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1 Introduction

In this paper, we are interested in periodic solutions of the differential equation
x" + fit, 1x)x = 0, (1.1)

where x € R?, with x| > Ry, and f : R x [Ro, +00) — R is a continuous function, T-periodic in the first vari-
able, with a fixed positive constant Ry. We are going to study the existence of bouncing periodic solutions.
In particular, we are looking for solutions x : R — R? solving (1.1) when |x| > Ry and satisfying a perfect
bounce condition on the sphere §4-1 = {x € RY : |x| = Ro}: the speed has the same value before and after the
bounce but the sign of the radial component changes.

The main results can also be applied to a class of systems with a particle hitting a cylinder $91-1 x R, In
the case of a proper cylinder (i.e. for d; = 2 and d, = 1), it models, for example, a particle subject to a periodic
central electric field and to an elastic force (see Figure 1). Similar situations can be seen in the case of a proper
sphere, for d = 3. We will focus our attention, at first, to the case of spheres, postponing the treatment of the
case of cylinders to Section 4.

By the radial symmetry of the equation, every solution of (1.1) is contained in a plane, so we can pass to
polar coordinates and consider solutions to the following system:

2

L
"+ f(t,p) =0, > Ry,
P fit, p) p > Ro (1.2)

where f(t, p) = f(t, p)p and L € R is the angular momentum. The bounce condition could be easily written in
the following way:

p'(td) =-p'(ty) if p(to) = Ro.
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Figure 1. A bouncing particle periodically rotating around a cylinder.

We emphasize that the bounce does not affect the behavior of §. In this paper, we are going to study the
existence of rotating periodic solutions, performing a certain number v of revolutions around the sphere in
the time kT and T-periodic in the variable p, i.e. such that

T = ,
{ p(t+T) =p(t) (1.3)

9(t + kT) = 9(¢t) + 2mv.

The existence of periodic solutions of large period kT was previously studied by Fonda and Toader in [21]
in the setting of a Keplerian-like system where the planet is viewed as a point (see also [18, 19, 22] for other
situations).

Problems modeling the motion of a particle hitting some surfaces have been widely studied in litera-
ture in different situations; see, e.g., [2, 4, 5, 26-28, 34]. The simpler system with impacts is given by the
so-called impact oscillator (see, e.g., [1, 3, 25, 33]) where a particle hits a wall attracted towards it by an
elastic force. The existence of bouncing periodic solutions of such systems has been discussed, for example,
in 3, 17, 28, 30-33, 37]. However, to the best of our knowledge, it seems that similar existence results on
rotating periodic solutions with impact on spheres (or cylinders) of positive radius have not been presented
yet.

Let us now explain in detail what we mean by the term “bouncing solution”, borrowing the definition
given by Bonheure and Fabry in [3], which we recall for the reader’s convenience. In this definition, the con-
stant w indicates the x-coordinate of the wall against which the solution bounces.

Definition 1.1. Consider a scalar second order differential equation
x" +p(t,x) =0,

where p : R x [w, +00) — R is a continuous function. A w-bouncing solution is a continuous function x(t),

defined on a certain interval (a, b), such that x(t) > w for every t € (a, b), satisfying the following properties:

(i) Iftg € (a, b)issuch that x(tg) > w, then x(t) is twice differentiable at t = to, and x”' (to) + p(to, x(to)) = O.

(ii) Ifty € (a, b)is such that x(tg) = w and, in a neighborhood of t(, there holds x(t) > w for t # to, then x’ (ty)
and x'(t{) exist and x'(t5) = -x'(t§).

(iii) If to € (a, b)issuchthatx(ty) = wand either x(t;) or x'(t{) exists and is different from 0, then, in a neigh-
borhood of tj, there holds x(t) > w for t # tg.

(iv) If x(t) = w for all t in a non-trivial interval I < (a, b), then p(t, w) > O for every t € I.
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Treating a Keplerian system like (1.2), we will say that (p, 9) is a w-bouncing solution if p is a w-bouncing
solution of the first differential equation.
We are now ready to state one of the main results of this paper.

Theorem 1.2. Assume
Y N (V)

i < liminf sup —— < i 1.4
y p—+00 p p—>+oop p ” ( )
with N2 (N + D2
s SN +1)m
(M1 <z < (WD) 1)

for a suitable integer N. Then for every integer v > O there exists an integer k, > 0 such that for every integer
k > k, there exists at least one periodic Ry-bouncing solution (p, 9) of (1.2) with period kT, which makes exactly
v revolutions around the origin in the period time kT, i.e. satisfying (1.3).

