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Abstract: In this paper we consider singular semilinear elliptic equations with a variable exponent whose
model problem is

{
{
{

− ∆u = f(x)
uγ(x)

in Ω,

u = 0 on ∂Ω.

Here Ω is an open bounded set of ℝN , γ(x) is a positive continuous function and f(x) is a positive function
that belongs to a certain Lebesgue space. We prove that there exists a solution to this problem in the natural
energy spaceH1

0(Ω)when γ(x) ≤ 1 in a strip around theboundary. For another case,weprove that the solution
belongs to H1

loc(Ω) and that it is zero on the boundary in a suitable sense.
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1 Introduction
We are concerned with the existence of solutions for the following boundary value problem:

{
{
{

−div(M(x)∇u) = f(x)
uγ(x)

in Ω,

u = 0 on ∂Ω.
(1.1)

Here Ω is an open and bounded subset ofℝN (N ≥ 3),M is a bounded ellipticmatrix, i.e., there exist 0 < α ≤ β
such that

α|ξ|2 ≤ M(x)ξ ⋅ ξ, |M(x)| ≤ β (1.2)

for every ξ ∈ ℝN and for almost every x in Ω, γ(x) ∈ C1(Ω) is a positive function and f(x) is a positive function
that belongs to a certain Lebesgue space.

Problem (1.1) arises in certain problems in fluid mechanics and pseudoplastic flow in dimension N = 1
(see [13]). Regarding the literature, the problem

{
−div(M(x)∇u) = g(x, u) in Ω,
u = 0 on ∂Ω,

has been extensively studied in the past. In [5] Fulks andMaybee considered some singular problems includ-
ing the case g(x, s) = f(x)e1/s or g(x, s) = f(x)sγ for a regular function f(x) and some positive constant γ, and
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they proved the existence of classical solutions for M(x) being the identity matrix. Similar results, with dif-
ferent proofs, were obtained in [4, 16] for a general regular matrixM(x) and a regular function g(x, s), which
is uniformly bounded for s > 1 with lims→0 g(x, s) = +∞ uniformly for x ∈ Ω. Here classical solution means
a C2(Ω) ∩ C0(Ω) solution. Moreover, with less regularity,M uniformly elliptic and g ∈ C(Ω × (0, +∞)), the ex-
istence of W2,q

loc (Ω) ∩ C0(Ω) solution (q > N) was proved in [4]. Furthermore, in the case where g(x, s) does
not depend on x, some estimates for the solutions near the boundary were obtained in [4]. For example, in
the particular case g(s) = 1

sγ with γ > 1 it was proved that the behavior of the solution near the boundary is
like d(x)2/(1+γ), where d(x) denotes the distance to the boundary. Thus, in this case one can not expect C1(Ω)
solutions, but it was proved that the power 1+γ

2 of the solution is Lipschitz continuous in Ω.
In [11] this behavior near the boundary of the solutionwas extended to the case g(x, s) = f(x)uγ for a regular

strictly positive function f (and improved for f that behaves as d(x)δ near the boundary for some δ > −2, in
particular, f may not even be in L1(Ω)), showing that the problem can have a classical solution but not aweak
solution. In fact, they proved that the solution is in W1,2(Ω) if and only if γ < 3. Later on, in [9, 10] these
results were generalized for Ω = ℝN . In [17] Zhang and Cheng studied the case where g(x, s) = f(x)g1(s)with
f Hölder continuous and f(x) ∼ d(x)δ near the boundary for some δ ∈ ℝ. For g1(s) = 1

sγ , they proved that there
is no classical solution for δ ≤ −2 while for δ > −2 there is (which belongs to H1

0(Ω) if and only if γ − 2δ < 3).
Regarding existence and regularity results for the case where g(x, s) = f(x)uγ , for f ∈ L

m(Ω), we refer to the
papers [1–3, 14]. For existence and homogenization results for this kind of problems, we refer to the papers
[6–8].

