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Abstract: We are concerned with the study of a class of non-autonomous eigenvalue problems driven by two
non-homogeneous differential operators with variable (p1, p,)-growth. The main result of this paper estab-
lishes the existence of a continuous spectrum consisting in an unbounded interval and the nonexistence of
eigenvalues in a neighbourhood of the origin. The abstract results of this paper are described by two Rayleigh-
type quotients and the proofs rely on variational arguments.
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1 Introduction

The recent study of various nonlinear models described by partial differential equations with variable expo-
nent is motivated by the rigorous mathematical description of many phenomena in applied sciences. In some
cases the standard approach based on the theory of classical L? and W' Lebesgue and Sobolev spaces is
not adequate in the framework of material with non-homogeneities. For instance, electro-rheological flu-
ids (sometimes referred to as “smart fluids”) or phenomena in image processing are described in a correct
manner by mathematical models in which the exponent p is allowed to vary. This leads us to the study of
variable exponents Lebesgue and Sobolev spaces, L?*) and W1P®X), where p is a real-valued function. We
refer to the work by Diening, Hasto, Harjulehto, and Ruzicka [6] for the abstract framework describing these
spaces as well as to the monograph by Radulescu and Repovs [15], which includes a thorough variational
and topological analysis of several classes of problems with variable exponent (see also the survey paper by
Rédulescu [14] and the papers by Colasuonno and Pucci [3] and Pucci and Zhang [13]).

We are interested in the study of a class of non-autonomous stationary problems, which are character-
ized by the fact that the associated energy density changes its ellipticity and growth properties according
to the point. Problems of this type have been intensively studied starting with the pioneering contributions
of Halsey [7] and Zhikov [17-19] in relationship with the analysis of the behaviour of strongly anisotropic
materials in the context of the homogenization and nonlinear elasticity.
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The study of non-homogeneous elliptic problems has been recently extended by Kim and Kim [8] to a new
class of differential operators. Their contribution is a step forward in the analysis of nonlinear problems with
variable exponent since it enables the understanding of problems with possible lack of uniform convexity.
In the present paper, we extend this study to problems involving several non-homogeneous operators (as
introduced in [8]) and we describe some spectral properties in relationship with two Rayleigh-type quotients.
Section 2 includes some basic properties of function spaces with variable exponents. The main result is
described in Section 3 while the proofs and some perspectives are presented in Section 4 of this paper.

2 Basic Properties of Spaces with Variable Exponent

Throughout this paper, we assume that Q ¢ RY is a bounded domain with smooth boundary.
Set
C.(Q)={heCQ): h(x) >1forall x € Q}.

Assume that p € C,(Q) and let
pt=supp(x) and p = ingp(x).
Xe

xeQ

We define the Lebesgue space with variable exponent by

LPX(Q) = {u : u is measurable and Jlu(x)lp(") dx < oo}.
Q

This function space is a Banach space if it is endowed with the norm

p(x)
dx < 1}.

This norm is also called the Luxemburg norm. Then LP®(Q) is reflexive if and only if 1 < p~ < p* < 00, and
continuous functions with compact support are dense in LP®(Q) if p* < co.

The standard inclusion between Lebesgue spaces generalizes to the framework of spaces with variable
exponent, namely if 0 < |Q| < co and p;, p, are variable exponents such that p; < p, in Q, then there exists
the continuous embedding LP2¥(Q) «— LP1X(Q).

Let LP'(Q) denote the conjugate space of LP®)(Q), where 1/p(x) + 1/p’(x) = 1. Then for all u € LP®(Q)
and v € L?'™(Q) the following H6lder-type inequality holds:

[ulpey = inf{y >0: Jl%
Q

1 1
U uv dxl < (I? + F)|u|p(X)|V|p’(X)'

An important role in analytic arguments on Lebesgue spaces with variable exponent is played by the
modular of LP®™(Q), which is the map p, ) : LP®(Q) — R defined by

Ppoo(u) = Jlulp(") dx.
Q

If (un), u € LP®(Q) and p* < oo, then the following properties hold:

Uy >1 = ul < ppoo@) < lulh ),

[ulpey < 1 = Iulﬁ(x) < Ppry(u) < |u|§(x)’

[un —ulpy =0 = ppwun—u) - 0. (2.1)
We define the variable exponent Sobolev space by

WEPO(Q) = {u € LPX(Q) : [Vul| € LPX(Q)}.
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On WP (Q) we may consider one of the following equivalent norms:

lullpeg = lulpe + 1Vulpe

or
Vu(x)

U

px) ju(x)
“|
U

p(X)) dx < 1}.

