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Abstract

We consider a nonlinear parametric Robin problem driven by the p-Laplacian. We assume
that the reaction exhibits a concave term near the origin. First we prove a multiplicity
theorem producing three solutions with sign information (positive, negative and nodal)
without imposing any growth condition near +oco on the reaction. Then, for problems with
subcritical reaction, we produce two more solutions of constant sign, for a total of five
solutions. For the semilinear problem (that is, for p = 2), we generate a sixth solution
but without any sign information. Our approach is variational, coupled with truncation,
perturbation and comparison techniques and with Morse theory.
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1 Introduction

Let Q c RY be a bounded domain with a C?>-boundary 4Q. In this paper we study the
following nonlinear parametric Robin problem:

—Apu(z) = f(z,u(z), A) inQ,

0

P
" () + B u(z) = 0 on 6Q. (P2)
P

on
Here A, denotes the p-Laplacian differential operator defined by
Apu = div (|Dul?>Du) for all u € WP(Q), 1 < p < co.
Also 597” denotes the nonlinear boundary derivative defined by
P

gu = |Dul’~>(Du, n)gv for all u € WHP(Q),
ony,
with n(z) being the outward unit normal at z € Q.

The reaction f(z, x, 1) is a Carathéodory function of (z, x) € Q X R (that is, for all x € R
and all 2 > 0, the mapping z — f(z, x, 4) is measurable, while for almost all z € Q and
all 4 > 0, the application x — f(z, x, 1) is continuous) and A > 0 is a parameter, which
may enter in the reaction in a nonlinear fashion. Our hypotheses on f(z, x, 1) imply the
presence of a concave term near the origin (that is, a term exhibiting (p — 1)-superlinear
growth near zero). In the second multiplicity theorem (see Theorem 4.1), we also assume
that x — f(z, x, 1) exhibits (p — 1)-superlinear growth near +co but without satisfying the
usual in such cases Ambrosetti-Robinowitz condition (AR-condition for short). So, in the
second multiplicity theorem of this work, we have the combined effects of concave and
convex nonlinearities. In fact, a special case of our reaction is the function

fzx, ) = f(x, ) = Ax|72x + | >x

with 4 > 0 and

Np .
. v UHp<N
1<q<p<r<p={i’o<l)’ N < p

Such reactions were first considered by Ambrosetti, Brezis and Cerami [4] in equations
driven by the Dirichlet Laplacian and by Garcia Azorero, Manfredi and Peral Alonso [12]
in equations driven by the Dirichlet p-Laplacian. Both works focus on positive solutions
and prove bifurcation-type results for them. Multiplicity results for Dirichlet equations
driven by the p-Laplacian and with concave terms, were also proved by Gasinski and Pa-
pageorgiou [15], Guo and Zhang [17] and Motreanu, Motreanu and Papageorgiou [23].
All the aforementioned works consider forms of the reaction in which the parameter enters
linearly.

Recently Papageorgiou and Ridulescu [26] studied a different class of coercive para-
metric Robin problems without concave terms in the reaction and proved multiplicity the-
orems providing sign information for all the solutions. Bifurcation phenomena for the
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positive solutions of nonlinear Robin problems like (P,), were proved in the very recent
work of Papageorgiou and Réddulescu [27]. Yet another class of parametric p-Laplacian
Robin problems, were studied by Duchateau [9], who obtained two nontrivial solutions,
but with no sign information. We also refer to Ahmad [1] and Ahmad, Lazer and Paul
[2] for pioneering contributions to the qualitative theory of nonlinear partial differential
equations of elliptic type.

Our approach is variational based on the critical point theory, combined with suitable
truncation, perturbation and comparison techniques and Morse theory (critical groups). In
the next section, for the convenience of the reader, we briefly review the main mathematical
tools that we will use in the sequel.

2 Mathematical background

Let X be a Banach space and X* its topological dual. By (-, -) we denote the duality brackets
for the pair (X, X*). Given ¢ € C'(X), we say that ¢ satisfies the “Cerami condition” (the
C-condition for short), if the following holds:

“Every sequence {u,},>1 € X such that {¢(u,)},>1 € R is bounded and
(1 + llualDg’ (1) — 0in X* as n — oo,
admits a strongly convergent subsequence.”

This is a compactness-type condition on the functional ¢, which compensates for the
fact that the ambient space X need not be locally compact (in general, X is infinite dimen-
sional). It allows us to prove a deformation theorem and from it to derive the minimax
theory for the critical values of ¢. Prominent in that theory, is the so-called “mountain pass
theorem”, due to Ambrosetti and Rabinowitz [5]. Here we state the result in a slightly more
general form (see Gasinski and Papageorgiou [13]).

Theorem 2.1 Assume that ¢ € C'(X) satisfies the C-condition, ug, u, € X, |lu1 — uoll > p >
0,

max{e(uo), p(u1)} < infleu) : |lu — uoll = pl = 1,,
and ¢ = inlf(r)na)i e(y®) withT = {y € C([0, 1], X) : ¥(0) = ug, y(1) = u}. Then ¢ > n, and
yel 0<t<

c is a critical values of .

In this paper, we will be dealing with the Sobolev space W'P(Q) and with the Banach
space C'(Q). By || - || we denote the norm of W'?(Q) given by

1/p
el = [Ilally + 1Dully]™ for all u € WP ().

The Banach space C'(Q) is an ordered Banach space, with positive cone

C,={ueC'(Q):u)>0forall z € Q).
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This cone has a nonempty interior given by
intC, ={ueC, :uz)>0forall z € Q}.

On 0Q we consider (N — 1)-dimensional Hausdorft (surface) measure denoted by o (-).
Using this measure, we can define the Lebesgue spaces L*(0Q2), 1 < s < oo. From the
theory of Sobolev spaces, we know that there exists a unique continuous, linear map vy :
WIP(Q) — LP(6Q), known as the trace map, such that yo(u) = ulyq for all u € WP(Q) N
C(ﬁ). Moreover, 7y is compact and imyy = W#”’((')Q) (% + # = 1), keryy = W(;’p(Q). In
the sequel, for the sake of notational simplicity, we drop the use of the trace map yy. It is
understood that all restrictions of the Sobolev functions u € W'P(Q) on dQ, are defined in
the sense of traces.
On the boundary weight function S(-), we impose the following conditions:

H(PB) : B e C*0Q) with0 < a < 1 and B(z) > 0 for all z € 4Q, B # 0.
Let fp : QxR — Rbe a Carathéodory function satisfying a subcritical growth condition
in the x € R variable, that is,

lfo(z, 0)| < ap(z)(1 + |x"") fora.a. z € Q, all x € R,

N ifp< N
withag € L%(Q), 1 <r<p* =4 N-p _P
+oo if N <p.

Let Fo(z,x) = fox fo(z, s)ds and consider the C'-conditional ¢y : W!'?(Q) — R defined
by

1 1
wo(u) = —||Du||£ + — f B@)ulPdo — f Fo(z, u)dz for all u € WHP(Q).
p P Joa Q
The next result can be found in Papageorgiou and Réadulescu [26].

Proposition 2.1 Assume that ug € W'P(Q) is a local C'(Q)-minimizer of o, that is, there
exists po > 0 such that

wo(up) < @olug + h) forall h € C'(Q) with ||h||C,(5) < po-

Then uy € Cl’T(ﬁ) for some T € (0,1) and ug is also a local W'P(Q)-minimizer of @, that
is, there exists p; > 0 such that

©o(uo) < @o(ug + h) for all h € WHP(Q) with ||h]| < py.

Let A : Wh?(Q) — W'P(Q)* be the nonlinear map defined by
(A(w),y) = f |DulP~%(Du, Dy)gndz for all u,y € WP(Q).
Q

From Papageorgiou and Kyritsi [25, p. 314], we have:

Proposition 2.2 The map A : W'P(Q) — W'P(Q)* defined above is bounded (that is,
maps bounded sets to bounded sets), demicontinuous, maximal monotone and of type (S )+

(that is, if u, 5 uin WP(Q) and lim sup (A(u,), u, — u) < 0, then u, — u in whe(Q)).

n—oo



Nonlinear parametric Robin problems with combined nonlinearities 719

Let X be a Banach space and ¢ € C'(X), ¢ € R. We introduce the following sets:
o={ueX:pu)<ch K, ={ueX:¢'u =0}, K;:{ueKw:cp(u)zc}.