The statement of the theorem requires that the nonlinearity f has a nonresonant asymptotically linear growth
at infinity in the following sense: the constants y; = (71j/ T)? in (1.5) are the values of the vertical asymp-
totes u = p; of the j-th curve of the periodic Dancer-Fucik spectrum associated to the asymmetric oscillator
X"+ uxt — vx~ = 0. The first equation in (1.2) presents a wall at p = Ry against which the particle bounces.
Such a wall can be approximatively modeled as a spring with a very large elasticity constant (see, e.g.,
[3, 4, 28, 37]). For this reason, it is natural to require that the nonlinearity f satisfies an asymptotic behavior
at infinity as in (1.4). Conditions like (1.4) have already been introduced by treating scalar equations with
a singularity; see, e.g., [6, 14, 20, 35]. Moreover, let us underline that if f(s, Rg) < O for some s € [0, T], then
necessarily the periodic solutions satisfy p(t) > Ro for some ¢t € [0, T].

We will also see, in Theorem 3.1, how we can relax condition (1.5) by introducing a Landesman-Lazer-
type condition, thus obtaining a similar existence result for nonlinearities next to resonance. In particular,
we will introduce a double resonance condition for nonlinearities satisfying (1.4) with fi = py and ft = py41.
A double Landesman-Lazer-type condition has been treated in other situations; see, e.g., [8, 9, 13, 36].

Moreover, following the proof of Theorem 3.1, we will obtain Corollary 3.2 which extends to the resonant
case a previous result obtained by Fonda and the author in [17] for impact oscillators.

The next section is devoted to the proof of Theorem 1.2. In Section 3, we will present the results next to
resonance and we will show how to modify the proof of Theorem 1.2 in order to prove such a result. Then, in
Section 4, we will present how to extend the applications to systems with a particle bouncing on a cylinder.

2 Nonresonant Case, Proof of Theorem 1.2

Let us consider the change of coordinate p = r + Ry. System (1.2) is equivalent to

”—ﬁ+ﬂt,r+Ro):O, r>0, o)
r L
(r+Ro)?’
Let us define the function g : R x R x [0, +0c0) — R as
LZ
g(L,t,r)= “UiRo} + f(t, v+ Ro),
so that the first differential equation in (2.1) becomes
" +g,t,r)=0 (2.2)
and it is easy to verify that
1< liminfM < limsup g, 1) <p

r—+00 r r—+00 r
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uniformly in t € [0, T] and L in a compact set. In what follows, we will assume that L varies in a compact set
containing zero, but it is not restrictive to assume L to be non-negative. So, fixing Ly > 0, in what follows, we
will always assume L € [0, Lo].

We are looking for 0-bouncing solutions to (2.2) such that

r(t+T)=r(t),
9(t+ kT) = 9(t) + 2nv  with k,v € Z.

We define, for a fixed small § > O, for every n € IN the functions g, : [0, Lo] x Rx R — R as

g(L, t,x), x>1/n,
gn(L,t,x) = 1nx(g(L,t,x)+8) -8, 0<x<1/n, (2.3)
nx -6, x<0

and we consider the differential equations
X" +gul,t,x)=0, (2.4)

where x varies in R. Let us spend a few words to motivate the introduction of the small constant § > O which
can appear unessential: it will be useful to simplify the proof of the validity of the fourth property in Defini-
tion 1.1 for the bouncing solution we are going to find (cf. [17]).

It is well known that such a differential equation has at least one T-periodic solution when n is large
enough and L is fixed (cf. [7, 10, 16]). In the next section, we will prove the existence of a common a priori
bound.

Let us introduce the set of C! functions which are T-periodic

Ch = {x € €'(0, T]) : x(0) = x(T), x'(0) = X'(T)}.

We are going to look for an open bounded set Q ¢ C}, containing O such that any periodic solution of (2.4),
for n sufficiently large, belongs to Q.

Then in Section 2.2 we will prove the existence of periodic solutions of (2.2) by a limit procedure: we
will show that, for every integer v > 0 and for every integer k sufficiently large, there exists a sequence
(LX), c [0, Lo] and a sequence of solutions (x<"), of (2.4), with L = L,, converging to L%V and xk,
respectively, where x% is the desired bouncing solution. The proof of Theorem 1.2 will be concluded easily
in Section 2.3.

2.1 The A Priori Bound

The proof makes use of some phase-plane techniques, so it will be useful to define the following subsets
of R?:
I ={(xy)eR*:x<0}, I"={(x,y)eR*:x=0}.

Further, we define the open balls centered at the origin
Bs ={(x,y) e R? : x*> + y* < s%}.

Let x € C}, be a solution of (2.4) such that there exist some instants t1, t,, t3 € [0, T] such that x(¢t;) = O
and (-1)'x'(¢;) > 0. Assume moreover that x(t) < O for every t € (t1, t;) and x(t) > O for every t € (t», t3). Let
us first consider the interval [¢1, t,]. There exists a positive constant ¢ such that the orbit (x(¢), x'(t)) in the
phase plane consists, in this interval, of a branch of the ellipse

y? +nx? - 26x = 2. (2.5)
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In particular, x'(t1) = —c and x'(t3) = ¢, and for every t € [t1, t,] one has

6 - V62 +c?n c
x(t) > — >

Vn
A computation shows that

i

1)
) <

1 .
th—t1 = W [n -2 arcsm(

for every ¢ > 0.
Call =7 the open region delimited by the ellipse in (2.5). Besides, for every c > 0, it is possible to find
ngp = no(c) large enough to have

%(6 - m) > —Ro/2 foreveryn > ng(c). (2.6)
For our purposes it is useful to define the set
Bl =(I" nZHu I nBy).
In particular, we have Z*! ¢ E" and
E10©  (—Ro/2, ¢) x (~c, C).
We define the following set of periodic functions:
Q = {x € Cp : (x(t), X'(t)) € E forevery ¢ € [0, T1}.

