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Abstract

Following the constructive method of Wei and Yan [29], with new ingredients to take care
of high-space dimensions, we prove the existence of infinitely many solutions of the non-
linear biharmonic equation A%y = le"v% in the unit ball of R” (n > 6,a > 0) with the
Navier conditions v = Av = 0 on the boundary.
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1 Introduction

Consider the following Hénon type biharmonic problem: for u = u(x),

A%y =|x|°u”, u>0 in By, u=Au=0 on 0B, (1.1)
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where @ > 0 is a constant, p = (n+4)/(n—4) is the critical Sobolev exponent, and B is the
unit ball in R” centered at the origin. This paper is focused on the proof of the following:

Theorem 1.1 Ifa > 0,n > 6, and p = Tj, problem (1.1) admits infinitely many solutions.

In recent years biharmonic equations with nonlinear source terms have attracted quite
a bit of attention; see, for example, [1, 4, 5, 12, 14, 15, 16, 17, 19, 27, 30, 31, 32] and the
references therein. In [27], Wang proved that problem (1.1) possesses at least one non-
radial solution whenn > 6, p = ”+4 , and, additionally, « is large enough. With p = "+4
replacing |x|* by a positive smooth functlon K(x) and B, by a general bounded domam
in R®, Ayed and Hammami [1] proved, among many beautiful estimates, the existence of
a solution under certain conditions on K. Figueiredo, Santos, and Miyagaki [12] proved
that (1.1) admits a classical solution if and only if 1 < p < % (see also [27]), and
established the existence of solutions of the form v = v(Jy|, |z]) with y € R’,z € R*¢ for
(¢, p) in certain ranges.

The original Hénon problem, modeling mass distribution in spherical symmetric clus-
ters of stars [18], was formulated in 1973 in terms of the second order elliptic problem

—Au = |x|u?, u>0 in By, u=0 ondB;. (1.2)

In 1982, Ni [21], for the first time proved rigorously the existence of radial solutions of
(1.2) foreacha > 0 and g € (1, %). There are many works concerning the energy and
the profile of the ground state (constrained energy minimizer) solutions of (1.2) for either
q = ”*% or @ > 1; see, for example, [2, 7, 8, 9, 10, 25, 26], and the references therein.
Smets, Su, and Willem [25, 26], based on numerical discovery of Chen, Ni, and Zhou [11],

proved that for every fixed ¢ € (1, "+2) and « large enough, or for any fixed @ > 0 and ¢
sufficiently close to ”+2 from below, any ground state solution of (1.2) is not radial. Serra
[24] studied the case q = "+2 and proved the existence of non-radial positive solutions of
(1.2) for « sufficiently large Cao Peng, and Yan [9, 10], as well as Byeon and Wang [7, 8],

proved that the points of maximum of ground states approach the boundary By as p /" 155 ’”2
or @ — oo; they also obtained limiting profile of the ground state. Multiple peak solutlons
for slightly subcritical growth was established by Pistoia and Serra [23] and Peng [22],
and for slightly supercritical (@ = 0) by del Pino, Felmer and Musso [13]. Quite recently,
Wei and Yan [29], using a finite dimensional reduction argument (c.f. [13, 20, 22, 23, 28])
equipped with a carefully chosen weighted L™ norm, produced the following elegant result:

Whenn > 4, q = f:—%, and @ > 0, (1.2) admits infinitely many non-radial
solutions.

In this paper, we follow the line of the argument of Wei and Yan [29] for (1.2), carrying
out the analogous analysis for (1.1). It seems to us that the analysis goes through when
4 <n<9for(l.2)and 6 < n < 19 for (1.1). For this reason, here we introduce new
techniques and more estimates to complement the classical method of Wei and Yan [29]
and to overcome technical difficulties arising from the case when n is large. Meanwhile,
we shall simplify some of their calculations.

The solution constructed in [29] has k peaks, with k an arbitrarily large integer; see
Figure 1. The possibility of the existence of multi-peak solutions is due to the local stability
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(modulo dilation and translation) of radially symmetric ground state in R”"; see Bianchi and
Egnell [6] for the Laplace operator and Bartsch, Weth, and Willem [3] for polyharmonic

operators.

Figure 1: A Spike Solution in Space (x|, x5, #) with u = v(xy, x»,0,--- ,0).