For every topological pair (Y1, Y>) with Y; € Y> C X and every integer k > 0, by Hi(Y>, Y1)
we denote the kth singular homology group with integer coefficients. Then given an isolated
u € K, the critical groups of ¢ at u are defined by

Ci(p,u) = Hi (¢ N U, ¢ N U\{u}) for all integers k > 0,

where U is a neighborhood of u such that K, N ¢“ N U = {u}. The excision property of
singular homology, implies that the above definition is independent of the particular choice
of the neighborhood U.

Letp € C 1(X) and assume that ¢ satisfies the C-condition and —co < inf ¢(K,). The
critical groups of ¢ at infinity, are defined by

Cr(p, 0) = Hi(X, ¢°) for all integers k > 0,

where ¢ < inf ¢p(K,). The second deformation theorem (see, for example, Gasinski and
Papageorgiou [13, p. 628]), implies that the above definition is independent of the choice
of the level c.

Suppose that K, is infinite and define

M(t,u) = Z rank C(g, u)* forall € R, all u € K,
k>0

P(t, ) = Z rank Ci(, 00)t* for all £ € R.
k=0
The Morse relation establishes that
Z M(t,u) = P(t,00) + (1 + )Q(¢t) for all t € R, 2.1

uek,

where Q(t) = Y, it is a formal series in t € R, with nonnegative integer coefficients ;.
k=0

Finally, let us fix our notation. Given x € R, we set x* = max{+x,0}. Then for
u € Whr(Q), we define u*(-) = u(-)* and we have

wWeWW Q) u=u"—u, lul=u"+u.

By | - |v we denote the Lebesgue measure on RY, by | - | the norm of RY and by (-, -)gv
the inner product of R Ifu,ve WhP(Q)and v < u, by [v, u] we denote the order interval
defined by

v,u] = {y € W(Q) : v(z) < y(z) < u(z) a.e in Q).

Given a measurable function i : Q X R — R (for example, a Carathéodory function),
we define
Nuw)(-) = h(-, u(-)) for all u € WHP(Q),

the Nemytskii operator corresponding to /4. Evidently, the application z +— N, (1)(z) is
measurable.
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3 Multiple solutions for reactions of arbitrary growth

In this section, we prove a multiplicity theorem (a three solutions theorem) for problem
(P,), providing sign information for all the solutions, without imposing a subcritical growth
restriction on f(z, -, 4). In fact, the behavior of x — f(z, x, 1) near +oo is irrelevant in our
analysis. More precisely, our hypotheses on the reaction f(z, x, 1) are the following:

Hy . f 1 QXRX(0,00) — Ris a function such that fora.a. z€ Q,all 1 > 0, f(z,0,1) =0
and

@) forall A > 0, (z,x) — f(z, x, ) is a Carathéodory function;
@{1) 1f(z, x, V| < a(z, D) + ¥(|x]) for a.a. z € Q, all x € R, with a(-, 1) € L*(Q),,

llaC-, Dlle = 0as 1 — 07,

9(r) > Oforall r > 0, r —> 9¥(r) is bounded on bounded sets of (0, c0) and lir(r)1+ LIG

T
0;

(iii) if F(z,x, ) = fox f(z, s, )ds, then there exist ¢ = g(1) € (1,p) and 69 = dp(4),
co = co(Ad) > 0 such that

qF(z,x, ) = f(z,x, D)x = colx|? for a.a. z € Q, all x| < .

Remark. Evidently hypothesis H|(iii) implies the presence of a concave nonlinearity near
zero. We stress that the growth of x — f(z, x, 4) near +oo can be arbitrary (see hypothesis
H (i0)).

Examples. The following functions satisfy hypotheses H;. For the sake of simplicity we
drop the z-dependence:

fila D) = Axx+ x| xwithl <g<p<r<oo
D= Alx|9%x if x| <1 1
Hx, ) = 1 [le”_zx N lef‘zx] el > 1 with1 <g,7 < p

e if |x] < p(2)
S, ) = { [xI""2x + £) if x| > p(2)

with 1 < g < p,r, p() € (0,1) for all A > 0,p(1) — 0* as 1 — 0* and &) = p()?~! —
p .

First we produce two nontrivial solutions of constant sign.

Proposition 3.1 If hypotheses H(B) and H, hold, then there exists A* > 0 such that for all
A € (0, 2") problem (P,) admits two nontrivial solutions of constant sign

uy € intC, and vy € —int C,..



Nonlinear parametric Robin problems with combined nonlinearities 721
Proof. We consider the following auxiliary Robin problem

P
—Ape() = 1in Q, a—e +B@)e" = 00ondQ, e > 0. (3.2)
np

Let 7 : W'P(Q) — R be the locally Lipschitz functional defined by

1 A TR |
n(w) = =1Dully + =llu|l} + = f B do — f (u")dz
p p P Joa Q
for all u € WP (Q).

Using Young’s inequality with € > 0 (see, for example, Gasinski and Papageorgiou [13,
p- 913]), we have

1 T
W'(2) < <u*(2)” + — with € > 0 and with — + — = 1.
p €p pp

Therefore we have

1
ep’

1 1 € 1 _ 1, _
n(u) > —|[Du*|l + —f B do — —|lu*|l, + =D |l + —llu” |l — —I1Qly.
p P Jso p p p

Let A, > 0 be the principal eigenvalue of the negative Robin p-Laplacian (see Papa-
georgiou and Rédulescu [26]). Choosing € € (0, A1), we have
. 1, _ 1
n(w) = Eollu™|I” + —[lu"|I” — —|Qy for some & > 0
P €p

= 7(-) is coercive.

Also, using the Sobolev embedding theorem and the compactness of the trace map we see
that n7 is sequentially weakly lower semicontinuous. So, by the Weierstrass theorem we can
find e € W'P(Q) such that

n(e) = inf[p(v) : v e WH(Q)]. (3.3)

Let i1, be the positive LP-normalized (that is, ||#]|, = 1) principal eigenfunction of the
negative Robin p-Laplacian. We know that &t; € intC, (see Papageorgiou and Radulescu
[26]). We have

N [N A A
n(tin) = ;/11 = flliny |y (recall [|& ||, = 1).
Choosing ¢ € (0, 1) small, we see that

n(tiy) < 0 (recall p > 1)
= 1n(e) <0 =n(0) (see (3.3)), hence e # 0.

From (3.3) we have
0 € dn(e)
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with 9 denoting the subdifferential in the sense of Clarke [7] of the locally Lipschitz func-
tional n(-). From Clarke [7, p. 39] we have

(A(e), hy — f (e)" 'hdz + f B hdo < f Xie=0)(2)hdz (3.4)
Q o0Q Q
for all A € WHP(Q).
In (3.4) we choose h = —e~ € WHP(Q). We obtain
lle”]IP =0, hence e > 0, e # 0.

Then (3.4) becomes
(A(e), h) + f B(2)e? hdo < f hdz for all h € W'P(Q),
oQ Q
= (Ale),h) + ﬁ(z)e”flhda' = f hdz for all h € Wl’p(Q). 3.5)
oQ Q

Let (-, -), denote the duality brackets for the pair (W=7 (Q), Wé’p (Q)) (recall Wé Q) =
WP (Q), zla + pi = 1). From the representation theorem for the elements of W17 (Q) (see,
for example, Gasinski and Papageorgiou [13, p. 212]), we have

Ape € W (Q).
Using integration by parts, we have

(A(e), hy = (~Aype. h>0 for all h € Wy (Q) € WP (Q).