Let us now focus our attention on the second interval [t;, t3]. It is possible to verify that there exists y > 0
sufficiently large (which can be chosen independently of L and n) with the following property: if x satisfies
(X'(6)? + (x(8))? > jy? for every t € [t, t3], then (cf. [15])

T T
—<t3-fh<—.
5T
Hence, we can conclude that any solution to (2.4) such that x? + x'?> > y? when x > 0 must rotate in the
phase plane, and it needs a time

Te€ [ LS ] 2.7)
o
to complete a rotation. So, by (1.5), choosing n large enough, we can find that it performs more than N rota-
tions and less than N + 1 rotations in the phase plane. In particular, it cannot perform an integer number of
rotations.
Moreover, by assumption (1.4), if we consider a solution x to (2.4) satisfying x> + x'2 > ¥> when x > 0,
introducing polar coordinates
x(t) = o(t) cos(6(t)),
x'(t) = o(t) sin(6(1)),
we can find (enlarging ¥, if necessary) the following uniform bound for the radial and angular velocity when
X is positive:
X' () + x(t)gn(L, t, X(t))
x(6)2 + x'(t)?
X' () (x(t) = gn(L, t, (1))l
x(6)? + x'(t)?
dQ lo
——| < —p = Kp. 2.8
|d(_9) < 5,0~ Ke (2.8)

Let us now state a lemma which will also be useful in Section 3.

-0'(t) = >8>0,

lo'(t)l = < loo(t).

Thus we find
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Lemma 2.1. For every x > ¥ there exists R = R(y) > 0 and an integer n1 = ny(x) such that every solution x
to (2.4), with n > ny, satisfying
(x(to), X' (to)) € By = By n1I*

at a certain time to € [0, T] is such that (x(t), x'(¢t)) € E;’; forevery t € [to, to + T).

Proof. Itis not restrictive to consider a solution such that (x(to), x(to)) € 0By N II* and (x(s), x'(s)) ¢ By N II*
forevery s € (to, to + T]. Such a solution rotates clockwise in the phase plane and will vanish for the first time
at t; > to, thus having (x(t1), x'(t1)) = (0, —=y1) such that 0 < y; < eX™y by (2.8). The solution vanishes again
at t; > t; such that (x(t2), x'(t2)) = (0, y1). Then the solution will perform a complete rotation in the interval
[t2, t3], thus obtaining x'(t3) < eX7x'(t,). In the time interval [¢o, to + T] the solution cannot perform more
than N + 1 rotations, so choosing R(y) = eN+*?X7y and n;(x) = no(R(x)), as in (2.6), we conclude the proof of

the lemma. O

With a similar reasoning, we can prove that if x’ vanishes at a time 7 with x(7¢) = X > 0, then the solution x
will vanish for the first time at T; with —x’(11) < XeX™/2, Then the solution will reach a negative minimum at 7,
and again will vanish at 75 with x'(t3) = —x'(71). Recalling that, in IT-, the orbit of x is contained in a certain

ellipse of equation (2.5), we have x(1») > —x'(t3)/+/n. Hence, setting C = eX™/2, we have immediately
1 ) X' lloo Clixllco
—Xllco € IX'loo € CliXlleo and x(t) > ——— > ————. 2.9
C" I x|l by (1) I N (2.9)

Such estimates will be useful in Section 3.

ThesetZ = E ;1 provided by the previous lemma is the a priori bound we were looking for. In fact, suppose
to have a T-periodic solution such that (x({), x'({)) ¢ Z ata certain time { € [0, T]. If the solution remains out-
side B;E , then it cannot perform an integer number of rotations around the origin in the period time T. Hence,
the solution must enter the set at a certain time {’ > {, and the previous lemma gives us a contradiction.

Summing up, in this section we have proved the following estimate.

Lemma 2.2. There exist an open bounded set £ c (-Ry/2, +00) x R and a positive integer n such that every
T-periodic solution to (2.4) with n > n belongs to

Q={xeCh:(x(t),x'(t) € Eforevery t € [0, T]}.

