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~Au=|uP?u inQ, u=0 onodQ,

in a symmetric bounded smooth domain Q of R¥, N > 3, forp > 2% := %’ up to some range which depends

on the symmetries, and we study their asymptotic behavioras p — 2},. We exhibit solutions u), to this problem
in symmetric domains with a shrinking hole, which concentrate at a single point as the hole shrinks and p
approaches 2y from above, and whose limit profile is a rescaling of a nonradial sign-changing solution to the
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1 Introduction

We study the semilinear elliptic problem

—Au=uP?u inQ, u=0 ondQ, (1.1)

where Q is a bounded smooth domain of RN, N > 3, and p is either the critical Sobolev exponent 2% := 15—1\72

or it is supercritical, i.e., p > 25.

It is well known that, as a consequence of the classical Pohozaev identity, problem (1.1) does not admit,
neither positive, nor sign-changing solutions, for these values of the exponent p, when Q is starshaped.

For the critical case, many results concerning the existence and qualitative properties of solutions in non-
starshaped domains have been obtained in the last decades. A major breakthrough was achieved thanks to
Abbas Bahri’s deep theory of critical points at infinity, which lead to the derivation of a fundamental existence
result for problem (1.1) in domains with nontrivial topology, and to a delicate blow-up analysis for positive
solutions to this problem, see [2, 3].

It is by now well understood that the solutions to the analogous problem in the whole of RV,

—Au = |u|>2u, ueDV(RY), (1.2)
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play a crucial role in the study of the critical problem (1.1), p = 2}. All positive solutions of (1.2) are known.
They are obtained by rescaling a single radial solution, the so-called standard bubble, which is given explic-
itly. This explains why most existence results for the critical problem in bounded domains rely on construc-
tions performed using the standard bubble as the basic cell, via variational or perturbation methods; see,
e.g., [14] and the references therein.

Standard bubbles have been also used to construct positive solutions to the slightly supercritical prob-
lem (1.1), with p = 2}, + ¢, for small enough € > 0, in domains with a small fixed hole [10, 11, 20] or with
a shrinking hole [16]. As € — 0, they blow up at two or more points of the domain in the first case, and at
a single point inside the shrinking hole in the second case, and their limit profile at each blow-up point is
a rescaling of the standard bubble. On the other hand, Ben Ayed and Bouh [4] showed that sign-changing
solutions blowing up at two or three points which resemble a sum of positive and negative bubbles do not
exist.

The existence of infinitely many sign-changing solutions to problem (1.2) was first established by Ding
[13]. These solutions are invariant under the conformal action of groups, all of whose orbits are positive di-
mensional. Del Pino, Musso, Pacard and Pistoia [12] constructed other sign-changing solutions to (1.2) using
positive and negative rescalings of the standard bubble as basic cells. In their recent paper [17], Musso and
Wei used these solutions, in turn, as basic cells to construct sign-changing solutions to the slightly super-
critical problem (1.1), with p = 2} + ¢, in a domain with a fixed small hole, for £ > 0 sufficiently small. These
solutions blow up at two different points of the domain as € — 0, and their limit profile at each of these points
is a rescaling of one of the sign-changing solutions of (1.2) constructed in [12].

Recently, new types of solutions to problem (1.2) were exhibited in [6], and it was shown that they arise
as the limit profiles of solutions to subcritical problems (1.1), with particular symmetries, as p — 2} from
below. These solutions are nonradial and change sign, and are quite different from those in [12]. In this paper
we will show that they also arise as limit profiles of nodal solutions to the critical problem (1.1), p = 25, in
symmetric domains with a shrinking hole, see Theorem 4.2. These solutions are, therefore, different from the
sign-changing solutions obtained in [8] for other types of symmetric domains, and from the bubble-towers
constructed in [14]. Further, we will show that solutions to problem (1.2) of the type exhibited in [6] also arise
as limit profiles of solutions to the supercritical problems (1.1), p > 2, as p — 2, from above.