Using this equality in (3.5) and recalling that A3 = O for all i € Wé’p(Q) we have

(~Ape.h), = f hdz for all h € Wy"(€),
Q
= -—Ape(zr) =1foraa.z€Q. (3.6)

We can apply the nonlinear Green’s identity (see, for example, Gasinski and Papageor-
giou [13, p. 210]) and obtain

Oe

(A(e), hy + f(A,,e)hdz = <— h> for all h e W'P(Q), (3.7)
Q oy o

where by (-, -)5q we denote the duality brackets for the pair (Wﬁﬁ”’ '(0Q), WP (6!2)). Re-
turning to (3.5) and using (3.7), we have

d
- f (Ape)hdz+<—e,h> + | P@e’ ' hdo = f hdz
Q 3”p 50 0Q Q
for all h € WP (Q),

<£, h> + B()e’ ' hdo = 0 for all h € W'P(Q) (see (3.6)). (3.8)
onp [0 Q
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Since imyo = W7 ”(9Q), from (3.8) it follows that

9¢ 4 B@er! = 0 on 0. (3.9)
ony

From (3.6) and (3.9) it follows that ¢ € W'?(Q) is a nontrivial positive solution of the
auxiliary problem (3.2). From Winkert [29], we have e € L*(Q) and then Theorem 2 of
Lieberman [19] implies that e € C,\{0}. From (3.6), we have
Ape(z) < 0ae. in Q,
= e e€intC, (see Vazquez [28]).

Claim 3.1 There exists 2* > 0 such that for every A € (0, X*), we can find & = &) > 0 for
which

llaC, Dllso + IEllell) < £
Suppose that the Claim is not true. Then we can find A, — 0% such that
lla(:, A)lleo + F(€llelloo) = &P~ forall n > 1, all & > 0.
We let n — oo and use hypothesis H(ii) to obtain

I(Ellelloo) = €77 forall € > 0,
Feliell-) > 1forall ¢ >0,
grl
which contradicts hypothesis H;(ii). This proves the Claim.
Let 2 € (0,4") and set it = fe € int C,.. We have

Apii(z) =& > laC:, Dlles + P (Ellellso) (see the Claim)
> f(z,u(2), A) for a.a. z € Q (see hypothesis H| (ii)). (3.10)

We consider the following truncation-perturbation of f(z, -, 4):

0 ifx<0
fizx, ) = { f(z,x, ) + xP! if0<x<u(z) (3.11)
f(z,i(2), ) + a(z)P~" ifaz) < x.

This is a Carathéodory function. We set F.zx, ) = fox ﬁ(z, s, A)ds and consider the
C'-functional ¢! : WIP(Q) — R defined by

. 1 1 1 .
@Lw) = —|1Dully + ~llully + = f B do ~ f F o (z,u, Ddz
P P P Jsa Q
for all u € W"P(Q).

From (3.11) and hypothesis H(B), we see that $* is coercive. Also, it is sequentially weakly
lower semicontinuous. So, by the Weierstrass theorem, we can find uy € WLP(Q) such that

PL(uo) = inf [pL(u) : u € WHP(Q)] = il (3.12)
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Let 69 > 0 be as postulated by hypothesis H;(iii) and let 7n = min# > O (recall & €
Q

intCy). Let 6 = min{&y, m} and choose 7 € (0, 1) small such that tit;(z) € (O, 5] for all
z € Q (recall &1; € intC, is the LP-normalized principal eigenfunction of the negative
Robin p-Laplacian). We have

tP P
—||Dﬁ1||§+—f ﬁ(z)a’fdo-—fF(z,tal,/l)dz(see(S.ll))
14 P Joo Q

4

@ (tin)

cot?

L1311

IA

(see [26], hypothesis H;(iii) and recall [|i]|, = 1).
Since p > g, by choosing ¢ € (0, 1) even smaller if necessary, we obtain

@l(tiny) <0,
= ¢ (up) <0 = ¢*(0) (see (3.12)), hence ug # 0.

From (3.12), we have
@1 (o) = 0,
S (Ao + f o 2uhd+ [ e hder =
Q IQ

= f filz, up, Dhdz for all h € W'P(Q). (3.13)
Q

In (3.13) we choose h = —u € WLP(Q). Then

IDug Il + llug Il = 0 (see (3.11)),
= uyp=>0, uy#0.

Also in (3.13) we choose & = (ug — 1)* € WP(Q). Then

(A(ug), (up — )"y + f ug_](uo —w)"dz + f ,B(Z)ug_l(uo —i)tdo
Q Pre)

f[f(Z, i, ) + i@” " (uo — )" dz (see (3.11))
o

IA

f[fp_l + """\ (ug — )" dz (see hypothesis H(ii) and the Claim)
Q

(A@), (up — )" + f " Nug — n)"dz + f B (uy — ) do
Q IQ
(recall the definition of & € intC,),

= (Auo) — A@), (o — )") + f(ug_l — ") (ug — )" dz +
Q

f B =@ Y uy — #)*do <0,
Q

= [{uo > u}|y = 0, hence ugy < .
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So, we have proved that
up € [0,i] = {u € WP(Q): 0 < u(z) < ii(z) ae. in Q}, ug # 0.
Then (3.13) becomes

(A(ugp), h) + f ﬂ(z)ug_lhda = f f(z, ug, Dhdz (3.14)
o) Q
forall h € Wl’p(Q) (see (3.11)).

From (3.14), as before, using the nonlinear Green’s identity, we infer that u, is a non-
trivial positive solution of problem (P,) with A € (0, 1*). Again, the nonlinear regularity
theory (see Lieberman [19]), implies that uy € C,\{0}. Note that hypotheses H;(ii), (iii)
imply that given p > 0, we can find &, = £,(1) > 0 such that

f@x, Dx+&lx” > 0foraa. zeQ, all x| < p.
So, we have

—Apup(2) + Euo(2)" " = fz,up(2), ) + Eup(2)P T > 0 ae. in Q,
= Apup(z) < fpuo(z)”_' a.e. in Q,
= up € intC, (see Vazquez [28]).

In a similar fashion, we let u = —ée € —int C, and consider the following truncation-
perturbation of f(z,-, 1)

[z u@), D) + u@PP2u) if x < u(2)
Fax, ) =1 f@x2)+xP2x ifu(z) <x<0
0 if 0 < x.

Using the Carathéodory function (z, x) +— f_(z, x, A) and reasoning as above via the
direct method, we obtain a second nontrivial constant sign solution vy € intC,, u < vg. O

Next we will produce a third nontrivial solution for (P,) (1 € (0, 1*)) which is nodal
(that is, sign changing). To this end, first we show that problem (P,) has extremal constant
sign solutions, that is, a smallest nontrivial positive solution and a biggest nontrivial nega-
tive solution. To this end, we need to strengthen the hypotheses on f(z, -, 1). So, the new
conditions on the reaction, are the following:

H; : f: QXRX(0, 00) — Ris a function such that fora.a. z € Q, all 1 > 0, f(z,0,2) =0,
hypotheses H, (i), (ii), (iii) are the same as the corresponding hypotheses H; (i), (ii), (iii) and
(iv) for every A > 0, we can find ¢; = ¢;(1) > 0, ¢; = (1) > 0 and r = r(2) € (p, p*) such
that

f(z, x, )x > c1|x|? — cp|x|" fora.a. z € Q, all x € R.

This extra unilateral growth condition on f(z, -, 1), leads to the following auxiliary Robin
problem

—Apu(z) = c1lu@|"?u(z) — c2lu@)"u(z) in Q
(3.15)

Ou +B@Nu@IPu(z) =0 on 6Q.
611,,
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Proposition 3.2 If hypotheses H(B) hold, then problem (3.15) has a unique nontrivial pos-
itive solution u, € int C,. and since the equation is odd, V. = —ii, € —intC, is the unique
nontrivial negative solution of (3.15).

Proof. First we show the existence of a nontrivial positive solution. To this end, let ¢ :
W!P(Q) — R be the C'-functional defined by

1 1 _ 1 c c ,
V) = —IDully + —lullh + — f B dor = | llg + = ll]
p p P Jaa q r
for some u € W'P(Q).

By virtue of hypothesis H(83), we have

—_—

»C2 1 (&}
Yo(w) = —|lull” + 7I|u+lll =~ [l ~ ;IWIIZ]

—S

L
> Zllyll? 2t — +1P +119

> —{lll” + | 7 = s (17 + e ||r)] (.16
for some ¢3 > 0 (recallg < p < 1)

117

<

r —C3—

[ ¢ _
= llull? + | 7 _
P—q

p r |17

Since g < p < r, from (3.16) it is clear that i, is coercive. Also, .. is sequentially weakly
lower semicontinuous. So, we can find i, € WH(Q) such that
(i) = inf[y, (u) - u € WHP(Q)]. (3.17)

As before (see the proof of Proposition 3.1) and since g < p < r, for t € (0, 1) small we
have

l//+(tﬁ1) < 07
= Y,(in,) <0 =1y,(0) (see (3.17)), hence i1, # 0.