In [2] Boccardo and Orsina studied problem (1.1) with γ(x) = γ a positive constant and f in a certain
Lebesgue space. They proved some existence and regularity results depending on γ and on the summability
of f . Specifically, they took an increasing sequence un of solutions to nonsingular problems of the form

{{
{{
{

−div(M(x)∇un) =
fn(x)

(un + 1
n )γ

in Ω,

un = 0 on ∂Ω,

where fn(x) = min{f(x), n}. For any ω ⊂⊂ Ω, this sequence satisfies the following property:

un(x) ≥ un−1(x) ≥ ⋅ ⋅ ⋅ ≥ u1(x) ≥ cω > 0 for all x ∈ ω. (1.3)

In order to prove it, they use, strongly, that f/sγ is non increasing for s > 0 and, as a main tool, the strong
maximum principle. Note that (1.3) provides the existence of the limit u = supn un (eventually it may take
infinite values), which is strictly away from zero on any compact set ω of Ω. In addition, (1.3) implies that, on
every such setω, the sequence fn(x)/(un + 1

n )
γ is dominatedbya function that belongs to L1(ω). Thus, in order

to prove that u is a solution in the sense of distributions, Boccardo and Orsina proved some a priori estimates
for un.More precisely, for f ∈ L1(Ω) and γ = 1, they proved an apriori estimate inH1

0(Ω). The samewasproved
in the case γ < 1 but it needed more summability on f , namely f ∈ Lm(Ω) with m = 2N

N+2+γ(N−2) . Finally, for
γ > 1 it is not possible to obtain a priori estimates in H1(Ω) and it was proved that for f ∈ L1(Ω), a convenient
power of un is bounded in H1

0(Ω). In [1], under more restrictive hypothesis on f , Arcoya and Moreno-Mérida
improved themeaning of the boundary condition and obtained energy solutions if f ∈ Lm(Ω)withm > 1 and
1 < γ < 3m−1

m+1 . Recently, Oliva and Petitta [14] considered the same problem adding a nonnegative bounded
Radon measure on the right-hand side, and they established the existence and uniqueness of the solution in
a weak sense and under minimal assumptions on the data.

Giachetti, Martínez-Aparicio and Murat [6] have studied the model problem (1.1) with γ(x) = γ ≤ 1. They
proved some existence, stability and homogenization results without assuming, for a more general nonlin-
earity F(x, s), that it is nonincreasing in the s variable and without using the strong maximum principle in
the proofs of their results. They studied the case γ > 1 in the papers [7] and [8], where the singularity has
a stronger behavior and no global energy estimates are available for the solutions. This makes the problem
harder, in particular from the point of view of homogenization. For this reason, they introduced a convenient
framework where they proved existence, stability, uniqueness and homogenization results.

In the present paper we deal with a variable exponent, andwemay have a region inside Ω where γ(x) ≤ 1
and another region where γ(x) > 1. Some existence and regularity results have been obtained in [3, 6–8] but,
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to our knowledge, the role played by the behavior of γ(x) near the boundary has not been studied. We are
inspired by [2] and we work with approximations, by considering an increasing sequence un of solutions to
nonsingular problems. Our main results here imply that what matters for the a priori estimate of un is the
behavior of γ(x) near the boundary. It will be possible to prove a priori estimates in H1

0(Ω) if γ(x) ≤ 1 for every
x in a strip around ∂Ω and inside Ω. We can see easily in the proof of Proposition 3.1 below how we use the
condition on γ(x) near the boundary to prove the existence result in this case.

In another case, we prove that u(γ
∗+1)/2

n is bounded in H1
0(Ω) for some γ∗ > 1 (see Proposition 3.3), and

if γ(x) ≤ 1 for every x in a strip around Γ ⊂ ∂Ω and inside Ω, then the solutions belongs to

H1
Γ(ω) = {u ∈ H

1(ω) : u|∂ω∩Γ = 0}

for every open set ω ⊂ Ω with ω ⊂ Ω ∪ Γ.
Our main results are the following two theorems.