To this end, we need first to consider the question of existence of solutions to the supercritical prob-
lem (1.1), p > 2. A fruitful approach, which has been applied in recent years to treat supercritical problems,
consists in reducing them to some anisotropic critical or subcritical problem, either by considering rotational
symmetries, or by means of maps which preserve the Laplace operator, or by a combination of both; see [9] for
a detailed overview. These reductions apply only to some very specific types of domains Q. A common feature
of these domains is that they are invariant under the action of some group I' whose orbits are positive dimen-
sional. It turns out that this last condition suffices to establish existence. We will show that in a I'-invariant
domain Q, problem (1.1) has infinitely many solutions for all p € (2, 2},_,,), where m is the smallest dimen-
sion of a I'-orbit in Q and 2}, := % is the critical Sobolev exponent in dimension n. Note that 2y, < 2y, if
m > 0.

To avoid technicalities, here we only state a special case of this result. The general statement is given in
Theorem 2.3 below.

Let $! := {e!9 : 9 € [0, 2m)} be the group of unit complex numbers, let O(m) be the group of linear
isometries of R™ and let As g := {z € RN : 0 < § < |z| < R} be an annulus. For N > 4, we write the points
in RN = C2 x RV~* as (z, y) with z = (21, z2) € C%, y € RN4,

Theorem 1.1. Let N = 4 or N > 6. Then, for every p € (2, 2},_,), the problem
—Au=ulP?u inAsp, u=0 onoddsg, (1.3)
has infinitely many solutions which satisfy
u(z,y) = u(e’z,0y) and u(z1,2,y) = -u(-22,21,y) (1.4)

foralleld € $',p0 € ON - 4),z=(z1,2,) € C2andy € RN-4,
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It is well known that problem (1.3) has one positive and infinitely many sign-changing radial solutions for
every p € (2, co). Note, however, that the solutions provided by Theorem 1.1 are nonradial and change sign.
For subcritical p € (2, 2j), the existence of infinitely many solutions satisfying (1.4) can be obtained by stan-
dard variational methods. For critical p = 2y, this was shown in [6]. As in the critical case, for supercritical
p € (2, 25_,), the symmetries play a crucial role.

The next theorem describes the asymptotic profile of the solutions provided by Theorem 1.1 as p ap-
proaches 2, from above and the hole shrinks. It is a special case of a more general result stated below; see
Theorem 4.3.

Theorem 1.2. Fix R > 0. For p € (2, 2)_,), let us,p be a solution to (1.3) which satisfies (1.4) and has min-
imal energy among all solutions to (1.3) with these symmetry properties. Then there exist sequences (py) in
(25> 2y_1)» and (k) and (Ay) in (0, 00), and a nontrivial solution w to problem (1.2) such that the following
hold:

i) pk— 21*\1’ 6 — Oand Ay — 0.

(i) w(z,y) = w(e¥z, py)and w(z1, z2,y) = —~w(-Z2, Z1,y) foralle’ € $',p € O(N - 4), z = (21, z2) € C* and

y € RN, Also, w has minimal energy among all solutions to (1.2) which have these symmetry properties.

(iii) us,,p, has the following asymptotic profile:
Usope = A w<A_k) +o(1) inDYW2(RY).
We stress that the limit profile of the solutions us,, given by Theorem 1.2 is a rescaling of a nonradial sign-
changing solution to problem (1.2), like those exhibited in [6]. So the solutions us,p, are different from those
constructed in [16], which resemble a rescaling of the standard bubble, and they are also different from the
sign-changing solutions constructed in [17].

This paper is organized as follows. In Section 2, we describe the symmetries involved and we establish
existence of infinitely many sign-changing solutions to problem (1.1) for supercritical exponents in some
range which depends on the symmetries. In Section 3, we analyze the behavior of symmetric minimizing
sequences for the critical problem. In Section 4, we describe the asymptotic profile of least energy symmetric
solutions to the critical and the slightly supercritical problem in domains with a shrinking hole.

2 Symmetries and Compactness

Let T be a closed subgroup of the group O(N) of linear isometries of RV, let Q be a I'-invariant bounded
smooth domainin R¥, N > 3,andlet ¢: T — Z/2 := {1, -1} be a continuous homomorphism of groups such
that {y € I': yxo = xo} c ker ¢ for some xo € Q. This last condition guarantees that the space

D(l,’Z(Q)¢ ={ue D(l)’z(Q) su(yx) = p(y)u(x) forally € T, x € Q}

is infinite dimensional, cf. [5]. Here, as usual, Dé’z(Q) denotes the closure of €2 (Q) with respect to the norm

Jul += (JWuP)%.

