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Abstract: This paper is devoted to the family of optimal functional inequalities on the n-dimensional
sphere $", namely
2 2
”F”Lq(gn) - "F||L2($n)
q-2

< Cys J FLgFdu forall F e HY2(S™),
§n

where L denotes a fractional Laplace operator of order s € (0, n), g € [1,2)U (2, q«], @« = % is a criti-
cal exponent, and dy is the uniform probability measure on $". These inequalities are established with
optimal constants using spectral properties of fractional operators. Their consequences for fractional heat
flows are considered. If g > 2, these inequalities interpolate between fractional Sobolev and subcritical
fractional logarithmic Sobolev inequalities, which correspond to the limit case as ¢ — 2. For g < 2, the
inequalities interpolate between fractional logarithmic Sobolev and fractional Poincaré inequalities. In the
subcritical range g < g., the method also provides us with remainder terms which can be considered as an
improved version of the optimal inequalities. The case s € (-n, 0) is also considered. Finally, weighted in-
equalities involving the fractional Laplacian are obtained in the Euclidean space, by using the stereographic
projection.
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1 Introduction and Main Results

Let us consider the unit sphere §" with n > 1 and assume that the measure dy is the uniform probability
measure, which is also the measure induced on $" by Lebesgue’s measure on R™!, up to a normalization
constant. With A € (O, n), p = zfl—fA € (1, 2) or equivalently A = ;—’,’ where 1% + 1% = 1, according to [38], the
sharp Hardy-Littlewood-Sobolev inequality on S™ reads

T(n)[(%A

A
[ F@1¢ - niFon an@ don < (ﬂ)) IFIZ, 50 (L.1)
p

Snxsn

(
2AT(5)r

For the convenience of the reader, the definitions of all parameters, their ranges and their relations have been
collected in Appendix C.

Jean Dolbeault: Ceremade, UMR CNRS no. 7534, Université Paris-Dauphine, PSL Research University, Place de Lattre de
Tassigny, 75775 Paris 16, France, e-mail: dolbeaul@ceremade.dauphine.fr

*Corresponding author: An Zhang: Ceremade, UMR CNRS no. 7534, Université Paris-Dauphine, PSL Research University,
Place de Lattre de Tassigny, 75775 Paris 16, France, e-mail: zhang@ceremade.dauphine.fr



864 —— |.Dolbeault and A. Zhang, Interpolation Inequalities and Fractional Operators on the Sphere DE GRUYTER

By the Funk-Hecke formula, the left-hand side of the inequality can be written as

(T2 @ TG +k)

2AT(HI(3) k;) T(GT(G + k)

J |Fuol? du, (1.2)
$n

j F(OIS - nI™F(n) du(§) du(y) =

Snxsn

where F = Y72 F(i) is a decomposition on spherical harmonics, so that F is a spherical harmonic function
of degree k. See [33, Section 4] for details on the computations and, e.g., [42] for further related results. With
the above representation, inequality (1.1) is equivalent to

© TN + k)

2 NN

[ 1P b < 1P - (1.3)
k=0

$n
By duality, with g, = g.(s) defined by
_ 2n (1.4)
=0 '

or equivalently s = n(1 - qz—*), we obtain the fractional Sobolev inequality on S™:

IFIIEs. gn) < JFHCSF du forall F e H/*(S") (1.5)
Sﬂ
forany s € (0, n), where
S n
j FKFdp:= ) yk(q—) j |Fol? du (1.6)
$n k=0 * sn

and
IF'x)In-x+k)
Yi(X) :=

T Tn-x)T(x+k)’
With s € (0, n) the exponent g, is in the range (2, co). Inequalities (1.1) and (1.5) are related by g, = p’ so
that
2n
p=—— and A=n-s.
n+s

We shall refer to g = q.(s) given by (1.4) as the critical case and our purpose is to study the whole range of
the subcritical interpolation inequalities

IIFIIfq(Sn) - ||F"]%2($n) /2 an
' < Cys JFLsty for all F e HY/2(S") (1.7)
Sn
forany q € [1, 2) U (2, g+], where
1 I'() I(%3)
Lg = Ks —1d) with = & - 27
s Kn,s( s ) wi Kn,s T(n- q%) r(%)

If ¢ = q., inequalities (1.5) and (1.7) are identical, the optimal constant in (1.7) is Cq, s = %, and we

recall that (1.5) is equivalent to the fractional Sobolev inequality on the Euclidean space (see the proof of
Theorem 1.6 in Section 3 for details). The usual conformal fractional Laplacian is defined by

1 1
Ks=Ls+ Id.

