce,0ll U”éMO(Q)[Il +1h]. (A.6)
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In the proof of this lemma we will make use of the following well-known facts from Harmonic Analysis. We

first recall the definition of the centered Hardy-Littlewood maximal operator acting on function F € Lll0 (Q):

M((F)(y) = sup{ J F(x)dx : &> 0and Be(y) Q}
&€
B:(y)
We also recall the Hardy-Littlewood theorem: For any F € L9(Q), we have
JM(F)q dx < C(q) JF" dx, g>1. (A7)
0 Q

We also make use of the Hardy space H*. Forany y € Q and € > 0, let ¢ be a function in C5°(B;(y)) with
ID@| < C1. Let ¢pe(x) = e (%) (then |Depe| < C1£717™). From [22], a function g is in H*(Q) if

supg = pe € L'(Q) and Iglhor = Il + [supg = g
£>

&0 L1Q)"

We are now ready to give the proof of Lemma A.1.

Proof of Lemma A.1. We can assume that m = 1, because the proof for the vectorial case is similar. Integrating
by parts, we have
I = J @2 (u)| DU+ dx = - J U div(®?(u)|DUI*P DU) dx. (A.8)
Q Q

We will show that g = div(®?(u)|DU|*’ DU) belongs to the Hardy space 3! by showing that there exists
a constant C such that

Jsgp|g s peldx < CIL? + 12107 + C(d*w)]pe ) [I 2 (17 + 1Y% + 212, (A.9)
Q
lgli < CIL2 + /L2 + (1% + 1% + 120/, (A.10)

Once this is established, (A.8) and the Fefferman-Stein theorem on the duality of the BMO and Hardy spaces
yield I < |Ullsmollgliac: (see [22]), and so

I < C([@*W)]g: DI Ulemo [ 2@V + ) + T2 (17 + 1) + 1,2 1/2).

A simple use of Young’s inequality to the right-hand side then gives (A.6).
Therefore, in the rest of the proof we need only to establish (A.9). We then write g = g + g> with
gi = div V;, where
v, = cD(u)|DU|P+1(qn(u)|DU|P-1DU - { @ (u)|DUP'DU dx)
B
and
V, = ®(u)|DUP*? } ®(u)|DUPDU dx.
B,
Let us consider g1 first. We define h = ®(u)|DUP~1DU. For any y € Q and B, = B:(y) c Q, we use inte-
gration by parts, the property of ¢, and then Holder’s inequality for any s > 1 to get

81 % 9] = l I Dd’(%)(h — hg,(»))@W)|DUP*! dxl

Be(y)
s% ][ I - g, )| D) DUP dx|
Be(y)
Cl /s ’ ' 1/s'
<2 ][ h=ha ol dx) ][ @ DUV ax) . (A.11)

Be(y) B:(y)
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There exists a constant C such that |Dh| < |®,(u)||Du||DUP + p®|DUP~1|D2U|. The Poincaré—Sobolev

inequality, with s. = n_%=, then gives

Cl 1/s 1/s.
= ][lh ~hy, P dx) " < ][|Dh|5* ax)

B, B
1/s.
< c[ }I(Du(u)ls* |Dul%*|DUPS* dx + ][ @+ |DU|P~V3+|D2U|%* dx
B, B:
Using the above estimate in (A.11), we get
sup| [ @81 dx| < CL¥10) + V20130, (A.12)

where ¥;(y) = (M(F{ (y)))/% with q1 = g5 = s+, g3 = s and
Fi = ®@,(w)|Du||DUP, F, = ®w)|DUIPD*U|, F;=®w)|DUP*.

Take s = ;2% then s, = s’ = -2 We see that ¢; < 2. Hence, by (A.7),

n+1

( J 2 dx)m -( JM(F?*)Z/‘I* dx)m <( JFI? dx)l/z.
Q Q

Q

Therefore, by Holder’s inequality, the above estimates and the notations (A.3) and (A.5), we get

Jsgplgl % el dx < C[Ii/zﬂ/2 +I}/ZI§/2].

