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1 Introduction and Main Results

We consider the following Schrddinger equations involving fractional Laplacian and indefinite potentials:

(-A)*u + Aa(x) - 8)u = [ulP?u, xeRN, (P2
where 0 <s<1, N>2s,2<p<2}:= Nz__Aer’ a(x) is a nonnegative continuous function and the zero set

a1(0) := {x e RY : a(x) = 0} has a nonempty, smooth and connected interior part int a~*(0).

The fractional Laplacian has been studied extensively in recent years. In [9], Caffarelli and Silvestre
showed that the fractional Laplacian (-A)® on R can be expressed as the Dirichlet-to-Neumann operator for
a suitable local problem on the upper half space IRf*l. For one-dimensional case, Frank and Lenzmann [16]
proved the uniqueness and nondegeneracy of ground states for a class of semilinear fractional Laplacian
equations with subcritical growth. The authors also obtained similar results in [17] for the higher-dimen-
sional case. Via a Lyapunov-Schmidt reduction method, Davila, del Pino and Wei [13] proved the existence
and concentration of standing waves for a class of semilinear fractional Laplacian equations. For more details
of fractional Laplacian, please see [3, 7, 8, 10, 11, 19, 28, 30] and the references therein.

Many papers deal with Schrédinger equations involving Laplacian and potential wells. For A large
enough, the operator —A + Aa(x) — § is positive definite if 6 < A1, where A; is the principle eigenvalue for
—A on functions defined in int a~1(0). If § > A, the operator —A + Aa(x) — § is indefinite. Take § = -1, the
positive definite case, Bartsch and Wang [6] considered (P;) with a more general nonlinearity f(x, u) satisfies
some conditions. The authors proved that there exists A; > O such that () has a positive and a negative
solution for A > A;. Furthermore, if f(x, u) is odd in u, the authors also proved that for any k € IN there ex-
ists Ax > 0 such that () has at least k pairs +uy, +u», . .., +uy of nontrivial solutions for A > Ay. For more
details about the positive definite case, please see [1, 2, 4, 21] and the references therein.
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For the indefinite case, Ding and Wei [15] considered the following problem:

{ —Aux) + AVOOu(x) = Au)P2u(x) + Ag(x,u), x¢e€ RV, (1.1)

ux) -0 as |x| — oo,

where V(x) can be negative in some domains in RV, g(x, u) is a perturbation term. Both for subcritical
growth and critical growth, using variational methods, the authors proved that there exists A > 0 such that
for any A > A, problem (1.1) admits at least one nontrivial solution. In [29], Szulkin and Weth gave a new
minimax characterization of the corresponding critical value and hence reduced the indefinite problem to
a definite one. The authors also presented a precise description of the Nehari—-Pankov manifold which is use-
ful even for other problems. Using this type of manifold, Bartsch and the first author [5] proved the existence
of multi-bump solutions for semilinear equations with indefinite potentials. For more details about indefinite
case, please see [14, 18] and the references therein.

In present paper, we are interested in the existence and concentration phenomenon of least energy
solutions for fractional Laplacian with indefinite potentials. Motivated by Servadei and Valdinoci [24-27],
we consider our problem directly in the corresponding fractional Sobolev space without taking s-harmonic
extension. We will prove that (?,) has a least energy solution which localizes near the potential well and
changes sign for A large. Our assumptions about a(x) and § are as follows.

(A1) a(x) e C(RY, R) satisfies a(x) > 0 and Q := int{x € RV : a(x) = 0} is nonempty, the boundary of Q is
smoothand Q = {x e RN : a(x) = 0}.

(A2) ao = 1 liminfjy_c a(x) > 0.

(A3) The operator (-A)S — & defined in int a~1(0) is indefinite and nondegenerate. Namely, Ay < § < Aj41 for
some k > 1. Here {A;} is the class of all eigenvalues for (-A)® on functions defined in int a=(0).

Remark 1.1. Assume (A1) and (A2) hold; we see that Q is bounded in RY. In fact, there exists R > 0 such that
Q ¢ Br(0), a(x)>ao forall|x|>R, (1.2)

where Bg(0) is the ball centered at O with radii R. Of course, we can replace (A2) by the following one.
(A2’) There exists a constant M > 0 such that the Lebesgue measure of the set {x ¢ RN : a(x) < M} is finite,
ie |[{x e RN : a(x) < M}| < +co.

Let H5(RN) be the standard fractional Sobolev space defined by

sy . ) lu(x) - u(y)l? 5
H*(R") := {u. I J —|X_y|N+Zs dx dy < +00, Ju dx<+oo}

RN RN RN

with the inner product

= [ [ EOHON0D [

RN RN RN

and the induced norm is )

_ 2 2
[lull :=(J J %dxdy+ J uzdx> .
RN RN

]RN
Let
Eo:={ue H(RY):u=0ae.inRY\ Q}
be a subspace of H%(R") endowed with a new norm

B 2 3
||u||0=(J jdedy> . weEk.

N+2s
X-y
RN RN | |

As described in Section 2.2, || - [|p and | - || are equivalent and (Eg, || - o) is a Hilbert space.
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Denote
Vi=Ada(x) -6, Vy=max{0,Vy}, V;=max{0,-V,}.
Let
E) := {u e HSRY) . J a(x)u? dx < 00}
RN
be the Hilbert space endowed with the norm

1

— 2 2
lulla = (J J % dxdy + J Viu? dx) forall u € Ej.
RN RN y RN

The energy functional corresponding to (P,) is

1 lu(x) - uy)I? 1 2 1J »
I(u) := 5 J J = y|Ves dx dy 5 J Vaus dx > |[ul? dx forallu € E,.

RN RN RN RN
with Fréchet derivative

I,'l(u)v = J J w0 _|L;(J_/)))/Tl‘\/fgz_‘/(y» dxdy + J’ Vyuvdx - J lulP2uvdx forallv e Ej.

RN RN RN RN

We say u, € Ej is a solution to (P,) if uy € E, is a critical point of Iy, i.e. I,’l(u,\) =0.

Let us denote L, := (-A)° + Aa(x) — § and Ly := (-A)® — 6. Take {ux(Lo)} be the class of all eigenvalues
of Ly in Eg(each eigenvalue is repeated according to its multiplicity). As proved in Section 2.3, if pu1(Lo) > O,
then (-A)® + Aa(x) - 6 is positive definite and the ground state of (P,) is positive for A large enough. If
u1(Lo) < 0and px(Lo) # O for any k, then (-A)® + Aa(x) — § is indefinite and the least energy solutions of (P,)
are sign changing for A large enough.

Let ey be an eigenfunction corresponding to px(Lo) for k = 1, 2, 3, .. .. We may assume that {ey}r>1 is an
orthogonal base of Eg and L?(Q) (see Lemma 2.3 in Section 2.3). By (A3), Eo can be split as an orthogonal
sum E; & E} according to the positive and negative eigenvalues of Lo, i.e.

Eo = E; ® Ej,,

where
E, =spanfe1, ez,..., e}, Ef= {u €Ey: Juvdx =0forallve Eg]».

As proved in Section 2.3, we see that inf 0.(Ly) > Aap — 8, where 0ess(Ly) is the essential spectrum of L.
Moreover, there exist a finite number of k such that ux(L;) < 0, i.e. L, thus has finite Morse index. For large
A fixed, L) has finite eigenvalues below 0.ss(Ly). By the study of asymptotic behavior of eigenvalues for L,
as A — +0o, we see that 0 is not an eigenvalue of L, for A large. Therefore, E, can be split as an orthogonal
sum E, = E; @ E} according to the negative and positive eigenvalues of L.

Note that for A large enough, the space E; are close to Ej (please see Section 2.3). In order to study the
asymptotic behavior of least energy solutions for (), we need to modify the Nehari—Pankov manifold. To do
that, let P} : Ex — Ej and P : Eo — E be two orthogonal projections. Define the modified Nehari—Pankov
manifold of I} by

Na:={u € Ex\ {0} : P;VI}(u) = 0, I,'l(u)u =0} c Ex\ Ey,

with the corresponding level

= inf I .
cr ﬁ%um

As A — +00, the limit problem of (P,) is

(-A)Su-6u=|uP?u inQ,
(1.3)

u=0 inR¥\ Q
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with the energy functional

1 lu(x) - uy)l? 1(.5 1J v
Io(u) = 5 I J PEIZST dx dy 5 j@u dx > |ulP dx forall u € Eg.
RN RN Q Q

The Nehari-Pankov manifold of Iy(u) is defined by
No = {u € Eg \ {0} : PyVIo(u) =0, I (wu = 0}

with the corresponding level
co :=inf Ip(u),
No

where Ig(u) is the Fréchet derivative of Io(u).

Remark 1.2. The Nehari-Pankov manifold was firstly introduced by Pankov [22]. This type of manifold
coincides with the Nehari manifold if all eigenvalues are positive, i.e. the negative eigenfunction space is {0}.
Moreover, the minimizer for ¢ is a least energy solution of problem (1.3). By the definition of the modified
Nehari—Pankov manifold Ny, it is easy to see that Pyu=Pyu forany u € Ey. As proved in Lemma 2.9, we see
that the minimizer for c, is indeed a least energy solution of (P,), the solution with smallest energy among
all nontrivial solutions.

Our main results are as follows.

Theorem 1.3 (Existence). Assume (A1), (A2), (A3) and one of the following conditions hold:

(i) N > 2s, pissubcritical,i.e.2 <p < 2},

(ii) N = 4s, piscritical,ie.p = 2.

Then there exists A > O such that for any A > A, (P,) admits a least energy solution uj € Ey which achieves c;.

