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1 Introduction

We consider the nonlocal system

Z—l; =Aqu+flu)+gx), xe(-1,1), (1.1)
with the boundary condition
ul(-1,1)c =0,
and the initial condition
u(x, 0) = ug.

Here the operator A, = —(~A)%? is the nonlocal Laplacian. The nonlinear function is f(u) = u — u> and the
inhomogeneous forcing g € L%(-1, 1).

Our aim is to construct a finite dimensional form named determining form, the dynamics of which is
consistent with those of the original infinite dimensional system (1.1).

The nonlocal Laplacian (-A)*/2 arises in non-Gaussian stochastic systems. For a stochastic differential
equation with symmetric a-stable Lévy motion L{, for a € (0, 2), its Fokker-Planck equation contains the
nonlocal Laplacian (-A)%/2 (see [6, 7]). For u € Cy’(R) and a € (0, 2), define

u(x) —u(y)
Ix —y[t+e

(~A)Y?y = CaP.V.J ,
R

where the Cauchy principal value (PV.) is taken as the limit of the integral over R \ B¢(x) as € — 0, with B¢(x)
the ball of radius ¢ centered at x, and

2ar(1xay
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VAL (=$)I
Here T is the Gamma function defined by I'(r) = I;O t"~le~tdt for every r > 0. For more information see
[2, 6, 15].
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The nonlocal Laplacian provides us with an interesting tool for mathematical modeling when traditional
approaches appear to fail. For complex systems, the nonlocal Laplacian arises in modeling heat transfer pro-
cesses in fractal and disordered media, and acoustic propagation in porous media [14]. In mechanics, the
nonlocal Laplacian describes the motion of a chain [15]. A nonlocal diffusion equation also arises in pricing
derivative securities in financial markets [1, 3].

A system restricted to the inertial manifold is a finite dimensional system, even if the original system
was infinite dimensional [17]. In [18], we know that the inertial manifold of the nonlocal system exists for
1 < a <2, as well as for @ = 1, when the Lipschitz constant of nonlinearity is less than % But for a < 1, the
nonlocal system does not satisfy the spectral gap condition, so the existence of the inertial manifold is un-
known. In particular, the Lipschitz constant of f(u) = u — u? is bigger than % Then, in the case of a = 1, the
existence of the inertial manifold of system (1.1) is also unknown. Fortunately, system (1.1) has a global at-
tractor for a € [%, 2). Hence, we show that for a € [%, 1), we can construct a finite dimensional system (i.e.
determining form) to capture the dynamics of system (1.1).

The determining form starts with the property of the determining modes [10, 12] which can be described
as a finite subset of Fourier modes. For the case of Fourier modes, a projector Py, is called determining if
whenever two solutions u4 (), u>(-) € A have the same projection P,u1(-) = Pyux(:) for all t € R, then they
are in fact the same solution. And m is said to be the number of the determining modes [12].

There are two different constructions of determining forms. In [8], determining modes were used to find a
determining form for the 2D Navier—Stokes equations. The trajectories in the global attractor of the 2D Navier—
Stokes equations are identified with traveling wave solutions of the determining form in [8]. Another type of
determining form was found in [9] for the 2D Navier—Stokes equations. It is done by adding a feedback control
term through a general interpolation operator. The trajectories in the global attractor of the 2D Navier—Stokes
equations are precisely the steady states of this type of determining form. It is more general in that it can be
induced by a variety of determining parameters such as nodal values and finite volumes, as well as Fourier
modes. In this paper we adopt the second approach to construct a determining form for the nonlocal system
(1.1).

This paper is organized as follows. In Section 2, we recall some basic concepts about the nonlocal
Laplacian, the space H%2(~1,1) and the attractor. In Section 3, we present our main results on the deter-
mining form.

2 Preliminaries

In this section we briefly review the eigenvalues of the nonlocal Laplacian and the basic concepts about the
space H¥2(-1, 1). For more details see [4, 5, 13]. A conclusion about the existence of the global attractor is
also given. Let ||-|| be the norm of L2(-1, 1).

Let a € (0, 2). The eigenvalues of the nonlocal Laplacian (-A)%2 are given in the lemma below.

Lemma 2.1 ([13]). The eigenvalues of the spectral problem

(-0)*2e(x) = Ae(x),  xe(-1,1),
e(x) =0, x € (-1, 1),

where e(-) € L*(-1, 1), are
_ a
M= (- 2-an “’”) + o(l).
2 8 n
Moreover,

O<Ai <A<~ <A<+ forn=1,2,....