We consider g, and note that |div V,| < C(J1 + J2) for some constant C and

J1 = @u@)IIDUlIDUP* 3, := @w)|Dul’|D*UlJs,

with
1= | owipur ay.
Be(y)
In the sequel, for any r > ﬁ, we define r* =1 - _r(pl+1)’f = ®(u)|DUIP*! and f = ®(u)|DulP+!.
We consider J3. If r1 > 1%’ we use Holder’s inequality to have
. r 1/[ri(p+1)]
‘ ][ Y @+D @p/@+ )| p P dx’ < < ][(cpl/<p+1>)1/r1 dx) ( ][fpn dx) )
Bg Be BS

This gives the following estimate for J5:
. ry 1/[r1(p+1)]
Is < ( ][ D(u) /17 0+ D) dx) ( ][ o dx) R (A.13)
Bg Bs
For J1, we write J; = KLJ5, with K = |®,(u)||DUP*!| and L = |Du|. We have

9e e 1l < (f & dx)”s'( fr dX)Ust-

B B

We write LS = ®=5/w+D®s/w+D|Dy|s and use Holder’s inequality to have, for any r >

( J: LS dX>1/S § ( J: (D—S/[l’*(IHl)] dx>r*/s< ][fsr dx)l/[rs(pﬂ)].

B. B. B,

1
p+1°
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Combining these estimates with (A.13), we have

suple * J1 < CtM(K®)Ys M(For) M/ Irsl pg(ppra) i)l (A.14)
&
where
r r‘/s
= ( ][ O (p+D)] dx) (][(D—s/[r*<p+1)1 dx) _
B, B,
We rewrite .
. . rt/(ris) 1"
Cy = [Sup( ][ OL/r (p+1)] dx)( ][ @-s/lr" @+ dx) ]
&
B, B.

We now choose s, 1, r1 such that s’ = sr = pr; and sr < 2. Inthiscaseifr < 1and s = %, thens' =r+1
andr; = 2L > L Let

p p+1°
1 re
a(r) = m and B(T) = r,{S.
We see that
a(r) S

B rp+1)
By the definition of weights in (3.1), w = ®*") and (A.1) with u = B(r), it is clear that

€1 < C[(Da(r)]/r;(r)ﬂ'
We see that L -1
T+ rip+1) -
an= 1 ang pr- D=L
rp+r+1 rp+1)+1
Clearly, a(r) decreases to 1% and fB(r) increases to 1% asr — 17. Thus, if a > ﬁ and 8 < 1%’ then for r

close to 1, we have a(r) < a and B(r) > B, and so [®*M])41 < C([D*]p+1), see (A.2). Hence, for r < 1 and r
being near 1, from (A.14) and the above estimates, we obtain

suple * J1| < C([O%]ge1) MK /I M(F) VISPl pg(poryplirsedl,
&

Integrating the above over Q and applying Holder’s inequality and then (A.7) (because rs < 2) to the right-
hand side, we obtain

Jsgp|¢g # J1l dx < CAD ) gs)IK N2 oy I 2o IAIB' .
Q

Using Young’s inequality for the last two factors and the notations (A.3) and (A.4), we obtain
[ suplee « 1 dx < @ 120 4 11,
Q
Next, we write J, = ®|DUP-1|D2U||DU|J3 = KLJ3 with K = ®|DUP~*|D?U|and L = |DU|.
We repeat the same argument, and estimate (A.14) now reads
sup|q,')£ « o] < CZM(KS’)1/5'M(fsr)l/[rs(p+1)]M(fpr1)1/[71(p+1)] ,
&

1
p+1°

[ suple « 1ol ax < cqomp 1.
Q

where C, also satisfies C, < C[®?] We then use the previous arguments, starting from (A.14), to have

Combining the estimates, we obtain

Jsgplg x peldx < CII? + L2107 + C(@*w))pen) (1,217 + %) + L212).