From (3.17), we have
Y, (@) =0,
= (A(.), h) - f(ﬁl)”_lhdz + f B hdo =
Q 00

c f @4 hdz - ¢5 f (@)~ hdz for all W'P(Q). (3.18)
Q Q

In (3.18) we choose i = —ii; € W'P(Q). Then
|Da; |l + lla; |I}, = 0,

= i, >0, u, #0.
Then equation (3.18) becomes

(A(it,), h) + f ﬁ(z)ﬁf_lhda =cy f 7 hdz - ) f i hdz (3.19)
Q Q Q
for all h € W'P(Q).
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From (3.19) as before (see the proof of Proposition 3.1), we infer that i, is a nontrivial
positive solution of (3.15) and the nonlinear regularity theory (see Lieberman [19] and
Winkert [29]) implies that &, € C.\{0}. We have
=A,i(z) > —cit(2) " ae. in Q,
= Api(2) < ellitl|S ()" ace. in Q,
= i, €intC, (see Vazquez [28]).

Next we show the uniqueness of this nontrivial positive solution. To this end, let o :
L'(Q) —» R = R U {+0c0} be the integral functional defined by

1 1
Lyputiry + 1 f Budo ifu >0, ul? € W)
O+=\1 7P P Ja

+00 otherwise.

From Lemma 1 of Diaz and Saa [8] and hypotheses H(8), we see that o, is convex and
lower semicontinuous.

Let , € W!?(Q) be another nontrivial positive solution of problem (3.15). Again we
can show that y, € intC... So, for any h € Cl(ﬁ) and for |f| < 1 small, we have

@’ +th, 3 + th e domo, = {u € L'(Q) : o, (u) < +0c0}.

The functional o, is Gateaux differentiable at #¥ and at y% in the direction #. Moreover,
via the chain rule and the nonlinear Green’s identity, we have

A,@,
ol = [ ZEhd:
P Ja "

oG = f "y*hdzforanhewl Q)
P Ja y

*

(recall that C 1(5) is dense in W!P(Q)). The convexity of o, implies the monotonicity of
o, and so we have

1 _A _* _A _*
0 < —” o ”y}w*—y*)dz
Q

p u{: 1 }_ff 1
1 1 1 r=p _ or=p\|zp _ o
= 1—) i ﬁpq_)"ﬁ — o, T =Y. )@ - y)dz <0
Q % *
= = ¥, (since x +— % — X' 7P is strictly decreasing on (0, c0)).
x

So, the nontrivial positive solution i, € int C, of (3.15) is unique.
Since equation (3.15) is odd, it follows that v, = —iz, € —int C, is the unique nontrivial
negative solution. 0O

In what follows, by S, (1) (resp. S_(1)) we denote the set of nontrivial positive (resp.
negative) solutions of problem (P,). From Proposition 3.1, we know that for all 2 € (0, 1*)

@#S,.(ADCintC,and @ # S_(1) C —intC,.
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Moreover, as in Filippakis, Kristaly and Papageorgiou [11], exploiting the monotonicity of
A (see Proposition 2.2), we know that

e S.(A) is downward directed (that is, if u;,u, € S (1), then we can find u € §,(1)
such that u < uy, u < up).

e S _(A)is upward directed (that is, if v{, v, € §_(1), then we can find v € S _(1) such
that vi < v, v, <v).

Proposition 3.3 If hypotheses H(B) and Hy hold and A € (0, A¥), then
(a) u. <uforalluesS. (),
(b) v<7¥,forallvesS.().
Proof. (a) Let u € S (1) and consider the following Carathéodory function
0 ifx<0
ki(z,x) =4 c1x7 ' =yt 4 xP71 if 0 < x < u(z) (3.20)
cu@?™ = cou@) "+ uz)Pt ifuz) < x.

We set K, (z,x) = fox k.(z, s)ds and consider the C'-functional 7, : W'"?(Q) — R
defined by

1 1 1
7o (u) = =||Dully + =|lull; + —f B@)u")do - f ki (z, u)dz
p p P Joo Q

for all u € W'P(Q).

From (3.20) and hypotheses H(B), it is clear that 7. is coercive. Also, it is sequentially
weakly lower semicontinuous. So, we can find i, € W'»(Q) such that

7. () = inf[74(w) : u € W'P(Q)). (3.21)
Since g < p < r, fort € (0, 1) small we have

T+(“¢£1) < 07
= 71.(it.) <0 =1,(0) (see (3.21)), hence i, # 0.

Also, from (3.21) we have
7(@8) =0
= (A(@L.), hy + f | P21, hdz + f B@)@)P  hdo =
Q o0

= f k. (z, it.)hdz for all h € W (Q). (3.22)
Q



Nonlinear parametric Robin problems with combined nonlinearities 729

As in the proof of Proposition 3.1, in (3.22) first we choose & = —ii; € W'’(Q) and
then i = (@i, — u)* € WHP(Q), to show that

i, €[0,u], &, #0,
= i, is a nontrivial positive solution of (3.15) (see (3.20)),
= i, = i, (see Proposition 3.2),

= @, <uforallueS.(A).

Similarly we show that v < v, forallve S_(1). O

We will use this proposition to establish the existence of extremal constant sign solu-
tions for problem (P,) (1 € (0, 1%)).

Proposition 3.4 If hypotheses H(B) and H, hold and A € (0, A*), then problem (P,) admits
extremal constant sign solutions

u! € intC, and v! € —int C,.

Proof. Since S (1) is downward directed, without any loss of generality we may assume
that there exists ¢4 > 0 such that ||u||c < ¢4 for all u € §,(1). Then from Dunford and
Schwartz [10, p. 336] we know that we can find {u,},>; C S +(4) such that

inf S, (1) = inf u,.
n>1
We have

(A(un), h) + f B’ hdo = f £(z, tn, Dhdz for all h € WP(Q). (3.23)
0Q Q

Choosing & = u, € W'"P(Q) in (3.24) and using hypotheses H(B) and H,(ii) (recall that
()1 € L=(Q) is bounded), we see that {u,},; € W'?(Q) is bounded and so, we may
assume that

ty = ul in WP(Q) and u, — u! in LP(Q) and in L(9<). (3.24)

In (3.23) we choose i = u, — ut € W'P(Q), pass to the limit as n — oo and use (3.24).
Then

Tim (A(un), uy = ul) = 0,

= u, — u!in WH(Q) (see Proposition 2.2). (3.25)

So, if in (3.23) we pass to the limit as n — oo and use (3.25), then

(AGub). h) + f B hdo = f [ ul, Dhdz (3.26)
00 Q
for all h € W'P(Q) (see hypothesis H(i)).
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Also, from Proposition 3.3 we have
i, <u,foralln>1,
= i, <ul, hence u! # 0. (3.27)
From (3.26) and (3.27), as before we infer that
w! € S,.(A) and ut = inf S, (1).

Similarly we obtain v} € S _(4), vi=supS_(1). O

Now that we have the extremal constant sign solutions, we can produce a nodal solution.
The idea is to use variational methods to locate a nontrivial solution of (P,) in the order

interval [v/, u], which is distinct from v# and u?. Then the extremality of v and u{, implies
that this third nontrivial solution is necessarily nodal (that is, sign changing).

Proposition 3.5 If hypotheses H(B) and H; hold and A € (0, X*) then problem (P,) admits
a nodal solution y, € C1(Q).

Proof. We consider the following truncation-perturbation of the reaction f(z, -, 1):

f@vi@), ) + v if x <viz)
wa(z, %) ={ f(z,x, )+ |xlP~2x if v1(z) < x < ul(2) (3.28)
Flul(@).) + ul@)P" if ul(z) < x.