2.2 Degree Theory

It is well known that the existence of periodic solutions of equation (2.4) is strictly related to the existence of
a fixed point of a completely continuous operator ¥y , : C}, — C}, (see, e.g., [21]) defined as

Win=(L -0l NLn - 0D,

where £ : D(£) — L1(0, T)isdefinedin D(£) = {x € W21(0, T) : x(0) = x(T), x'(0) = x'(T)}as Lx = x"" and o
does not belong to its spectrum. The operator (N ,x)(t) = —gn(L, t, x(t)) is the so-called Nemytzkii operator
and I is the identity operator.

By classical results (see, e.g., [7, 10]) one has

dis(I-¥rn,Q)+0 (2.10)

for every n > ngp, with Q given by Lemma 2.2.

Using the continuation principle, we have for every n > ng that there exists a continuum €, in [0, Lo] x Q,
connecting {0} x Q to {Lo} x Q, whose elements (L, X, ) are such that x, is a solution of x| + gn(Lo, t, X,) = 0
(see [21] for a similar approach). The function © : [0, L] x Q — R defined as

T

O(L,x) = J

(0]

L
Rorx0) X
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is well defined and continuous since x(t) > —R(/2 holds by Lemma 2.2. In particular, one has (0, x) = 0 and

T

4T
mL < @(L,X) < FL, (2.11)

0
where R is the constant provided by Lemma 2.1. Hence, for every integer v > 0, there exists k, with the fol-
lowing property: for every k > k, and for every n > ng there exists (L5, xk) € €, with (LY, xkV) = 27v/k.

Fix now vand k > k, and consider the sequences (L"), and (xX"),.. Let us simply denote them by (L)»
and (x,),. Both the sequences are contained in a compact set of R and C},, respectively, so there exist, up to
subsequences, L > 0 — the estimate in (2.11) gives us that L is positive — and x such that L,, — Landx, - X
uniformly. Moreover, by the continuity of ©, we have O(L, x) = 2v/k. We have to prove that x is a bouncing
solution of the differential equation (2.2), where L = L. The proof follows the same procedure as the one
in [17, pp. 185-188] considering the sequence of approximating differential equations

X"+ fa(t,x) =0 with fu(t, x) = gn(Ln, t, X).

For briefness we refer to that paper for the proof of this part.

2.3 Conclusion

In the previous section we have found, for every integer v and for every integer k sufficiently large, a solution x
of (2.2) and L € (0, Lo] such that ©(L, x) = 2rtv/k. So, defining

o(t) = 00+J£

0

®o+x2

for a certain 0 € [0, 27), we have that (x, 6) is a bouncing periodic solution of (2.1), and using the change
of coordinate p = r + Ry, we find the bouncing solution of (1.2) satisfying (1.3). The proof of Theorem 1.2 is
thus completed.

3 Nonlinearities Next to Resonance, a Double
Landesman-Lazer-Type Condition

In this section, we will see how we can relax the hypotheses of Theorem 1.2 in order to treat the situation
of a nonlinearity which has an asymptotically linear growth next to resonance. We are going to provide
a Landesman-Lazer-type condition for the case when the nonlinearity f satisfies (1.4) with ji = uy and
Jt = Un+1, where u = i is the vertical asymptote of the j-th curve of the Dancer-Fucik spectrum. Such a situa-
tion has often been called double resonance (see, e.g., [8, 9, 13]). A one-side Landesman-Lazer condition for
the scalar differential equation with singularity has been provided by Fonda and Garrione in [14]. This sec-
tion has been inspired by this paper and some steps of the proof of Lemma 3.3 will appear similar. The main
novelty occurs in the estimate in (3.12) and its proof, permitting us to treat a double resonance situation. In
particular, the validity of (3.12) permits us to obtain a Landesman-Lazer condition involving the function

j(0) = sin(\pyt) witht € [0, ] (3.1)

extended by periodicity to the whole real line, while, in [14], the Landesman-Lazer condition is weaker,
being related to a function of the type
- sin(ypt), telo, 1],
b6 = VI [T 7] (.2)
0, tels,T]
extended by periodicity.
In this section, we will prove the following result.
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Theorem 3.1. Assume that there exists a constant i such that, for N > 0, there holds

unx =1 < f(t, x) < unv1x + 1

forevery t € [0, T] and every x > Ry. Moreover, for every T € [0, T] there holds

T
j lim sup(f(t, x + Ro) — Un+1X)Yn+1(t +T) dt < O (3.3)
X—+00
and
T
j lifil}glof(f(t’ X + Ro) — unx)Pn(t + 1) dt > 0. (3.4)
0

Then for every integer v > O there exists an integer k, > 0 such that for every integer k > k, there exists at least
one periodic Ry-bouncing solution (p, 9) of (1.2) with period kT, which makes exactly v revolutions around the
origin in the period time kT, i.e. satisfying (1.3).

The case N = 0 will be briefly treated at the end of this section.

First of all, we need to introduce a sequence of approximating equations with nonresonant nonlinearities.
Then we will look for a common a priori bound.