Here we briefly describe the multi-spike solution. The equation A%y = v* admits a
ground state v(x) = O(x) = ¢, (1 + |x|*)™" where m = (n—4)/2 and ¢, is a positive constant.
By scaling and translation, for each parameter € > 0 and ¢ € R”,

x—§& ) cpe™

e ) [er+|x—¢&RIm

v(x) = gimCD(

is also a solution of A>v = v”. When 0 < & < 1, we call e ®([x — £]e™!) a spike centered
at £. For each large enough integer k, we search for k-spike solutions (c.f. Figure 1) of the
form

1 X —re; 1 o
u(x) ~ ml{flx g—mq)(T), & = M’ r=1- ;, (13)
where {e;}*_, are evenly distributed on the circle x} +x3 = 1,x3 = 0,--,x, = 0 and

A, 0) = (1*,0"), with 4* and o* being positive constants depending only on n; see the
following

Table 1: The parameter (1%, o) with respect to space dimension n
n 5 6 7 8 9 10 11 12
o’ 3.53056 |3.01448 | 2.89353 | 2.86396 | 2.86511 | 2.87773 | 2.89431 | 2.91166
am 1 [10.62793 | 0.40943 ] 0.35983 ] 0.33680 | 0.32276 | 0.31300| 0.30569 | 0.29995
n 13 14 15 16 17 18 19 20
o’ 2.92837 2.94387 |2.95796 | 2.97064 | 2.98200 | 2.99217 | 3.00127 | 3.00943
a2 ][0.29532] 0.29149 | 0.28828 | 0.28550 | 0.28316| 0.28110 | 0.27928 | 0.27766
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To prove Theorem 1.1, one needs (i) an approximate solution W, (ii) invertibility of
L = A% — p|x]*WP~!, and (iii) smallness of the nonlinear term N(¢) := |x[*{(W + @) — WP —
pWPlg}. When n < 12, N(¢) = O([W + |6[17~2)¢?; however, when n > 13, we only have
N(¢) = O(W +|¢])|¢|P~"). Our new techniques and delicate estimates are introduced mainly
for the purpose of taking care of the case when n is large.

The rest of the paper is organized as follows. In Section 2, we explain the idea of the
proof. In Section 3, we provide a few basic estimates. We study the operator £ in Section
4 and a nonlinear problem involving Lagrange multipliers in Section 5. In Section 6 we
calculate, as a function of (4, o), the gradient of an energy associated with W. Finally in
Section 7, we show that the energy admits a critical point near (1%, o), from which we
obtain, for each integer k > 1, a solution of (1.1) having the form (1.3).

Remark 1.1 As in [29], Theorem 1.1 is valid when the function |x|* is replaced by K(|x])
where K(-) satisfies, for some ¢ > 0, K € C([0, 1]) N C*([1 = 6,1]), K > 0, := K’(1) > 0.

Remark 1.2 With respect to [29], here we have made two corrections: (i) the calculation
of the Green’s function, e.g. the expansions of E(x() and VE(x() in Section 6; this leads
to our new conclusion that there is no explicit formula for (1%, 0™); (ii) the calculation of a
variation of an energy; our new estimation (7.4) indicates that it is necessary to introduce
new techniques for (1.2) when n > 10 and for (1.1) with n > 20.

Remark 1.3 The problem for the case n = 5 for (1.1) and n = 3 for (1.2) is still open.

2 Idea of the proof

2.1 The approximate solution
In the sequel we use the following notation:

_n+4 o4 n-4 _ [n(n* = H(n - 4

_nte , i
L 2 H— ) (1 + Py"

Note that A>’® = ®” in R”. Fix a positive integer k. For e € !, 1 > 0 and o € (0, k), we
define

k1 o 1 x—re
€= i r::l—z, U(x;/l,o;e,k)::g—m(l)< - )

Then A>U = U? in R". We denote by V = PU the projection of U defined by

A*(V-U)=01in B, V=AV=0 on 0B,. (2.1)
We define
ei(k) = (cosZ sin2 0,---,0), i=0,1- .k
Ui(x; A4, 0,k) = Ux; A, 0,e(k), k), Vi(x; 4,0, k) := PU(-; A, 0, k)(x),
W(x;A,00k) = kZ_l: Vilx; 4,0, k) = Zk: Vi(x; 4, 0, k), 2.2)

i=0 i=1
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gL U0 VoY,
lxl_a/ls ur_aa_’ 1’1_6/1’ i —ao_s
k k
_ I i I
Zi=) Uy = ]—JA2W1, Z=Y U'U = ]—)Azwf,. 2.3)