This is a Carathéodory function. We set W,(z, x) = fox w(z, s)ds.
Also, we consider a corresponding truncation of the boundary term, namely the
Carathéodory function

WViP2vi@) ifx < viz)
vz, x) = |x|P~2x ifvi(2) < x <ul(z) forall (z,x) € IQ X R. (3.29)
u:}(z)f"l if u,’.}(z) <Xx

We set I'y(z, x) = fox va(z, s)ds.
We consider the C'-functional £, : W'?(Q) — R defined by

1 1
Ex(u) = —|[Dully + —|lul, + f BTz, uydo - f Wa(z, u)dz for all u € W' (Q).
p p 0 Q

In addition, we consider also the positive and negative truncations of w,(z, -) and of y,(z, -).
So, we define
wi(z, %) = wa(z, £x%) and y3(z, X) = ya(z, £x7).

These are Carathéodory functions. We set W7 (z, x) = fOX wi(z, $)ds andT3(z, x) = f Yi(z, s)ds
0

and consider the C'-functionals £% : W'?(Q) — R defined by
+ 1 1 + +
&) = 1—)||DM||£ + ;Ilullz + fﬂ(/l)l";(z, uydo — f W3(z, udz
Q
a0

for all u € W"P(Q).
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Claim 1. K;, € [v},ul], K¢t ={0,ul}, Kz = {0,v]}.
Letu € K¢,. Then

(A(u), hy + f |ulP~2uhdz + f BQ@)ya(z, uhdo = f wa(z, u)hdz (3.30)
Q Q Q
for all h € W"P(Q).

In (3.30) we choose & = (u — ut)* € WhP(Q). Then

(A(w), (u—u)"y + f uP (- ulytdz + f B@WH - ulytdo
oQ

Q

= f | £ ud, 1) + @™ | (= ub)y*dz (see (3.28),(3.29))

Q

(Ad), (u—ud*y + f @H? ™ (u - ul)tdz + f BN (- uly do
Q oQ

(since ut € §,()),

= (Aw) - A@ud), (u—u)*) + f @™ = @H? YU - ul)rdz =0,
Q

= |{u>ully =0, hence u < u'.
Also, in (3.30) we choose & = (v} — u)* € WP(Q) and obtain u > v{. Therefore,
ue v, ull,
= K¢ C v, ul].
In a similar fashion, we show that
K¢ € [0,uf] and K- C [v7,0].
The extremality of v} and u/ implies that
Kg: =1{0,ul} and K- = {0,v7}).

This proves Claim 1.
Claim 2. u? € int C, and v} € —int C, are local minimizers of the functional &;.
Evidently the functional &7 is coercive (see (3.28) and (3.29)). Also, it is sequentially
weakly lower semicontinuous. So, we can find ! € W'?(Q) such that
£ (@d) = inf[£7@) : ue W Q). (3.31)

Since g < p, as in the proof of Proposition 3.1, by choosing ¢ € (0, 1) small (at least such
that 1, (z) < minu?; recall 1y, u? € int C,), we have
Q

& (tiny) <0,
= f}(ﬁf) <0 =£7(0) (see (3.31)), hence al#0.



732 N.S. Papageorgiou, V.D. Ridulescu

From (3.31) we have

it} € Ker \ {0},

= = uf € int C, (see Claim 1).

. =

Note that £7 o = & o Therefore u! is a local C'(Q)-minimizer of &,. Invoking Proposi-

tion 2.1, we conclude that u? is a local W'?(Q)-minimizer of &,. Similarly we show that
v} € —int C, is a local minimizer of £, using this time the functional £;. This proves Claim
2.

Without any loss of generality, we may assume &;(v!) < &;(u!) (the analysis is similar
if the opposite inequality holds). Because of Claim 2, we can find p € (0, 1) small such that

£ < Eaud) <inf [£2) ¢ -l = p] =, IV} = ulll > p (3.32)

(see Gasinski and Papageorgiou [14], proof of Theorem 2.12). From (3.28) and (3.29) it is
clear that &, is coercive, hence it satisfies the C-conditions. This fact and (3.32), permit the
use of Theorem 2.1 (the mountain pass theorem). So, we can find y, € W?(Q) such that

Yo € K¢, and 17} < £,(v0)
= yp e [vhutl, yo ¢ (v}, ul} (see Claim 1 and (3.32)),
= Yy is a solution of (P,) (see (3.28), (3.29))
and
yo € C'(Q) (by the nonlinear regularity theory).

It remains to show that yo # 0. Since yy is a critical point of mountain pass type for the
functional &,, we have

Ci1(€x,y0) # 0. (3.33)

Next we compute the critical groups of &, at the origin. We mention that Moroz [22] was
the first to compute the critical groups of functionals defined on Hé(Q) and concave near

the origin. Jiu and Su [18] extended the work of Moroz to functionals defined on W(; Q).

Claim 3. C(£,,0) = O forall £ > 0.
From (3.28) and hypothesis H,(iii), we see that

Wiz, x) 2 C—lelq —cs5|x|" fora.a. z € Q, all x € R, some c5 > 0. (3.34)
q
For all u € W'P(Q) and ¢ > 0, we have
tP P P cot?
Ex(tu) < —|1Dullpy + —|lully + — fﬂ(z)lul”d(r +cst'|ull, = O—||M||¢q] (3.35)
p p p P q

(see (3.29) and (3.34)).
Since g < p < r, from (3.35) it is clear that we can find #* = #*(u) € (0, 1) such that

Eutu) < 0 for all £ € (0, ). (3.36)
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Suppose u € WH(Q), 0 < ||ul| < 1 and &(u) = 0. Then

d
Tamw| = €.

IDully + ||u||£+f,3(1)w(z, ”)”do'_fwﬂ(z’ uudz
aQ

Q

(1 - %) IDull’ + (1 - %) lull?, + f B@) [y1(z i — qT (2, )] dor
oQ

- f [Wa(z, wyu — gWa(z, u)] dz (since &;(u) = 0)
Q

> b‘gyMWﬁIMWﬁm%MMLWMﬁ@%GQ%
p Q
and hypotheses H(3))
2 collull” = crllull” for some g, ¢7 > O with r > p

(see hypothesis H»(iii) and (3.28)).

Since r > p, we see that for p € (0, 1) small we have
d 1 .
af}(l”) o 0 for all u € WP(Q) with 0 < ||ul| < p, &1(u) = 0. (3.37)

Let u € WhP(Q) with 0 < |Jul| < p and &,(u) = 0. We will show that
&(tu) < Oforall 7 € [0, 1]. (3.38)

Suppose that (3.38) does not hold. Then we can find #y € (0, 1) such that &,(#ou) > 0. Recall
that £;,(u) = 0. So, we can find #; € (%, 1] such that &,(¢;u) = 0. Define

t, = min{t € (1o, 1] : é:/l(llzt) =0}>1 >0.
Then we have
& (tu) > 0 for all £ € [£y, t.]. (3.39)

Letv = t.u. We have 0 < |[v|| < [|ul| < p and &y(v) = 0. So, from (3.37) it follows that
L )' >0 (3.40)
dt& 14 i . R

From (3.39) we have

Ev) = E(tou) = 0 < Ey(tu) for all 1 € [19, 1,),
d d
> Sew| | =ngaw)  =niim S <o

t—t; 1 — 1,

(3.41)



734 N.S. Papageorgiou, V.D. Ridulescu

Comparing (3.40) and (3.41), we reach a contradiction. This proves (3.38).

By choosing p € (0, 1) even smaller if necessary, we can have K¢ N Ep = {0} (here
B, = {u € W(Q) : |lull < p}). Leth : [0,1] X (£9 N B,) — & n B, be the continuous
function defined by

h(t,u) = (1 — t)u for all (#,u) € [0, 1] X (£ N B,).

From (3.38) we see that this deformation is well-defined and shows that the set fg n FP is
contractible in itself.
Consider u € B, with £,(u) > 0. We show that there exists unique #(u) € (0, 1) such that

&Etwu) = 0. (3.42)

Since &;(u) > 0 and t — &,(tu) is continuous, from (3.36) and Bolzano’s theorem, we see
that we can find #(#) € (0, 1) such that (3.42) holds. We need the uniqueness of the #(u).
Suppose 0 < 7} = t(u); < £, = t(u); < 1 both satisfy (3.42). Then from (3.38), we have

u(t) = E(thu) < O forall € [0, 1].