Q
This proves (A.10). It is not difficult to establish (A.10) estimating |Ig]lz1(q). We simply use Holder inequality
in a similar way in treating /i, J», and replacing J3 by ®(u)|DU|P. We leave the details to the readers. The
proof is then complete. O
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We now give the proof of Lemma 3.1. Consider any ball Bg concentric with B¢, 0 < s < t, and any nonnegative
C! function ¥ such that ¢ = 1 in Bs and i = 0 outside B;. Recall the following notations Q; = Q n B; and

I(t) = J @2 ()| DU+ dx, Ty(t) = J @2 ()| Du|?P* dx,
Q¢ Q¢

T(t) o= j|c1>u(u)|2(|DU|21f’+2 £ DUy dx, L(b) = JCIDz(u)lDU|2p’2|D2U|2dx.
Q¢ Q¢

Proof of Lemma 3.1. We revisit the proof of Lemma A.1. By integrating by parts and noting that i) = 0 on 0Q,
we have

J (W) |DUIP* dx = I U div(®>(u)y?|DUIP DU) dx.

0 o)

Again, we will show that g = div(®?y?|DU|?? DU) belongs to the Hardy space J(*. We write g = g1 + &>
with g; = div V;, where

vy = (D(u)l,[)|DU|p+1(CD(u)t,leUlp‘lDU— ][ CD(u)l/)IDUlp‘lDde),
Qe

V, = Ou)p|DUPH ][ D)y DUP-'DU dx.
Q.

In estimating V;, we follow the proof of Lemma A.1 and replace ®(u) by ®(u)y(x). There will be some
extra terms in the proof in computing D(®(u)y). In particular, in estimating Dh in the right-hand side of
(A.11), we have an extra term, which can be estimated as follows:

1/s. 1/s.
( { @ ()| Dy[** [DUJPS- dx) < supIDt/;I( } @ (w)|DUPS- dx) .
X€B;
Qe Qe

Accordingly, in the right-hand side of (A.12), we have the following term:
sup|Dy|W3 M(®°" (w)[DUPS*) /-

Using Holder’s inequality, we have
1 1/2
J‘I’3M(CDS*(M)|DU|pS*)1/S* dx < Il/ (JM(Q)S*(M)|DU|pS*)2/S* dX)
Q¢ Q¢
The last integral can be bounded via (A.7) by
I, := J ®2(u)|DU|P dx. (A.15)
Q;
Using the fact that || < 1 and Q = By, the proof can continue and give
J suplg: * pel dx < C[1° L% + 1°L/% + supl Dy * 1. (A.16)
Q ¢ B
Similarly, in considering g, = divV>, we will have the following extra term in the definition of J;:
|Dy|®(u)DUPH } @(u)|DUP dx,
Qe

which can be estimated by
sup|DY|M(®(u) DU+ )M(D(w)|DUP).
B¢
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Again, using Holder’s inequality and the Hardy-Littlewood inequality (A.7), the integral over B; of this quan-
tity is bounded by supg, |D¢|I}/2I}</2.
Therefore, (A.16) holds true with g; being replaced by g,. Combining these estimates for g1, g>, we get

j suplg # el dx < supDYIL/2 1Y + Co [T +1M2) + 12122,
£ B,
Q;

The above gives an estimate for the 7(! norm of g. By the Fefferman-Stein duality theorem again, we obtain

j @2 Wy IDUPP* dx < [Ullsmoay gl

Q ) )
<| U”BMO(Q[)( sgplDlpH}/Zﬁ/z . C@[Ii/z(li/z N Ii/z) . I}/z@/z])'
t

A simple use Young’s inequality, the definition of I.. given in (A.15) and then the fact that i = 1 in Bs
give (3.2). The proof is complete. O
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