Let Wé P (X)(Q) denote the closure of the set of compactly supported W1-P¥)-functions with respect to the
norm |ullp(x). When smooth functions are dense, we can also use the closure of C5°(Q) in WP (Q). Using
the Poincaré inequality, we can define the space Wé P00 (Q), in an equivalent manner, as the closure of C3°(Q)
with respect to the norm

lullpeo = inf{y >0 J(|
Q

”u"p(x) = |Vu|p(x)-
The vector space (W ” @(Q), |- is a separable and reflexive Banach space. Moreover, if 0 < |Q| < co
and p1, p, are variable exponents so that p; < p, in Q, then there exists the continuous embedding

Wé,pz(x)(g) PN Wé,pl(X)(Q).

Set

0o () = qu(x)W’ dx.
Q

If (up), u € Wé’p @ (Q), then the following properties hold:

lul>1 = |ulP” <opw) < lulP,
lul <1 = [l < Opeo() < ull?,

lun—ul -0 &  opxu,-u)—0.

Set Np ()
p(x .
— if N,
p*(x)={N-pX) fpt) <
+00 if p(x) > N.

We point out that if p, g € C,(Q) and g(x) < p*(x) forall x € Q, then the embedding Wé’p(x)(Q) — LIN(Q)is
compact.

For a constant function p the variable exponent Lebesgue and Sobolev spaces coincide with the standard
Lebesgue and Sobolev spaces. As pointed out in [15], the function spaces with variable exponent have some
striking properties such as the following:

() Ifl<p <p*<ooandp:Q — [1, o) is smooth, then the formula

Jlu(x)lp dx=p J Y {x € Q : [u()| > )] dt
Q 0

has no variable exponent analogue.

(ii) Variable exponent Lebesgue spaces do not have the mean continuity property. More precisely, if p is
continuous and nonconstant in an open ball B, then there exists a function u € LP®(B) such that
u(x + h) ¢ LPY(B) for all h € RN with arbitrary small norm.

(iii) The function spaces with variable exponent are never translation invariant. The use of convolution is also
limited, for instance the Young inequality

If * glp(x) < C|ﬂp(x)"g"L1

holds if and only if p is constant.
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3 Spectrum Consisting in an Unbounded Interval

Assume p1,p; € C,(Q) and consider the functions ¢, P : Qx[0,00) — [0, c0) satisfying the following

hypotheses:

(H1) The mappings ¢ (-, &) and (-, &) are measurable on Q for all £ > 0 and ¢(x, -) and P(x, -) are locally
absolutely continuous on [0, co) for almost all x € Q.

(H2) There exist functions a; € LP! (Q)and a; € LP'Z(Q) and b > 0 such that

lp(x, IVDVI < a1 (x) + bIVIPrO™L (h(x, [vI)V] < az(x) + blv[P201

for almost all x € Q and for all v € RV,
(H3) There exists ¢ > 0 such that
O B T
and 5
DD PO P, E5E 0 2 e
for almost all x € Q and forall £ > 0.
Assume that g € C,(Q) and
(Q pi¥)<q <q"<pr(x) <pi(x)forallx € Q.
Let f: Q x R — R be a Carathéodory function such that the following assumptions are fulfilled:
(f1) We have tf(x, t) > O for a.a. (x, t) € Q x R and there exists m € L*°(Q), \ {0} such that

Ifx, )] < mEoO)|t19P01 fora.a.x € Qandallt € R.
(f2) There exist M > 0 and 6 > p} such that
0 < OF(x,t) < tf(x,t) fora.a.x € Qandallt e R\ {0},

where F(x, t) := fotf(x, s)ds.
Consider the following nonlinear eigenvalue problem:

—div(¢(x, [Vul)Vu) - div(y(x, [Vul)Vu) = Af(x,u) inQ, 5.1)
u=0 on 0Q. '

Problem (3.1) is driven by non-homogeneous operators of the type div(¢p(x, [Vu|)Vu). If ¢(x, &) = &P0-2,
then we obtain the standard p(x)-Laplace operator, that is, Apu := div(|Vu[P®-2vu). Our abstract setting

includes the case ¢ (x, &) = (1 + [£]>)P®-2)/2_which corresponds to the generalized mean curvature operator
div[(1 + [Vu|?)PX-212yy],

The capillarity equation corresponds to

()
Px, &) = (1 + L)f"(")‘z, xeQ, &>0,
1+ &0

hence the corresponding capillary phenomenon is described by the differential operator

VulP®
div[(1+ _ VP [VulP®-2vy |.
V1 + [Vu|2Pe)

We say that u € W,” 20 (0)\ {0} is a solution of problem (3.1) if

J[(;b(x, [Vul) + P(x, [Vul)]Vu - Vv dx = A Jf(x, u)vdx
Q Q

forallv e Wy ().
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In this case, u is an eigenfunction of problem (3.1) and the corresponding A € R is an eigenvalue of (3.1).
The choice of Wé P 2(X)(Q) as a suitable function space for problem (3.1) is dictated by our hypothesis (Q).
For ¢ and i described in hypotheses (H1)-(H3) we set

t
Ao(x, t) := J[q,')(x, s) + Y(x, s)]s ds. (3.2)
0

An important role in the proof of our main result is played by the following assumption, which is also
used in [8] for the existence of weak solutions in a different framework:
(H4) Forall x € Q and all & e RN the following estimate holds:

0 < [@(x, [€]) + Y(x, [ED]1E1° < pTAo(x, &)).
We notice that our hypothesis (f1) implies that

m(x)

0<F(x,t) < 16199 forall (x, t) € Q x R. (3.3)
q(x)

We define the following Rayleigh-type quotients:
Jo Ao(x, [Vul) dx

A = inf
uewt”Mango) o FOX, u) dx
and 2
(x, |Vul) + P(x, [Vul))|Vul* dx
Y (o ¥ ) . -
uewy "2 @\(o} [ uf(x, u) dx

Theorem 3.1. Assume that hypotheses (H1)-(H4), (f1), (f2), (Q) are fulfilled. Then the following properties hold:
(i) Problem (3.1) has solutions for all A > A*.
(ii) Problem (3.1) does not have any solution, provided that A < A..

We do not have any information about the contribution of real parameters satisfying A € [A,, A*) even in
simple cases, for instance if Q is a ball or for particular values of ¢, Y and f.

Related concentration properties are established in Kim and Kim [8], Mihdilescu and Radulescu [11, 12],
Radulescu [14] and Radulescu and Repovs [15, Chapter 3], see also Cencelj, Repovs, Virk [2] and Repovs [16]
for recent contributions to anisotropic elliptic problems.

4 Proof of Theorem 3.1 and Perspectives

We first give the proof of our main result. For this purpose we establish several auxiliary results.
Lemma 4.1. We have 1* > A, > 0.

Proof. Using hypothesis (H4) we obtain
Ao(x, [8]) = I%[qb(x, 1€]) + P (x, 1ED]IE])?
1

for all (x, &) € Q x RN, Thus

JAo(X, [Vul) dx > }% J[d)(x, IVul) + Y(x, [Vul)]|Vul? dx (4.1)
) Lo

forall u e Wy 2™ (). Using now hypothesis (£2), we deduce that for all u € wy” 20 () \ {0} we have

0< JF(X, u)dx < % J uf(x, u) dx. (4.2)
Q Q
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Combining relations (4.1) and (4.2), we obtain

Jo Aolx, IVuhdx 6
IQ F(x, u) dx pT

forallu e Wé P29 \ {0}. Taking the infimum in this inequality for u € Wé P2090)\ {0} and using (£2), we

deduce that 9
Az —A> A
P

It remains to show that A, > 0. Using (f1), we deduce that for all u ¢ Wé 22090y \ {0} we have