Theorem 1.4 (Asymptotic Behavior). Under the assumptions of Theorem 1.3, let u, be a least energy solution
to (Py) for A = A. Then up to a subsequence, for any sequence A, — +0o, the sequence {u,,} converges to a least
energy solution of the limit problem (1.3) in H*(RN).

The following is an extension of Theorem 1.4.

Theorem 1.5. Under the assumptions of Theorem 1.3, let u be a nontrivial solution to () for A > A. Suppose
that one of the following conditions holds:

() limsup;_,,o I2(up) < +oco for2 < p < 2%,

(i) limsup;_, o n(ua) < %5¥ for p = 2%, where

S:=

_ 2
_ J [u(x) - u(y)l dx dy.
ueHs(RN), |lul| 1

2=l |x — y|N+2s
Then up to a subsequence, for any sequence A, — +09, the sequence {u,,} converges to a solution of the limit
problem (1.3) in H5(RN).

Recall that (—A)® is a nonlocal operator, please see the definition of (—A)® in Section 2.1. Compared with local
operators, such as the Laplacian —A, nonlocal operators seem much more difficult to deal with. There are
some different phenomena between the local and nonlocal operators. For instance:

Remark 1.6. Assume Q :=int{x e RN : a(x) = 0} = Q; U Q>, Q1 N Q, # 0. Here Q; and Q, are two smooth
domains in RV, We see that the least energy solutions to (4) may localize near Q; and Q, simultaneously for
Alarge enough (see Lemma 3.6). This phenomena cannot happen for local operators such as the Laplacian.

In the following sections, without especially stated, we always assume Ay < § < Ayy1 for some k > 1, i.e.
Uk(Lo) < 0 and pg41(Lo) > 0. Our paper is organized as follows. In Section 2, we give some preliminary
results. More precisely, in Section 2.1, we introduce some definitions of fractional Laplacian. In Section 2.2,
we introduce some fractional Sobolev spaces. The spectrum of L, and Ly is studied in Section 2.3 and some
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properties of the Modified Nehari—Pankov manifold are proved in Section 2.4. In Section 3, we prove the
existence of least energy solutions for the limit problem (1.3). Section 4 is dedicated to the proof of our main
results in the subcritical case and Section 5 focus on the proof of the main results in the critical case.

2 Preliminary Results

In this section, for the convenience of the readers, we present some definitions and notations. Firstly, we
introduce some definitions of the fractional Laplacian (-A)’. Secondly, we consider some fractional Sobolev
spaces, such as Ej and Ey. Then we discuss the spectrum of Ly and L. At last, we give some properties of the
modified Nehari—Pankov manifold.

2.1 Introduction to Fractional Laplacian Operators

Let J(RN) := {¢p € CP(RY) : supy ey (1+[x12)2[D3(xX)| < +00, k, |a] = 0,1, 2, . ... } be the so-called Schwartz
space with the seminorms

pa(@)=sup Y D), n=1,2,....

X€RY |q]<n

We denote the topological dual of 3(RY) by 7' (RM). As usual, for any ¢ € J, we denote by

P8 =

! - J e X (x) dx
@m>

the Fourier transform of ¢. For any ¢ € 7, 0 < s < 1, we define the fractional Laplacian operator (-A)® as

p(x) - ¢») . p(x) - P(y)
(—A)s¢(X) = CN’SP.V. J’ W dy = CN,S lLHé J W dy. (2.1)
RN RM\Be(x)
Here PV. is a commonly used abbreviation for “in the principle value sense” and Cys is a dimensional con-

stant that depends on N and s, precisely given by

1 - cos(&1) !
s :<J v d€> '
RN

According to (2.1), it is easy to see that (—A)® is a nonlocal operator. Due to the singularity of the kernel,
the right-hand side of (2.1) is not well defined in general. In the case 0 < s < % the integral (2.1) is not really
singular near x, see [20]. In order to get rid of PV. in (2.1), one can redefine the fractional Laplacian operator
(=A)% as

dy forallgp €7, x e RV, (2.2)

Cn,s -y) -
(=AY p(x) = =N Ju(x+y)+u(x y) — 2u(x)

2 N+2s
o Iyl
Now we take into account an alternative definition of the space H*(RM) via the Fourier transform.

Precisely, we define

H® := {u e L>(RM) : J(l +187)I3(&)1* dE < +00}-
]RN
The fractional Laplacian (-A) can be viewed as a pseudo-differential operator of symbol |£]?5, namely for
O0<s<1,
(-D)Sp(x) = F L8> (Fu)) forallue T, & e RV, (2.3)

As proved in [20], HS(RY) and H? are coincide and the above definitions of (-A)* are also coincide.
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Recently Caffarelli and Silvestre [7] considered the following boundary value problem in the half
space RV*1:

V- (t'73vg) =0 in RN+,
P(x,0)=p(x) inR.

Here a(x, t) is the so-called s-harmonic extension of ¢, explicitly given as a convolution integral with the
s-Poisson kernel ps(x, y),

W&ﬂ=[m@—%0ﬂ@ﬁ,
IRN

where
t45—1
ps(x, t) = dN,s—,H
(X2 +1t12) 2"

and dy,s achieves f]RN ps(x, t) dx = 1. Then under suitable regularity, (—A)® is the Dirichlet-to-Neumann map
for this problem, namely

(D)0 = = lim £172°0:B(x, 0). (2.4)

Thus by this new transformation, the nonlocal operator (—A)® may be reduced to a local, possibly singular
or degenerate operator on functions sitting in the higher-dimensional half space ]Rﬁ' 1 = RN x (0, +00).

The definitions (2.1), (2.2), (2.3) and (2.4) of the fractional Laplacian (—A)® are all equivalent for instance
in Schwartz’s space of rapidly decreasing smooth functions. For more details about the fractional Laplacian,
one refers to [9, 20] and the references therein.

In the present paper, we use (2.1) as the definition of (-A)S and for the simplicity and without loss of
generality, we replace the constant Cy,s by 1 throughout this paper.

2.2 Some Fractional Sobolev Spaces

As we know, H¥(RN) can be continuously embedded into LP(R") for 2 < p < 2%, and compactly embedded

into Lﬁ)C(IRN ) for 2 < p < 2;. In particular, the following fractional Sobolev inequality holds:
. u(x) - u(y)|?
S= 1nf{ J J % dxdy : u e H¥(RY)\ {0}, lull 2z (]RN)=1} > 0. (2.5)
RN RV

In [12], Cotsiolis and Tavoularis showed that S is achieved by
V(x)
I V”Lz; (RN) ’

where
V(xX) = k(G2 + X = x0|) "7

fork € R\ {0}, u € Rand xo € RN fixed.

Let O ¢ RY be a bounded smooth domain in RV, and let H5(Q) be the standard fractional Sobolev space.
The embedding H%(Q) < LP(Q) is continuous for 1 < p < 27, and compact for 1 < p < 2}. For more details
about the fractional Sobolev spaces, one refers to [20] and the references therein.

Recall that Eg = {u € HS(RY) : u = 0 a.e. in RV \ Q}. In [12], Cotsiolis and Tavoularis gave a sort of
Poincaré—Sobolev inequality as follows:

B 2
[urax<c| | %dxdy forall u € Eo,

Q RN RN
where C > 0 depends on Q and N. According to the definitions of the norms | - |o and || - ||, we see that the two
norms are equivalent in Eq. Moreover, (Eo, || - [lo) is also a Hilbert space (see [12, Lemma 7]). The embedding
Eo — LP(Q) is continuous for 1 < p < 2%, and compact for 1 < p < 27 (see [12, Lemma 8]).
We finish this subsection by giving the following uniformly imbedding lemma.
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Lemma 2.1. There exists a constant Ay > O such that the embedding Ej — HS(RY) is continuous, uniformly
in A for A > Ao.

Proof. By(1.2)inRemark 1.1, Q € Bg(0) forlarge R > 0 and a(x) > ag foreach x € IRN\BR(O).Letfz RN 5 R
be a smooth cutoff function satisfying

0<&<1, &=1 inBg(0), &=0 inRN\ Bg.1(0). (2.6)

Take Ag = aZ—:S; then by (2.6), for A > Ay, we have

J (1-&)u?dx = J’ (1 - &u? dx
RN RN\Bg(0)

< 1 J (Aa(x) - &)u? dx
a

RN\Bg(0)

1

= — J Viu?dx
ao

RN\BR(0)

< 1 J V;{u2 dx. 2.7)
ap
]RN
By (2.6), Holder’s inequality and the definition of S, we find that
j Euldx = J &u? dx

]RN BR+1(0)
2
1-2 2 2
< |Brar (0% (j ul? dx)
]RN

1-2
|Bg+1(0)|" % [u(x) — u(y)|?
< 3 j J Xy dx dy. (2.8)

RN RN

According to (2.7), (2.8) and the definition of the norm || - ||, we obtain that

u(x) — u(y)|?
"u”Z: J J%d){d}u J ude

RN RN RN

1-% [u(x) — u(y)|? 1 )
< (|BR+1(0)| %+ 1) J J dedy+ a—O J V;{u dX

RN RN RN

u(x) — u(y)|?
= C(J J %dmw J viu dx) < Clul.
IRN N IRN

Thus |lu|l < C|lullx, where C > 0 is independent of A. O
Remark 2.2. For A > Ao, since the embedding constant for E; < H5(RN) does not dependent on A, Ej keeps

all properties of H¥(RY). Precisely, for A > Ao, E; can be continuously embedded into L? (RN) for 2 < p < 23
and compactly into LfOC(IRN ) for 2 < p < 2. Moreover, all embedding constants do not depend on A.