Theorem 1.1. Let f ∈ L2N/(N+2)(Ω), γ(x) < 1 on ∂Ω or γ(x) ≤ 1 on ∂Ω with ∂γ(x)
∂ne ≥ 0, and assume that (1.2)

holds. Then, there exists a solution u ∈ H1
0(Ω) to problem (1.1).

In order to show the existence of a solution, we will use the fact that γ(x) ≤ 1 for every x in a strip Ωδ around
∂Ω and inside Ω, i.e.,

Ωδ := {x ∈ Ω : dist(x, ∂Ω) < δ} for δ > 0 fixed.

Our hypothesis on γ(x) in Theorem 1.1 guarantees this fact. Note that we can extend the result to functions
γ(x) such that γ(x) < 1 on A ⊂ ∂Ω and γ(x) = 1 on ∂Ω \ A with ∂γ(x)

∂ne ≥ 0 there.

Theorem 1.2. Assume that for some γ∗ > 1 and some δ > 0 we have that ‖γ‖L∞(Ωδ) ≤ γ∗, and that (1.2) holds.
Assume also that f ∈ Lm(Ω) with m = N(γ

∗+1)
N+2γ∗ . Then, there exists a solution u ∈ H1

loc(Ω) to problem (1.1) such
that u(γ∗+1)/2 ∈ H1

0(Ω). Furthermore, if there exists Γ ⊂ ∂Ω such that γ(x) ≤ 1 in the set {x ∈ Ω : dist(x, Γ) < ν}
for some ν > 0, then u ∈ H1

Γ(ω) for every open set ω ⊂ Ω with ω ⊂ Ω ∪ Γ.

We observe that if p = ‖γ‖L∞(Ω), then f(x)
uγ(x)
≤ f(x)( 1

up
+ 1).

In the casewhereM(x) is the identitymatrix, [3, Theorem2.5] dictates that if p = 1 and f ∈ Lm(Ω)with 1 ≤ m,
then (1.1) admits a solution u ∈ H1

0(Ω). On the other hand, if p > 1, then (1.1) admits a solution u ∈ H1
loc(Ω)

with u(p+1)/2 ∈ H1
0(Ω). In both cases it is proved that c ⋅ dist(x, ∂Ω) ≤ u(x) for almost every x ∈ Ω and for some

positive constant c.
The plan of the paper is the following. We dedicate Section 2 to several aspects, we consider the approx-

imated problems, we prove the existence of the approximated solutions in H1
0(Ω) and we show (1.3) as in

[2]. We prove the keystones of the existence results in Section 3, namely Proposition 3.1 and Proposition 3.3.
Section 4 is devoted to passing to the limit in the approximated problem using all the properties that we have
proved in the previous sections.

Notations. ∙ For every s ∈ ℝ, we consider the positive and negative parts given by s+ = max{s, 0} and
s− = min{s, 0}, respectively.

∙ For any k > 0, we set Tk(s) = min(k, max(s, −k)) and Gk(s) = s − Tk(s).
∙ We define the set Ωδ := {x ∈ Ω : dist(x, ∂Ω) < δ} for δ > 0 fixed.
∙ We denote by |E| the Lebesgue measure of a measurable set E inℝℕ.
∙ For 1 ≤ p ≤ +∞, ‖u‖p denotes the usual norm of a function u ∈ Lp(E).
∙ We equip the standard Sobolev space H1

0(E) with the usual norm ‖u‖ = (∫E|∇u|
2)1/2.

∙ For any 1 < p < N, p∗ = Np
N−p denotes the Sobolev conjugate exponent of p.

∙ S denotes the best Sobolev constant, i.e.,

S = sup
‖u‖H10 (Ω)=1 ‖u‖L2∗ (Ω).

∙ We recall that, for 1 < p < ∞, the dual space of Lp(Ω) can be identifiedwith Lp� (Ω), where p� = p
p−1 is the

Hölder conjugated exponent of p.
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2 Preliminary Results
In order to deal with (1.1), as was pointed out in the introduction, we follow closely the approximate scheme
of [2]. Thus, we consider the following approximating problems:

{{
{{
{

−div(M(x)∇un) =
fn(x)

(un + 1
n )γ(x)

in Ω,

un = 0 on ∂Ω,
(2.1)

where fn(x) = Tn(f(x)). We will give sufficient conditions to assure that, for every n ∈ ℕ, un is well defined,
belongs to H1

0(Ω) ∩ L∞(Ω) and the sequence un has a limit uwhich turns out to be a solution to problem (1.1)
in the sense of the following definition.