Then 7, /f, € (0,1) is a maximizer of the function u and so
d
E"(’)Lg -0,
fi d N _d N B
= 5 gbatin] Ly = Zatho] =0,
which contradicts (3.37). This proves the uniqueness of #(u) € (0, 1) satisfying (3.42). The

uniqueness of #(«) € (0, 1) implies that

& (tu) < 0 for t € (0, t(u)) (see (3.36)) (3.43)
& (tu) > 0 for t € (t(u), 1] (see (3.42) and recall &;(u) > 0).

We introduce the function ¥ : Ep \ {0} — (0, 1] defined by

_[ 1 ifueBy\{0) £ <0
o = { ) ifue B,\ {0}, &,(u) > 0. (3.44)

Itis easily seen that ¥(-) is continuous. Then using J(-), we can define the map 7 : Ep\{O} —
(2N B,) \ {0} by setting

_fu ifueB\(0) £ <0
= { Sy if u € B, \ {0}, &1(u) > 0. (3.45)

The continuity of J(-) implies that 7(-) is continuous too. Also, we have

_ =id| _ (see (3.49)),
(€9nB,)\{0} (ENB)\{(0}

= (53 N Ep) \ {0} is a retract of Ep \ {0}, with retraction .

T
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But Ep \ {0} is contractible in itself. Hence so is (§3 N Ep) \ {0}. Recalling that 52 n E,, is
contractible in itself (it was established earlier), we have
H(& N B,, (€50 B,) \ {0} =0forallk >0
(see Granas and Dugundji [16, p. 389]),
= Ci(é,0)=0forall k > 0.
This proves Claim 3.

From Claim 3 and (3.33) we infer that yo # 0. Since yo € [v},ul], yo ¢ (v}, ul} it
follows that yy € C'(Q) is a nodal solution of problem (P;) with 1 € (0,4%). O

So, we can state the following multiplicity theorem for problem (P,). Note that our
result provides sign information for all the solutions produced and the reaction satisfies a
very general growth condition and no asymptotic conditions at +co are imposed.

Theorem 3.1 If hypotheses H(B) and H, hold, then there exists A* > 0 such that for all
A € (0, A%) problem (P),) admits at least three distinct nontrivial solutions

uy € int Cy, vg € —int C,. and yy € [vg, up] N Cl(ﬁ) nodal.

4 Five and six nontrivial solutions

In this section, we assume that the reaction f(z, -, 4) exhibits subcritical growth and satisfies
certain asymptotic conditions at +co which imply that x — f(z, x, 1) is (p — 1)-superlinear.
However, we do not employ the usual in such cases AR-condition (see [5]). Instead, we
use an alternative condition (see hypothesis H3(iv)), which incorporates in our framework
superlinear reaction with “slow” growth near +oo.

The new hypotheses on f(z, x, A) are the following:

Hj: f: QXRX(0,00) — Ris afunction such that fora.a. z€ Q,all 1 > 0, f(z,0,4) =0
and

(1) forall 4 >0, (z,x) — f(z, x, 1) is a Carathéodory function;
(i) |f(z, x, D] < a(z, D) +c|x|"~! fora.a. z € Q, all x € R, with a(-, 1) € L*(Q),,
lla(:, Dlle = 0 as 1 — 0%,

c>0and p <r<p’
(iii) if F(z,x,2) = [ f(z, 5, 2)ds, then
0

. F(z,x, )
lim ————

X—+00 |x|l7

= oo uniformly for a.a. 7 € Q;

(iv) if ka(z, x) = f(z, x, D)x — pF(z, x, A), then there exists 8 € L'(Q), such that

ky(z,x") < ka(z,x) + B(z) fora.a. ze Q, all 0 < x’ < xor x’ < x <0;
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(v) there exist ¢ = g(1) € (1, p) and 6y = 5p(4), co = co(Ad) > 0 such that

qF(z,x,2) > f(z, x,)x = colx|? for a.a. z € Q, all a < |x| < bp;

(vi) forevery p > 0 and A > 0, there exists gf) > ( such that for a.a. z € Q,
x+— fz,x, ) + §g|xl”_2x
is nondecreasing on [—p, p].

Remark. Hypothesis H3(iii) implies that for a.a. z € Q, all 4 > 0, the primitive F(z, -, 1)
is p-superlinear. Hypotheses Hj(iii), (iv) imply that the reaction x — f(z, x, 1) is (p — 1)-
superlinear (see Li and Yang [20, Lemma 2.4]). A slightly more restrictive version of
hypothesis H3(iv) was used earlier by Miyagaki and Souto [21] and Li and Yang [20].
Examples. The following functions satisfy hypotheses H3. As before, for the sake of
simplicity we drop the z-dependence:

fi(x) = Ax2x + |2 xwith 1 <g < p <r < p*,

1
fo(x) = Ax972x + 6P 2x [m x| + —| with 1 <g < p.
P

Note that f, does not satisfy the AR-condition (see [5]).

Under the above conditions, we can prove a multiplicity theorem producing five non-
trivial solutions, all with sign information.

Theorem 4.1 If hypotheses H(B) and H3 hold, then there exists A* > O such that for all
A € (0, A7) problem (P,) has at least five nontrivial solutions

ug, it €int Cy, ug < it, ug # it
vo, V€ —intCy, V< vy, Vo # 7V
Yo € [vo, up] N CH(Q) nodal.

Proof. From Theorem 3.1, we know that there exists A* > 0 such that for all 1 € (0, 1)
problem (P,) has at least three nontrivial solutions

ug € int C4, vo € —int C, and yg € [vo, up] N C'(Q) nodal.

By virtue of Proposition 3.4, without any loss of generality, we may assume that u and vo
are extremal constant sign solutions.

We will use u € int C and vy € —int C, to produce two more nontrivial constant sign
solutions.

First we produce a second positive solution. To this end, using uy € int C, we introduce
the following truncation-perturbation of the reaction f(z, -, 4):

f(zup(2), D)+ up(2)P~' if x < up(z)

g;(Z, )C) = { f(Z, X, /1) + xp—l if M()(Z) <x (446)
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We also introduce a corresponding truncation of the boundary term:

B@uo()P™"if x < up(z)
B()xP~! if up(z) < x,

for all (z, x) € 0Q X R. Both are Carathéodory functions. We set

n+(z, x) = { (4.47)

X X

Gi(z,x) = f g1(z, 5)ds and H,(z, x) = f 14z, 8)ds

0 0

and consider the C!-functional T WP(Q) — R defined by

1 1
i) = —|Dullly + —llully + fH+(z, wydo — ij(z, w)dz for all u € WHP(Q).
p p
a0 Q

Claim 1. We may assume that ug € int C, is a local minimizer of the functional 77¥.
Let u € int C, be as in the proof of Proposition 3.1. We know that

up € [0, u].

We introduce the following truncations of gj (z,+) and n4+(z, ):

At _ | &z if x < u(z)
&@”‘{éamm i) < . (4.48)
R _ ) mzn if x < u(z)
m“”‘{mmam i) < x. (449)

for all (z, x) € 0Q X R.
Both are Carathéodory functions. We set

X X

@@@=f§@%mmmmw=fm@Ws

0 0

and consider the C'-functional (S WP(Q) — R defined by

1 1 R X
# () = —Dulll + lull’ + f A.(z, u)do — f G (z, uydz for all u € WP(Q).
p p
0Q Q

From (4.48) and (4.49) it is clear that 77(-) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find fiy € W'P(Q) such that

#(ilg) = inf [ﬂ W) :ue WI’P(Q)],
= #)(a0) = 0,
:<Mww+f%w%Mujﬁm%ww=f§mmwz (4.50)
Q

oQ Q
for all h € W'"P(Q).
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In (4.50), first we choose h = (ug — itg)™ € WHP(Q). Then

(Aitg), (uo — f10)™) + f|ﬁ0|p_2ﬁo(uo — )" dz + fﬁ(z)ug_](uo — i) do
Q 90

f | £z w0, ) + 1™ | (g — f19)* dz (see (4.46), (4.47), (4.48), (4.49))
Q

(A(uo), (ug — o)) + f ul ™ (uo — o) dz + f B (o — o) dor
Q o0Q
(since uy € S (1))

= (Aluo) — Alf), (uo — fip)*) + f W™ = laolP2a0)(uo — fio)*dz = 0,
Q
= |uy > fip}ly = 0, hence uy < ity.