It is possible to find, when n is chosen large enough, a constant x,, > 1 such that

Kn —1)2
WD)
Kn

H < UN+1-

Notice that lim,,—, k5 = 1. In this way, we have

T 1 1 1
= < + —
(N+Dm  EN+1  KnHN+1 VN
< ! + ! < t _ T (3.5)
VEnIN - \n EN  Nm '
We define the function g, similarly as in (2.3), as
gn(L, t,X), X 2 1/n,
gn(L, t,x) = ynx(gn(L, t,x) +6) -6, 0<x<1/n,
nx -6, x <0,
where
_ L?
gn(L, t,x) = "t Ro? + Knf(t, X + Ro).
We will consider the differential equation
x" +gnL,t,x)=0. (3.6)
Notice that Lt L
KnUN < liminfM < limsup gnl, 6.9 < KnlN+1s
§—+oo0 6 &—+00

thus giving us, by the previous computation in (3.5), that the nonlinearities g, are nonresonant. So, if
we find a common a priori bound Q as in Lemma 2.2, uniform in L and n for every T-periodic solution
of (3.6), then (2.10) holds, thus permitting us to end the proof of the theorem as in Sections 2.2 and 2.3.
The Landesman-Lazer-type conditions introduced in (3.3) and (3.4) are needed in order to find the common
a priori bound for every n sufficiently large.

The reader will notice that the next result comes out free by the proof of the previous theorem (setting
L = 0 everywhere). Such a corollary extends a previous result provided by Fonda and the author in [17].
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Corollary 3.2. Assume that there exists a constant 1} such that

UNX 1] < g(t, X) < PN+1X + 7]

forevery t € [0, T] and every x > 0. Moreover, for every T € [0, T there holds

T
J lim sup(g(t, X) — un+1X)Pn41(t+ 1) dt <0

X—+00

and
T

Jl)i(rlljglof(g(t, X) — unx)Pn(t + ) dt > 0.
0

Then there exists a 0-bouncing solution for the equation x" + g(t, x) = 0.

Repeating the reasoning explained in Section 2.1, which provides us the estimate in (2.7), we can find for
every € > 0 a value x, > O such that every solution x of (3.6) satisfying x*> + x> > y2 when x > 0 must rotate
in the phase plane spending a time 7 = (t3 — t;) + (t, — t;) with

t3 -t € ( 3.7)

T T
Wl g, \/ﬁ + e).
When ¢ is chosen sufficiently small, one has that a T-periodic solution x of (3.6) such that x* + x'? > )(g when
x > 0 must perform exactly N or N + 1 rotations around the origin. The previous reasoning holds uniformly
for every n and every L, so we can fix such a suitable € and find the constant y = ye.

We underline that Lemma 2.1 still holds under the hypotheses of Theorem 3.1, too. We underline
that (2.9) remains valid.
The needed a priori bound is given by the following lemma.

Lemma 3.3. ThereexistR > R(j) (given by Lemma 2.1) and i > no(R), asin(2.6), such that, for every n > nand
every L € [0, Lo), any T-periodic solution x of (3.6) is such that (x(t), x'(t)) € B}; when x(t) > 0. In particular,
we immediately have x € Q;le

Proof. In order to get a contradiction, suppose that there exist an increasing sequence (Ry,)m With R, > R(Y)
and lim,, R, = +00, an increasing sequence (n,)n, of integers n,, > no(Ry,), a sequence (L), € [0, Lo],
a sequence (x;), of solutions to

Xl + &, (Lims t, Xm) = 0, (3.8)

and a sequence of times (t},)m < [0, T] such that (x(t},), x'(t},)) ¢ Bg,, and x(t},) > 0.
Since Ry, > R(j), thanks to Lemma 2.1, the solutions cannot enter B;, so that they must perform exactly
N or N + 1 rotations around the origin.

We define the sequence of functions
Xm

Vm = ———
1Xm lloo
which are solutions of

gnm (Lm, t’ Xm(t)) _

Vi(®)" + =0. (3.9)
1Xm lloo

By (2.9) we have

~ <vp(t) <1 foreveryt e [0, T] and Cio < Vhlleo < Co
for a suitable Cy > 0. We have immediately that (vy,)m is bounded in H'(0, T), so that, up to subsequences,
we have v, — v weakly in H' and uniformly; moreover, we can assume that L, — L. In particular, v # 0
since |v]e = 1, and it is non-negative and T-periodic.