Furthermore, we note that (-A,)~! is a bounded linear operator on L?(-1, 1), and also a compact, self-adjoint
operator. Owing to the Hilbert-Schmidt theorem [13, 16], the eigenfunctions e;(x) of A, form an orthonormal
basis in L%(-1, 1).
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In order to better review the properties of nonlocal Laplacian A, we need the Sobolev spaces H*/2(-1, 1)
and HY/?(~1, 1). We have

11 X
HY?(-1,1) = 111 eL’(-1,1): J J Ul — ul —————"dxdy < oo}
14

|1+a

with the norm

11 "
u(x) - uy)|?
lullerz = ( Jlul dx + J J |u() - |1(3/“)| dx ly)
-1-1

and the inner product

|X _ y|1+a

11
(U, Vo = (u, V)2 + J J (u) —u@) ) - V(y))dxdy
-1-1

The space Hg/z(—l, 1) is the completion of the space C°(-1, 1) in H%/2(-1, 1) with the norm

11 2 1/2
u(x) —u
||u||Hg/z = ( j J %dxdy)

S141
and the inner product
11
(u(x) — u(y))(v(x) — v(y))
(V) e = J j e dxdy.
S1-41
For convenience, we let ||-|[ = ||l HY? and (-, )q = (-, ) HO2 By the nonlocal Green’s first identity (see [4, 5]),
we have
11
(Aqu,v) = J J(D*v) (0 - D*u)dydx,
S1-41

where D* denotes the adjoint of the nonlocal divergence operator D and © denotes a second-order tensor
satisfying © = ©T. Especially when © = 1, we have

11
(Aqit, u) = — J J(D*u)zdydx - —%llullﬁ.
-1-1
Then we get
Lluly _ CAaww) _ (s AW enen, o2y enlen)
2 lul? (u, u) (300, (U, en)en, Yoo, (U, en)en)
that is,
lulla = \2A1]lull. (2.1)

We also need the following lemma [11].

Lemma 2.2. Fora € [%, 2), system (1.1) has a weak solution: for any T > 0 given ug € L?(-1, 1), there exists a
solution u with

ue L2(0, T; Hy*(-1,1) n L*(0, T; L4(-1,1)), u € C°([0, T); L*(~1, 1)).

Equation (1.1) holds as an equality in L*/3(0, T; H-%/2(-1, 1)), this means that for any v € L*(0, T; Hg/z(—l, 1)),

we have
du

E ]
for almost every t € [0, T]. Moreover, system (1.1) has a global attractor A in L?>(~1, 1), obviously, there is a
constant p; > 0, such that

V) = (Aqu, v) + (fw), v) + (00, v)

Ac{ueL?: ul <pi}. (2.2)
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3 Determining Form

In this section, our main aim is to construct the determining form induced by an interpolation operator
Jn : L?(-1,1) — C*®(-1, 1). The operator J, approximates the identity. In addition, we assume that

I/ng - ¢l < kil (3.1)
where h is a small enough parameter that determines the order of approximating. The most straightforward
example of such interpolation operator is the projection operator J;, = Py onto span{ey, e, ..., ey}, where

h = A3!. According to Lemma 2.1 we know that A, — +00 as n — +oo. Then there is always an N € Z such
that h = )ll‘vl small enough satisfies (3.1).
First we introduce the Banach space

X = Cp(R; JyL?*(-1,1)) = {v : R — JyL?(~1, 1) : v is continuous and bounded},

with the norm
Ivlx = suplv(®)l.
teR

We state our main result below.

Theorem 3.1. Let p = 4R, where R := (h+ 1)p;. Let v € B’;((O) ={v e X : ||vlx < p}. There exists a Lipschitz
mapping W : B’;((O) — C(R, L?) for every v € B’;}(O). If u* is a steady state of the nonlocal system (1.1), then
the determining form is

d
d_]t/ = —lv - JWW)lz(v - Jru®), (3.2)

with the following properties:

(i) The vector field in the determining form (3.2) is a Lipschitz map from the ball Bf((O) ={veX:|vlx<p}
into X. Hence, equation (3.2) has a short time existence and uniqueness for initial data in 3@(0). More-
over, equation (3.2) has global existence and uniqueness for all initial data in the forward invariant set
BRUJnu*) =1{v e X : |[v-Ju(u*)lx < 3R}

(ii) Every solution of (3.2), with initial data in B;R (Jnu*), converges to the set of steady states of (3.2).

(iii) All the steady states of the determining form (3.2) that are contained in the ball B’;{(O) are given by the
formv(s) = Jyu(s) for all s € R, where u(s) is a trajectory that lies on the global attractor A of the nonlocal
system (1.1).