2.3 Eigenvalue Problems with Fractional Laplacian Operators

Firstly, we consider the spectrum of the operator Ly in Eq. Recall that Q = int a~1(0) is a smooth bounded
domain in RY. For O < s < 1, we say A is an eigenvalue of (-A)S in Ey if there exists u € Eq such that

(ux) = u(y)(v(x) - v(y))
J J [x — y[N+2s dxdy = A J u(x)v(x) dx (2.9)

RN RN Q
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forany v € Ey, i.e. (u, A) is a weak solution to the equation
{ (-A)Su(x) = Au(x) inQ,

2.10
ux)=0 inRV\ Q, (210

A function u € Ey satisfying (2.9) is called an eigenfunction corresponding to A. For convenience, we also say
A is an eigenvalue of (2.10).
The following lemma described the eigenvalues and eigenfunctions to (2.10).

Lemma 2.3 ([26, Proposition 9]). Let 0 < s < 1, N > 2s, and let Q be an open bounded set of RV,
(i) Problem (2.10) admits an eigenvalue A, which is positive and that can be characterized as
_ 2
/11 = min J J‘ M dXdy HR 7S Eo, ||u||Lz(Q)=1 . (211)
|X _ y|N+25
RN RN
(ii) There exists a nonnegative function e, € Eo, which is an eigenfunction corresponding to Ay, attaining the
minimum in (2.11), that is |le1 | z2(q) = 1 and
_ 2
j- [ [ le0e g,

N+2s
X
N | yl

(iii) Ay is simple, that is if u € Eq is a solution to the equation

J j W) —u)(P) - $)) dxdy = A1 J u(x)p(x)dx, uekEy, forallp(x) e Ey,
|X _ y|N+25

RN RN Q
then u = keq, with k € R.
(iv) The set of the eigenvalues of problem (2.10) consists of a sequence {A}x>1 with

O0<AL <A < - <A € Apyg <0

and
Ak = +o0  ask — +oo.

Moreover, for any k > 1, the eigenvalues can be characterized as

. ulx)—-u 2
Ak+1 =m1n{ J %dxdy 2 U € Pre, lulrz = 1}, (2.12)
R2NV
e W) - u))(e;(0) - j(y))
- [ W ZuONEGH o)
Tk+1—{u€E0' J |x — y|N+2s —O,]—l,...,k},
]RZN

(v) Forany k > 1, there exists a function ey, which is an eigenfunction corresponding to Ay, 1, attaining the
minimum in (2.12), that is ||lexs1llz2() = 1 and

lex1(x) — ex1 (y)I?
Akr1 = I J s dx dy.

RN RN
(vi) The sequence {ey}i=1 of eigenfunctions corresponding to Ay is an orthonormal basis of L?(Q) and an ortho-
gonal basis of Ey.
(vii) Each eigenvalue Ay has finite multiplicity; more precisely, if Ay is such that

A1 <Ak = A1 = -+ = A < Akeman
for some h > 0, then the set of all eigenfunctions corresponding to Ay agrees with
Span{ek, Cltlseves ek+h}'

Next, we study the spectrum of L, in Ej. It is easy to see that L, is self-adjoint in L?(R") and bounded from
below by —6. Denote

UA(ll)l, lpZ) ceey lpm) = 1nf{L/\(l/))lp : l/) € E/\) ||l/)||L2(IRN) = 19 (l/)’ l/)]) = 0) ] = 11 2: sy m}y
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where

L)y :=

v — yIN+2s
X —
Ix =yl o

J [Y(x) - P(y)I? dxdy + J Vap? dx,
N RN
!,b dx,

(¥, ¥)) := | Yhjdx =0.

|
12 g, = j
J
R

For k € N fixed, we define spectral values of L, by the k-th Rayleigh quotient
Hk(L/I) = Sup{Uﬂ(lpl’ II)Z’ ceey ll)k—l) : ll)l’ lpz, ey l/)k—l € EA}'

Obviously, ui(Ly) is nondecreasing respect to k and A. By [23, Theorem XIII.1 and Theorem XIII.2], we
know that either (L, ) is an eigenvalue of Ly or pi(La) = pr+1(Ly) = - - - = inf 0ess(L2). Denote pi(Lo) := Ax—6.
By Lemma 2.3, itis easy to see that {ux(Lo)}x>1 is the class of all eigenvalues of Ly := (-A)® — §in Ey. Moreover,
Uk(Lo) can be characterized as

L min L R
uk(Lo) = Sez“lpes ||lpllem):l{ oY)}

Loy := J’JIIIJ(X) lP()/)Izd dy lezdx,

[x |N+2$
RN Y Q

and Y ,_, denotes the collection of (k — 1)-dimensional subspaces of Ey. Since Ly(¥)y = Lo(y)y for each
Y € Eo, we have uy (L)) < pr(Lo). Thus in order to prove the existence of eigenvalues of L, in E,, we just need
to prove that inf gess(Ly) — +0oas A — +oo.

where

Lemma 2.4. Under the assumptions (A1)-(A3), the essential spectrum 0ess(Ly) is contained in [Aag — §, +00)
for A > Ag. Furthermore, inf Gess(Ly) — +00 as A — +oo.

Proof. The proof of this lemma is similar to [4, Proposition 2.3]. For the convenience of the reader, we give
the details.

We set Wy = Vi — Aao + 6 = A(a(x) — ao) and write W} = max{Wy, 0} and W} = min{W), 0}. Obviously,
for A > Ao,

o((-0)* + W} + Aag - §) < [Aaq - 6, +00) (2.13)
for W} > 0. Let Hy := (-A)S + W} + Aag - &; then Ly = Hy + W3.

We claim that W/% is a relative form compact perturbation of L;. Since W/% is bounded, the form domain
of Hy is the same as the form domain E, of L,. Thus we have to show that E; — Ej, u — Wf - u is compact.
Select a bounded sequence {un}n>1 in (Ey, | - [lA); then according to Lemma 2.1, {un}n>1 is also a bounded
sequence in H¥(RY). Thus there exists a function u € H*(RN) such that, up to a subsequence,

u, — u weakly in H(R"),
up - u stronglyin Ly (RY), (2.14)
U, > u a.e.in RN

as n — +0o. Notice that a(x) > ag for each x € RN \ By (see (1.2) in Remark 1.1), then the support set of Wf
is contained in Bg. Thus by Holder’s inequality, and Lemma 2.1, for A > Ay, we have

J Wf(un —uwyvdx|= I Wf(un —uvdx| <6 J [(up — u)v| dx
RN Br Bgr

< 5(j(un up? dx>2||v|| < C<j<un “uy? dx)zuvuA.
Bg

Bg
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Hence by (2.14), we have

1
IWiun - Wiullg; < C([(un - u)? dx)z -0
Br
as n — +oo. Thus W/% is a relative form compact perturbation of L.
According to the Classical Weyl Theorem (see [23, Example 3, p.117]), Oess(L1) = Tess(Hp). Thus by
(2.13), for A > Ag, Oess(Lp) C [Aag — 8, +00). Moreover, inf 0ess(L)) — +00 as A — +0o. O

At last, we deal with the asymptotic behavior of the eigenvalues of L, in E,. Let {yﬁ} k=1 be the class of all
distinct eigenvalues of Ly := (-A)% + Aa(x) — 6 in E,, and let {yx}x>1 be the class of all distinct eigenvalues of
= (-A)’ - 6 in Ey. Without loss of generality, we can order these eigenvalues as follows:
My <My <My << pp < infoess(Lp),

and

U1 < U2 < U3 < < UK < O < Uppp < -o-
Moreover y k, — tooas A — +00, and pi — +00 as k — +oo. Let V/1 be the eigenfunction space correspond-
ing to y] and let V; be the eigenfunction space corresponding to ;. We say V’1 converges to Vg, i.e. V" — Vi
as k — +oo, if for any sequence A; — co and normalized eigenfunctions ; € Vk , there exists a normahzed
eigenfunction ¥ € Vj such that 1; — ¥ strongly in H*(RY) along a subsequence. We have the following
lemma.

Lemma 2.5. We have yﬁ — Ui and Vﬁ — Vias A — oo.
Proof. We prove this lemma by induction.

Step 1. We firstly prove the case for k = 1, i.e. up to a subsequence, we will prove that
Ap — +00, y’}” — Ui, Vf” — Vi asn— +oo.

According to the definition of ],l?", it is easy to see that y?“ < u1. Now we assume that i, € E,,is such that

J Y2dx =1, j J %dxdy+ J(Ana(x)—S)l,[)f, dx:y/ll". (2.15)
Y RN RN RN
By (2.15), we have
lall} = J I % dxdy + J Vi, ¥x dx + j Vi pdx = i + I Vi ¥y dx < g + 6.
RN RN RY RN RN

Then by Lemma 2.1, {1),} is bounded in H$(RY). Up to a subsequence, there is ¢ € H*(RY) such that
Yn — ¢ weakly in HS(RY),
Yn — P stronglyin L loc(]RN)’ (2.16)
Yn— 1P aeinRY

as A, — +oo.

Claim 1. We have {(x) = O a.e.in RN \ Q.

In fact, let Cpp := {x € RN : a(x) > l} For fixed positive integer m, by (2.15), we have

J l/)zdx < — J Ana(x)l,bn dx

Cm ]RN

( Il/)n(X) Pa ()

|X y|N+25

dxdy + J Ana(x) 3 dx)

RN
m
—(}lr +6) -0,
An

as A, — +0o. Thus u(x) = 0 a.e. in C;y form = 1,2, 3,.... Since | J5o; Cm = RV \ Q, it follows that u(x) = 0
ae. inRM\ Q.
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Claim 2. We have |, y* dx = 1.