Definition 2.1. We say that u ∈ H1
loc(Ω) is a positive solution for (1.1) if u > 0 almost everywhere in Ω,

f(x)
uγ(x)
∈ L1loc(Ω)

and
∫
Ω

M(x)∇u∇ϕ = ∫
Ω

f(x)
uγ(x)

ϕ (2.2)

for every ϕ ∈ C10(Ω).

The next two lemmas, whose proofs follow as in [2], assure the existence of un and that un is uniformly
bounded from below in compact sets of Ω. We include here the proofs for convenience of the reader.

Lemma 2.2. Problem (2.1) has a nonnegative solution un ∈ H1
0(Ω) ∩ L∞(Ω).

Proof. For every fixed n ∈ ℕ we can deduce the existence of un by means of the Schauder’s fixed point the-
orem applied to the operator S : L2(Ω) → L2(Ω) defined by S(v) = w ∈ H1

0(Ω) for every v ∈ L2(Ω), where w is
the unique solution of (see [12])

{{
{{
{

−div(M(x)∇w) = fn(x)
(|v| + 1

n )γ(x)
in Ω,

w = 0 on ∂Ω.

Since γ(x) ∈ C1(Ω) we can define γ∗ = ‖γ(x)‖L∞(Ω). Taking w as test function and using (1.2), Poincaré’s
and Hölder’s inequalities, we have

αλ1 ∫
Ω

w2 ≤ α∫
Ω

|∇w|2 ≤ ∫
Ω

M(x)∇w∇w = ∫
Ω

fn(x)w
(|v| + 1

n )γ(x)
≤ nγ∗+1 ∫

Ω

|w| ≤ nγ∗+1|Ω|1/2(∫
Ω

|w|2)
1/2
.

In particular, a ball of large enough radius remains invariant for S. Moreover, from the compact embedding
of H1

0(Ω) in L2(Ω), we deduce that S is continuous and compact on L2(Ω). Thus, we can use Schauder’s fixed
point theorem to prove the existence of un ∈ H1

0(Ω) solving the following problem:

{{
{{
{

−div(M(x)∇un) =
fn(x)

(|un| + 1
n )γ(x)

in Ω,

un = 0 on ∂Ω.

Now, taking u−n as test function, using (1.2) and taking into account that
fn(x)

(|un |+ 1n )γ(x) ≥ 0, we get
α∫
Ω

|∇u−n |2 ≤ ∫
Ω

M(x)∇un∇u−n = ∫
Ω

fn(x)
(|un| + 1

n )γ(x)
u−n ≤ 0.

Therefore, u−n ≡ 0 and in particular, un ≥ 0 and solves (2.1). As the right-hand side of (2.1) belongs to L∞(Ω),
we can use [15, Theorem 4.2] to deduce that un belongs to L∞(Ω).
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Lemma 2.3. The sequence un is increasing with respect to n, un > 0 in Ω and, for every ω ⊂⊂ Ω, there exists
cω > 0 (independent on n) such that

un(x) ≥ cω > 0 for every x ∈ ω and every n ∈ ℕ. (2.3)

Proof. Observe that taking (un − un+1)+ as test function in the equations satisfied by un and un+1 and sub-
tracting, and then taking into account (1.2) and that 0 ≤ fn(x) ≤ fn+1(x), we get that

α∫
Ω

|∇(un − un+1)+|2 ≤ ∫
Ω

M(x)∇(un − un+1)∇(un − un+1)+

≤ ∫
Ω

fn+1(x)(
1

(un + 1
n+1 )γ(x)

−
1

(un+1 + 1
n+1 )γ(x)

)(un − un+1)+

≤ 0.