i=1 i=1

We always assume that (4, o) is in the range

1, 1
e [5/1*, 21*], oe [Ea*, 20*], (2.4)
where (1%, o) is the unique positive root, for (1, ), of the algebraic system
Li(o) =0, o™ = ALy (o), (2.5)
where
1 1 1
Li(o) = . - — ) - , (2.6)
1 ,Z#): (lm-ln—4 [(iﬂ)z + 0'2]74 ) 0—n—4
> g
Ly(o) = —_—, 2.7
Zi, [0 + (im)?]*F
A
A=22 A =2 | o' ody, A= f DO)D (y)dy. 2.8)
Al n Jrn n—4 R

Note that L|(07) = (n — 4)Ly(0) > 0 for o € (0, ), L1(0+) = —oco and L;(o0) > 0. Hence,
(2.5) admits a unique root; see Table 1 for its numerical values when 5 < n < 20.

In the sequel, O(1) denotes a generic quantity that is bounded by a constant depend-
ing only on n, @, and p (to be introduced later). For notational simplicity, we shall sup-
press the dependence on parameters (4, o, k), abbreviating e;(k), U;(x; A, 0, k), Vi(x; 4, 7, k),
W(x; A, o, k) simply as e;, U;(x), Vi(x), W(x).

2.2 A nonlinear problem

We work on the following spaces of functions with symmetry:

H
Hy = {peH : ¢cC(B)., ¢=Ap=0on 3B, (Z1.¢)=(Z.9)=0}.

{peCB) : pRED, X) = g(Re", |¥] 0, ,0)},

IR

Here we have used (Re', x') € C x R""2 = R” and (¢, ¢) := fBl d(x)(x) dx. We consider,
for (c1, ¢2, V),
(c1,¢2,v — W) € R? X Hy, A% = |X|*WIP + Ac1Zy + ekeaZy in By. (2.9)

Note that u := v is a solution of (1.1) if ¢; = ¢, = 0. We shall choose appropriate A and o
such that ¢; = ¢; = 0. Let ¢ = v — W. The above equation for (cy, ¢z, V) can be written as
the equation for

(c1,¢2, O ER*XHy, L — Ac1Zy — keaZy = F := Fo + Fy + L1¢ + N(), (2.10)
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where
L= Np—pWrlg,  Lig:=(x* - 1pWr g, (2.11)
Fo:= WP — AW, Fy:=(x]* - HWP, (2.12)
N(§) := [xI"{[W + ¢|F — WP — pWP~ 1} (2.13)

To solve the nonlinear problem (2.10), we first investigate the linear problem: given
f € H, find (C],C2,¢) e R? x (]‘{0 such that .£¢ —Ac1Zy — ek crZy = f in By. We shall
show in Section 4 that there is a unique solution which satisfies, for every p € [r,n — 4),
lle”Bll, + lerl + leal = O™ fllp+a, Where || - ||, is defined by

If (€3]] o
X; = 1-— €;. 2.14
“f” \x|<1 w (x) Z (1+1x- x,|/s)p ( k) ( )
Remark 2.1 In the literature, e.g. [13, 29], weights are fixed; in the current situation, it
corresponds to || - [l« = | - llp++4 and || - ||, := || - ||,» with p* := m + 7. However, it seems to

us that the norms used only cover the case 6 < n < 19. For n > 20, we need to use extra
weights and introduce new techniques.

2.3 The algebraic equation for the Lagrange multipliers

Taking the inner product of Ac\Z; + ekcyZ, = L — F with AV}, and kV,, we find that

2 (Vo Zyy  Aek (Vop, Zo) H c1 ] _ [ A (Vor, Lo — F)

Agk Vo, Z1) (k) (Voo Zo) ek (Vou, L& — F) (2.15)

For each fixed k > 1, we shall show that the right-hand side vanishes at some special
(A, 0) ~ (2*,0%),50 ¢c; = c; = 0. Setting u := v we have A’u = |x|*|u|” in B;. Upon using
the maximum principle, we find that —Au > 0 and u > 0 in By so u is a solution of (1.1).

3 Preliminary

First we provide a few basic algebraic facts.

Lemma 3.1 For each « € (0,n) and 8 > n — « there exists a constant C = C(n, a,8) such

that B
v (1+1X = Z)" vh<n
f WYRAY )l (s X —Zhmi2 4 X -2 if B=n.
w (L+[Y = Z]P (1+|X -2z if B>n.