Let G := ker ¢ and set
D(l)’Z(Q)G ={ue D(l)’z(Q) su(gx) =u(x)forallg € G, x € Q}.

Note that D(l)’z(Q)‘l’ C D(l)’z(Q)G. Note also that if ¢ is surjective and u € Dé’Z(Q)d’ is nontrivial, then u changes
sign.

The Sobolev embedding theorem and the Rellich-Kondrachov theorem imply that D(l)’z(Q) is embedded
in LP(Q) for every p € [1, 25 ] and that this embedding is compact for p € [1, 2}), where 2 := % is the
critical Sobolev exponent in dimension n. If every I'-orbit in Q has positive dimension and if we restrict to the
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space of G-invariant functions, the range of p’s for which this occurs increases. This was proved by Hebey
and Vaugon in [15]. Their result is the core of the following proposition. Set

m := min{dim(T'x) : x € Q},
where I'x := {yx : y € I'} is the I'-orbit of the point x.

Proposition 2.1. If N-m > 2, then D(l)’z(Q)G and D(l)’z(Q)d’ are embedded in LP(Q) for every p € [1,2}_,]
and the embedding is compact forp € [1,2y_ ).
Proof. Note that dim(Gx) = dim(T'x) for every x € Q. Hebey and Vaugon showed that the space Dé’Z(Q)G is

embedded in LP(Q) for every p € [1, 2y_, | and that the embedding is compact for p € [1,2y_,. ), see [15,
Corollary 2]. Since D(l)’z(Q)‘l’ is a subspace of Dé’z(Q)G, this is also true for D(l)’z(Q)¢. O

Proposition 2.1 guarantees that the functional J, : D(l)’z(Q)G — R, given by
1., 1 p
Tp(u) := EIIuII - I;Iulp,

and the Nehari manifold
N := {u e DL2Q)? s u 0, Jul® = [uld},

are well defined for p € (2, 2j_,, ], where | - |, denotes the LP-norm. It also guarantees that

¢

Cp 1€r;$¢]p(u) > 0.

u
Now we consider problem (1.1) for p € (2, 2}_,,]. A (weak) solution to this problem is a function
ue D(l)’Z(Q) N LP(Q) such that

JVu -V - J|u|p*2u<p =0 forall ¢ € CX(Q).
Q Q
Lemma 2.2. If p € (2,2)_,,] and uis a critical point of ] : D(l)’z(Q)‘l’ — R, then u is a solution to problem (1.1)

which satisfies
u(yx) = p(y)u(x) forally eT, x € Q. (2.1)

Proof. For a function v: Q — Rand y € I, we set v,(x) := @(y)v(y~1x). Since ¢(y~1gy) = 1 for every g € G,
we have that y"1gy € G. So, if v € Dy*(Q)9, then, as

vy(gx) = dy)V(y ' 8x) = pIv(y ' gyy ' x) = V(Y x) = vy (%)

for every g € G, we have that v, € Dé’z(Q)G. This shows that Dcl)’z(Q)G is invariant under the action of T given
by (y, v) = v,. The set of fixed points of this action is the space Dcl,’2 (Q)?. Hence, by the principle of symmetric
criticality, if u is a critical point of J, : D(l)’z(Q)‘l’ — R, then u is also a critical point of J,: D(l)’z(Q)G - R,
see [18].

For ¢ € C°(Q), set

P(x) := Iﬁ J P(gx) du,
G
where y is the Haar measure. Then, ¢ € Gg"(Q)G = CX(Q) N D(l)’z(Q)G. Since u is G-invariant, an easy com-
putation shows that
JVu VP = JVu V¢ and J’Iulp‘zuiﬁ = Jlulp‘zu(p.
Q Q Q Q

As u is a critical point of J, : Dy*(Q)¢ — R, this implies that

0 =Jp () = JVu Vo - J|u|p‘2u<p forall ¢ € €(Q),
Q Q

as claimed. O
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Theorem 2.3. If p € (2, 2y_,,), then problem (1.1) has a solution uy, which satisfies (2.1) such that ], (up) = cg).
Moreover, (1.1) has an unbounded sequence of solutions which satisfy (2.1).