The last inequality is due to the fact that fn+1(x) ≥ 0, (un − un+1)+ ≥ 0 and

(
1

(un + 1
n+1 )γ(x)

−
1

(un+1 + 1
n+1 )γ(x)

) ≤ 0 in {x ∈ Ω : un(x) ≥ un+1(x)}.

Therefore, (un − un+1)+ ≡ 0, and thus
un ≤ un+1. (2.4)

On the other hand, we know that

∫
Ω

M(x)∇u1∇ϕ = ∫
Ω

f1(x)
(u1 + 1)γ(x)

ϕ ≥ ∫
Ω

f1(x)
(‖u1‖L∞(Ω) + 1)γ(x)

ϕ,

and since
f1(x)

(‖u1‖L∞(Ω) + 1)γ(x)
̸≡ 0,

we deduce, using the strong maximum principle, that u1 > 0 in Ω. Thus, u1(x) ≥ cω > 0 for every x ∈ ω and
every n ∈ ℕ. By (2.4) the proof is completed.

Due to [15], we can prove easily that if f ∈ Lm(Ω) for some m > N2 , then the sequence of solutions of the
approximated problem (2.1) is bounded in L∞(Ω), being an estimate independent on γ(x).

Lemma 2.4. Let f ∈ Lm(Ω) for some m > N2 . The sequence {un} of solutions of problem (2.1) is bounded in
L∞(Ω), i.e., there exists C > 0 independent of n and γ(x) with

‖un‖∞ ≤ C for all n ∈ ℕ.

Proof. To prove an a priori estimate in L∞(Ω), let k > 1, we take ϕ = Gk(un) as test function in (2.1) and using
(1.2) we obtain

α∫
Ω

|∇Gk(un)|2 ≤ ∫
Ω

M(x)∇Gk(un)∇Gk(un) = ∫
Ω

fn(x)
(un + 1

n )γ(x)
Gk(un).

Using the fact that un + 1
n ≥ k ≥ 1 on the set {un ≥ k}, where Gk(un) ̸= 0, we deduce that

α∫
Ω

|∇Gk(un)|2 ≤ ∫
Ω

f(x)Gk(un).

Now, by Stampacchia’s method [15], from the last inequality follows the existence of C > 0 such that

‖un‖∞ ≤ C,

where the constant C does not depend on γ(x).
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3 Estimates in the Sobolev Space
In this section we prove some properties that we will need in the proofs of the main results.

Observe that we only need γ(x) ≤ 1 near the boundary in order to prove the following proposition.

Proposition 3.1. Let f ∈ L2N/(N+2)(Ω) and assume that there exists δ > 0 with γ(x) ≤ 1 in Ωδ and that (1.2)
holds. Then, the sequence {un} of solutions of the problem (2.1) is bounded in H1

0(Ω), i.e., there exists C > 0,
independent of n, with

‖un‖H1
0(Ω) ≤ C for all n ∈ ℕ.

Remark 3.2. In order to show the existence of a solution, we will use the fact that γ(x) ≤ 1 for every x in a
strip around ∂Ω and inside Ω. Our hypothesis on γ(x) in Theorem 1.1 guarantees this fact. Note that we can
extend the result to functions γ(x) such that γ(x) < 1 on A ⊂ ∂Ω and γ(x) = 1 on ∂Ω \ A with ∂γ(x)

∂ne ≥ 0 there.

Proof. Let us denote ωδ = Ω \ Ωδ and recall that un ≥ cωδ in ωδ, where 0 < cωδ is given by Lemma 2.3. Thus,
taking un as test function in (2.1) and using (1.2), it follows that

α∫
Ω

|∇un|2 ≤ ∫
Ω

M(x)∇un∇un

= ∫

Ωδ

fn(x)
(un + 1

n )γ(x)
un + ∫

ωδ

fn(x)
(un + 1

n )γ(x)
un

≤ ∫

Ωδ

f(x)u1−γ(x)n + ∫
ωδ

f(x)
cγ(x)ωδ

un

≤ ∫

Ωδ∩{un≤1}

f(x) + ∫

Ωδ∩{un≥1}

f(x)un + ∫
ωδ

f(x)
cγ(x)ωδ

un

≤ ‖f ‖L1(Ω) + (1 + ‖c
−γ(x)
ωδ ‖L∞(Ω)) ∫

Ω

f(x)un .