Kn,s Kn,s

As =

For brevity, we shall say that £ is the fractional Laplacian of order s, or simply the fractional Laplacian.
We observe that yo(g) -1=0and yl(g) -1 = q - 2. A straightforward computation gives

& n
[ Fesrans= Y 8i( ) [ 1Fol du,
s§n k=1 q* §n
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where the spectrum of L is given by

_Tn-x+k) T(n-x)
B := T(x+k) Tk

The case corresponding to s = 2 and n > 3, where ﬁ =inn-2), L, =-A, Ay =-A+ zn(n-2), and A

S TG
stands for the Laplace—Beltrami operator on $", has been considered by W. Beckner; in [5, p. 233, (35)] he
observed that

5"(2) < 6,((%) —k(k+n-1)

if g € (2, q+(2)], where q, = g.(2) = HZT"Z and (k(k +n - 1))ken is the sequence of the eigenvalues of —A

according to, e.g., [7]. This establishes the interpolation inequality

for all F € HY(S™), (1.8)

q-2
IIFIIfq(Sn) - IIFIIfZ(Sn) < TIIVFIIEZ(SH)

where Cg; = % is the optimal constant; see [5, (35), Theorem 4] for details. An earlier proof of the inequality
with optimal constant can be found in [8, Corollary 6.2], with a proof based on rigidity results for elliptic
partial differential equations. Our main result generalizes the interpolation inequalities (1.8) to the case of
the fractional operators £, and relies on W. Beckner’s approach. In particular, as in [5], we characterize the
optimal constant C4 s in (1.7) using a spectral gap property.

After dividing both sides of (1.8) by (¢ — 2) we obtain an inequality which, for s = 2, also makes sense for
any q € [1, 2). When q = 1, this is actually a variant of the Poincaré inequality (or, to be precise, the Poincaré
inequality written for |F|), and the range g > 1 has been studied using the carré du champ method, also known
as the I'; calculus, by D. Bakry and M. Emery in [3]. Actually their method covers the range corresponding to
1<g<ooifn=1and
g 2n7+1

T (n-1)?
In the special case g = 2, the left-hand side of (1.8) has to be replaced by the entropy

F2
F2 log e a— d},l .
J,, ( IFI: g )

Still under the condition that s = 2, the wholerange 1 < g < cowhenn=2,and1<q < HZT"Z if n > 3 can be
covered using nonlinear flows as shown in [21, 24, 25].

All these considerations motivate our first result, which generalizes known results for £, = —A to the case
of the fractional Laplacian L.

1<g<2 ifn=2.

Theorem 1.1. Letn > 1,s € (0,n], q € [1,2) U (2, g.], with q. given by (1.4) ifs < n,and q € [1, 2) U (2, 0c0)
if s = n. Inequality (1.7) holds with sharp constant
_n-sT("3)
5T 2s T(HS)”

With our previous notations, this amounts to
Kn.s n-s
C = —’ _— K .
L T P

Remarkably, C4 s is independent of g. Equality in (1.7) is achieved by constant functions. The issue of the
optimality of C4 s is henceforth somewhat subtle. If we define the functional

(@-2) [, FLsFdy
1 Z0sny — IFIZ g0,

on the subset .75/2 of the functions in H/2($") which are not almost everywhere constant, then C4,s can be
characterized by

Q[F] : (1.9)

-1 _
Cgs = inf O[F].

This minimization problem will be discussed in Section 4.
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Our key estimate is a simple convexity observation that is stated in Lemma 2.2. The optimality in (1.7)
is obtained by performing a linearization, which corresponds to an asymptotic regime as we shall see in
Section 2.1. Technically, this is the reason why we are able to identify the optimal constant. The asymptotic
regime can be investigated using a flow. Indeed, a first consequence of Theorem 1.1 is that we may apply
entropy methods to the generalized fractional heat flow

ou

S -av- (uiV(-A) 1 Lsut) = 0. (1.10)

Notice that (1.10) is a 1-homogeneous equation, but that it is nonlinear when g # 1 and s # 2. Let us define

a generalized entropy by
1 i 2
Eqlul ::qu[(Judy) —Juq dy].

sn sn
It is straightforward to check that for any positive solution to (1.10) which is smooth enough and has sufficient
decay properties as |x| — +00, we have

d 1 1. 1 11
—E&qlu(t,-)] =-2 j Vua - V(-A)""Lgud duy = -2 j uiLlgu du,

dt
sn s

so that by applying (1.7) to F = u é, we obtain the exponential decay of €4[u(t, -)].

Corollary 1.2. Letn > 1,s € (0,n], q € [1,2) U (2, q.] if s < n, with q, given by (1.4), and q € [1,2) U (2, 00)
1

if s = n. Ifuis a positive function in C1(R*; L ($")) such that us € C1(R*; H2($")) and if u solves (1.10) on $"

with initial datum ug > 0, then

Eqlu(t, )] < Eqluple %t forallt > 0.

The exponential rate is determined by the asymptotic regime as ¢t — +oo. The value of the optimal constant
Cy,s is indeed determined by the spectral gap of the linearized problem around non-zero constant functions.
From the expression of (1.10), which is not even a linear equation whenever s # 2, we observe that the in-
terplay of optimal fractional inequalities and fractional diffusion flows is not straightforward, while for s = 2
the generalized entropy &, enters in the framework of the so-called ¢-entropies and is well understood in
terms of gradient flows; see for instance [2, 13, 28]. When s = 2, it is also known from [3] that heat flows can
be used in the framework of the carré du champ method to establish the inequalities at least for exponents
in the range g < 2% if n > 2, and that the whole subcritical range of exponents can be covered using nonlin-
ear diffusions as in [21, 24, 25] (and also the critical exponent if n > 3). Even better, rigidity results, that is,
uniqueness of positive solutions (which are therefore constant functions), follow by this technique. So far
there is no analogue in the case of fractional operators, except for one example found in [12] when n = 1.
When s = 2, the carré du champ method provides us with an integral remainder term and, as a conse-
quence, with an improved version of (1.7). As we shall see, our proof of Theorem 1.1 establishes another
improved inequality by construction; see Corollary 2.3. This also suggests another direction, which is more
connected with the duality that relates (1.1) and (1.5). Let us describe the main idea. The operator X is
positive definite and we can henceforth consider Ki/ 2 and XK5t. Moreover, using (1.2) and (1.6), we know