Proof. Since the embedding Dcl)’2 (Q)% — LP(Q)iscompactforp € (2, 25_m), astandard argument shows that
Jp satisfies the Palais-Smale condition on Dé’z (Q)?. Therefore, cg) isattained on Ng) and,as/p: D(l)’2 Q% >R
is even and has the mountain pass geometry, the symmetric mountain pass theorem (see [1]) guarantees the
existence of an unbounded sequence of critical values of J, on NZ’. By Lemma 2.2, the corresponding critical
points are solutions to (1.1). O

The following example shows that this result is optimal. Let Q := {(y, z) € R™! x RN-"""1 : (|y|, z) € B},
where Bis an open ball centered in (0, co) x {0}, whose closure is contained in the half-space (0, co) x RN-"-1,
Note that Q is invariant under the action of O(m + 1) on the y-coordinate and m is the smallest dimension
of an O(m + 1)-orbit in Q. In [19], Passaseo showed that (1.1) does not have a nontrivial solution for any
D € [2§_p» 0).
Proof of Theorem 1.1. For N > 4, let T be the subgroup of O(N) generated by $' U O(N - 4) U {1}, where
el ¢ §1, p € O(N - 4) and 7 act on a point (21, z2,y) € Cx C x RN-% = RN by
e¥(z1,22,y) 1= (€¥21, €925, 0y),
0(z1,22,y) = (€¥z1, €92, 0y),
(21, 22, ¥) := (=22, 21, ).
Let ¢: I — Z/2 be the homomorphism given by ¢ (e'?) := 1 =: ¢(p), (1) := -1.
If N = 4, then dim(I'x) = 1 for every x = (21, 22, y) € Ay g, whereas for N > 5, we have that
N-4 ifz+0andy#0,
dim(T'x) = 41 ify =0,
N-5 ifz=0.
Hence, m := min{dim(I'x) : x € Ay g} = 1if N = 4and N > 6, and Theorem 1.1 follows from Theorem 2.3. [

To conclude this section, we study the continuity of cg’ with respect to p € (2, 2y_,,)- We start with the fol-
lowing lemma.

Lemma 2.4. If px, q € (2,2)_,,), Px — q, and (ux) is a bounded sequence in Dé’Z(Q)‘l’, then

tim [ (el - uel) = 0.
k—o0
Q
Proof. By the mean value theorem, for each x € Q, there exists gx(x) between py and g such that

luk COIP* = Jug ()19 = g (Il (1Y |py - gl
Fixn > Osothat [q -1, q +n] < (2, 2y_,,). Then, for some positive constant C and k large enough,

Inugl [uel 7 < Clugl®v-n  if Jugl = 1,

(In ﬁ) w9 < Clugl?>  if lux] < 1.

I fugel | Jugl 7 < {

Therefore, using Proposition 2.1, we obtain

j(|uk|l’k—|uk|‘1): j (gl — ugl?) + j (gl — [l

Q lug|<1 |lug|=1

< Clpx — 4l j(|uk|2 ¢ Jugiem)
Q
< Clpx — qlllugl|®v-n

for some positive constant C. As (uy) is bounded in D(l)’z(Q), we conclude that limy_,«, jg(luklpk —|ugl?) =0,
as claimed. O



92 —— M. Clapp and F. Pacella, Nodal Solutions to Supercritical Problems DE GRUYTER

Forpe(2,2y_,,),letu, e NZ’ beasolution to (1.1) such that J,,(up) = cZ’. Fixqe(2,2y_,,)andlett,, € (0, 00)
be such that i1, := tg pu, € Ng, i.e.,

1 1

ta = (L2)77 (Bl )72, .2

q q
luplq luplq

Proposition 2.5. For q € (2, 2y,_,.), we have that

1imc¢=c¢, limt,, =1, limJ,(u =c¢.
g P a» A% tap paq]q( p) =Cq

Proof. Set
® flull®
Sp = —-
ueDF*(@?\(0} [ulp

From Holder’s inequality, we obtain that
s?>10"s? ifp >
So, as p approaches g from the right, we get

lim sup st < SZ’.