Using Hölder’s and Sobolev’s inequalities, we deduce that

α‖un‖2H1
0(Ω)
≤ ‖f ‖L1(Ω) + S(1 + ‖c

−γ(x)
ωδ ‖L∞(Ω))‖f ‖L2N/(N+2)(Ω)‖un‖H1

0(Ω),

and this implies the existence of C > 0 such that

‖un‖H1
0(Ω) ≤ C for all n ∈ ℕ.

Hence, we conclude that the sequence un is bounded in H1
0(Ω).

In the following result we only need to assume that γ(x) > 1 in Γ ⊂ ∂Ω.

Proposition 3.3. Assume that for some γ∗ > 1 and δ > 0 we have that ‖γ‖L∞(Ωδ) ≤ γ∗ and that (1.2) holds. As-
sume also that f ∈ Lm(Ω) with m = N(γ

∗+1)
N+2γ∗ . Then, u(γ

∗+1)/2
n is bounded in H1

0(Ω) and un is bounded in H1
loc(Ω).

Moreover, if for some Γ ⊂ ∂Ω we have that γ(x) ≤ 1 in the set {x ∈ Ω : dist(x, Γ) < δ}, then un is bounded in
H1
Γ(ω) for every open set ω ⊂ Ω with ω ⊂ Ω ∪ Γ.

Remark 3.4. We point out that m = N(γ
∗+1)

N+2γ∗ tends to 2N
N+2 if γ

∗ → 1 and tends to N
2 if γ∗ →∞.

Proof. We take uγ
∗
n as test function in (2.1), and then from (1.2) and Lemma 2.3 we obtain

4γ∗α
(γ∗ + 1)2

∫
Ω

!!!!∇u
(γ∗+1)/2
n

!!!!
2 = γ∗α∫

Ω

|∇un|2u
γ∗−1
n

≤ ∫

Ωδ

f(x)uγ
∗−γ(x)
n + ∫

ωδ

f(x)
cγ(x)ωδ

uγ
∗
n
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≤ ‖f ‖L1(Ω) + (1 + ‖c
−γ(x)
ωδ ‖L∞(Ω)) ∫

Ω

f(x)(u(γ
∗+1)/2

n )2γ
∗/(γ∗+1)

≤ ‖f ‖L1(Ω) + S(1 + ‖c
−γ(x)
ωδ ‖L∞(Ω))‖f ‖Lm(Ω)""""u

(γ∗+1)/2
n

""""H1
0(Ω)

.

This completes the first part. Observe that the Sobolev embedding implies that un is also bounded in
L2∗(γ∗+1)/2(Ω).

In order to prove that un is bounded inH1(ω) for everyω ⊂⊂ Ωwe followclosely [2]. In fact, a careful anal-
ysis of theproof allowus toprove that if for some Γ ⊂ ∂Ωwehave that γ(x) ≤ 1 in the set {x ∈ Ω : dist(x, Γ) < δ},
then un is bounded in H1

Γ(ω) for every open set ω ⊂ Ω with ω ⊂ Ω ∪ Γ. Indeed, we take ϕ ∈ C1(Ω) with
suppϕ ⊂ Ω if γ(x) > 1 on ∂Ω and suppϕ ⊂ Ω ∪ Γ otherwise.