that
r(mI(3)

|| 6l - a6 ducs) duon - IO D)
2 2

$nx§n

J GX;1Gdy.
s
Expanding the square

j |32 F - 512 G| dy

gn
with G = F9-~! so that FG = F9* = GP where g, and p are Holder conjugates, we get a comparison of the
difference of the two terms which show up in (1.1) and (1.5) and, as a result, an improved fractional Sobolev
inequality on $™. The reader interested in the details of the proof is invited to consult [27] for a similar result.
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Proposition 1.3. Let n > 1 and s € (0, n). Consider q. given by (1.4), p =q’, = % and A = n - s. For any
F € H¥/2(S") if G = F9*71, then

I(Hr(n+3)

, A
I1GIEp gny — 2 T(nI(3)

([ 61 -nicm an dutn) < 1SS ( | FXF dn- 1P ) ).
SrxSn sn
Still in the critical case q = q., by using the fractional Yamabe flow and taking inspiration from [23, 27, 36,
37, 40], it is possible to give improvements of the above inequality and in particular improve on the constant
which relates the left- and the right-hand sides of the inequality in Proposition 1.3. We will not go further
in this direction because of the delicate regularity properties of the fractional Yamabe flow and because so
far the method does not allow to characterize the best constant in the improvement. Let us mention that,
in the critical case q = q., further estimates of Bianchi-Egnell type have also been obtained in [15, 40] for
fractional operators. In this paper, we shall rather focus on the subcritical range. It is however clear that there
is still space for further improvements, or alternative proofs of (1.5) which rely neither on rearrangements as
in [38] nor on inversion symmetry as in [31-33], for the simple reason that our method fails to provide us
with a proof of the Bianchi—Egnell estimates in the critical case.

For completeness let us quote a few other related results. Symmetrization techniques and the method of
competing symmetries are both very useful to identify the optimal functions; the interested reader is invited
to refer to [39] and [10], respectively, when s = 2. In this paper, we shall use notations inspired by [5], but at
this point it is worth mentioning that in [5] the emphasis is put on logarithmic Hardy-Littlewood-Sobolev
inequalities and their dual counterparts, which are n-dimensional versions of the Moser-Trudinger—Onofri
inequalities. Some of these results were obtained simultaneously in [11] with some additional insight on
optimal functions gained from rearrangements and from the method of competing symmetries. Concerning
observations on duality, we refer to the introduction of [11], which clearly refers the earlier contributions
of various authors in this area. For more recent considerations on n-dimensional Moser-Trudinger—Onofri
inequalities see, e.g., [19].

Section 2 is devoted to the proof of Theorem 1.1. As already said, we shall take advantage of the subcritical
range to obtain remainder terms and improved inequalities. Improvements in the subcritical range have been
obtained in the case of non-fractional interpolation inequalities in the context of fast diffusion equations
in [29, 30]. In this paper we shall simply take into account the terms which appear by difference in the proof of
Theorem 1.1; see Corollary 2.3 in Section 2.3. Although this approach does not provide us with an alternative
proof of the optimality of the constant C4 s in (1.7), variational methods will be applied in Section 4 in order to
explain a posteriori why the value of the optimal value of C, ; is determined by the spectral gap of a linearized
problem. Some useful information on the spectrum of L is detailed in Appendix A.

Our next result is devoted to the singular case of inequality (1.7) corresponding to the limit as g = 2. We
establish a family of sharp fractional logarithmic Sobolev inequalities in the subcritical range.

Corollary 1.4. Let s € (0, n]. Then we have the sharp logarithmic Sobolev inequality

j |F|? log<%> du < Cog JFLsty for all F € H/?(S™). (1.11)
2
Sn

gn
Equality is achieved only by constant functions, and C; s = %2 kp,s is optimal.

This result completes the picture of Theorem 1.1 and shows that, under appropriate precautions, the case
g = 2 can be put in a common picture with the cases corresponding to g # 2. Taking the limit as s — 0,, we
recover Beckner’s fractional logarithmic Sobolev inequality as stated in [4, 6]. In that case, g = 2 is critical
from the point of view of the fractional operator. The proof of Corollary 1.4 and further considerations on the
s = 0 limit will be given in Section 2.4.