We assume that, up to subsequences, all solutions make exactly N + 1 rotations. We will discuss the other
situation later on.
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We are now going to prove that v solves v'' + uy,1v = 0 for almost every t. Denote
J*={teR:v() >0},

which is an at most countable union of open intervals. Consider a function ¢ with compact support Ky c J*.
Multiplying (3.9) by ¢ and integrating in K¢, we obtain

gnm(Lm; ta Xm(t))

ey Vm(O)p(t) dt. (3.10)

J v (@' (t) dt = J

Ky Ky

By compactness we have ming s V> 5 for a suitable § > 0, thus giving us that lim,, x,; () = +co uniformly
for t € Ky. Assuming, up to subsequences, x,;(t) > 1 for every t € Ky, we can find for every j > 0 an index m;
such that

1 gn,,,]. (Lm,-’ t) ij(t)) 1

- =< < + —.
N5 Xomy (D) N

Hence, the subsequence

iy Lmg» £ Xom ()
(g xmj(t)x ),

is bounded in LZ(K¢), so up to a subsequence it converges weakly to a certain function p(t) such that
Un < p(t) < uny1 for almost every t € Ky almost everywhere. Hence, passing to the limit in (3.10), we obtain

| viog'®de= [ povosoa.
Ky Ky

It is possible to extend the function p to the whole set J*, so that
J V(O () dt = Jp(t)v(t)qb(t) at,
J* g+

thus giving us that v is a weak solution of v'’ + p(t)v = 0 in J*. In particular, v € HIZOC(T) and v € C1(J%). We
must show that p(t) = pn+1 for almost every t € J*.
We recall that the functions x,, perform in the phase plane exactly N + 1 rotations around the origin, so
there exist
arln <ﬁr1n <a£n <ﬁ§n <"'<“%+1 <ﬁﬁ+1 <a%+2 :ar1n+T

such that, for everyr € {1, ..., N + 1}, there holds

xm(t) >0 foreveryt e (a]', B7),

Xm(t) <0 foreveryte (B, al,).
Up to subsequences, we can assume that a]* — & and pt - &, such that

31Sg,/lSézS‘:(zS"'SéNHS3N+1SEN+2=31+T-

Since alt; — B < 71/ /Mm, there holds ém = %’r. Moreover, using the estimate in (3.7), from
B — am >n/\/}m—€=L—s
roor " (N+1)
we have
A
TN+

From vy(a]') = vip(BT") = 0 we have v(¢;) = 0, where we denote &, = %’, = E’m.
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We now consider an interval [a, 8] with v(a) = v(8) = Oand v(¢) > 0in (a, B). Writing in polar coordinates
v(t) = p(t) cos(8(1)),
V(1) = p(t) sin(S(t)),
we obtain the expression of the angular velocity of the solution in the phase plane

pOV(t)? +V'(t)?

_A’ =
T® v(t)2 + V()2
Thus obtaining
q/ q/
jS (0 1< A—S () .
Un+1 €os2(9(t)) + sin?(9(t)) Uy cos2(9(t)) + sin?(9(t))
so that
r <B-ac< Z
N+1°~ TN

So the only reasonable conclusion is that [a, B] = [&, &+1] for a certain index r. Passing to modified polar
coordinates

L 56 cos(d(t)),
HUN+1

V' (6) = p(6) sin(I(1)),

and integrating -9’ on [a, B], we obtain

v(t) =

B
pOV(E)? + V()2 T
= dt < — =T,
= VHNa J Unav(©2 1y OO VRN T T

a

thus giving us p(t) = uy+1 for almost every ¢t € [a, B]. In particular, in every interval [&;, &,.1] we have

v(t) = crsin(\/uns1(t - &) (3.11)

with ¢, € [0, 1] and at least one of them is equal to 1 since || = 1.
We now prove that
cr=1 foreveryre{l,...,N+1}. (3.12)

The functions v,, solve equation (3.9), which we rewrite in the simpler form

8npnLms t, I XmllcoV)
1Xmllco

Vil + R(t, vin) = 0 with hp(t, v) =

where, for every m, we have
|hn(t, V)] <d(v+1) foreveryte[0,T]andv >0 (3.13)

for a suitable constant d > 0.

We show that if v is positive in [a, b] c [0, T], then v,, C'-converges to v in this interval. We have already
seen that (v;,), is bounded in C?, and by (3.13) we get |V (t)] < |hm(t, vm)| < 2d for every t € [a, b] as an
immediate consequence. So, since v,, is bounded in C? in such an interval, by the Ascoli-Arzela theorem, we
have that v,; C!-converges to v in [a, b].

The C'-convergence and the estimate in (3.13) are the ingredients we need to prove that the solution v
has only isolated zeros &;.

We start by proving that if the left derivative —v'(&;) = > O for a certain index r, then -v}, (™) > n/2
for m large enough. For every €y > 0 we can find 0 < s; < s, sufficiently small to have

1
€0 < V(& —s) < %eo and |v/(& -s)+1|<eo
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for every s € (s1, S»). Since vy, is C1-convergent to v in [&, — 5, & — s1], for m large enough, we have
1 3 ,
zeo <vm(é —5) < 560 and |v,,(& -s)+nl < 2€eo

for every s € (s1, S2). Since |v)r| < 2d in this interval, we find
VI2(B™) > (1 - 2€0)? - 6deo > n2/4,

choosing € sufficiently small.