p—q*
Assume thatliminf,_, 4+ SZ’ < S?. Then there exist € > 0 and sequences (px) in (g, 2y_,,) and (u) in D(l)’z(Q)‘i’,
with [uglp, = 1, such that ugl? < S§ - . Lemma 2.4 implies that [uxly — 1. Hence, Jul?/luxl2 < SJ for k
large enough, contradicting the definition of S,?. This proves that

lim S = s?.

p—gt P71
The corresponding statement when p approaches g from the left is proved in a similar way. Therefore,

p

limy,_4 SZ) = Sz’. An easy computation shows that c}’,’ = ”2;}02 (52’),72_ It follows that
¢

imc,.
p—q

c,?:l

Since Jp(up) = ”z;pz lupl? = cg), we have that (u)) is bounded in D(l)’z(Q)‘P for p close to g. The expression (2.2),
together with Lemma 2.4, yields lim,_.4 t4 », = 1 which, in turn yields

-2
2q

2 _ i g2 O
g pupl —Iljl_r}}] tq,pcp =Cq,

g
Jiny o) =

as claimed. O

3 Minimizing Sequences for the Critical Problem

Let QF := {x € Q : I'x = {x}} be the set of T-fixed points in Q. Throughout this section, we will assume that
Q\ QF and QT are nonempty, and that every I'-orbit in Q \ Q has positive dimension. We consider the critical
problem

~Au=u*%u  inQ,

u=0 on oQ,
u(yx) = p(y)u(x) forallyeT, x € Q.

The solutions to this problem are the critical points of the energy functional J. : Dé’z(Q)‘P — R, given by

1., 1 2
Je(u) := S ul” - ﬁlulz;«v.
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The nontrivial solutions lie on the Nehari manifold
N? = fue Dg2@® w0, Jul = ul ).
We also consider the problem
-Au = |u|2;'_2u,
u e DM2(RY), (3.1)
u(yx) = p(y)u(x) forally eT, x e RY,

and we denote by Jo,: D2(RY)? — Rits associated energy functional, and by foo the corresponding Nehari
manifold. We set
¢? = inf J.w) and 2= inf Je(u).
ueN; ueNﬁ,

The following nonexistence result was shown in [6].
Theorem 3.1. If QT # 0, then cf = cfo and c(f is not attained by J . on Nf.
Proof. See [6, Theorem 2.3]. O

Theorem 3.3 below describes the shape of minimizing sequences for . on N‘f. Its proof is similar to that of
[6, Theorem 2.5]. We give a sketch of it here for the reader’s convenience.
Recall that the T'-orbit T'x of a point x € RY is I-homeomorphic to the homogeneous space I'/T, where

Iyi={yel:yx=x}
is the isotropy group of x. In particular, #T'x = |I'/Ty|, the index of the subgroup I', in T.

Lemma 3.2. Given sequences (Ax) in (0, 0o) and (&) in RY, there exist a sequence ({;) in RN and a closed

subgroup K of T such that, after passing to a subsequence, the following statements hold true:

(a) The sequence (/\;1 dist(T'¢éx, {x)) is bounded.

(b) Ty, =K forallk e N.

(c) If IT/K] < oo, then A;lla(k - Blk| — oo forany a, B € Twitha B ¢ K.

(d) If |IT/K| = oo, then thereis a closed subgroup K' of T such that K ¢ K', |T/K'| = oo and A;lla(k - Blk| — o
forany a, B e Twitha 1B ¢ K'.

Proof. See [7, Lemma 3.3]. O

Theorem 3.3. Assume that Q \ Q' and Q are nonempty, and that every T-orbit in Q \ QT has positive dimen-
sion. Let(uy) be sequence in Nf such that J.(ux) — cf. Then, after passing to a subsequence, there exist a
nontrivial solution w to problem (3.1), a sequence ({}) in Q' and a sequence (Ax) in (0, co) with the following
properties:
(i) A dist({k, 0Q) — oo,
@) Joolw) =&

2

(i) Timy oo lux = A7 @(52)1 = 0.