This is an extension of [28, Lemma B.2] and [17, Corollary 3.9], so the proof is omitted.

Lemma 3.2 When s > 1, there exists a constant C = C(s) such that, for each a > 0 and
b eR,

la+b—a’| < Cla"bl + 6]}, (3.1)
la+b —a* —sa™'b| < Cla*2b* + b} (3.2)
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The assertion follows by considering (i) @ > 2|b| and (ii) 0 < a < 2|b|.
Next we study the weight w,, and one of its applications.

Lemma 3.3 Let (1,0) be as in (2.4) and k > 20 be a positive integer.

1. Setr=1-0/k, x; = re;,x; = ¢;/rand Qy := {x € By : |x — Xo| < |[x —x;| Vi}. Then

k 1 k=1 | k° if p>1, N
Z *p+z - =0()§ kink  ifp=1, VxeQy. (33
o x-xp o H l-xil k if p<1,
2. Let||- ||, be as in (2.14). If p < p, then ws < wp and || - ||, < || - |l5. Also, wr = O(1)
and

W if p>p>0,

wy <! B o (3.4)
wi” wg’T if t<p<p.

3. For every p € (0,n — 4), the solution ¢ of A*¢ = f in By with ¢ = A¢ = 0 on OB,
satisfies

lgll, = O&| fllpa-
Proof. (1) For x € By, it is easy to see that
lx — x7| > max {|x - x;[, 1-[x;|} =max{lx—x,l, ok, (3.5

When x € Qq, 2|x — x| > |x — Xo| + |x — x| > |x; — X0/, s0O

| 4> > 1I | . 7ri>1 . 7ri>min{i,k—i}

X=Xz |lx—x]| > =|x; —Xo| =rsin— > —sin— » ————
’ HZ R kK~ 2 &k k

It then follows that when x € Q,

- - k/2
el el w2
LI, N )
o hoxip Hhexk o P

The first assertion of the lemma thus follows.

(2) The monotonicity of w, and || - ||, in p follows by the definition (2.14).
If p=7and x € Qo, w(x) < 1+ 5 eTx — x| = 1+ O(1)eTk = O(1).
If 0 < p < p, then w,(x) < wp max;[1 + [x - x;|/elPP < w;)wg’_ﬁ)/ﬁ = wg/‘a.

pp  pT

7, pt

If p > p > 7, the Holder inequality gives w, < w w; " This proves the second

assertion.

(3) Let I'(z) = C,lz|*™" be the fundamental solution of (—=A)?> and G(x,y) be the Green’s
function of (—A)~? associated with the Navier boundary condition. By comparison, 0 <
G(x,y) <I'(x —y). Hence,

Uﬁo+4(y)4‘1 )
re X = y"

6(x) = fB G )y = O s
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By the change of variables Y = y/e and Lemma 3.1 with @ = n — 4 and 8 = p + 4, we have

k _ d-n 4
f Do) D f Y= xfelerdY gy 0. (3.6)
R i=1 YR

v =y (L+1Y —x;/elp

Hence, |¢| = 0(1)84||f||p+4a)p. This implies that [|¢]|, = 0(1)s4||f||p+4 and completes the
proof. O

Now we study V = PU. Note that for U(x) = e ®(y) with y = (x — X)/e and x =
(1 —o/ke,

1 -y ~2e-y
AU =mU+(x —x)-VU = U, ekU,=ce-VU= U, 3.7
1=mU+(x —Xx) T bE mU, &kU,=ce " |y|2m 3.7
—2myU 2 4lyP +2n
VU = , — =————mU, |eVU|+|U,|+|ekU,|=0(1)U. 3.8
€ T e ¢ a+op leVU[+|Ual+|ekUq| = O(1) (3.8)

Lemma 3.4 Let k > 20 be a positive integer, (A,0) be constants satisfying (2.4), and
U(x) = ™ ®(y) withy = (x — re)/e where le| = 1, e = k" /A, r = 1 — o /k. Let V = PU
be the solution of (2.1). Set

X = re, x* =rle, I =g&"DO)x—x**", [=U-V.
Thenin By, 0 < < U and

r_ s 2 b & _
T =0 S =100E, =00, F=o. (39

Proof. Note that A’ = 0 < UP? = A*U in By, and A = AU and ¢ = U on dB;. It follows
by comparison that 0 < —A < —AU and 0 < { < U in By.
Next, for x € By, |[x—x*| > max{o/k,|x —X|}. The first equation in (3.9) then follows by

(x) (82 +x—x)?