As in Section 1 (see (1.2) in Remark 1.1), Q ¢ Bg(0) and a(x) > ag for all |x| > R. Then by (2.15), we have

J. Y2dx < 1 J Ana(x)? dx
aoAn
REABR(0) R¥\Bx(0)
1 |¢H(X) - ll)n(y)|2 J 5
= aohn ( J J |x — y|N+2s dxdy + | Apa()y;, dx
RN RN v
! [Pn(x) = Pn(y)? 1 j i s J 2
- aoln .[ J |x — y|N+2s dxdy + a0y MV, dx + aoh [Pn]? dx
e RY RN
1
< ao/\n("ll +6)—-0
as A, — +oo. Thus
RN\Bg(0)

Combine (2.15), (2.16), (2.17) and Claim 1 to have
2 9, _ 290 T 290 1 24 1 2 4, _
[war [ voce | vias- [ o | viecr
Q Bg(0) Bg(0) RN RN\Bg(0)

According to Claim 1 and Claim 2, we find that

[ w2 dx= 2 ax-1. (2.18)
RN Q
Let Y} =y, — 1. By (2.16) and Brézis-Lieb’s lemma,
j W2 dx = J W2 dx + J(l,b},)z dx +0(1) (2.19)
]RN IRN IRN
and
|Pn () ~ Pn()I? ~ P00 -y P00 - Yry)I?
RN RN RN RN RY RN

as n — +oco. Thus by (2.15), (2.18) and (2.19), we have ), — ¥ strongly in L?>(RY) as n — +co. By Claim 1,
we obtain that i € Ep. Thus by (2.11), (2.15), (2.18) and (2.20), we have

; [u(x) - u(y)|? 5 )
= inf j J—dxd —JSu dx
H ueky, ||u||L2(Q)=1< |x — y|N+2s y
]RN ]RN )

B 1Y) - P2 _
_j j dx dy é[&l)zdx

|X_y|N+Zs
RN RN
. [Yn(X) = P () 2
< HIL%(I J dedy— J- 6ll)ndX
RN RN RN

. A
< lim pui" <
s Amopg < M,

which implies that p’" — y; and ¥, — ¥ in HS(RV) as n — oo.
Step 2. Suppose k > 2 and the results hold up to k — 1. We need to prove the same results hold for the k-th

eigenvalues.
Since L)y = Loy for all Y € Ey, by the k-th Rayleigh quotient descriptions of yﬁ and py, we have

lim supyﬁ < Y.

A—+00
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Just like in the case k = 1, we can select A,; — +oco and the normalized eigenfunctions ¥, € V,}(‘" which is the
eigenfunction space corresponding to yﬁ" satisfying

J I |x — y|N+2s dxdy + J An(a(x) = 8)y;, dx = p;

RN RN RN
and
J Pldx=1, YuiVh j=1,2,3,..., k-1
IRN
Similar to the proof in Step 1, we have
Yn — ¢  weakly in HS(RY),
Yn — ¢ stronglyin L (RY),
Yn—> ¢ aeinRY
for some ) € Ey satisfying jQ [p|? dx = 1. Since ¥, L V;"‘, j=1,2,...,k-1,and V;‘" — Vjasn — +oo, it
follows thaty L V;,j=1,2,...,k-1,and

) - Py)I? N 2
J15% SRJI; ]RJN Ty s dx dy 5!’ oY’ dx

< lim<J J dedy—[&/)ﬁdx)
Q

n—oo |X _ y|N+2$
RN RN
< lim y/\" < Uk
~ nSelk = '

This induces that yﬁ" — Uk, V,’}" — Vixasn — +oo. O

Corollary 2.6. For A large, the operator (—-A)S + Aa + ap on Ej is nondegenerate and has finite Morse index
d;j := dim E; uniformly in A.

2.4 Modified Nehari-Pankov Manifold

Recall the modified Nehari-Pankov manifold

Np:={u € Ex\ {0} : P,VIi(u) = 0, I}(w)u = 0} c Ex \ E,
and the Nehari—Pankov manifold

No :={u € Eg \ {0} : PyVIo(u) = 0, Ij(u)u = 0} € Eg \ Ej.
The corresponding levels are

cp = uienj\fu Iy(u) and cgp:= uier%go Ip(u).
For the Nehari-Pankov manifold Ny, we have the following lemma due to Szulkin and Weth [29].
Lemma 2.7. Forany w € Eo \ E, set
Hy:={v+tw:veE, t>O0}.

The following properties hold:
(i) No ={w e Eo\E; : V(Io|Hy) = 0}.
(ii) Foreveryw e E{ \ {0} there exist t,, > 0 and ¢(w) € E, such that

Hy, NN = {p(w) + ty - w}.

(iii) For every w € Ny and every u € Hy, \ {w} there holds Io(u) < Io(w).
(iv) co = infyen, Io(u) > 0.

Proof. The proof of this lemma is similar to the proofs of [29, Lemma 2.2-2.6]; we omit the details. O
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For the modified Nehari-Pankov manifold, we have the following lemma.

Lemma 2.8. Forany w € Ep \ E,, set
Hy={v+tw:veE,,t>O0}.

The following properties hold:
() Na={weEx\Ej: V(\|Hy) = O}
(i) Let
E} = {weE:{: Jwe,-dx=0, i=1,2,...,k}.
IRN

Then for any w € E;{ \ {0} there exist t,, > 0 and ¢(w) € Ej such that
Hy NNy = {@(W) + ty - W}

(iii) For any w € Ny and u € H,, \ {w} there holds I(u) < Iy(w).
(iv) ca = infyen, In(u) = T > O for some small T > 0 independent of large A.

Proof. The proofs of (i)—(iii) are obvious. We just need to prove (iv).
Firstly, we claim that there exists a up > O such that for any A > o and u € E}, we have

u(x) - u(y))?
dxdy + J Vu? dx > C( J %dxdy+ J Viu? dx)

RN R2N RN

J (ux) - u(y))?

|X _ y|N+25

for some C > 0 which is independent of A.
In fact, for any u € E}, we have u = uj + u, uj € Ej, u; € E;. Note that

N - 5 + _ gt 2
[ OO ey + [ viwprax= [ OO geay s [ vigrax [ viap?ax

— y|N+2 —
by RN R2N =y RN RN
M1 (L) + 6 [ (W00 - uz(y))? X
= Mice1(Lp) J’ |x — y|N+2s dxdy + J Va(uy)® dx.

RN

Then a simple computation shows

5 + _ T 2
[ WO ey [ vt - [ LRI gy [ v ax

— y|N+2 _ y|N+2
b —y[F=s s EA S (e o
(u; (%) - uy (v))? .
+ J dedy+ J VA(UA) dx

RN

+1(La) (u; 00 - u3 ()? o
§ .u:rli(lLA)A‘HS(J oy J viep? dx)

R2N RN

. J (u; (%) = uz (y)?

[V dxdy + J V;l(u/;)2 dx

RN

Mi+1(La) (u(x) - u(y))? L

§ Mis1 (L) + 6( J Ix — y|N+2s dxdy + I Viu dx)
]RZN ]RN

6 ( j (U3 00 =4, )2

+
{Hkﬂ(LA) +6 |x — y|N+2s
R2N

_ HMir1(La)
Mi+1(Lp) +6

dxdy + J Vi (uy)? dx)
]RN

J V}I[(u/{)2 +2uju; ] dx},

RN



564 —— Z.Tangand L.Wang, Problems Involving Fractional Laplacian and Indefinite Potentials DE GRUYTER

since
k

k
uy = Z( J uey,i dx)e,\,i = Z[ J u(eyi—ei) dx]e,\,i,
=1 \gy

i=1
]RN
where e; and e, ; are the eigenfunction of Ly and L,, respectively. Note that ey ; — e; in H® (RN) for each i
as A — +oco. Then we can easily get
J (u; (%) - uy (v))?

PEIZET dxdy + j V;L(u/{)2 dx + J V}][(ui)2 +2ujuldx = o(l)llulli.

RN RN
Since pr+1(Ly) — Mi+1(Lo) as A — +oo, there exists pg > A such that for any A > pp, we have

w0 ~u@y)® 2 pa(Lo) ([ () - u)? - )
I = Vs dxdy+]RjN Vau dxz"k’rl(LO)'*&(RL s dx dy + J Viu®dx |.

IRN
Secondly, let

B 2
Sy = {u €E}: J %dxdy+ j VAuzdx:az}.
]RN

R2N

For any u € Sy, by the Sobolev inequality, we have

_ 2 5
J lulP < C[ J dedy+ J Viu? dx]
R2N

| |N+2$
RN

SC“ (u(x) - u(y))?

f
Xy dxdy+JV,1u dx] < CaP.

RN

Therefore, for a > 0 small enough, we have Iy (u) > E“ -Ca? > th > 0. This implies that infs, Ix(u) > O.
Finally, for any w € N, w* = w - w™ € H,, take t > 0 small enough such that tw* € H, N S, thus take
7 — a2, By (iii), we have
I(w) > [(tw™) > iélf[}((u) >7>0,

a

which implies that cy > 7 > 0. O

At the end of this subsection, in the following lemma we will prove that the minimizer for c, is indeed a least
energy solution for (P,).

Lemma 2.9. For A large enough, u € Ny is an achieved function for c;, i.e. cy = Iy(u). Then u is a least energy
solution of (Py).

Proof. Note that each solution for (;) belongs to Ny ; thus we just need to show that the achieved function u
is indeed a solution.
We denote
Go(u) = I} (wu, Gi(w) =T (we;, i=1,2,...,k.

Then the modified Nehari—Pankov manifold
Ny={ueEx\{0}:Gi(u)=0,i=1,2,...,k}.