Proof. For the nonlinear term f(u) = u — u>, there are positive constants k,  such that
fau < k- Blul*. (3.3)
To prove (i), we need the following claim:

Claim 1. Assume y satisfies

1 1 1
y(h—§)<1—/11 and ;_1+h<§' (3.4)
Then for every v € 3’;((0), the equation
dw
ar = AaW +f(w) + g(x) — u(Unw - v) (3.5)

has a unique solution w(t) for all t € R, and satisfies the estimate

u
su Ol < 4|-——=—=0G.
Suplw o) J R

Moreover, suppose v1, v, € X. Let wi, w be the corresponding solutions of (3.5),and § = wy — w2,y = vy — V3.

Then

U
supll6(H)| € | =———1VI,
te]RpII @l \jZ(yK— 1)II)’II



DE GRUYTER L. Bai and M. Yang, A Determining Form for a Nonlocal System — 709

where

A1 1 lgll2 + A1p? + 4kAq
K=" _(h-Z= - .
7 (h 2) and G \/ i

By Claim 1, we have a Lipschitz mapping
W : B5(0) — C(R,L?) for every v € B5(0).

There exists a w such that W(v)(t) = w(t) for all ¢t € R, where w(t) is the unique solution of (3.5).
Next, we prove that equation (3.2) has a local solution through verifying its nonlinear term is Lipschitz.
Let

F() = ~lv = s WW)lIg(v = Jptt*).
Forvy,v; € B’;((O) we have
IF(v1) = Fva)lix = [Iv2 = JnWv2)lg(va = Jau*) = lIve = JaW(v)lIg (v = Jnu®)|x
< [Ive = Ta W = lva = JnW)IIZ| Ive = Jnu*lix
+ v = JaW(2)lzlve - v2lx. (3.6)
Thanks to (3.1) and (3.12) we have

IThW(v1) = JnW(v2)ll = IJn6ll < IJn6 - 81l + 161l < (h + D[]

< M"y" - Mllh -l
T 2K -1) V2K - 1)
and N G
TrWW)I < ITnW(v) = W)l + W) < \/(%12)]“
Then (he1)
R W(v1) =T W(v2)lx < %uvl ~vallx (3.7)
and (h+1)G
+
w < —. 3.8
IThWW)lx < NI (3.8)
Similarly, we have
ITru*llx < (h+ 1)ps. (3.9)

For the first term on the right-hand side of inequality (3.6), with inequalities (3.7) and (3.8), we have
lvi =TaW(v)llx + llva = JTnWv2)lx < vilx + Ivallx + Ta Wvlx + IJa W(v2)lix
2(h+1)G
<20+ ———
P \/Al - 2]1K
and
[Ivi = TnW(v)lx = Iv2 = JaW(v2)lx| < v = vallx + ITnW(v1) = JTaW(v2)lix
- ( Viu(h +1)
C\\2(uK-1)

+ 1>|IV1 - Valx.

With (3.9), we have
Ivi = Jru*lx < vallx + IJau™llx < p + (h+ 1)py.

Then the estimation of first term on the right-hand side of inequality (3.6) is

[lvi = Ta WDk = Iva = JnWv2)lig| Ivi = Jnu*lix

2(h +1)G VH(h +1)
< <2P + TZMK)(p +(h+ 1)P1)(W + 1>||V1 -vallx

< Cillvi = valx.
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For the estimation of the second term on the right-hand side of inequality (3.6), we have

(h+1)°G?

V2 = WO < W1 + W WO2)IG <9+ 5 = Co

Then we obtain
[F(vy) = F(v2)llx < Cillvy = vallx + Callvy = vallx = Cllvy — valx.

So F(v) = —|lv-Jn W(v)II)Z{(v - Jpu*) is Lipschitz, and equation (3.2) has a local solution. Moreover, by (3.9)
we can get
BIRJpu*) = {v € X : v = Ja(*)lx < 3R} ¢ BR(0) = {v e X : |vllx < p}.

The dissipative property of equation (3.2) implies that
BIRUpu*) = {v e X+ v - Ja(u")lx < 3R} (3.10)

is forward invariant for all ¢ > 0, which proves that equation (3.2) has a global solution, that is, (i) holds.
Assertion (ii) follows directly from the forward invariance of (3.10) and the dissipative property of (3.2).
To prove (iii), we note that when either v = Jou*,orv ¢ B’;((O) such that [|v — J,W(v)|x = 0, the right-hand
side of equation (3.2) is zero. In the first case, since u* is a steady state of the nonlocal system (1.1), we have
u* e A.
In the second case, to understand better, we need the following claim which states a connection between
equation (1.1) and the determining form.

Claim 2. Let u(t) be a solution of nonlocal equation (1.1), which lies in the global attractor A. Suppose
w € C(R, HY2) n L?(0, T; D(A%)) with 2% € L2(0, T; L?) satisfies the equation

d
d—V: = AW + f(w) + g(x) — un(w - u), (3.11)
providing h satisfies (3.4). Then w = u in C(R, L?).