Definition (1.6) of K also applies to the range s € (-n, 0) and the reader is invited to check that

K1 =%K_s foralls € (0, n)

is defined by the sequence of eigenvalues yk(g) where p = % is the Holder conjugate of g, (s) given by (1.4).
It is then straightforward to check that the sharp Hardy-Littlewood—Sobolev inequality on $" (see (1.3)) can
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Figure 1. The optimal constant C4,s in (1.7) is independent of g and determined for any given s by the critical case g = g..(s)
which corresponds to the Hardy-Littlewood-Sobolev inequality (1.1) if s € (-n, 0) and to the Sobolev inequality (1.5) if

s € (0, n). The case s = 0 is covered by Corollary 2.4, while g = 2 corresponds to the fractional logarithmic Sobolev inequal-
ity (2.3) if s = 0 and the subcritical fractional logarithmic Sobolev inequality by Corollary 1.4 if s € (0, n].

be written as

||F||12p($n) - ”F”iZ(Sn) Kn,—s 2
e JFL_Sde forall F € L*(S"), (1.12)
p-2 2-p
S"
where [(ms)
2n 1 =

= 1,2), L_g:= Id-X_), s = —2—,
p n+s € ( ) s Kn,—s( s) Kn,—s r(%)

Notice that x,_s = KLS A first consequence is that we can rewrite the result of Proposition 1.3 as

I61yqsn) - [ 656 dn < WP ( | PP b= 1P 0

s s
for any F € H2($") and G = F9*~1, where n > 1, s € (0, n), q, is given by (1.4) and p = ¢'.. A second conse-
quence of the above observations is the extension of Theorem 1.1 to the range (-n, 0).

Theorem 1.5. Letn > 1,s € (-n,0)andq € [1, %).Inequality(lj) holds with L := xp,_s(Id — Ks) and sharp
constant

_n-sT(%F
7 20s] T(HS)”

The results of Theorems 1.1 and 1.5 are summarized in Figure 1.
To conclude with the outline of this paper, Section 3 is devoted to the stereographic projection and con-
sequences for functional inequalities on the Euclidean space. By stereographic projection, (1.5) becomes

IAIEe. ey < SnsWlfo gy forall f € HY2RM),

where
Wy = | F-)7f dx
IRI!
and the optimal constant is such that
2
Sn,s = Kn,s|§n|q7*_1-

The fact that (1.5) is equivalent to the fractional Sobolev inequality on the Euclidean space is specific to the
critical exponent q = g.(s). In the subcritical range weights appear. Let us introduce the weighted norm

q - q 2\-4

s gy 3= | 191+ 1x1D) % .
]Rn

The next result is inspired by a non-fractional computation done in [26] and relies on the stereographic
projection.
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Theorem 1.6. Let n> 1, s € (0, n), q € (2, q.) with q, given by (1.4), and B = 2n(1 - qi*). Then we have the
weighted inequality

2 2 2 0o (N
”ﬂlLZ‘ﬁ(IR") < a"ﬂ'Hs/Z(]Rn) + b”ﬂlLi,Zs(]Rn) forall f € C3°(R"), (1.13)
where 5
— 2 2 2 * = _2 2_
a=1 Kns2"@D|$" T and b= 4~ 9, JdIsmjat.
q.—2 qs—2

Moreover, if q < q., equality holds in (1.13) if and only if f is proportional to fs . (x) := (1 + |x|?)~(=9)/2,

This result is one of the few examples of optimal functional inequalities involving fractional operators on R".
It touches the area of fractional Hardy—Sobolev inequalities and weighted fractional Sobolev inequalities, for
which we refer to [14, 34] and [16], respectively, and the references therein. The wider family of Caffarelli-
Kohn-Nirenberg type inequalities raises additional difficulties, for instance related with symmetry and
symmetry breaking issues, which are so far essentially untouched in the framework of fractional operators,
up to few exceptions like [14].

Inequality (1.13) holds not only for the space Ci°(R") of all smooth functions with compact support
but also for the much larger space of functions obtained by completion of C3°(R") with respect to the norm
defined by

2, _ 2 2
LA 2= U0y gy + I 225 gy

2 Subcritical Interpolation Inequalities

In this section, our purpose is to prove Theorem 1.1.

2.1 A Poincaré Inequality

We start by recalling some basic facts:

(i) If gand q' are Holder conjugates, then % =n-xwithx =12,

(i) yo(x) =1 foranyx > 0.

(iii) yx(3) = 1 and 6x(5) = O for any k € N.

(iv) y1(x) = %, yl(g) =qg-1and Sl(qi*) = % As a consequence, we know that the first positive eigen-
values of X5 and L are

S

n

M) =n(7) =ao-1 and Ao =8i(;-) = 222 - 2

Kn,s - (n—S)kn,s ’

A straightforward consequence is the following sharp Poincaré inequality.

Lemma 2.1. For any F € H5/2(S") we have

IF = Folfsen < Cs | FLsF i,
S)’l

where
Fo) = j Fdp,
Sn
and y
C — n,s
1,s G — >

is the optimal constant. Any function F = F ) + F(1), with F(1) such that LsF 1y = A1(£5)F(1), realizes the equal-
ity case.
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Proof. The proof is elementary. With the usual notations, we may write

< n
| FesFan = [ (- FopeoF-Fopdu= Y 5i( ) [ 1Faol
§n s§n k=1 * s§n

n
> él(q—)uF ~ Fioy 22 gny = M (L)IF = Foy 2 g0

because 6k(q1*) is increasing with respect to k € IN. O

The sharp Poincaré constant C; s is a lower bound for Cy s, for any g € (1, g.] if s <n,orany g > 1if s = n.
Indeed, if q # 2, by testing inequality (1.7) with F = 1 + G, where G is an eigenfunction of £ associated
with the eigenvalue A1 (L), it is easy to see that
2 2
"F"Lq(gn) - ||F||LZ($n)
q-2