Proof. By Ekeland’s variational principle, we may assume that (uj) is a Palais—-Smale sequence. Then, (uy) is
bounded in D(l)’2 (Q) and, after passing to a subsequence, u, — u weaklyin Dé’z (Q).Ifu + 0,an easy argument
shows that u € Nf and J.(u) = c‘f, contradicting Theorem 3.1. Therefore, u = 0.
Fix 6 € (0, %c‘f). Then there exist bounded sequences (Ax) in (0, co) and (&) in RN such that, after pass-
ing to a subsequence,
sup [ el = [ il =
X€RN
By, () By (&)
For (Ax) and (&), we choose K and ((x) as in Lemma 3.2. Then, Ty, = K and dist(I'é, {x) < CAy for some
positive constant C and all k € N. Therefore, (i) is bounded and, as |v]| is [-invariant, we have that

5= j vil? < j Vil (3.2)

By, (§1) Bcrin (Gk)
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Set Qi := {z € RN : Axz + { € Q} and, for z € Qy, define
N-2
Wi(z) := /\kz Vi(Akz + (k)
The sequence (wy) is bounded in D2(RVN) so, after passing to a subsequence, wy — w weakly in D12(RY),
Wi — w strongly in LIZOC(IRN ), and wx — w a.e. in RN, A standard argument, using inequality (3.2), shows
that w # 0. Moreover, since I'¢, = K, we have that wi(yz) = ¢(y)wi(z) for all y € K. Hence,

w(yz) = p(y)w(z) forally e Kandallz € RV, (3.3)

Using the fact that the equation —Au = |u|2v~2u does not have a nontrivial solution in a half-space, it is also
standard to show, after passing to a subsequence, that A;l dist({x, 0Q) — o0, {x € Q and w is a solution to
—Au = |u/* 2y in RV,

Now, if {j ¢ QT, then dim(T'x) > 0, and hence |T/K| = co. But then, for any given m € IN, statement (d)
of Lemma 3.2 allows us to choose m elements a1, a>, ..., a, € I' such that /\Ella,-(k - a;{x| —» oo fori +j.
Arguing as in the proof of [6, inequality (2.7)], we obtain that

?> m%llwllz.
This is a contradiction. Therefore, {j € QF and K = I. From (3.3), we conclude that w is a nontrivial solution
to (3.1).
Note that

N-2
Wk()’ - %) = A0 uk(Aky).

Since wy — w weakly in D%2(RN), we have that
Iwiell? = llwie - wll? + lwl* + 0(1)

and, performing the change of variable z = y — ﬁ, we obtain

b _ 1 2y 20— G| 2 2 @
Ne? = lim Jug)? = lim "uk—/lk a)( )" +lwl? = Jwl? = Ne&,.
k—o00 k—o00 /1](

From Theorem 3.1, it follows that

. 2-N ._(k 2

tim -1, ()| -
kggo”uk Ak @ /lk 0
¢

and Joo(w) = # |w|® = ¢&, as claimed. O

Theorem 3.3 asserts, in particular, the existence of a least energy nontrivial solution w to problem (3.1). If
¢ =1, w is simply the standard bubble. On the other hand, if ¢: I' — Z/2 is surjective, then w is nonradial
and sign-changing. Solutions of this type were recently exhibited in [6].

4 Minimizers of Critical and Slightly Supercritical Problems

Throughout this section, we continue to assume that Q \ QF and QT are nonempty, and that every I'-orbit in
Q \ QF has positive dimension. Set

d := min{dim(I'x) : x e Q \ QT}.
Note that d > 1. Hence, 2;,_d > 2y. Set
Qs := {x € Q : dist(x, Q1) > 6},

and fix §p > 0 so that Qs, # 0.
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For 6 € (0, 6p) and € € [0, 2),_, — 2)) we consider the problem

—Au = [u/>"%*y  in Qs,
u=0 on 0Qs, (4.1)
u(yx) = p(y)u(x) forally e T, x € Qs.

This problem is critical for € = 0 and supercritical for € > 0. We write J5 ¢ : D(l)’z(Qg)‘l’ — R for its associated
energy functional,

24
Ng o = {u e DG (Q0)? s u 0, Jul = uls¥ ]

for its Nehari manifold, and set
che = inf Joe(u).

ueN
Extending each function in Ny , by 0 outside Qs, we have that Nd’ C Nd’ and J5,0(u) = J.(u) for every
uce N¢ o» Where N¢ and J. are the Nehari manifold and the energy funct1onal associated to the critical

problem in the whole domain Q, as in the previous section. Hence, cf < cf o

Lemma 4.1. We have that cfo — c‘f as 6 — 0.