We prove now that if —v/(£;) = > 0 for a certain index r, then ¢, is an isolated zero of v. Suppose by
contradiction that there exists €y € (0, /8d), with d as in (3.13), such that v(¢; + &) = 0. For every m large
enough we have |a], — ;| < £0/4 and by the previous computation v}, (al* ;) = -v],(B7") > /2.

The property that v}, (a,) = v, (B™), which follows directly by the fact that the nonlinearities g, do
not depend on t when x < 0, leads us to treat a Landesman-Lazer condition involving function t; asin (3.1)
rather than asin (3.2). Here lies one of the main differences between our result and the one obtained by Fonda
and Garrione in [14] (see in particular [14, Remark 2.5]).

Since |v};| < 2d when vy, is positive, we can show that if s < n/4d, then vm(alt, +5) > sn/4. By con-
struction &; + €9 = aJt; + So for a certain so € (£0/2, n/4d), so we obtain vy (& + €0) = V(| + S0) > neo/8
for every m large enough, thus contradicting v, — v.

With v as in (3.11), and ¢, = 1 for at least one value r € {1, ..., N + 1}, for such an index v’({r‘ﬂ) <0
holds. The previous reasoning gives us that c,,; > 0. Iterating the procedure, we can prove that c, > 0 for
everyindexre {1,...,N + 1}.

We prove now that for every r € {1, ..., N + 1} the left and right derivatives satisfy -v' (&) = v/(&), thus
we can conclude that ¢, = 1 forevery r € {1,..., N + 1}.

Suppose by contradiction that there exists r € {1, ..., N + 1} such that

VIEEN +VI(&) # 0.
Without loss of generality we suppose this value to be positive. The other case follows similarly. So, assume
VI(E) +VI(&) >po>0 and 0 < go <min{-V'(&), v (&)}
Arguing as above, for every €y > 0 we can find O < s; < s, sufficiently small to have
1 3 , -
560 <v(é £s) < Eeo and [v(&+s)-Vvi(&)<eo

for every s € (s1, S3). Since vy, is C-convergent to v in [&, — S5, & — s1] and in [&, + 51, & + s3], for m large
enough, we have

1 3 i
€0 < Vm(& £8) < €0 and v, (& ) -V (&) < 2¢0
for every s € (s1, S,). Since |V} | < 2d, we find
V(&) - 2€0]% + beod = VIZ(B™) = viZ(a™,) = [V (&) - 2€0]® - 4eod.

Hence
4Leod

0<po<V(E)+V (&)< + 4eo,

thus giving us a contradiction for €( sufficiently small.
We have proved that v, in every interval [a, 8] = [&;, é+1], satisfies

v(t) = sin(\/un+1(t - a)).
So, v is a solution of the following Dirichlet problem:

V' + unsv =0,
v(a) =0, v(B)=0.
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Let us consider the orthonormal basis (¢ )i of L?(a, B) made of the eigenfunctions solving the Dirichlet prob-
lem
{ L+ Micpi =0,
¢ir(a) =0, ¢x(B) =0,
where uy = (krr/T)? is the k-th eigenvalue. Denoting by (-, -) and || - ||, the scalar product and the norm in
L?(a, B), respectively, we can write the Fourier series of all functions x,, and split it as follows:

Xm = Z Xm> Pr)Pr = Xm, PN11) PN + Z (Xm> PK) Pk
k=1 X0 k#N+1

Xim

with the property
O = 0" and ()t = ()"

=0 4 vl wi
Moreover, one has vy = vy, + vy, with

0 L
VO — Xm 1 _ Xm
" Ixmlleo " Ixmlleo

Since v = |Vllz2(a,p)$n+1, we have v0 — v uniformly in [a, B]. Moreover, v9, > 0 for m sufficiently large.
Multiplying equation (3.8) by v9, and integrating in the interval [a, ], we obtain
B
[ g Lot xm(@) 0 e = -

a

)" (OVH,(0) dt

x9(O9)" (¢) dt

R R

HN+1 Xy (D)Ve, (£) dt

HN+1Xm (D)Vi (0) dit.

R R

Defining rp(t, x) = gn,,(Lm, t, X) — Un+1X, we have

B
j Fan(t, X (OO, (8) dE = 0,

and applying Fatou’s lemma, we have

B
J lim sup ry, (¢, xm(t))vg),,(t) dt > 0.
m—-00

a

It is easy to see that for every sg € (a, ) it is possible to find m(s¢) such that x,,(sg) > 1 for every m > m(so).
Hence, since v?n — vand L,; — L;, we have

B
jlim sup[f(t, x + Ro) — un+1x]v(t) dt = 0. (3.14)
X—+00

The previous estimate can be obtained for every interval (&;, &,+1), thus contradicting (3.3) by setting 7 = 3.