< Cys JFLSF dy = Cgs€* j G1L5Gy du
sn s$n

£2||Gl ”iZ(S”) ~

as € — 0, which means that
IIGlllfz(Sn) = Al(Ls)Cq,s”Gl”%Z(Sn),
by keeping only the leading order term in €. Altogether, this proves that

1 Kn,s
Cos=2—"=——. (2.1)
s AI(LS) qx — 2

A similar computation, with (1.7) replaced by (1.11) and F = 1 + £G1, shows that

2 |Fl 2
J IF| log(m) dp ~ Cyse J 615Gy dy
s s
as € — 0, so that (2.1) also holds if g = 2. Hence, under the assumptions of Theorem 1.1, inequality (2.1)
holds for any ¢ > 1. In order to establish Theorem 1.1 and Corollary 1.4, we now have to prove that (2.1) is

actually an equality.

2.2 Some Spectral Estimates

Let us start with some observations on the function yj in (1.6). Expanding its expression, we get that

nm+k-1-x)((n+k-2-x)---(n-x)
(k-1+x)(k-2+x)---x

Yi(x) =
for any k > 1. Taking the logarithmic derivative, we find that

RS 1 1

e ];) Bi(x) with Bj(x) := +— (2.2)

ak(X):= 3 1} )
n+j-x j+x

and observe that ay is positive. As a consequence, yf{ < 0 on [0, n] and, from the expression of y;, we read
that yx(n) = 0. Since yk(g) = 1, we know that yk(g) > 1if and only if g > 2. Using the fact that

Y (x)
Yi(x)

Vi) )2 N kil (2j + n)(n - 2x)

_ 2 gl () =
= (@) -l = (Yk(X) S (n+j-x2+x)?

we have y;! (x) > 0, which establishes the convexity of y; on [0, g]. Moreover, we know that

k-1 4

A=) --3

j=0

n+2j’

See Figure 2. Taking these observations into account, we can state the following result.
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Figure 2. The functions x — yx(x) and g — Yk(%) are both convex, and such that y,(5) = 1.

Lemma 2.2. Assume that n > 1. With the above notations, the function

y(z) -1

g ————
q-2

is strictly monotone increasing on (1, co) for any k > 2.

Proof. Letus prove that g — yk(g) is strictly convex with respect to g for any k > 2. Written in terms of x = g,
it is sufficient to prove that
Xyy +2y;, >0 forallx € (0,n),

which can also be rewritten as 5
2 !
ak—ak—;ak>0.

Let us prove this inequality. Using the estimates

k-1

k-1 2 k-1 2
ai:(zﬁf) 2280 ) Bi+ ) B} /3(2)—136—;,30=0,
j=0 j=1 j=0

and 2 ;2 2(n+j)(n + 2j)
2Bop; +:Bj - .Bj - ;:BJ =

T (n-x)(n+j-x)(+x)2

for anyj > 1, we actually find that

T
N

2 1 2 2(n+j)(n +2j)
B~ xalkz].1(n—x)(j+n—x)(j+x)2

forallk > 2,

which concludes the proof. Note that as a byproduct, we also proved the strict convexity of yj for the whole
range x € (0, n). See Figure 2 for a summarization of properties of the spectral functions. O

Proof of Theorem 1.1. We deduce from (1.5) that

IFIZe g = IFI2 gy & ya(2) -1
(sm) ( )SZ q J|F(k)|2dﬂ
q9- 2 k=1 q- 2
§Il
because yo(x) = 1. It follows from Lemma 2.2 that
VFIZ0 sy — IFI2 g 2 () — 1
< : |Fol* d
) kzl 7. =32 Jﬂ wl* dp
= s i 5k(£) J |Faol* dp = fn.s jFLstH-
q« — 2 =1 qx qx— 2
= $n $n
This proves that Cy s < q’(—jz The reverse inequality has already been shown in (2.1). O

Proof of Theorem 1.5. With s € (-n, 0), it turns out that g, defined by (1.4) is in the range (1, 2) and plays the
role of p in (1.12). According to Lemma 2.2, the inequality holds with the same constant for any q € (1, q.),
and this constant is optimal because of (2.1). O
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2.3 An Improved Inequality with a Remainder Term

What we have shown in Section 2.2 is actually that the fractional Sobolev inequality (1.5) is equivalent to the
following improved subcritical inequality.

Corollary 2.3. Assume that n>1, q €[1,2)U(2,4.) if s € (0,n), and q € [1,2) U (2, c0) if s = n. For any
F e H5'2(S™) we have
V10 sy = 122 60y
q-2

*

$n s$n

. IFﬂzq,SF dy < q""’sz jFLSF dy,

where R s is a positive semi-definite operator whose kernel is generated by the spherical harmonics correspond-
ingtok=0and k = 1.

Proof. We observe that

o0

JFRq,sF dy = Z €k J |Fiol? du,

§n k=2 s§n
where ; ,

ye(g) -1 y(@) -1
€ = -
qx — 2 q- 2

is positive for any k > 2 according to Lemma 2.2. O

Equality in (1.7) is realized only when F optimizes the critical fractional Sobolev inequality and, if g < g,
when F(j) = 0 for any k > 2, which is impossible unless F is an optimal function for the Poincaré inequality
of Lemma 2.1. This observation will be further exploited in Section 4.