Proof. For each np > 0 there exists Y ¢ N‘f N CX(Q) such that J. () < c‘f + % Let V := (RM)T be the space of
I'-fixed points in R¥ and W := V* be its orthogonal complement. Our symmetry assumptions on Q imply that
dim(W) > 2. Hence, there are radial functions yx € C2°(W) such that yx(y) = 1 if |y| < k, Xk(y) =0if |y| > %
and

tim [1vxe()? dy =o.

k—>ooW

For (x,y) € V. x W, set Yi(x, y) := (1 - xx(¥))P(x, y). Then, supp(Px) < Qs if 6 < 3. Note that, since y is ra-
dial, we have

Yr(y(x, ) = Yr(x, yy) = (1 - xxlyy)p(x, yy)
= (1= xx(MPy(x, ) = (A - xxkYNP(x, y)
=p(y)Pr(x,y) forallyeT.

Therefore, Yy € DO (Qg)¢ if6 < ¢ %- Moreover, as

I — ul = jlva)lz < cl[ j XIVPI + j l/)2|VXk|2] < C2[|Q \ Qi + jwmz],
Q

O\Qo/k Q w

we have that Yy — ¢ in D(l) 2(Q) Let tx € (0, co) be such that ﬁk =t € N¢ Clearly, ﬁk — Yin D(l)’z(Q).
Hence, ] L) < c‘f + 1 for k large enough. Choosing k with this property and § < ¢ , we conclude that
Py € N& o and C?o <J.(Pr) < 4 1. This finishes the proof. O

Theorem 2.3 asserts that, for 6 € (0, 80) and € € [0, 2,_, - 2y), there exists a solution of (4.1) such that
Js,e(Uus,e) = c? - The following results describe the asymptotic profile of these solutions, in the critical and
the supercritical case, as § —» 0 and € — 0.

Theorem 4.2. Let us be a solution to the critical problem (4.1), € = 0, such that J 5 o (us) = cf’o. Then there exist
sequences (8) and (Ax) in (0, 0o), a sequence (i) in QT and a nontrivial solution w to

Au = [ul*2u, ueDV2RN)?, (4.2)

with the following properties:

@) éx—0,

(i) A;'dist(g, 0Q) — oo,

(ifi) Joo (@) = ¢,

(i¥) limicco lus, - A w(55)] = 0
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Proof. Since us € Ng),o C N‘f and, by Lemma 4.1, we have ], (us) — c‘f as 6 — 0, the result follows from The-
orem 3.3. O

Theorem 4.3. Fore € (0, 25_4 — 2n), assume that us ¢ is a solution to the supercritical problem (4.1) such that
Js,e(Us,e) = cg),g. Then there exist sequences (6x), (€x) and (Ax) in (0, c0), a sequence ({x) in QT and a nontrivial
solution w to problem (4.2) with the following properties:

(i) 6x—0,ex—0,

(ii) A" dist({k, 0Q) — oo,

(i) Jo(@) = ¢&,

(V) im0 [Usee, = A @) = 0.

Proof. Let ts ¢ € (0, 00) be such that iis ¢ := t5,cUs,e € N?,o C Nf. Proposition 2.5 allows us to choose £(6) in
(0,2y_4 — 2y) with €(6) — Oas 6§ — 0O, such that Uis := Uis,(s) satisfies

? <J.(lg) = Js,0(lis) < C?,o +6.

By Lemma 4.1, we have that ], (iis) — c‘f as 6 — 0. The result now follows from Theorem 3.3. O

Proof of Theorem 1.2. This result is a special case of Theorem 4.3 applied to the ball Q := {x € RV : |x| < R},
with the action of the group I introduced in the proof of Theorem 1.1. Then QF := {0} and every I'-orbit in
Q\ QF has positive dimension if N = 4 and N > 6. O

Funding: Theresearch was supported by CONACYT grant 237661 and PAPIIT-DGAPA-UNAM grant IN104315
(Mexico), exchange funds of the Universita “Sapienza” of Roma, and GNAMPA-INDAM funds (Italy).