Next in (4.50) we choose i = (iig — u)* € W'P(Q). Then

(Ald), (fig — 0)*) + f al ™" (fp — wy*dz + f B@ua" (uy - w0yt do
oQ

Q

f [£ 3. 2) + 7| (@9 - W)*dz (see (4.46), (4.47), (4.48), (4.49))
Q

< f [é-‘p_l +u’ 71] (fip — w)*dz (see the Claim in the proof of Proposition 3.1)
Q
= (A@), (@ —u)*"y + f u’ (g — wy*dz + f B (@ — wy*do,

Q 0Q

= (A(io) - AG), (B0 —T)*) + f @~ g — 7 dz <0,
Q
= |{fip > u}ly =0, hence iy < u.

So, we have proved that

ﬁ() € [uo,ﬁ].
Then by virtue of (4.46) — —(4.49), equation (4.50) becomes
(A(itg), by + fﬁ(z)ﬁg_lhda = ff(z, 2y, )hdz for all h € W'P(Q),
Q

aQ
= i € S1(1).

If @iy # uy, then this is the desired second nontrivial positive solution of (P,) and uy < .
Therefore, we may assume that &ty = uy. For 6 > 0, let ug =up+0e€intC,. Let p = ||ullo
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and let fﬁ > 0 be as postulated by hypothesis H3(v). Then

5 o gdr, dyp-1
=Aputy + & ()’

—Apttg + Eul ™" + x(6) with x(8) > 0" as & — 0°

= flaup, D)+ Erub ™ + x(5)
< &y §gﬁp_l for § > 0 small
(see the Claim in the proof of Proposition 3.1)

- 7+ &Pl i
= —A,,u+§pu a.e. in Q,

IA

= ug < u for § > 0 small, hence u — ug € int C,..

So, we have proved that
Uy € intcl@ [0, u].

=t

Note that 77 +
o 2

- (see (4.46), (4.47), (4.48), (4.49)). So, it follows that

u is a local C'(Q) — minimizer of 7%,

= ug is a local W*(Q) — minimizer of 7} (see Proposition 2.1).

This proves Claim 1.
By virtue of Claim 1, we can find p € (0, 1) small such that

T (up) < inf [75(w) : llu — uoll = p] = nj.

Claim 2. The functional 77 satisfies the C-condition.
Let {u,},1 € WP(Q) be a sequence such that

[t (un)l < M, for some My >0, alln > 1;

(1 + lualD(T}) () = 0'in WHP(Q)* as n — oo,

From (4.53) we have

<A(un),h>+flunlp_zunhdﬁfm(z,un)hd(f—fgI(Z,un)hdZ <
Q 0Q Q

Enllhl|

R 17

for all h € W'P(Q), with &, — 0*.

In (4.54) first we choose h = —u;, € W'P(Q). Using (4.46) and (4.47), we obtain

|l I” < M, for some M, > 0, alln > 1,
= {u,}os1 € W'P(Q) is bounded.

739

4.51)

(4.52)

(4.53)

(4.54)

(4.55)
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Next in (4.54) we choose i = u;; € WP(Q). Then

DI — I f ne (ot dor + f R )

oQ Q
foralln > 1.
On the other hand from (4.52) and (4.55), we have
||Du;||§ + ||u;||§ + pr+(z, udo — pr}(z, uhdz < M 4.57)

00 Q
for some M5 >0, alln > 1.

Adding (4.56) and (4.57), we obtain
f [PH(z,uy) = 114(z, uyy )uyy Jdom + f (g1 (. uy)uy = pG(z, uy)]dz <
Q

0
< M, for some My > 0, alln > 1. (4.58)

From (4.47) we see that

B [ (P DB@uo@P ' x if x € [0, up(2)]
pre-naeon={ (T EOE (439
Using (4.59) in (4.58), we obtain
f (g5 ! — pGi(z, ul)]dz < My forall n > 1,
Q
= f[f(za us, Dut — pF(z,u;;, D))dz < Ms for some Ms > 0, (4.60)
Q

all n > 1 (see (4.46)).

Using (4.60), we will show that {u}},>; C W'P(Q) is bounded. Arguing by contradiction,
suppose that this is not true. By passing to a subsequence if necessary, we may assume that

u;y

[lf]] = oo. Lety, = W for all n > 1. Then |ly,|| = 1 for all n > 1 and so we may assume
that '

Y — yin W"(Q) and y, — y in L'(Q) and in L (8Q). (4.61)
First we assume that y # 0. Let Z(y) = {z € Q : y(z) = 0}. Then
u(z) > +oo fora.a. z € Q\ Z(y).

Then hypothesis H3(iii) implies that
F(z,u;(2), ) F(z,uf(2),4)

ez 117 u; (2)P

yn(2)P = +oo fora.a. z € Q\ Z(y), asn — co.
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Using this convergence and Fatou’s lemma (see hypothesis H3(iii)), we have

F(zut, A
lim f P ) ) i, (4.62)

n—00 ey 117
But from (4.52) and (4.55) we have

1
—;IIuZII” - fH+(z, udo + ij(z, u)dz < Mg for some Mg > 0,
aQ Q

alln > 1.

1 1
= fF(Z, uy, Ddz < —lluyllh + = fﬂ(z)(u;{)"da + M,
Q P pag

for some M7 > 0, alln > 1 (see (4.46) and (4.47))

F(z,u', A
fMdz < Mg for some Mg > 0, alln > 1. (4.63)

llu 117

Comparing (4.62) and (4.63) we reach a contradiction.
So, we may assume that y = 0. Let k > 0 and let w, = (2kp)'/Py, for all n > 1.
Evidently w, — 0 in L"(Q2) as n — oo (see (4.61)). Hence

f Gi(z,wy)dz = 0asn — oo, (4.64)
Q
Let ny € N be such that
1
(21<p)1/"W < 1forall n > ny. (4.65)
un

Also, let 1, € [0, 1] be such that
T (tu)) = max 75 (fu;)) forall n > 1. (4.66)
0<r<1
Then from (4.65) and (4.66), we have

TI (tnu:l-) > T; (W)

2k — f G (z, wy)dz (see hypotheses H(B)),
o

v

= 15ty > kforall n > ny > ng (see (4.64)).
But £ > 0 is arbitrary. So, we infer that

T (tylty) — +00 as n — 0. (4.67)
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Observe that {7} (u,)},>1 € R is bounded (see (4.52) and (4.55)). Also, 77(0) = 0. Hence
from (4.67) it follows that ¢, € (0, 1) for all n > 1. So, we have

d et _
ET/I(tun) = 0
= ol + f N4(z, o) ) (tqui )dor = f 81z, tuy tyury )dz (4.68)
oQ Q

for all n > ny.

By hypothesis H3(iv), we have

flq(z, tau)dz < fk/l(z, udz + |83l foralln > 1,

Q Q

= fkﬁ(z, tau)dz < Mg for some Mg > 0, all n > 1 (see (4.60)),
Q

= f[g}(z, tattyy )(tauty) — pG5(z, tauyy))dz < My for some Mg > 0, alln > 1
Q

(see (4.46))
= ”tnu:l—”P + pr+(Z’ tnu;)do- - prjl—(Zs tnM;)]dZ < Mll
Q. Q
for some My; > 0, all n > ny (see (4.59) and (4.68)),
=  pri(tau)) < My forall n > ny. (4.69)
Comparing (4.67) and (4.69), we reach a contradiction. This proves Claim 2.
Hypothesis H3(iii) implies that
Ty (till) — —co as t — +oo. (4.70)

Then (4.51), (4.70) and Claim 2 permit the use of Theorem 2.1 (the mountain pass theo-
rem). So, we can find # € W'?(Q) such that

(1) (@) = 0 and i} < 73(). 4.71)

From (4.51) and (4.71) it follows that &t # ug. Also, from the equality in (4.71), we have
(A(v), hy + f |alP~2ahdz + f n+(z, Whdo = f g1 (z, hdz 4.72)

Q oQ Q
for all h € W'P(Q).