T = ) =0() VxeB.

lx —x*|?

The point x* has the special property r|lx — x*| = |x — x| for x € dB;. Set z = |[x — X|/&.
Then z > o/(ek). Therefore, on 0By, using £ = U and A = AU we obtain

{ r—2m|Z|2m o\-2m 1 m )
s —(1-Z ——— ) =1+00)(ek)?,
2N n/2 1 \n2
= 1)(1-——)" =1+00)&k)*.
AT (T + 0= ) =1+ 00eh

Here we use k~! = (1gk)"™ and n > 6. Since A’/ = 0 = A’T™* in By, for suitably large
M, using —(1 + M(gk)*)AT* and (1 + M(gk)*)I"* as sub/supersolutions for —*"2A/ and ¢
respectively, we obtain

[1 — M(e)MAT* = " 2A¢ > [1 + M(gk)*|AT™,
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and
[1 — M(k)*IT* < £ < [1 + M(gk)*]T™".

These give the second equation in (3.9). Next, on dB,

4 U, dlnU m & —|x—xP m )
7T UTTa A @emeap . a TOME
A, (AU); 8In(-AU) m

_— = = = —— 1 2'
AL AU a1 q HoMEk)
It then follows by comparison that AZ; = [-m/A + O(1)(ek)*]Al and £, = [-m/A +
O(1)(gk)*1¢ on By. Similarly, using x = re and r = 1 — o/k, we find that when x € 8B,
L 2m (-x-e O ALy

[Tk Raf—xP mi—n oW 3 =00

Hence, by comparison, A, = O(1)A¢ and ¢, = O(1){ on B. This completes the proof. O

Lemma 3.5 Let W be as in (2.2). For x € Qy = {x € By : |x — Xo| < |x — x| Vi} and
y=(x—xp)/e

- PO DO 0k’ _ 0)
W(x) — ()= ZI meT 4—2 T (3.10)
A" Wy =mD(y)+y - VO +O(DK™,  eke"Wy=ey- V() +0(De.  (3.11)

Proof. Let{; = U; — V;, T; = ®(0)s"|x — x|* and T* = ®(0)s"|x — x;|*™. Then,

k k-1 k-1 k—l k- 1
W=Z%=U0+Zl“i— I+ +
i=1 i=1 i=0 1:1 1:0

Whenxe Qpandi=1,--- k-1, U; = T; = O(1)(g/|x — x;))*T; = O(1)(gk)T’;. Hence,

k-1 k_l .
1 an
v - F\ ~ 5| = one?( Y r+ Y 1) = QT )(s) |

1 i=0

i=1 i=0 i=

by (3.9) and (3.3). Since €"Uy = ®(y) and k- L' = (Aek)"*, this gives (3.10). Using
W =35 Ui -4, 37, 6"Uy = O(Dly;|*™" and SkS’"UW = 0(1)|y1|3 "fory; = (x—x))/e,
(3.9), and (3.3), we obtain the estimates (3.11). This completes the proof of the Lemma. O

Lemma 3.6 Let W be as in (2.2) and Z; be as in (2.3). Then
(i) for each p > 7, there exists 6 > O such that |$W" " lpass = O(DelIfl,;
(11) ||le|n+4 + 8k||ZZ||n+5 = 0(1)8*"119_

Proof. (i) Since m(p — 1) = 4and 0 < W < X, U = O()e™"w,_4, WP7'¢| =
0(e gl w,
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() Ifp>n—-4-8t,setp =p+ 87 >n—4,then by (3.4),
‘”f:i w, = 0(1)w/[3(n—4—‘r)(p—1)+(p—‘r)]/(/5—r) = 0(D)w).

(2) If7 < p < n—-4-81, setp = (p+8)/2+ \/(p + 8)2/4 — 87. Then 8/p+(0—7)/(p—7) = 1

and 7 < p < n—4. Hence,

-1 -4 (p-1)/p+(p—1)/(p—
wZ_4wp - 0(1)0)/(3’1 Yp—1)/p+(p—1)/(p—7) — 0(1)(’0]5

Thus, [W?~'¢l = O(De*ligll,wp, so IWP~'¢ll; = O(1)e*i¢ll, where 8 = p —p — 4 > 0.