0< Juf(x, u)dx < Jm(x)|u|’1(x) dx < [|m||pe J|u|q(x) dx
Q Q

Q
< Imle j(|u|q* +ulT) dx. (4.3)
Q

Next, using hypothesis (H3), we deduce that for all u € Wé P 2(X)(Q) we have

J[qb(x, IVul) + Y(x, [Vul)][Vul® = ¢ j[quIpl(X) + [VulP2®] dx
Q Q
> g j(wurf VUl ) dx
Q
>Cq J(|u|‘f +ul?) dx, (4.4)
Q

where C; is a positive constant depending only on Q, g*, ¢, and c (given by (H3)).
Relations (4.3) and (4.4) imply that

Jo(@0 1Vub + P, IVuD)IVul dx
fQ uf(x, u) dx " Imllre

forallu e WiP>*(Q) \ {0}. Hence A, > 0. m
Define the functional A : Wé’p 29Q) - Rby

AQu) == jAo(x, Vul) dx,
Q

where Ag is defined in (3.2).
Then A ¢ Cl(Wé’pZ(x)(Q), R) and forallu, v € Wé’pZ(X)(Q) we have

Al (v) = J[qb(x, [Vul) + P(x, [Vv])]Vu - Vv dx.
Q

Moreover, the operator A : Wé’p 2(X)(Q) - (Wé’p 2(X)(Q))* is strictly monotone and is a mapping of type (S.),
that is, if
U, —u in Wé'pZ(X)(Q) asn — oo

and
lim sup(A’(u,) - A’ (u), u, —u) <0,
n—oo

then
up > u in Wé’pZ(X)(Q) asn — oo.
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Standard arguments also show that A is weakly lower semicontinuous. We refer to [8, Lemmas 3.2 and 3.4]
for details and proofs.
Set
B(u) := JF(X, wydx, uewy”Y Q).
Q
Then u € Wé’pZ(X)(Q) \ {0} is a solution of problem (3.1) if and only if A’ (u) = AB’ (u).
Lemma 4.2. We have AW AW
u u
lim — = lim ——= =
uir(l) B(u) IIulllinoo B(u) *
Proof. Using hypothesis (3.3), we deduce that

Foow < | %Iulq‘” ax < 1L o) g
Q a q Q

forallu € Wé P2000)). But there holds
7 < Ol + Ju(x)|? .
It follows that for all u € W” 20 (Q) we have

B(u) < "”;ﬁ [+ i ax

Q
< Co(ulld" + ul9), (4.5)

where C; is a positive constant depending only on m, g and the continuous embeddings of Wé P 2(x)(Q) into
L9'(Q)and LY (Q).
Next, using (H4), we have

A(u) > % J[(l)(x, [Vul) + p(x, [Vul)]|Vul? dx
pq o

forallu e Wé’p 20 (Q). By (H3) we deduce that

A) > [IVuPr® + |vulP2™] dx

|VulPr™ dx. (4.6)

vV
»F+| o S+| o

O, D —

Let us first assume that (u,) C Wé’p 2(X)(Q) and u, — 0 as n — oco. Without loss of generality we can
assume that |Juy|| < 1. Relation (4.6) implies that

C + C +
A = < j|Vun|P1 dx = < u .

p
1y 1

Combining this information with (4.5), we obtain for all n that

Aun) ¢ lunl?s
B(un) ~ Cop7 lunlld” + luqlla

Using hypothesis (Q), we deduce that A(uy)/B(uy) — +0oasn — oo.
For the second limit in the statement of the Lemma we observe that relation (4.6) also yields

Aw = S quv’z(’“ dx.
b, a
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Since ||u|| — co, we can assume that |u|| > 1. It follows that

C — C —
A = < jwwpz dx = < Jul,
p

1y 1
hence _

Aw ¢ f[u|P>

B(u) ~ Cop7 ull" +ful
Using again assumption (Q), we deduce that A(u)/B(u) — +co as |lul| — oo. O

The next step is to show that the infimum in Wé P 2(X)(Q) of the Rayleigh quotient A(u)/B(u) is attained.