Nonlinear parametric Robin problems with combined nonlinearities 743

In (4.72) we choose h = (uy — it)* € WHP(Q). Then

(A@), (o — )"y + flitl‘”’zﬁ(uo —i)*dz + fﬁ(Z)u(’;_l(uo —-)'do
0Q

Q

f [f (2, 10, A) + ul V(g — B)*dz (see (4.46), (4.47))

Q

(A(@), (g — )"y + f Wb (o — )" dz + f Bl (o — 0)* dor
0Q

Q

= (Aug) — A(@), (up — )") + f[ug_l — @~ (uo — )*dz = 0
Q
= |{up > it}ly, hence ug < i, it # uy.

Then (4.72) becomes

(A@), hy + f B hdo = f f(z, i, Dhdz for all h € W'P(Q)

0Q Q
(see (4.46) and (4.47))

= eSS, (A)CintC,.
Similarly, using vy € —int C., introducing

—( ) _ f(z7 X, /l) + lep—Zx lfx < Vo(z)
81D = F @@ ) + @I 2vE) if vo(@) < x

[ B@IxIP2x if x < vo(2)
and - -z x) = { BP0 if vo@) < .

for all (z, x) € 0Q X R and reasoning as above, we produce a second nontrivial negative
solutionv € —int Cy, V< vy, vo#». O

In the semilinear case (that is, p = 2) and under stronger regularity conditions on the
reaction x — f(z, x, 1), we can improve Theorem 4.1 and produce six nontrivial solutions.
However, we are unable to determine the sign of the sixth solution.

So, now the problem under consideration is the following:

—Au(z) = f(z,u(z), ) in Q, % + B(z)u = 0 on 0Q. )

The new hypotheses on the reaction f(z, x, A) are the following:

Hy: f: QX RX(0,00) > Ris a function such that for all A > 0, f(z,0, 1) = 0 for a.a.
z€ Qand

(i) forall A > 0, (z, x) — f(z, x, A) is measurable and for a.a. z € Q, f(z,-, 1) € C'(R);
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(11) 1fi(z, x, V| < a(z, D+clx2fora.a. z€ Q,all x € R, all A > 0, with a(-, 1) € L(Q),,

llaG, Dllo = 0as A = 0%, ¢ >0and 2 < r < 2%;
(iii) if F(z,x, ) = ff(z, s, A)ds, then
0

. F(z,x, Q)
lim ——=

= +oo uniformly for a.a. z € Q;
X—+00 |x|P

(iv) if ki(z, x) = f(z,x, D)x — pF(z, x, A), then there exists 3 € L'(Q), such that

ky(z,x') < ky(z,x) + Bi(z) foraa. ze Q, all 0 < x’ < xorx’ < x <0;

(v) there exist g = g(1) € (1, p) and 8y = dp(4), co = co(Ad) > 0 such that

colxl? < f(z,x, )x < gF(z,x,4) fora.a. z € Q, all 0 < |x| < &.

Remark. Evidently the differentiability of f(z, -, A1) and hypothesis H4(i7) imply that given
p > 0, we can find fﬁ > 0 such that fora.a. z € Q, x — f(z,x, ) + //}x is nondecreasing
on [—p, p].

Theorem 4.2 If hypotheses H(B) and Hy hold, then there exists A* > O such that for all
A € (0, A%) problem (S ;) has at least six nontrivial solutions

ug, it € int Cy, it —ug € int C,.
vo,v € —int Cy, vo—V € int C,,.
Yo € int i g [vo, o] nodal and § € C'(Q) \ {0}

Proof. From Theorem 4.1, we know that there exists A* > 0 such that for all 1 € (0, 1)
problem (S ,) has at least five nontrivial solutions

ug, it € int Cy, ug < 1, uy # i,
vo, v € —int Cy, ¥ < vy, vo # 7,
Yo € [vo, up] N C'(Q) nodal.

f) > 0 be such that for a.a. z € Q, the function x

flz,x, )+ fﬁx is nondecreasing on [—p, p] (see the Remark after hypotheses Hy). We have

Let p = max{||iil|e, |[Pll} and let

—Auy(2) + Eyuo(2)

f@uo(2), ) + Elug(2)

< f@#2), ) + & iz) (recall ug < &)

= —Al() +&i(z) ae. inQ,

= A= up)(@) < &(il — up)(2) ae. in Q,
= 0 —ug € int C; (see Vazquez [28]).
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In a similar fashion, we show that

vo—VveintCy, yo—vg €int Cy, ug —yg € int C,

= intCI@) [vo, upl.

Let @, : H'(Q) — R be the energy functional of problem (S ;) defined by
1 1
@A) = =|IDull; + = f Bu*do - f F(z,u, )dz for all u € H'(Q).
2 2 Joa Q

Evidently ¢, € C 2(H'(Q)). Letu € int C, and u € —int C, be as in the proof of Proposition
3.1. Reasoning as in the first part of the proof, we can show that

uU—ugeintCyand vy —u €int Cy.

Let ¢! be the C'-functional introduced in the proof of Proposition 3.1 (now with p = 2).
From the proof of Proposition 3.1, we know that uq € int C, is a minimizer of ¢ and from
(3.11) it follows that

v
01 Py

®a oz’

= uy € int C, is alocal Cl(ﬁ)-minimizer of p,,
= ug € int C, is a local H‘(Q)—minimizer of v,

(see Proposition 2.1).

In a similar fashion we show that vy € —int C; is also a local minimizer of ¢,. Therefore,
we have

Ci(pa, up) = Ci(pa, vo) = 8k for all k > 0. (4.73)

From the proof of Theorem 4.1, we know that ## € int C, is a critical point of mountain
pass type for the functional 7. Hence

Ci(z5,11) # 0. 4.74)

Let [up) = {u € H'(Q) : up(z) < u(z) a.e. in Q}. From (4.46) and (4.47) we see that

T+ & withel e R, 4.75)

[uo)

Pa

o)

Since it — ug € int C,, it follows from 4.75 that

AN + A~
Ck(‘;oﬂ'cl@), i) = Cu(t |C]@, i) for all k > 0,

= Cilepa, it) = C(r, @) for all k > 0
(see Palais [24] and recall that C'(Q) is dense in H'(Q)),
= Cilgn ) # 0 (see 4.74). (4.76)
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Similarly we show that
Ci(ea, ) # 0. 4.77)
Since ¢, € C*(H'(Q)), from (4.76) and (4.77) we infer that
Ci(pa, 1) = Cr(pp, V) = 6x1 L for all k > 0 (see Bartsch [6]). 4.78)

Let &; be the C'-functional introduced in the proof of Proposition 3.5. From Claim 3 of the
proof of Proposition 3.5, we have

Ci(é1,0) =0 forall k > 0. (4.79)

We may always assume that uy € int C, and vy € —int C, are extremal constant sign
solutions for problem (S ;) (see Proposition 3.4). Then from (3.28) it follows that

[vo.wol

= G, 5.0 ck(w‘cl@,O) for all k > 0

/l b
¥ [vo,uol

(recall ug € int C,,vg € —int Cy)
=  Cr(é2,0) = Cr(pa,0) for all k > 0 (see Palais [24]),
= Ci(¢a,0) =0 forall k > 0 (see (4.79)). (4.80)

Recall that yy is a critical point of mountain pass type for the functional &, (see the proof

of Proposition 3.5). Since yy € intc,@[vo, up] and &, ol =, o]’ as before using the
Vo,Uo Vo,Uo
results of Palais [24] and Bartsch [6], we have
Ci(@a,y0) = 6k 1 L forall k > 0. 4.81)

Finally, using hypothesis H4(iv) and with a straightforward modification of the proof of
Proposition 3.2 of Aizicovici, Papageorgiou and Staicu [3], we have

Ci(pa, 00) = 0 for all k > 0. (4.82)

Suppose K,, = {0, ug, vo, it, b, yo}. Then from (4.73), (4.78), (4.80), (4.81), (4.82) and the
Morse relation with r = —1 (see (2.1)), we have

2(-D° +2(=D)' + (=1) = 0, a contradiction.

So, we can find § € Ky, 9 € {0, uo, vo, i1, ,y0}. Then J is the sixth nontrivial solution of
(S ) and the elliptic regularity theory implies that yg € C @\ {0}. o

Remark. It is interesting to know if we can determine the sign of .
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