According to the Lagrange Multiplier Theorem, there exists (Ag, A1, ..., Ax) € R such that
L) + Ao Gh(u) + A G (w) + -+ + AGr(u) =

Multiplying u and e; on both sides of the above equation, respectively, fori = 1, 2, ..., k, we have the follow-
ing system:
aoolo + ao,1A1 + - + aokAx = 0

6110/10 + a1’1/11 + -+ alkAk =0

ayolo + ak,l/h +ot+ A =0
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where
a0 =(p-2) | P dx, ai=(p-1) [ Puef dx - piLo) | e} dx,
RV RY RV
ao,i = aio=(p-2) J lulPue; dx, ajj=aji=(p-1) j lulP2e;e; dx
RY RY
fori,j=1,2,..., k. Itiseasy toshow that the coefficient matrix of the above system is positive definite. Thus

the solution of the above system is (Ao, A1, ...,Ax) = (0,0, ..., 0) which implies that u is indeed a solution
to (Py). O

3 Existence of Least Energy Solutions to (1.3)

In this section, we present an existence result for the least energy solutions to (1.3). Recall the energy func-
tional of (1.3):

1 u() - u@)? YR j v
I()(u)—i J J dedy EJ(SH dx EQIuI dx fOfalluEEo.

RN RN
And the Nehari—Pankov manifold related to Iy is
No = {u € Eg \ {0} : PyVIo(u) = 0, Ij(u)u = 0},
with the corresponding least level
Co := ij{[loflo(u).

We state our main result in this section as follows.

Proposition 3.1. AssumethatQ := int{x € RN : a(x) = 0} is a smooth bounded domaininRY, co := infy;, Io(u)
and one of the following conditions hold:

(i) N > 2s, pissubcritical,i.e.2 < p < 2%,

(ii) N > 4s, piscritical,i.e.p = 2}.

Then cg is achieved by a sign-changing function which is a least energy solution to (1.3).

To show that, we get a (PS)., sequence by Ekeland’s variational principle and study the boundedness and
compactness of the (PS)., sequence. We have the following lemmas.
Lemma 3.2. Let2 < p < 23, N > 2s. Then there exists a (PS)., sequence {un}nz1, i.e.

Io(un) — co, I{(up) >0 asn— +oo.

Proof. Indeed, similar arguments can be fund in the proof of [22, Theorem 5.7]. This is a direct result of
Ekeland’s variational principle. For the convenience of the reader, here we give a sketch of the argument.
By the definition of ¢y, we can easily get a minimizing sequence {v,} ¢ N satisfying

Io(vy) —» co asn — oo.

Take

1
n)

o Io(vn) = co, ifIo(vp) > co,
" if Io(vy) = Co.

Then by Ekeland’s variational principle, there exists a sequence {u,} c Ey such that

1 1
Io(un) < Io(Vn),  llun = vallo < €7, IUToun) g, < €r,

where Ej, is the dual space of Eq and (I}(v,))! denotes the orthogonal projection of If,(u,) onto the tangent
space of Ny at u,. One can show that there is a constant C > 0 which is independent of n such that

16l < Cll(To(un) g, -

Let n — +oco; we have Io(un) — co, I{(un) = 0asn — +oo. O
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Lemma 3.3. Let 2 < p < 2%, N > 25, {un}n>1 be a (PS), sequence. Then {un}n>1 is bounded in Ej.

Proof. According to the definition of (PS)., sequences, there exists a positive integer number M such that for
each n > M, we have

1 1 1
o+ 1+ Tl = To(un) — ST (un)tn = (5 - E) j lul? dx (3.1)
Q
and
1, p-2 (u(x) - u(y))? 2
co+ 1+ lunllo = Io(un) - Elo(un)un = W(]RL ]R[V Ty dx dy - 6(! u®dx ). (3.2)

By Holder’s inequality, we have
2

p
Juz dx < |Q|1§(j|u|p dx) . (3.3)
Q Q
Combining (3.1)—(3.3), we can easily get that for each n > M,

(u(x) - u(y))?
lunld = I J I—N); dxdy < C(co + 1 + [unllo),
X — y| +28

IRN ]RN
where the constant C does not depend on n. Thus {u,},>1 is bounded in Ej. O
Lemma 3.4. Assume that one of the following conditions holds:
(i) N > 2s, pissubcritical,i.e.2 < p < 2},
(ii) N = 4s, piscritical,ie.p = 2.
Then the (PS), condition holds. Namely, let {un}n>1 be a (PS)., sequence. Then there must exist u € Eq such
that, up to a subsequence, u, — u strongly in Ey as n — +co.

Proof. We consider two cases.

Case 1: p is subcritical, i.e. 2 < p < 2%. In fact, by Lemma 3.3, there exists a function u € E, up to a subse-
quence, still denoted by {u,}n>1, such that

u, — u weaklyin Ep,
u, —» u strongly in L?(Q) and L?(Q), (3.4)
U, »>u a..inQ

as n — +oo. According to the definition of (PS), sequence and (3.4), we have

0(1) = (Iy(un) — Iy(w)(up — u)

— _ _ 2
= j J ((un — W) (x) = (Un - u)(y)) dxdy -6 J(un _ u)Z dx — j(lunlp—zun _ |u|p—2u)(un —wdx. (3.5)
|x — y|N+Zs

RN RN Q Q

By (3.4) and the Lebesgue Dominated Theorem, we can easily get that
[unlP~2un — [ulP~2u  strongly in L#1(Q).

By Holder’s inequality and (3.4), we have

1

p-1
p p
J(Iunlpfzun — [ulP~2u)(u, — u) dx| < (J|Iun|p2un - |u|”’2u|Pl’%1 dx) (I lun — ul? dx> -0 (3.6

Q Q Q

as n — +oo. Combining (3.4), (3.5) and (3.6), we have as n — +oo,

j J (n — w)(X) = (up — u)(y))?

|X — y|N+ZS

dxdy — 0.
RN RN

Thus lim,,— 400 [[Un — ullo = 0.
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Case 2: p is critical, i.e. p = 2. To begin with, by the next lemma, we see
3.7)

S N
0<co< Nsévs.
in Eg and L% (Q),
(3.8)

As proved in Lemma 3.3, {u,} in bounded in E,. Taking if necessary a subsequence, we may assume that
strongly in L?(Q),

un —u
U, > u
u, —» u a.e.inQ.

By (3.8) and the definition of (PS), sequences, for each v € Ey, we have

0= lim Ij(un)v
n—+oo
dxdy -6 lim Junvdx— lim Ilunlzg‘zunvdx
n—+oo

~ lim J j Wn(X) —unYNWO) —vQy) . o
n—+oo |x — y|N+25 n—+oo
RN RN Q Q
= J J (U0 = uyDvx) - viy) dxdy -6 J uvdx - J [ul?~2uv dx, (3.9
|X _ y|N+Zs
RN RN Q Q
i.e. Ij(u) = 0. By (3.9), we have
_ 1, (1 1 2!
To(w) = Io(w) - 5 Ty(wu = (2 7 ) J ul% dx > 0. (3.10)
Let vy, = up — u, due to Brézis—Lieb’s lemma and (3.8), we have as n — +00,
lunllg = Ivalld + lulld + o(1), ||lln||L2 Q) ”Vn”Lz*(Q + IIMIILZ*(Q) (3.11)
By (3.8) and (3.11), we have
o(1) = (I(un), un)
_ 2
_ J J (un(X) un(}/)) dXdy— 6Ju2 dx — j |un|2S dx
|X y|N+25
Q
u(x)—u V() —v 2 .
[ s s [ [ [ ey s
N Q ]RN ]RN Q
Va(X) - v
[ v
Q
and
1 (un(x) - un()/)) ) 2 1 2
o) =5 [ | e dxay = 3 [ dx—ﬁjlunl dx
IRN ]RN Q Q
(1 (u(x) - u))?* 6 j 2 1 J 2
- (E j oy ey =5 [t e S [ dx
RN RN Q Q
L1 (va(x) = va(y))* 1 J 2
*+5 J J Ty dx dy >+ [Vnls dx +0(1)
RY Q
_ 1 (Va(X) = va())? 1 J 2
=Io(u) + 5 I J s dx dy ¥ [vnl®s dx + o(1). (3.13)
RN RN 0
We assume that b = lim,_, ;o0 jﬂ [Val% dx
(i) If b = 0, we complete the proof by (3.12).
(ii) If b > 0, by (3.12) and Sobolev inequality, we have
T =Sh%,

_ 2o (Vn(0) = va(y))* : 2 a0\
b= lim [ val? dx - ngglmjj e i dxdy =S Jdim [ Ival? dx
Q

Q

RN
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Thus b > S%. On the other hand, by (3.10), (3.12) and (3.13), we have

1 (Vn(X) = va(y))? 1 . 2, (1 1
Co = llm Io(un) > E nhIPOO J J W dx dy — 2—: HEI-POOI |Vn| dx = (i - i)b
RN RN Q
Thus b < S% due to the estimate of Co, see (3.7). This leads to a contradiction. O

We prove (3.7) by the following lemma.
Lemma 3.5. Assume that N > 4s, p = 2} is critical and S is defined as (2.5) in Section 2.2. Then
S .
0<co< NS 2%,
Proof. According to (iv) in Lemma 2.7, we know that co > 0. We just need to verify that co < S 3. Without
loss of generality, we may assume that 0 € Q and By, € Q for some a > 0. Let

U(x)

U= ————
10N e,

where
U(x) = k(u? + 1x|2) 77

As we have described in Section 2.2, & is a minimizer for S. Let

Uo(x) = €7 u* (£>,
€
where u*(x) = u( ) and € > Ois small. Put u. = n(x)Ue(x), where 17(x) is a smooth cutoff function satisfying
n=1 in By, n=0 inRN\ By, 0<n<l.
By a standard argument which is similar to [25, Proposition 7.2], we have for N > 4s and € > 0 small enough,

Jaw S 22O i dy - § [, lue ()12 ax

|x— y|N+Zs

(3.14)
(J uel® dx)*
Let Hy, := span{E,, uc}. According to [25, Proposition 7.3] and some calculation, we have
—u(y))? )
M, := max{ J j % dxdy - SJ [u(x)|? dx : u € Hy, \ {0}, J luel> dx = 1} <S
RN RN Y Q Q
for € > O small and N > 4s. For each u € H,, \ {0}, we have
lullg - Sllull?
Ip(u) < maon(tu) (M)
N
Thus
max Io(u) < —M2 < —SZS
ueH,,
for € > 0 small and N > 4s. Lemma 2.7 immediately implies that co < §S % for N > 4s. O

Now we come to give the proof of Proposition 3.1.