(i) Note by (2.3) and (3.7) that Z; = O(1)e™™Pw,+4 and €kZ, = O(1)e"Pw,,s. Hence,
[1Z11lhea = O()e™P and k|| Z,||,45 = O(1)e™™P. The assertion of the Lemma thus follows.
O

Lemma 3.7 There are positive constants a,(n) and ay(n) that depend only on n such that

[al(n) 0 }4_[0(1(‘1) O(k‘l)]
ax(n)|'| O(e) O(e)

(3.12)

M'=[ 22 (Z1, Vo) Agk {Zy, Voa) ]

Ak (Z), Vo)  (€k)? (2, Voo)

Proof. Denote Z; by Z; and Z, by Z,, 50 Z; = Y5, UZH Uj;. By symmetry, for t = A or o,

k-1 k-1
Ze, Vo= | f Ul UV dx= )" f UP™ U Vi dx= f Ul U Wedx.  (3.13)
i=0 VB i=0 VB b

Since mp = m — § + 3 and &"Up(x) = ®(y) = O(D)yI*™" with y = (x — Xo)/&, by Lemma

3.1and (3.3)

S Tl = (% = xo)/el*d
f ury U,-dx:O(l)f YR TR D _o(yek)" (.14
kx> 50 % (ek)" 2|yl 2

b>Z Y=o

where oy = min{1, o}. Note that By /x(Xo) = {x : |x —X| < 09/k} C Qp. The assertion of
the lemma thus follows from (3.13), (3.11), (3.7), (3.8), (3.14), fRn s"”Ugdx = 0O(1), and

identities [, U?™' U Uoo dx = 0,

2 —1772
pi f"Ug U2, dx

(ek)? f Ur'ul dx
Rn

() = f O (mD() + y - VOO)Pdy,
Rn

a(n) :

1
- f ” O~ (y)|VO(y)[*dy. O

4 A linear problem

Let £ be the linear operator defined in (2.11) with W be given by (2.2). Here we solve the
linear problem: Given f € H, find (cy, ¢z, ¢) such that

(c1,¢2,9) € R? X Ho, Lo —Ac\Zy — gkeaZy = f in By. 4.1)
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Theorem 4.1 Assume that n > 6 and p € [t,n — 4). Then there exist positive constants kg
and C that depend only on n and p such that when k > ko and (4, o) satisfy (2.4), problem
(4.1) with f € H admits a unique solution. Moreover, the solution satisfies

"Il + lerl + leal < C ™| fllpsa (4.2)

Proof. By Fredholm alternative, we need only establish the a priori estimate (4.2). To this
end, we assume that (cy, 2, ¢, f) € R?* x Hy x H is a quadruple satisfying (4.1).

1. We first estimate ¢;. Multiplying (4.1) by Vi, (f = A or o) and integrating over By,
we obtain

AVor, Z1)cr + ek(Vor, Za)ca = (LP = f, Vor) = (¢, LVor) = {f, Vor). 4.3)
Using |Voul + &k|Voo| = O(1)Uy = O()e™|x —Xo*™, | f] < || fllp+4wp4, and (3.6), we obtain

p+4( )

(£ Vo] +ek{(£. Voo = ODE" 1l f T v = Ol e

As shown in (7.2) and (7.3) in Section 7, we have [(¢, LVo)| + (€k){¢p, LVoo)| =
O(ek)e™||¢ll,. As the matrix M in (3.12) has an O(1) inverse, we obtain from (4.3) that

le1l + leal = O(ek)e™ gl + O(DIfllpsas™ . (4.4)

2. Next, using A’¢p = [pWP~'¢ + Ac\Z; + ekcaZs] + f, linearity, Lemma 3.3 (3), and
Lemma 3.6 (with some 6 € (0, 4)) we obtain

OMe*(IpWP™ Pllpsasa + leilllZillusa + leal(ENZallusa)wp o
+O(eY| fllpraw,
oM{lIgll, + e ™ lerl + leall}wpra + O fllpsaw,-

¢l

Using (4.4) and w,.¢ < w,, we obtain

p+6( )

wp(x)

|¢(X)I
wp(X)

c{iigl, +&lfllpa)  YxeQ. 45)

3. Suppose the a priori estimate (4.2) is not true. Then along a sequence of integer
k — oo, there are (A, o) satisfying (2.4) and (cix, car. d1» f3) € R? x Hy x H such that
max{||gllp, £ " [lcixl + exklea]l} = 1 and 82||fk||p+4 — 0 along the sequence k — oco. By
(4.4), (el +leaeg™ — 0 as k — co. Hence, ligill, = 1. Consequently, [lgxllz < llwpllz <
llwellz~ = O(1).