References

[1] A. Ambrosetti and P. H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14
(1973), 349-381.

[2] A.Bahriand ).-M. Coron, On a nonlinear elliptic equation involving the critical Sobolev exponent: The effect of the
topology of the domain, Comm. Pure Appl. Math. 41 (1988), no. 3, 253-294.

[3] A.Babhri,Y.Liand O. Rey, On a variational problem with lack of compactness: The topological effect of the critical points at
infinity, Calc. Var. Partial Differential Equations 3 (1995), no. 1, 67-93.

[4] M. Ben Ayed and K. O. Bouh, Nonexistence results of sign-changing solutions to a supercritical nonlinear problem,
Commun. Pure Appl. Anal. 7 (2008), no. 5, 1057-1075.

[5] J.Bracho, M. Clapp and W. Marzantowicz, Symmetry breaking solutions of nonlinear elliptic systems, Topol. Methods
Nonlinear Anal. 26 (2005), no. 1, 189-201.

[6] M. Clapp, Entire nodal solutions to the pure critical exponent problem arising from concentration, J. Differential Equations
261 (2016), no. 6, 3042-3060.

[71 M. Clapp and J. Faya, Multiple solutions to anisotropic critical and supercritical problems in symmetric domains, Progr.
Nonlinear Differential Equations Appl. 86 (2015), 99-120.

[8] M. Clapp and F. Pacella, Multiple solutions to the pure critical exponent problem in domains with a hole of arbitrary size,
Math. Z. 259 (2008), no. 3, 575-589.

[9] M. Clapp and A. Pistoia, Symmetries, Hopf fibrations and supercritical elliptic problems, in: Mathematical Congress of the
Americas (Guanajuato 2013), Contemp. Math. 656, American Mathematical Society, Providence (2016), 1-12.

[10] M. del Pino, P. Felmer and M. Musso, Multi-bubble solutions for slightly super-critical elliptic problems in domains with
symmetries, Bull. Lond. Math. Soc. 35 (2003), no. 4, 513-521.

[11] M. del Pino, P. Felmer and M. Musso, Two-bubble solutions in the super-critical Bahri-Coron’s problem, Calc. Var. Partial
Differential Equations 16 (2003), no. 2, 113-145.

[12] M. del Pino, M. Musso, F. Pacard and A. Pistoia, Large energy entire solutions for the Yamabe equation, /. Differential
Equations 251 (2011), no. 9, 2568-2597.

[13] W.Y.Ding, On a conformally invariant elliptic equation on R"”, Comm. Math. Phys. 107 (1986), no. 2, 331-335.

[14] Y. Ge, M. Musso and A. Pistoia, Sign changing tower of bubbles for an elliptic problem at the critical exponent in pierced
non-symmetric domains, Comm. Partial Differential Equations 35 (2010), no. 8, 1419-1457.

[15] E.Hebeyand M. Vaugon, Sobolev spaces in the presence of symmetries, J. Math. Pures Appl. (9) 76 (1997), no. 10,
859-881.



DE GRUYTER M. Clapp and F. Pacella, Nodal Solutions to Supercritical Problems =— 97

[16] M. Musso and A. Pistoia, Persistence of Coron’s solution in nearly critical problems, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
6 (2007), no. 2, 331-357; erratum, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 8 (2009), no. 1, 207-209.

[17] M. Musso and J. Wei, Sign-changing blowing-up solutions for supercritical Bahri—Coron’s problem, Calc. Var. Partial
Differential Equations 55 (2016), Article ID 1.

[18] R.S. Palais, The principle of symmetric criticality, Comm. Math. Phys. 69 (1979), no. 1, 19-30.

[19] D. Passaseo, New nonexistence results for elliptic equations with supercritical nonlinearity, Differential Integral Equations
8(1995), no. 3, 577-586.

[20] A. Pistoia and O. Rey, Multiplicity of solutions to the supercritical Bahri—-Coron’s problem in pierced domains, Adv.
Differential Equations 11 (2006), no. 6, 647-666.



	Existence and Asymptotic Profile of Nodal Solutions to Supercritical Problems
	1 Introduction
	2 Symmetries and Compactness
	3 Minimizing Sequences for the Critical Problem
	4 Minimizers of Critical and Slightly Supercritical Problems