Recall that
A(u)

AT = in —.
ueW 729 @)\ (0} B(u)

Lemma 4.3. There exists u € W(l)’pZ(X)(Q) \ {0} such that

1+ (u)

- Bw)’
Moreover, u is a solution of problem (3.1) for A = A*.
Proof. Let (u,) ¢ Wy 20 () be such that

A(up)

A" = lim Buy) "

By Lemma 4.2, the sequence (u,) is bounded. Thus, up to a subsequence,

u, —u weaklyin Wé’pZ(X)(Q), (4.7)
u, — u strongly in LY (Q). (4.8)

Using the weak lower semicontinuity of A, we obtain
Au) < lirmiolng(un). (4.9)
Using now (2.1) in combination with (4.8) and the mean value theorem, we deduce that
B(u) = nan(}oB(un). (4.10)
Relations (4.9) and (4.10) yield

A
= 3w

We now prove that u # 0. Arguing by contradiction, we obtain that relations (4.7) and (4.8) imply that
(u,) converges weakly to 0 in Wé’p () and strongly in L% (Q). In particular, we have

*

lim B(uy) = 0. (4.11)
n—.,oo

By Lemma 4.1 we have A1* > 0. Fix 0 < € < A*. Thus, for all n € IN large enough, we have

Aun)

B(un) v

<e,

hence
(A* —=&)B(up) < A(up) < (A* + €)B(uy).

Thus, by (4.11) we have
lim A(uy) =0, (4.12)
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We use this information in order to prove that (u,) converges strongly to 0 in Wé P2(x) (Q). Indeed, by (H4), we
have

1
Aup) > — j [p(x, [Vun]) + P x, [Vun))]|Vug|® dx.
1)}

Using now hypothesis (H3), we deduce that

Aly) = = J(IVunlpl(") T [Vitn]P2®) dx.
P
Q
This inequality and (4.12) imply that u,, — 0 in Wcl)’p 2(X)(Q). By Lemma 4.2 we now deduce that

Altn)
nooo Blty)

>

which is a contradiction. This contradiction shows that u # 0.
It remains to show that u is a weak solution of problem (3.1). The basic idea in the proof is that
Af = AW = inf AW) .
B(u) vew!2%9(Q)\ (0} B(v)

Fix arbitrarily v € Wé P20y \ {0} and consider the map

a A(u +tv)
t h() = B(u +tv)’

which is defined in a neighbourhood of the origin. It follows that h'(0) = 0, hence

[A"(u + tv)B(u + tv) — A(u + tv)B' (u + tV)] e = O-
Therefore,
B(u) J[(j)(x, [Vul) + Y(x, [Vul)]Vu - Vv dx - A(u) If(x, u)vdx = 0.
Q Q
Since A(u) = A*B(u), we conclude that u solves (3.1), hence A* is an eigenvalue of this problem. O

Lemma 4.4. Problem (3.1) admits a solution for all A > A*.
Proof. Fix A > A* and consider the nonlinear map
C(u) = A(u) - AB(u).

Then C is differentiable and A is an eigenvalue of problem (3.1) if and only if C admits a nontrivial critical
point.
Using hypotheses (H3), (f1), (f2), we obtain

C(u) = % J[IVulpl(X) 4 |Vu|P2(X)] dx _AJ M|u|q(x) dx
Py q(x)
Q Q
A [ee]
Py a q

Using now hypothesis (Q), we deduce that C is coercive, that is, limyj—c C(1) = +0o0. By the weak lower
semicontinuity of C there exists w € Wé 2209y such that

C(w) = inf C(u).
uew, "2 Q)
We argue in what follows that w # 0. Indeed, using the definition of A* and the fact that A* < A, we find
V&S Wé’p 2(X)(Q) such that A(v) — AB(v) < 0, hence C(v) < 0. Since w is a global minimum point of C, it follows

that C(w) < 0, which implies w # 0. We conclude that A is an eigenvalue of problem (3.1) with corresponding
eigenfunction w. O
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We now return to the second Rayleigh-type quotient, which defines A, ; see relation (3.4).
Lemma 4.5. For all A < A, problem (3.1) does not have a solution.