Let 7z € Q be a point such that 1 = lgell, = ldr(@l/wp(zi). By (4.5), wy(zi) <
Cwp0(zx). Since wpg < (ming[1 + [x — x;1/€])w,, we have |z — Xol/ex <L := CV9 - 1.

Now set ux(z) = ¢r(Xo + €xz). Then using m(p — 1) = 4 and (3.10) we obtain, for
Z € Boj(eii)

Auy — p(D(z) + o))y = lewe "€, Z1] + [cxe™" (€] exkZy] + & fe
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Along a subsequence of k — oo, u; converges uniformly in any compact subset of R” to a
solution u of

Au(z) — p®" ' (u(z) =0 inRY, [1+L]7* < max [u(x)] = O(1). (4.6)

4. We estimate the decay rate of u. Since n > 6, there exists 6 € (t,1) such that
T<4— 4 <n-4. Whenx € Q; :={x € By : |[x—x;| < [x—x;| V j}, using (3.3) we obtain,
with d(x) =1+|x-xl/¢,

- od) oM % o) | O()[e’k]7=
Ayp-1 _ _
eWr(x) = ( a4 dn —4-6 < Ix — xj|5 = & + dlgs[l—a/(n—zt)] .

Hence, for x € Qg, € = &, and 7 = (x — Xg)/&, by Lemma 3.1 and Lemma 3.3 (3),

up(2) = ¢ (x) O()(=A)2[pWP ¢l + OD[E¥|fllpra + & [lc1] + leallw,
)l 0(1) O()[°k]
G ng oy o T ) + o

f O (Y)| dY +ki:0(1)|I¢k||Loolnl’c
{x

0+eYeQp} |Y - Zln_4(1 + |Y|)8 di(x)min{4,n—4}

+O)gelli[6°K1 7 wy_ss + o(1),

since 4 < 8(1 — ) < n. As s‘sk = o(1), Zk 1d ¥ = O(1)(gk)’ for p > 1 and x € Q,
=0(1) forp 7,and 4 — == > 7, sending k — co we derive that

oDu(¥)|dY

VzeR"
o = YL+ Y] ¢

lu(z)l =

Starting from u = O(1), we use Lemma 3.1 finding that |u(x)| = O(1)(1 + |x])™ where
ny = min{d,n — 4} if n # 8 and n; = 3 if n = 8. Suppose |u(x)] = O(1)[1 + |x|]7"
(0 < n; < n—4). Then by Lemma 3.1, we derive that |u(x)] = O(1)[1 + |x[]7%* with
n;+1 = min{n; + 4, n — 4}. After finite steps, we derive that

lu(x)| = O(D[1 + |M]*™"  VxeR™ 4.7

5. Note that u(z) is even with respect to zp, - - - , z,. Also ¢ € Hj and symmetry implies
that

f PA*Wdx = 0, f PA*Wydx = 0,
Qo Q

since AW, = (A’W), = (35, U, = p3X, U Uiy = pZy and A*W,, = pZ,. Using
(3.11) one can show that u is perpendicular, under the inner product (¢, ¥) = fR” AP(2)AY(2)dz,
to VO(z) and m®(z) + z - VO(z). However, we know by [3, Theorem 2.1] that there is no
such solution of (4.6) and (4.7). This contradiction completes the proof. O

Remark 4.1 Step 4 for (4.7) is new in the literature. It extends the range of p in (4.2) to
[t,n—4).
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5 The nonlinear problem

Here we solve the nonlinear problem (2.9). Set ¢ = v — W. Then (2.9) is equivalent to
(2.10). We shall use Theorem 4.1 and a contraction mapping theorem to solve (2.10).

Lemma 5.1 Let N be defined in (2.13). If p > 7, then for every ¢, € H,

IN()=NW)llp+a
= Oy max {"(I8ll,+1l,,), [£" (Il 1o )17~ el =uil, (5.1

where m
pl=m+1 max{l, m}. (5.2)
Proof. Note that p; < 2m = n—-4so W = O(1)e™"w,-4 = O(1)e™"w,,. There exists
t € [0, 1] such that
N@=N@) = pll*{sW+ip+ (1 -0’ =W} (6 -y,
where s = it W+1p+(1 -y >0and s = -1 if W+1p+ (1 — 1)y < 0. By (3.1) we obtain
N(¢) - N)
O(1) max{W?[Ig| + ly], [Ig] + 11"~ g — v
O(1) max {e" (Il + 1), (bl + 11,2~ e = wllpcl wp.