2.4 Fractional Logarithmic Sobolev Inequalities

Proof of Corollary 1.4. According to Theorem 1.1, we know by (1.7) that

”F”iq(gn) - "FHEZ(SVI) n-s
<
q-2 - 2s

Kn,s J FLgF du
SVI

for any function F € H2(S") and any q € [1,2) U (2, q.) with g, = g.(s) given by (1.4) (and the conven-
tion that g, = oo if s = n). Taking the limit as ¢ — 2 for a given s € (0, n), we obtain that (1.11) holds with

Cs < %Kn, s. The reverse inequality has already been shown in (2.1) written with g = 2. O

Let us comment on the results of Corollary 1.4, in preparation for Section 4. Instead of fixing s and letting
q — 2 as in the proof of Corollary 1.4, we can consider the case g = g.(s) and let s — 0, or equivalently
rewrite (1.5) as

IFIEaigmy = NFI 2y 2 ya(B) -1
< |Faol® d
D L

and take the limit as ¢ — 2. By an endpoint differentiation argument, we recover the conformally invariant
fractional logarithmic Sobolev inequality
Jleog(L)dys n JFfKé)de (2.3)
I FllL2(smy 2
$n $n
asin [4, 6], where the differential operator JC{J is the endpoint derivative of K at s = 0. The equality K|, = L(’)
holds because k,,0 = 1 and X, = Id. More specifically, the right-hand side of (2.3) can be written using the
identities
1 ' 19 n 2
JFKoFdH = JFLoFd# =3 > ak(z) j |Fo|~ du
$n s$n k=0 sn
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with -
1oy
(2=

Inequality (2.3) is sharp, and equality holds if and only if F is obtained by applying any conformal
transformation on $" to constant functions. Finally, let us notice that (2.3) can be recovered as an endpoint
of (1.11) byletting s — 0. The critical case is then achieved as a limit of the subcritical inequalities (1.11). The
optimal constant can be identified, but the set of optimal functions in the limit is larger than in the subcritical
regime, because of the conformal invariance.

Even more interesting is the fact that the fractional logarithmic Sobolev inequality is critical for s = 0 and
q = 2 but subcritical inequalities corresponding to g € [1, 2) still make sense.

Corollary 2.4. Assume thatn > 1 and q € [1, 2). For any F € L?>(S") such that fsn FJC’OF du is finite, we have

IF0ysny ~ IF 12 g0 1
< — | FX)F dyu.
q-2 2 J o™ AHK

$n

As for Corollary 1.4, the proof relies on Lemma 2.2. Details are left to the reader.

3 Stereographic Projection and Weighted Fractional Interpolation
Inequalities on the Euclidean Space

This section is devoted to the proof of Theorem 1.6. Various results concerning the extension of the Caffarelli—
Kohn-Nirenberg inequalities introduced in [9] (see also [20, Theorem 1] in our context) are scattered
throughout the literature, and one can consult for instance [18, Theorem 1.8] for a quite general result
in this direction. However, very little is known so far on optimal constants or even estimates of such con-
stants, except for some limit cases like fractional Sobolev or fractional Hardy—Sobolev inequalities (see, e.g.,
[44]). What we prove here is that the interpolation inequalities on the sphere provide inequalities on the
Euclidean space with weights based on (1 + |x|?) with optimal constants.

Proof of Theorem 1.6. Let us consider the stereographic projection 8, whose inverse is defined by

2x 1- |x|2)

8_1 N Rn Sn, X = s
- a4 (1+|x|2 1+ [x2

with Jacobian determinant |J| = 2"(1 + |x|?)™. Given s € (0, n) and q € (2, q.), and using the conformal
Laplacian, we can rewrite inequality (1.7) as

q

- -2
Flusn - T3 1P gy < =5 ks | FASF g,

. =

s$n

where A and the fractional Laplacian on R" are related by

I3 (AsF) e 87 = ()3 (|7 F o 870).
Then the interpolation inequality (1.7) on the sphere is equivalent to the fractional interpolation inequality
on the Euclidean space

([ i ax)” - 229 [y s I ks | Fif ax

* *
R R? R

by using the change of variables F i f = |J|1/9«F o §~1. The equality case is now achieved only by f = |J|}/9-
forany q € (2, g.), up to a multiplication by a constant, and the inequality is equivalent to (1.13). O
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4 Concluding Remarks

A striking feature of inequality (1.7) is that the optimal constant C, s is determined by a linear eigenvalue
problem, although the problem is definitely nonlinear. This deserves some comments. Let g € [1, 2) U (2, q«)
ifs < nandgq € [1, 2) U (2, co0) if s = n. With Q defined by (1.9) on .7#5/2, the subset of the functions in H/2($")
which are not almost everywhere constant, we investigate the relation
Cqs inf Q[F] =1.
Fesrsl?

Notice that both numerator and denominator of Q[F] converge to O if F approaches a constant, so that Q
becomes undetermined in the limit. As we shall see next, this happens for a minimizing sequence and
explains why a linearized problem appears in the limit.