We use the notation Ω∗ = {ϕ ̸= 0} and Ω∗
δ,Γ = {x ∈ Ω

∗ : dist(x, ∂Ω∗ ∩ Γ) < δ}. Recall that Ω∗
⊂ Ω ∪ Γ, and

thus ωδ,Γ ≡ Ω∗ \ Ω∗
δ,Γ is compactly embedded in Ω and γ(x) ≤ 1 in Ω∗

δ,Γ.
Taking unϕ2 as test function, then by (1.2) and Lemma 2.3, we obtain

α∫
Ω

|∇un|2ϕ2 + 2∫
Ω

M(x)unϕ∇un∇ϕ ≤ ∫
Ω

fn(x)unϕ2

(un + 1
n )γ(x)

≤ ∫

Ω
∗
δ,Γ

f(x)u1−γ(x)n ϕ2 + ∫
ωδ,Γ

f(x)unϕ2

cγ(x)ωδ,Γ

≤ ∫

Ω
∗
δ,Γ∩{un≤1}

f(x)ϕ2 + ∫

Ω
∗
δ,Γ∩{un≥1}

f(x)unϕ2 + ∫
ωδ,Γ

f(x)unϕ2

cγ(x)ωδ,Γ

≤ ‖fϕ2‖L1(Ω) + (1 + ‖c
−γ(x)
ωδ,Γ ‖L∞(Ω)) ∫

Ω

f(x)unϕ2.

Using Young’s inequality and (1.2), we also have that

2∫
Ω

M(x)unϕ∇un∇ϕ ≥ −2β∫
Ω

|unϕ||∇un||∇ϕ| ≥ −
α
2 ∫
Ω

|∇un|2ϕ2 −
2β2
α ∫

Ω

|∇ϕ|2u2n .

Combining both inequalities and taking into account that m ≥ (2
∗(γ∗+1)

2 )� ≡ s� yields

α
2 ∫
Ω

|∇un|2ϕ2 ≤ ‖fϕ2‖L1(Ω) + (1 + ‖c
−γ(x)
ωδ,Γ ‖L∞(Ω))‖ϕ2‖L∞(Ω)‖f ‖Ls� (Ω)‖un‖Ls(Ω) + 2βα ‖|∇ϕ|2‖L∞(Ω)‖un‖2L2(Ω),

which allow us to complete the proof using that s > 2 and the fact that ‖un‖L2(Ω) and ‖un‖Ls(Ω) are bounded
sequences.

4 Proof of the Main Results
In this section we pass to the limit in the approximated problem (2.1).

Proof of Theorem 1.1. Since un is bounded in H1
0(Ω), then by Proposition 3.1, up to a subsequence, un ⇀ u

for some u ∈ H1
0(Ω). Thus, un → u strongly in Lt(Ω) with t < 2∗ and un(x) → u(x) almost everywhere in Ω.

Therefore, we have

lim
n→+∞

∫
Ω

M(x)∇un∇ϕ = ∫
Ω

M(x)∇u∇ϕ for every ϕ ∈ C10(Ω).

Using that un satisfies (2.3), we can state, on the set where {un ≥ cω} and ϕ ̸= 0, that

0 ≤
!!!!!!!

fn(x)ϕ
(un + 1

n )γ(x)
!!!!!!!
≤ ‖ϕc−γ(x)ω ‖L∞(Ω)f(x) for every ϕ ∈ C10(Ω).
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Using now the dominated Lebesgue’s theorem, we conclude that

lim
n→+∞

∫
Ω

fn(x)
(un + 1

n )γ(x)
= ∫
Ω

f(x)
uγ(x)

ϕ.

Therefore, we have proved that un → u satisfies

∫
Ω

M(x)∇u∇ϕ = ∫
Ω

f(x)
uγ(x)

ϕ for every ϕ ∈ C10(Ω).

Proof of Theorem 1.2. The first part of the proof follows exactly as the previous one using Proposition 3.3
instead of Proposition 3.1.

Observe that, for the second part of the theorem, since u(γ
∗+1)/2

n is bounded in H1
0(Ω), we have that

u(γ∗+1)/2 ∈ H1
0(Ω). Analogously, if there exists Γ ⊂ ∂Ω such that γ(x) ≤ 1 in the set {x ∈ Ω : dist(x, Γ) < ν} for

some ν > 0, then un is bounded in H1
Γ(ω), and thus u ∈ H

1
Γ(ω) for every open set ω ⊂ Ω with ω ⊂ Ω ∪ Γ.
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