Now we have v(t) = J, W(v)(t), i.e., v(t) = Jo(w(t)), for all t € R, where w(t) is a solution of (3.5). In this case,
the solution of equation (3.5), w(t), is a bounded solution of system (1.1). Therefore, from (2.2) we know
that w(-) is a trajectory on the global attractor A of system (1.1). Conversely, since p = 4R, it follows from
(3.9) that J(A) ¢ 3§(R (Jpu*) c 3/;((0). Thus, for every trajectory u(-) c A it follows from Claim 2 and (3.5) that
u(t) = W(Jpu)(t) for all t € R. In particular, Jpu = J, W(Jyu). Consequently, Jyu is a steady state of (3.2) in
B%(0). Thus (iii) holds. O

Proof of Claim 1. We divide the proof into two steps.

Step 1: A priori estimate. We take the inner product of equation (3.5) with w to obtain

1 1
1
Iwll? < —EIIWIlé + Jf(W)wdx +lgliwll = uUnw, w) + u j wvdx
]

N~
Q..lg_

t
21
1
< -Aulwi? + [ (= Biwi*)ax -+ Uglwl + ekl - piwl? + iyl
-1
1, A 1 (
_A\ M 2, 2 o2 o B2 _ 4
< [n(r=3)= 3 1wt + s + B+ [ = pwityax
]

where we used inequalities (2.1), (3.1), (3.3), the Cauchy-Schwarz inequality and Young’s inequality. Drop-
ping the term in |w|*, we get

d 1
—Iwl? < —2uKlwl* + —Iligl? + plvI? + 4k.
dt A
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By Gronwall’s inequality [17] and assuming that ||w]| is bounded, we obtain

2 2 2
WO < 352 (18 + uivI? + 4k)
1 ( ||g||2 + phip? + 4kAy )
- Al - ZIJK /11
GZ
It follows that
supl|lw(t)| <
uplwn] A - 2uK
For || 8], let y = v; — v,. Then we have
dé
T = Aad + fwy) = fw2) = u(n8 - y).
Taking the inner product with §, we obtain
dé
(55°6) = (Aa8. 8 + (Fiwa) = fw2), 8) = UK - 8, 8) - (6, 6) + H(¥, ©).
Note that by the bound on the derivative of f we have
1 1
[(fwa) = Faa), 8)] < [ V) = fowalleldx < [ 1612 = 1812 (3.13)
-1 1

Using inequalities (2.1), (3.1), the Cauchy-Schwarz inequality and Young’s inequality, we get
Lla, c.n» _ 2, B2
2dtll5ll < (UK - D8Il +2IIYII .

Then we have

d
EH(SIIZ < -2(1 - uK)161% + pllyll*.

So by Gronwall’s inequality, we get

2 2 ")/”2 )—2(1—yK)t H")’”z
I8 < (160)12 - 752 Je Tt

Thus it follows that

supll6(6)]l < \j Ivll.
teR

2(uK - 1)
Step 2: Existence of solution. Applying the Galerkin method (see e.g. [17]), we get the existence and unique-
ness of the solution for equation (3.5). Then by the above a priori estimate, we know that equation (3.5) has
a global solution. Thus Claim 1 holds. O

Proof of Claim 2. Let § = w — u. The difference of (3.11) and (1.1) is

dé
dt

Suppose thereis atime t* € Rsuch that §(¢*) # 0. Since 6(t) is continuous, we can find the maximum interval
(to, t1) containing t*, such that §(t) # O for all t € (to, t;) and 6(tp) = 0. Taking the inner product of (3.14)
with 6 and using inequality (2.1), we have, for all t € (to, t1),

= A + fw) = f(u) - pJné. (3.14)

2 1 2
5 dtusu =~ 1815 + (few) - flw), 6) - u(Jn6, 5)
—A1181% + (flw) - f(u), 8) - uUnb - 8, 8) - ull8l>.
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Using inequalities (3.1) and (3.13), we get

d

EII(‘SII2 < -Aal81% + 181> + phil8l - ul81%,

1
2
ie. p L
2 2
o1 <2[u( +h-1) - nJisie.

Using Gronwall’s inequality, we obtain

1801 = 18(00)1* exp{[2u(;, + k- 1) -4s (e o0},

where ty < 0p < t < t1. Taking 09 — t§, by (3.4) we have §(t) = 0 for any ¢t € (to, t1). In particular, §(t*) = 0,
a contradiction. O

Remark 3.2. Suppose system (1.1) has a more general nonlinearity f(u), which is a C! function satisfying
~k - Balul? < fwyu < k- B1lulP, p>2,

and
flw) <L
Then, for the case that a € [1 - %, 2), we could prove that Theorem 3.1 still holds. Note that, in this case,

system (1.1) has a weak solution and a global attractor A in L2(-1, 1).
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