By compactness of the Sobolev embedding H¥/?(S") — L4($") (see [1, 18] for fundamental properties
of fractional Sobolev spaces, [22, Sections 6 and 7] and [41] for application to variational problems), any
minimizing sequence (Fy)nen for Q is relatively compact if we assume that [ F[lLs(s7) = 1 for any n € N. This
normalization can be imposed without loss of generality because of the homogeneity of Q. Hence (F)nen
converges to a limit F € H¥2(S"). Assume that F is not a constant. Then the denominator in Q[F] is positive
and by semicontinuity we know that

JFLSdes lim JFanFndy.
n—+oo
$n sn

On the other hand, by compactness, up to the extraction of a subsequence, we have that
IFl gy = lim [ Flifagn and  IFIygn = lim [Fallfygn = 1.
Hence F is optimal and solves the Euler—Lagrange equations
(q-2)CqsLsF+F=F11

Using Corollary 2.3, we also get that F lies in the kernel of R s, that is, the space generated by the spherical
harmonics corresponding to k = 0 and k = 1. From the Euler-Lagrange equations, we read that F has to be

a constant. Because of the normalization ||FllLs(sn) = 1, we obtain that F = 1 a.e., a contradiction.

Hence (Fp)nen converges to 1 in H2($"). With g, = |1 - Fy, ls/2(sny and vy := F';;l, we can write that

Fp=1+¢epvy with |vulpsagny =1 foralln € N,

and

lim &, =0.
n—+o0o

On the other hand, (F,,)nen being a minimizing sequence, it turns out that

2
€5(q = 2) |y VaLsvn du
C,L = lim Q[F,] = lim e Jor vntstn —
n—+eo n=re0 |1+ enVallfagny = 11 + EnValliz(gn)

If g > 2, an elementary computation shows that
11+ envalfoign = I+ EnVallfz(gn) = (@ = 2)ER IV = nllfz g0y (1 +0(1)) (4.1)
as n — +oo, where ¥, := j$,, v du, so that

2 VnLsvndu
C,L= lim Q[F,] = lim JS"—SZ"
n—+oo n—+oo ”Vn - Vrl"LZ(Sn)

Details on the Taylor expansion used in (4.1) can be found in Appendix B. When g € [1, 2), we can estimate
the denominator by restricting the integrals to {x € $" : &,|vy| < 3} and Taylor expand ¢ — (1 + t)9 on (3, 3).
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Notice that by F,, being a function in .2#5/2, we know that ||v,, — Vnlli2sny > O for any n € N, so that the
above limit makes sense. With the notations of Section 2.1, we know that

, . VLsv du 25K
s> inf g vEsv du > A1(Ls) = =5

vessi? v — ]7||f2<$n) n-s

according to the Poincaré inequality of Lemma 2.1, which proves that we actually have equality in (2.1) and
determines Cg s.

Additionally, we may notice that (v,)nen has to be a minimizing sequence for the Poincaré inequality,
which means that up to a normalization and after the extraction of a subsequence, v, — V,, converges to
a spherical harmonic function associated with the component corresponding to k = 1. This explains why
we obtain that C4 sA1(Ls) = 1.

The above considerations have been limited to the subcritical range g < g, if s < nand g < +c0 if s = n.
However, the critical case of the Sobolev inequality can be obtained by passing to the limit as ¢ — g, (and
even the Onofri-type inequalities when s = n) so that the optimal constants are also given by an eigenvalue
in the critical case. However, due to the conformal invariance, the constant function F = 1 is not the only
optimal function. At this point it should be noted that the above considerations heavily rely on Corollary 2.3
and, as a consequence, cannot be used to give a variational proof of Theorem 1.1.

Although the subcritical interpolation inequalities of this paper appear weaker than inequalities corre-
sponding to a critical exponent, we are able to identify the equality cases and the optimal constants. We
are also able to keep track of a remainder term which characterizes the functions realizing the optimality of
the constant or, to be precise, the limit of any minimizing sequence and its first order correction. This first
order correction, or equivalently the asymptotic value of the quotient Q, determines the optimal constant and
explains the role played by the eigenvalues in a problem which is definitely nonlinear.

A The Spectrum of the Fractional Laplacian

The standard approach for computing yi in (1.6) relies on the Funk-Hecke formula as it is detailed in
[33, Section 4]. In this appendix, for completeness, we provide a simple direct proof of the expression of y.
For this purpose, we compute the eigenvalues A; = Ax((—A)%/2) of the fractional Laplacian on R", that is,

s Ak
N3 fy = ————f; inR"
(=D0)2fk 1 |x|2)sf" in
for any k € IN. We shall then deduce the eigenvalues of L. This determines the optimal constant in (1.5)
and (1.7) without using Lieb’s duality and without relying on the symmetry of the optimal case in (1.1) as
in [38].
Proposition A.1. Given s € (0, n), the spectrum of the fractional Laplacian is
T(k+ 1) INC))
A((-A)7) = 25— T = 251 (As) = 251 Ap(Ks).
k(( )2) F(k+g) k(As) F(g) k(XKs)

Proof. Using the stereographic projection and a decomposition in spherical harmonics, we can reduce the
problem of computing the spectrum to the computation of the spectrum associated with the eigenfunctions

00 = €O+ ) with z= AP
k k 1+ |X|2

where u = % =2, a= %1 and Ci“) denotes the Gegenbauer polynomials. Let

F© =@ = [ fooe 5 ax

R
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be the Fourier transform of a function f. Since the functions are radial, by the Hankel transform 2! we get
that
2 n
fk (&) = flg Ifk(r _1(2mr|&)radr
(cf. [35, Appendix B.5, p. 578]), where J, is the Bessel function of the first kind.
The Fourier transform of fg = (1 + |x|*>)™ has been calculated, e.g., by E. Lieb in [38, (3.9)-(3.14)] in
terms of the modified Bessel functions of the second kind K, as

2

a2t
N

This is a special case of the modified Weber—Schafheitlin integral formula in [43, Section 13.45]. Using the
expansion of Gegenbauer polynomials, we get

o = (2alé)* 2 Koz (27181).