We finished the proof of the case in which the sequence (x,,), consists of solutions performing N + 1
rotations in the phase plane around the origin for an infinite number of index m. We now treat the case in
which the solutions perform N rotations around the origin.
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In this case we have to prove that the limit function v solves v + uyv = 0 for almost every t. With
the same procedure we can show that there exists an L?-function g(t), satisfying uy < q(t) < un,1 almost
everywhere, such that v is a weak solution of v"' + g(t)v = 0. Then, with a similar procedure, it is possible
to introduce some instants a™, ™, when v, vanishes, converging to some values &, (with r € {1,...,N})
satisfying &,,1 — &, = T/N. Now, with a similar procedure, we can prove that q(t) = py, thus giving us that
v(t) = crsin(+/un(t — &) in every interval [&;, &.1]. Also in this case, in the same way, it is possible to con-
clude that ¢, = 1 for every r € {1, ..., N}. In fact, we have that v,;, C'-converges to v when v is positive,
and arguing as above, we can prove that whenever v/ (&) < O for a certain index r € {1, ..., N}, then &, is
an isolated zero and v'(&) = —v/(£;) > 0. Then we can consider an interval [, ] with v > 0 in (a, B), and
with a similar reasoning we can obtain a liminf estimate similar to the one obtained in (3.14), thus gaining
a contradiction to assumption (3.4). The lemma is thus proved. O

Let us spend a few words about the possibility of extending Theorem 3.1 to the case N = 0, where yp = 0 and
U1 = (/T)?. There is extensive literature (cf. [11, 12, 23, 24, 29]) treating nonlinearities lying under the first
curve of the Dancer-Fuc¢ik spectrum. The Landesman-Lazer condition (3.4) in this case reduces to a sign
condition on the nonlinearity f. Unfortunately, it is not possible to obtain a proof with the same procedure;
cf. the estimate in (2.8). For briefness we do not enter in such details in this paper. However, let us state
the following weaker result for a nonlinearity with a one-side resonance condition, the proof of which works
similarly to the one of Theorem 3.1.

Theorem 3.4. Assume that there exists a constant € such that

liminff(t’ X) >8>0
X—00 X

uniformly for every t € [0, T] and that there exists a constant 1) such that, for N > 0, there holds

flt,x) < pax +17

forevery t € [0, T] and every x > Ry. Moreover,

T
J l)i(r_r)lJriglof(f(t, X+Ro) -1 x)P1(t+71)dt >0
0

forevery T € [0, T]. Then for every integer v > O there exists an integer k, > 0 such that for every integer k > k,
there exists at least one periodic Ro-bouncing solution (p, 9) of (1.2) with period kT, which makes exactly v
revolutions around the origin in the period time kT, i.e. satisfying (1.3).

4 Systems on Cylinders

In this section, we briefly explain how the previous results could be applied to a class of systems defined
in R91+%2 which model a particle hitting a cylinder $4:-! x R%2. The case d; = 2 and d, = 1 models bounces
on a proper cylinder. For briefness we will present the result for nonresonant nonlinearities. We consider the
differential equations
"
X+ fi(t, [XDx + b1(t, X, ¥) =0,
{ v (4.1)

v +6(t,y) +ba(t,X,y) =0,

where x € $971 and y € R%. For the sake of simplicity we assume all functions to be continuous. We sup-
pose that f = fi(t, p)p satisfies the assumptions of Theorem 1.2. The function by : R1*41+% _, R%: satisfies
b (t, X, y) = b1(t, X, y)x with
bi(t, x,
lim 1( y) _

x| —>00 x|

0
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uniformly in t and y. Assume that the second equation in (4.1) can be viewed, in every component, as

yi' +f,i(t, yi) + ba,i(t, X, ¥) = 0,

where b
hm Z,I(t’ X, Y) _
lyil—00 Yi

0

uniformly in all other variables. We can assume, as an example of application,

i(t, Vi . i(t, Vi ~
,ﬁi < hmlnffM < lim Supr < Ui,
Yi—+0o Yi yi—+00 Vi
7 < timinf 246D gy g 240650 o
Yim=oo Vi yi——00 Vi

uniformly in ¢, with

T 1 1 1

1 T
—_— < — +— < — + < —
WNir D= g Vo g e Nim
for some positive constants ji;, vi, fii, Vi, and an integer N; > 0.

Theorem 4.1. Under the previous assumptions, for every integer € > O there exists an integer k, > 0 such that
for every integer k > k, there exists at least one periodic solution (X, y) of (4.1) such that x can be parametrized
in polar coordinates (p, 8) and p is a Ro-bouncing solution. Such solutions satisfy the following periodicity con-
ditions:

p(t+T) = p(t),
9(t + kT) = 9(¢t) + 2mv,

y(t+T) =y(0).

The proof of such a result can be obtained by gluing together the results contained in this paper (for the x
coordinate) and classical results (for the y coordinate). The key tool is the fact that the equations are weakly
coupled.

Funding: Work partially supported by GNAMPA-INdAM project “Problemi differenziali non lineari: esistenza,
molteplicita e proprieta qualitative delle soluzioni” (“Nonlinear differential problems: existence, multiplicity
and qualitative property of the solutions”).
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