Proof of Proposition 3.1. According to the above lemmas, there is a sequence {u,} ¢ Eq such that Io(u,) — co,
I(’)(un) — 0,and u, — ustronglyin Ey. This implies that Iy(u) = co, I(’)(u) = 0. Thus uis aleast energy solution
to (1.3).

For 6 > A4, u is sign-changing. In fact, let e; be the principle eigenfunction corresponding to the prin-
ciple eigenvalue A; of Ly defined in Ey. We may assume that e; is positive. Multiplying e; on both sides of
equation (1.3) and integrate over RV, we have

(u(x) —u(y))(ei1(x) - e1(y)) ~ ~ p2
I J x — y|N+2s dxdy 5IU€1 dx = Jlul ue; dx.

RN RN Q Q
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This implies that
(A1 —5)Jue1 dx = J lulP2ue; dx. (3.15)
Q Q

If u keeps sign, we may assume that u > 0. Thus the left side of (3.15) is nonpositive, but the right side is
positive. This leads to a contradiction. Thus u changes sign. This completes the proof of Proposition 3.1. [

Remark 3.6. Assume Q = Q; U Q, is the interior part of the zero set a~1(0), where Q; and Q, are two smooth,
connected and bounded domains in RY with Q; N Q, # 0. Suppose u is a least energy solution of (1.3) with
u(x) =0in Qq and u(x) # 0in Q,. Then for any x € Q1,

—u(y)
|X _ y|N+Zs

(-0 ut) = |
Q

2

might be nonzero. For example, for 0 < § < A1, u is nontrivial and keeps sign in Q,. On one hand,

-u(y)

|X — y|N+2S dy

(-0u00 = |

2

is positive or negative. But on the other hand, for x € Q4,
(-A)Su(x) = Su(x) + u(x)*~ = 0.

Thus u(x) # 0 in both Q; and Q,. However, for the Laplacian, the local case, u = 0 in Q if and only if Au = 0.
This is the difference between the local and nonlocal problems.

Remark 3.7. Recently, Raffaella Servadei and Enrico Valdinoci considered the following problem:

{ (-A)*u(x) - du(x) = f(x,u(x)) inQ, (3.16)

u(x)=0 inRY\ Q,

where 0 < s <1, N > 2s, and Q ¢ R" is a bounded domain with Lipschitz boundary and the nonlinearity
f(x, u) satisfies some growth conditions. When f(x, u) is subcritical, if § = 0, they proved in [24] the existence
of ground states to (3.16) by the Mountain Pass Theorem. If § # A1, they obtained in [26] a positive solution
to (3.16) by the Mountain Pass Theorem for § < A; and a sign-changing solution by the Linking Theorem
for 6§ > A1. When f(x, u) is critical, the authors also obtained the similar results to (3.16). For more details,
please see [27] and [25].

4 The Proof of Main Results in the Subcritical Case

In this section, we focus on the proof of the main results in the subcritical case and we divide it into sev-
eral subsections. To be precise, Theorem 1.3 is proved in Section 4.1 and Theorems 1.4—1.5 are proved in
Section 4.2. Throughout this section, we always assume 2 < p < 2% and N > 2s.

4.1 The Proof of Theorem 1.3 in the Subcritical Case

In this subsection, we prove the existence and asymptotic behavior of least energy solutions to (P;) in the
subcritical case. Similar to the proof of the previous section, we consider the existence, boundedness and the
compactness of a (PS)., sequence. We have the following lemmas.

Lemma 4.1 (Existence of (PS), Sequences). Let A > Ao be fixed. Then there exists a (PS)., sequence {un}n>1.

Proof. The proof of this lemma is similar to Lemma 3.2; we omit the details. O
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Lemma 4.2 (Boundedness of (PS)., Sequences). LetA > Aq be fixed and let {un}n>1 be a (PS)., sequence. Then
{un}n>1 is bounded in E.

Proof. According to the definition of (PS)., sequence, for n large,
1 1 1 1
(5- 5) [ b dx = D) = ST < a4 1 SR @I < 3+ L gl ()
RN

On the other hand, as in Section 1 (see (1.2) in Remark 1.1),
Q ¢ Br(0), a(x) > ap forall |x| > R.

Then for any A > Ag > Ag, we have
Va(x) = Aa(x) -6 > ag > O.

Thus the support of ¥ is contained in Bg(0), i.e.

supp V3 (x) < Br(0). (4.2)
Since V; < 6, it follows that for A > Ao, by (4.2) and Holder’s inequality,
2 2
p p
j Vil dx = J Viu? dx < 8 J 12 dx < c( j lunl? dx) < c([ lunl? dx) , (4.3)
RN Bgr(0) Bgr(0) Bgr(0) RN

where C is a constant which does not depend on n. By the definition of (PS)., sequences, for n large we have

(3] [ 20 oy { )

RN RN RN
p-2 [un(x) — un()I? ) P-2 (.
= T (j J s dxdy + J Viuy dx __2p j Viuy dx
RN RN
1
= I\(un) - EI},((un)un <ca+ 1+ uplz. (4.4)

Combining (4.1), (4.3) and (4.4), we have for n large,

Un(x) - un(y)I?
lunll} = J J l'}ii—ll\,ﬁg)l dxdy + j Viuddx < Clca+ 1+ lunln),
RV RV Y RY

where C > 0 does not depend on n. Thus {uy,},>1 is bounded in Ej. O
Lemma 4.3 (Converges of (PS)., Sequences). There exists a positive constant A1 > Ao such that, for A > A4,
any (PS)., sequence {uy} of I with c) < co converges strongly in E) along a subsequence to a least energy

solution uy of (P;) with Iy(uy) = cp, where cg is the least energy to problem (1.3) with subcritical exponent,
ie.2<p<2;.

Proof. Let {un}n=1 € Ex be a (PS)., sequence of I;, where A > Ag. Then due to Lemma 4.2, the sequence
{un}n>1 is bounded in E. Thus up to a subsequence, there exists a function u, € E, such that
u, — uy weaklyin E,

u, — uy weaklyin L (RY),

(4.5)
up — up  stronglyin L] (RY), 2 < g <2,
U, - u; a.e.in RN.
We first claim that u, is a solution to (P;). Indeed, for any v € E,, we have
I)(up)v = J I Un() = unIOO) ZVR)) dy + J Vaunvdx — J [unl?~?unv dx
|X _ y|N+25
RN RV RN RV
= {uUp, V)1 - J Viupvdx - J [UnlP 2 unv dx. (4.6)

RN RN
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Notice that supp V; < Br(0) forA > Agp and V; < § (see (1.2) in Remark 1.1). Then by Hlder’s inequality and
the third equality in (4.5), we have

J Vi (un — up)vdx dy‘ = ‘ J Vi (un — up)vdx

RN Bg(0)
3 5
<6 J [(up — up)v| dx < 6( j [un — upl? dx) ( J v? dx) -0 (4.7)
Bg(0) Bg(0) RN

as n — +oo. Hence by (4.5), (4.6) and (4.7), we have
I)(up)v = Ij(up)v  asn — +oo.

Since I} (un) — O strongly in E} as n — +oo, thus I} (u;) = 0 in E). This implies that u, is a solution to (P).
Moreover,

1, 1 1
) = ) = 3w = (5 == ) |l dx = 0. (4.8)
RN

Let v, = u, — uy, by Brézis-Lieb’s lemma, we have

lunlly = Tually + Wvally +0(1),  NutnlFy gy = IUAlGp gy + 1Vall] gy +0(D). (4.9)

For A > Ag, since {u,}ns1 is bounded in E, it follows from Lemma 2.1 that {uy}n>1 is also bounded in H5(RN).
Replace v by u, + u, in (4.7), it is easy to get that as n — +oo,

I Vivadx — 0, j Viupdx — j Viuj dx. (4.10)
RN RN RN
Thus by (4.9) and (4.10), as n — +co we have
1 [un(x) — un(y)I* 1 2 1 v
IA(un)Z E J J’ dedy+§ J. V}[undx—;) J |un| dx
RN RV RN RN
1 1 _ 1
= 5||un||§ -3 J Viup dx - I; J [unl? dx
RN RN
1, 5 1[5 1
= Ellunll/1 -5 J Viujdx - E J |unlP dx + o(1)
RN RV

= In(up) + Ix(vy) + 0(1) (4.11)

and

_ 2
I (un)un = J J dedy+ J Vauz dx - J [unlP dx

_ y|N+2s
]RN ]RN |X yl IRN IRN
~lunl} - | Viuddx- [ fual” dx
RN RN
= Junl3 - j Viud dx - j lunl? dx + 0(1)
RN RN
=I}(Vp)vn + 0(1). (4.12)

We may assume that

n—+oo

b= lim I|v,,|dezo.