(5] k= ( 1)+k=l k- 2)r(n 1, k—
) _ n
f® = 1, ; Z ikl — 2j - D)! I(l +12) 0 o (2mrig)rs dr
INE=S] s 1k! ! )
% —2j ( 1)]+k 12k+l er(n 1 + k- y+l
Z Pard ji(k - 2j - D! ©
2“?‘”71? 2m(&)F "
) (2mid) (D),
T T(u+ k) ™
where ;
I(p+ k)
(8 = ZO kTR 271181)' Ky 241(27111)
and
. [2 ]( 1)]+k Iyk- 2]1’*(1‘[ 14 ])
mht: 1. P jik—2j - D!

From the recurrence relation
X(Ky-1 = Kyy1) = -2vK,,

we deduce the identity

F(v+2+k)< ) F(—v+§+k)K 0) =0 forallks 0
chklx< D) Kyi(x m v-1 X))— ora 2

and observe that

Iﬁlk = I’lZ forallk e N

ifu, = % and yu; = % + s, so that u; + up = nand pu; — pp = -s. It remains to observe that
e

___a
F(k+%)' =

'k +
Q&Y = MF (F2(1 4 1x2)5) with Ay = 2°

B A Taylor Formula with Integral Remainder Term

Let us define the function r : R — R such that

1
[1+¢t9=1+qt+ zq(q — D)2 +r(t) forallteR.



DE GRUYTER J. Dolbeault and A. Zhang, Interpolation Inequalities and Fractional Operators on the Sphere =— 877

LemmaB.1. Let q € (2, co). With the above notations, there exists a constant C > 0 such that

3 .
(o) < Cle” ifltl <1,
Cltd ifle) > 1.

This result is elementary but crucial for the expansion of ||F IIfq(S,,) - ||IF ||fz (") around F = 1. This is why we
give a proof with some details, although we claim absolutely no originality for that. Similar computations
have been repeatedly used in a related context, e.g., in [15, 17, 40].

Proof. Using the Taylor formula with integral remainder term

N|

t
0 = 110) + £/ )t + 2" O + 5 [(¢ 57" (5) s
0

applied to f(t) = (1 + t)? with g > 2, we obtain that
1
1+t]9=1+qt+ Eq(q - D2+ (),
where the remainder term is given by

1
r(t) = %(J(q -1)(g -2t I(l - 0)2|% + O‘|q74(% + a)da.
0

Hence the remainder term can be bounded as follows:
(i) Ift>1,usingo < }+0 <1+ 0, we get that

0 <r(t) < cqt?
with

1
1
Cq= Eq(q -1)(g-2) J(l - 0)?max{0?73, (1 + 0)93}do.
0
(i) fo<t<1,using } <1 +0 <2, wegetthat
1
0<r(t) < gq(q —1)(g - 2) max{1, 2973}¢.
see . 1 1 1
(iii) If -1 < t < 0, using 7 < § + 0 < 7 + 1 < 0, we get that
1 3
—gq(q - 1)(g - 2)[t]” <r(t) <O.

(iv) Ift < -1, usingo -1 < % + 0 < 0, we get that

3@~ 1)g-2e <10 < . -

C Notations and Ranges

For the convenience of the reader, this appendix collects various notations which are used throughout this
paper and summarizes the ranges covered by the parameters.

The identity
A= n where =1

p' ’

1
v

S|~
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s 0 2 n

Y\ n n-2 0
2

P 2 gm0 1

p=qg. 2 2  +oo

Table 1. Correspondence of the limiting values of the parameters.

means that

2n
P=nx
With
A=n-s,
we have
p= and p’:q*:z—n.
n+s n-s
The limiting values of the parameters are summarized in Table 1.
The coefficients yix and §x defined by
Ir)r(n —x + k) 1 I'n-x+k) T(n-x)
A ey I L

are such that

(2)= () 1) e xm )T

= s q- I'(n- % B Ty’
We recall that
n n n 1 1
yo(a) -1=0, yl(a) -1=q-2, 5k<—*) =k(k+n-1), — = Zn(n -2).
According to (2.2), we have that
/ k-1
Vi) . 1 1
ar(x) = - = i(x) with Bix)= ——+—
K00 = =255 ];B]() B = o Y x

for any k > 1. With these notations, the eigenvalues of X5, £ and X{, = £ are respectively given by

y"(ﬁ) -ni(* 7 =), ras(ne(® > °)-1), %ak(g)

with -
a(5)=vi(5) = 4;00: +2)7L,

Finally, we recall that X, the fractional Laplacian £ and the conformal fractional Laplacian A satisfy
the relations
Kn,sAs = Ks = Kn,s Ls + 1d.
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