Proof. Recall that

S(u
Ay = in (—),
uew "2 Q)\(0} T(u)

where
S(u) = J((;b(x, IVal) + Ox, [VuD))Vul? dx,  T(u) = Juf(x, u) dx.

Q Q

Fix A < A.. We argue by contradiction and assume that A is an eigenvalue of problem (3.1). Thus, there
exists u € WyP*™(Q) \ {0} such that for all v € W* 20 Q) there holds

I[qb(x, IVul) + Y(x, [Vv])]Vu - Vvdx = A Jf(x, u)v dx,
Q Q

thatis, S'(u) = AT' ().
Taking v = u, we obtain

S(u) = AT(u).
Therefore, s W)
CTw veWé'pizla’fm)\{O} T
which contradicts the choice of A. O

Combining Lemmas 4.1-4.5, we obtain the conclusion of Theorem 3.1.

4.1 Motivation and Perspectives

The variable exponents p;(x) and p,(x) dictate the geometry of a composite that changes its hardening
exponent according to the point. We point out that the abstract setting developed in this paper extends the
nonstandard growth conditions of (p, q) type. We refer to Marcellini [9, 10] who is interested in integral func-
tionals of the type
U jF(X, Vu) dx,
Q

where the integrand F : Q x R¥N — R satisfies unbalanced polynomial growth conditions of the type
[€P < F(x, &) < €9 withl<p<gq

for every x € Q and ¢ € RV,

We consider that a very interesting research direction is to extend the approach developed in this paper to
the abstract setting recently studied by Baroni, Colombo and Mingione [1] and Colombo and Mingione [4, 5],
namely non-autonomous problems with associated energies of the type

U J[lvm”l(") +a(0)|VulP2™] dx (4.13)
Q
and
U J[lvmpl(") +a(x)|VulP>™ log(e + Ix])] dx, (4.14)
Q

where pq(x) < p2(x), p1 # p> and a(x) > 0. If we consider two different materials with power hardening
exponents p1(x) and p»(x), respectively, the coefficient a(x) dictates the geometry of a composite of the two
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materials. When a(x) > 0, then p, (x)-material is present, otherwise the p1(x)-material is the only one making
the composite. On the other hand, since the integral functional defined in (4.14) is degenerate on the zero
set of the gradient, it is natural to ask oneself what happens if we modify the integrand in such a way that,
when additionally |Vu| is small, there is an unbalance between the two terms of the integrand. For instance,
we can consider the functional

U — J[quIpl(") +a(0)|vuP2® log(1 + |x])] dx.
Q

For the isotropic case we refer for further comments to Baroni, Colombo and Mingione [1, pp. 376-377],
including remarks on degeneracy phenomena at the phase transition.

According to the terminology used in this paper, the study of the integral functionals defined in (4.13)
and (4.14) corresponds to the analysis of the differential operators

—div(p(x, [Vu|)Vu) - div(a(x)p(x, |Vu|)Vu)

and
—div(p(x, [Vu|)Vu) - div(a(x)p(x, |Vul) log(e + [x|)Vu).

This approach can be developed not only in Sobolev spaces with variable exponents (like in the present work)
but also in the more general framework of Musielak-Orlicz spaces (see Radulescu and Repovs [15, Chaper 4]
for a collection of stationary problems studied in these function spaces).

The problem analyzed in this paper corresponds to a subcritical setting, as described in hypothesis (Q).
We appreciate that valuable research directions correspond either to the critical or to the supercritical frame-
work (in the sense of Sobolev variable exponents). No results are known even for the “almost critical” case
with lack of compactness, namely assuming that hypothesis (Q) is replaced with
@) p1(0) <q~ <g" <pr(x) <p;(x)forallx e Q,
where p,(x) < pj(x) means that there exists z € Q such that p,(z) = p](z) and p,>(x) < pj (x) forallx € Q\ {z}.

Funding: This project was funded by the National Plan for Science, Technology and Innovation (MAARIFAH),
King Abdulaziz City for Science and Technology, Kingdom of Saudi Arabia, award number 12-MAT2912-02.
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