RN
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If b = 0, then u,, — uy in LP(RN) as n — +oo, hence

lim J |uplP dx = J lupl? dx.
n—+o0o
RY RV
Since I (up) = 0, it follows from (4.9) and (4.10) that
1 1 1
e = Jim D) = tim (1) - 3T ) = (5 -5 ) Jim J lunl? dx
n—-+o0o n—+oco 2

2 p/ n—too
IRN
1 1 1
-(5- }—,) j P dx = L) - ST = ).

2
]RN
Thus u, is a least energy solution to (,). Furthermore, by (4.9) and (4.10), we have
. : 1, 1 1y .. 2 12
&1 = Jim L) = lim (o) = - ) = (5 = 5 ) im (el = [ Viluol? dx
—+00 —+00 p 2 p n—+oo
]RN

1 1
> <5 - I—))(IIMAH% - J Vi lual? dX) = L) = cp,
RN

which implies that limy,_ ||un||ﬁ = ||u/1||ﬁ. Hence u, — u, strongly in E, by (4.9).
If b > 0, we claim that there exists a positive constant A which does not depend on A such that b > A. In
fact, since I} (u,) — O in E:I as n — +oo and {u,}y>1 is bounded in E,, we have

I (up)up —» 0 asn — +oo. (4.13)

Thus by (4.12), (4.13), (4.10) and Lemma 2.1, we have
2
b= lim J Val? dx = lim_[val? = Climinf Jv,|? > C(liminf j VP dx) - Cb?,
n—+oo n—+oo n—+oo n—+oo
]RN ]RN
where the constant C does not depend on A. Select A := C P%Z, thus b > A.

At last, we claim that there exists a constant A, > Ag such that b < %A for any A > A;. In fact, according
to (4.8), (4.11), (4.12) and (4.13), we have

1
coz > lim Tva) = lim (L) = ST ava )
n—-+o0o n—+0o 2

=(1—1> lim jlvnlpdx=(l—1)b. (4.14)
2 p / n—too 2 p
IRN

Due to the third equality in (4.5), combining (4.12) and (4.13) we have
b= lim J Vol dx = lim [vl2 > lim J Valval? dx
n—+oo n—+oo n—+oo
RY RN\Bg(0)
> (Ao - 6) lim j Val? dx. (4.15)
n—+o0o
RM\Bg(0)

Thus by (4.14) and (4.15), we have

C
: 2
lim_ J al? dx < 32 s < 5l (4.16)
RN\B(0)
where C = I%co. According to (4.8), (4.11), (4.12), (4.13) and (4.16), we have
1
cozcrz lim Inva) = lim (Lva) = SIa)va )
n—-+co n—-+0o p
P22 i (vl - [ vivzax) = 222 tim vl (4.17)
2p n—+too miA ATn 2p n—o+oo miae ’

RN
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Thus by the third equality in (4.5), Holder’s inequality, the definition of S and (4.17), we have

1779 p(;—0>
b= lim J valP dx < lim (J Va2 dx) (j Val% dx)
n—+o0o n—.+oo
RN RN RN
p(1-6)

po
7 2 2
. > 1 [Vn(X) = va(Y)I
< nliﬂnoo“ val d") (5 J J Ty XY
RN RN RN

po
2

<C lim (J |vn|2dx> lim [y
n—+00 n—+oo

]RN
< C lim J |v|2dxp29<C< ! )0
= T nS+oo n =~ \Aag -6 ’
RN\Bg(0)
where % = g + 12;*9 and C is independent of A. Thus there exists A; > A such that b < %A for any A > A4
which leads to a contradiction. O

The following gives the boundedness of ¢, from both sides.
Lemma 4.4 (Boundedness for cj). For N > 2s and A > A1, we have
0<T<cCr<C.

Proof. Since Ny € Ny, it follows from the definition of ¢y and cg that ¢y < ¢g < +00, where cg is defined as in
Section 1. By (iv) in Lemma 2.7, ¢y > T > 0. Therefore T < ¢, < ¢o. O

Proof of Theorem 1.3 in the subcritical case. This is a direct result of Lemma 4.1 to Lemma 4.4. O

4.2 The Proofs of Theorem 1.4 and Theorem 1.5 in the Subcritical Case

In this subsection, we mainly focus on the study of the asymptotic behavior of the least energy solution to (P;)
in the subcritical case, namely the proof of Theorem 1.4. Since the proof of Theorem 1.5 can be done similarly
with the proof of Theorem 1.4, we will not give the details here.

Proof of Theorem 1.4 in the subcritical case. Since Ny € N, it follows from the definition of ¢, and ¢y that
ca < co. Taking any sequence A,(> A1) — +00 as n — +00, up to a subsequence we have that ¢y, — k < co.
Let uy, be a least energy solution to (P,,); then I, (un) = ¢y, Iﬁn (un) = 0. We firstly claim that {u,} is bounded
in H5(RYN). Indeed, since

1 1 1
r, = Do, (un) = 513 nun = (5 = ) | Tual? dx (4.18)
2/ 2 p
IRN
and
1 p-2 lun(x) — un()|?
ca, = In, (un) - ;I/'\n(un)un =% ( J J n|X _lerJ:zS dxdy + J Vaud dx (4.19)
RN RN RN
and by Holder’s inequality and (1.2), we have
2
p
J V/{nufl dx = J V/{nu% dx <6 J uz dx < 5|BR(O)|1_12J< J [up [P dx) . (4.20)
RN Br(0) Br(0) RN

Then by (4.18), (4.19) and (4.20), we have

2

_ 2 2 2
||un||§" - J J %dxd)w I Vau2 dx + J’ Viujdx < C(c;ln +c}l’n) < C(co +c(‘)’),

RN RN RN RN
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where the constant C > 0 does not depend on n. Thus by Lemma 2.1, {u,} is bounded in H*(R"). Thus up to
a subsequence, we have

u, — u weakly in HS(RV),
up — u stronglyin L] (RV)for2 < q <2, (4.21)

u, - u ae.inRY,

Now we claim that u|qc = 0, where Q€ := {x : x ¢ RV \ Q}.
Indeed, let Cp := {x e RN : a(x) > 1}, m =1, 2,.... Since {up}ns1 is bounded in H¥(RV), we have for
any fixed m,

1
co = cp, = In, (un) = I, (un) ~ Elgn(un)un

(11 |un(X) ~ un ()2 2
= (E E)(J J —|x—y|N+25 dx dy + J Va,up dx
RY RN

RN

> (% —%)(An J a(x)uzdx -6 I u? dx)
RN

RN

1 1 An 5
> (5 _}_’)>(H J LlndX—C).
C

m

Let n — +00. We have Ic u2 dx — 0. By (4.21) and Fatou’s lemma,
0< J uzdxsliminfj uz dx = 0.
n—+o0o
Cm Cn

Then u = 0 a.e. in Cp,. Since RV \ Q = [} C, it follows that u = 0 a.e. in RV \ Q. Now we come to show
that u € Eg is a solution to (1.3). Indeed, according to (4.21) , we have for each v € Ej,

I,'ln(un)v= J J’ (Un(X) = un (V) (v(x) = v(y)) dxdy + J Vo v dx - J P21,y dx

|X _ y|N+25
RN RN RN RN
(un(x) — un(y))(v(x) - v(y)) _
= J J Xy dxdy—&junvdx—Jlunlp 2u,vdx
RN RN Q Q
- J J (U0 - u(y))(l/l()g) —YOD) gy dy -6 J uvdx - J lulP~?uv dx = Iy (w)v
[x —y[N+ss
]RN ]RN Q Q

as n — +o0o. Since I/Iln(“n) = 0, it follows that Ij(u) = 0. Hence, u is a solution to (1.2). Moreover,

In(u) = In(u) - %Ig(u)u = (% - 2—1*) j [ul> dx > 0. (4.22)
]RN

At this moment, we want to show that, up to subsequence, u, — u strongly in LP(R") as n — +co. We do
it by a contradiction argument. Let v, = u, — u and we assume that lim,_, f]RN [valP dx = b > 0. By (4.21)
and Brézis-Lieb’s lemma,

Bunll? = [l + Ival® + 0(1), j lul? dx = j ulP dx + j Val? dx +0(1) asn — +co.
RN RN RN
Then we can easily get

0= I/’In(un)un = Iy(wu + I/'\n(vn)vn +0(1) = I,'ln(vn)vn +0(1) (4.23)

and
Ip, (un) = Io(u) + Iz, (vp) + 0(1). (4.24)
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According to (4.22), (4.23)and (4.24), we have

1
co > ¢, = Ip, (un) = Iy, (Vi) + 0(1) = Iy, (V) - EI/’\n(Vn)Vn +0o(1)
11

:<5_f9) j |vn|pdx+o(1):(%—%)b+o(1). (4.25)
o

By (4.21), (4.23) and (1.2), we have

b= j [valP dx + o(1) = ||v,,||§n +o(1) > J Vp, [val? dx + 0(1) = (Apag - 6) J [Val? dx + o(1).
RV RN\BR(0) RN\Bg(0)

Let n — +0c0. By (4.25), we have
lim J [val? dx = 0.

n—+o0o
RM\Bg(0)
Then by (4.21), we have
lim J Val? dx = 0. (4.26)
n—+o0o
]RN
Combining Ho6lder’s inequality, Sobolev imbedding inequality (4.21) and (4.26), we have

o p(1-6) o
) 2 2t 2% ) 2 p(1-6)
[valP dx < [val® dx [Vn|®s dx <C [val=dx | val 2 — 0
RV RN RV RN

as n — +o0o. Thus b = 0 which contradict to our assumption b > 0.
At last we show that u is indeed a least energy solution to (1.3) and Ip(u) = co. Indeed,

1 1 1
lim I, (vy) = lim (IAnvn - (vn)vn> - (- - —> lim j VP dx = 0.
n—-+oo n—-+oco 2 M

2 p / n—too
]RN

Thus by (4.24), we have Io(u) = k > T > 0. Therefore, co > k = Ip(u) > co, i.e. Io(u) = co and u is a least energy
solution to (1.3). This completes the proof of Theorem 1.4. O

Proof of Theorem 1.5 in the subcritical case. Let Cp := limsup,_,, ., I1(ua), Ca := Ix(ua), where u, is a nontriv-
ial solution to (P;). Similar to the proof of Theorem 1.4, we complete the proof. O

5 The Proof of Main Results in the Critical Case

In this section, we deal with the proof of the main theorems in the critical case. In Section 5.1 we prove
Theorem 1.3, and Theorems 1.4-1.5 are proved in Section 5.2. Throughout this section, we assume p = 2;
and N > 4s without especially stated.

5.1 The Proof of Theorem 1.3 in the Critical Case

In this subsection, by showing series lemmas, we complete the proof of Theorem 1.3 in the critical case. These
lemmas deal with the existence, boundedness, compactness of (PS)., sequences in the critical case and we
list them as follows.

Lemma 5.1 (Existence of (PS), Sequences). Let A > Ao fixed. Then there exists a (PS)., sequence {un}n>1, i.e.
I(up) = ca, Ij(up) >0 asn — +oo.

Lemma 5.2 (Boundedness of (PS)., Sequences). LetA > Aq be fixed and let {u}n>1 be a (PS)., sequence. Then
{un}n>1 is bounded in E;.
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Remark 5.3. The proofs of Lemma 5.1 and Lemma 5.2 are similar to the proofs of Lemma 4.1 and Lemma 4.2,
respectively, just replacing p by 2}; we omit them.

The following lemma is about the compactness of (PS)., sequences in the critical case.

Lemma 5.4 (Converges of (PS), Sequences). For A > Ao, {un}n=1 is a (PS)., sequence of I with c; < %S%,
where S is the best embedding constant for HS(RN) < L% (RYN). Then up to a subsequence, there exists u, € E;
such that u, — uj in E,. Furthermore, u, is a least energy solution of (P,) which satisfies Iy(u,) = c,.

Proof. By Lemma 5.2, we know that {u,},>1 is bounded in E,. Thus there is a function u, € E; such that, up
to a subsequence,
u, — uy weaklyin Ej,
U, — uy weaklyin L2 (RV), 5.0)
up — up  strongly in L2 (RY), '
U, —» uy ae inRY.
Similar to the proof of Lemma 4.3, by (5.1), one can easily check that I,’l(u,\) =0 and I;(uy) > 0. Then u, is
a solution to (Py). Let v, = u,, — uy. Then by the first and second equality in (5.1) and Brézis-Lieb’s lemma,
we have as n — +oo,

lunll = lually + Ivaly + o(1), (5.2)
J % dx = j % dx + J al% dx + 0(1). (5.3)
IRN ]RN ]RN

Up to a subsequence, we may assume that b = lim; I]RN [val% dx.By (1.2), the third and fourth equal-
ity in (5.1), we can easily get

. —.2 _ -2 : - 2 _
nErPoo J Viupdx = J Viuy dx, nngrnoo J Vi (un —up)=dx = 0.
RN RN RN

By (5.2) and (5.3), one has
0(1) = I (un)un = L(u)up + Ly(vp)va + 0(1) = [ (V) vy + 0(1), (5.4)
In(un) = [(up) + In(vy) + 0(1) (5.5)
as n — +oo. Thus on one hand, by (5.4) and (5.5), we have

e > Jim Ive) = lim (1va) - lll’l(vn)vn) - (3 - 1) lim J Val% dx = Sb.
n—+oo n—+0o 2 N

2 p/ n—+oo
RN

Taking into account of ¢y < §S zﬂs, we have b < $%. On the other hand, by (5.1) and (5.4), we have

b= lim IlvnIZ; dx
n—+o0o

. [V (X) = va(y)I? 2
= nH}ng( J J W dx dy + J V/\Vn dx
RN RN RN
~ [Va(X) = va(y)I? . 2 : 2
= nHII]m J J W dx dy + nBI-Poo J VAVn dx + HEI-POO I V/\Vn dx
RN R¥ RY\Bg(0) Bg(0)

_ 2
lim j jdedy+ lim J V2 dx +0
|X — y|N+25 n—+oo
RN R RN\Bg(0)
2
_ 2 . 2
> lim J- J V() = Va7 dxdy > SHEIPoo(j [V |% dx) . (5.6)
R

_ y|N+2s
Ix =yl o
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If b >0, then b > Szﬂs, which contradicts b < S». Hence b = 0. Replace b by 0 in (5.6), we can easily get
limy, 400 [Valx = O. Thus u,, — u, strongly in E,. Furthermore, by (5.3), we have
_ 1, 3 1 1 2 _ 1 1 . 2 T _
I(up) = (w) - EIA(UA)UA = (5 - Z) j [upls dx = (5 - Z> lim J |un|™ dx = lim Ir(un) = Ca.
RN RN
Thus u, is a least energy solution to (1.3). O
The boundedness of ¢, from two sides is given by the following lemma.
Lemma 5.5 (Boundedness for c;). For N > 4s and A > Ao, we have

S N
0<T<Ccr< =83,
SN

Proof. By the definition of ¢, we know that c) < co, where ¢y is defined as in Section 1. Thus by Lemma 5.5,
we know that ¢ < %STNQ. By (iv) in Lemma 2.8, we have 7 < ¢ < %STNs. O

Proof of Theorem 1.3 in the critical case. Select A, := Ag. This is a direct result of Lemma 5.1, Lemma 5.2,
Lemma 5.4 and Lemma 5.5. O

5.2 The Proofs of Theorem 1.4 and Theorem 1.5 in the Critical Case

In this subsection, we first prove Theorem 1.4 in the critical case. Since the proof of Theorem 1.5 in the critical
case is also similar to Theorem 1.4 in the critical case, we just give a sketch.

Proof of Theorem 1.4 in the critical case. Since Ny € N}, it follows from the definition of cj and ¢ that we
can take any sequence A,(> Ay) — +oo as n — +oo so that we have up to a subsequence c;, — k < co. Let uy
be aleast energy solution to (P,,). Then I, (un) = cu, I /’ln (un) = 0. Similar to the subcritical case, we can prove

that {u,} is bounded in H¥(RN). Thus, there exists a function u such that
u, — u weakly in H(R"),
u, — u weaklyin L% (RV),
up — u stronglyin LY (RV), G-7)

U, > u ae.inRV.

Indeed, using similar arguments as in the subcritical case, we have u|qc = 0, where Q¢ =: {x : x e RN \ Q}.
On the other hand, u € Ey is a solution to equation (1.3) with Iy(u) > 0. Now we come to show that, up to
a subsequence, u, — uin L% (R¥) as n — +co.

We prove this by a contradiction argument. Assume limy,—, 0o JRN [Val? dx = b > 0, where v, = u, — u.
By Brézis-Lieb’s lemma,

lunll? = lull® + lvall® + o(1), (5.8)
J [unl® dx = J [ul% dx + J [val® dx + o(1) (5.9)
RN RN RN

as n — +o0o. Then by the third equality in (5.7), (5.8) and (5.9), we can easily get
0= I,'\n(un)un = Iy (w)u + I}tn(vn)vn +0(1) = I,’ln(vn)vn +0(1) (5.10)
and
Ip, (un) = Io(u) +Ip,,(vn) + 0(1). (5.11)
On the one hand, by (5.10) and (5.11), we have

k= lim cp, = lim I, (uy) > lim Iy, (vy)
n—+oo n—+oo n—+oo

. 1 1 1 2 S
= Jim (1, 00) = 55, 00va) = (5 = 55 ) [ Wal® dx= b,
RN
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Thus by the third equality in (5.7), (5.10) and the definition of S, we have

T 2 T [va(x) - Vn()’)|2 2
b= nl—lgloo J |Vn| dx = n1—1>IPoo< I J |X _y|N+2s dx dy + J VA"vn dx
RN RN RN RN
. |Vn(X)—Vn(Y)|2 2 -2
= nHI-Poo( J J BT dx dy + J V3 Vo dx - J Vy, vndx
RN RN RN RN
. [Vn(X) = va(¥)]? 2
:HHIPOO(J‘ deXdy+JVInvndX -0
N IRN
_ 2
> lim I j [V (X) = va(y)I dx dy
n—+oo IX — y|N+25
RN RN
2
. 25 2
> s( lim J Val% dx) _ Sh. (5.12)
n—+oo
IRN

Then b > S%. Therefore, co 2 k> b 2 %5% > co which leads to a contradiction and thus we have that
un, — uin HS(RY) as n — +oo. Furthermore, u € Ey is a solution of (1.3) and

1 1 1 .
To(w) = Io(w) - ~I(wu = (— - —*) J W% dx = lim I (up) = lim ¢y = k.
2 2 2 n—+oco " n—+oo "
IRN
Since k > 0, it follows that Io(u) > co. Thus cq > k = Ip(u) > co, i.e. Ip(u) = co. This implies that u is a least
energy solution to (1.3). O

Proof of Theorem 1.5 in the critical case. Let o := limsup,_,,o, I1(ur) and ¢, := Iy (uy), where uy, is a nontriv-
ial solution to (P;). The left arguments are the same as the proof of Theorem 1.4 in the critical case and we
omit it. O
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