Finally, we use (3.4):
(i) fp+4—-1>mthenp; <p+4,s0

1 -7)(p-1 — 4—
wgl (’-)p _ 0(1) ,[)(let ) (p—D)+(p-1)]/(p+4-7) — O(I)a)p+4.

) Ifp+4—-17<mthenp >p+4,so0

0)51 l(x)p O(I)Q)ppi.(f D/(p+H+(o—1)/(p+4-1) _ 0(1)wp+4-

Upon using m(p — 1) = 4, we then obtain the assertion of the lemma. O
Lemma 5.2 Let F| be as in (2.12). Then ||F, ||n+(3n—]6)/(n—3) = O(I)k_lé‘_mp.
Proof. Note that 1 —* = O(1)(1 —¢) for z € [0, 1]. For x € By,

—x*=0()A-|x)=01)(1- r+m1n|x Xj|)=——

( ) . lx—x;|\7
i1n{1+?} . (5.3)

Hence, using W = O(1)e ™™ w,—4 we obtain
. 0, Xl L,
(I - 1yw? = T(miln{1+—} £ wys)

E
Ok 'e™ Wl , . = 0(1)k‘ls_m”wn+@,

Fy

by the interpolation (3.4) withp = n—4—7/p and p = n+(Bn—16)/(n—3). This completes
the proof. O
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Lemma 5.3 Let L be as in (2.11). Then for each p>T,
1L19llp+a = Ok 7|8,

Proof. By (5.3) and the interpolation (3.4) for cases n—4— p%] < p+4andn—-4- ﬁ > p+4,

Ligx) = (= 1DpWrle
= Ok g DL = l1gllpw,

= Ok gl ),11,
for some v > 0. The assertion of the Lemma thus follows. ]
Lemma 5.4 For eachp € [0,n —4), ||[Follp+s = O(De™™Pk~"P) where y(p) := min{l, %}.
Proof. AsW = Y| Viand A2W = 35| U”, we have
k

k k
Fo:= WP = AW = {(Z V,-)p - Z Vl-p} - Z[U,-p -Vl =Ji - /.
; =1

i=1 i=1
By (3.9),0<U;-V; = =07} = O(1)&"k"*. Hence, for y = min{1, g},
k
0<) = Y (UI-V))<pY U7 WU- V)

= 0D P wigyprp (™K = O™ k™ Wpy4.

For J;, we need only consider x € Q. Set V. = f:ll V;. Then, by (3.1),

k-1 k-1
0<s:=(> ) va (Vo + V)P = V2 = O(DIVE 'V, + VP,
i=0 i=

Note that for 6 € [0,n — 5), withd; = 1 + |x — x;| /¢,

— (k)" g,

o 1 o) k‘l( & )n_m 0(1)
| -

p—ly, _
VO Ve= emp g8 a4 - gmp 8+0 lx — x;
0 i=1 “i 0 =l !

by 33)withp =n—-4-6 > 1. Takingd = O when 0 < p < 4and § = p — 4 when
4 <p <n-4,we obtain V; “ly. = O(D)e™Pk" P w4, since Ak = k14,
Finally using Holder inequality, (3.3), and (n —p)/(p — 1) = (n —p)(n —4)/8 > 1, we
obtain
k=1 1

O (Y 1y 0K I h
Vf = emp (21 d?"‘ )p - gnr a'p+4<Z d(n—p)/(p K )p

O()e™Pwp44(gk)" .

Combining these estimates we obtain the assertion of the lemma. O
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Theorem 5.1 There exists a large integer ki such that for every integer k > ki and (4, 0)
satisfying (2.4), (2.9) admits a unique solution (c, c3,v) satisfying v =W + ¢ and

1l +leal+&”ligll, = 0K ¥ p € [r.n = 4) (y(p) := min {1, ~—L1). (5.4)

Proof. 1. First we establish the existence of a unique solution and the [|¢l|, estimate for
p €[m+1,n-4). Fix v € (1, min{p, 2} ) and define

X, :={peH : &gll, < kO,

For each ¢ € X, set f = Fo + F; + L1¢ + N(¢). Note by (5.2) that in the current case
p1=m+71<psoldll, <ll¢ll,. Hence, by Lemma 5.1 with ¢ = 0 and Lemmas 5.2—35 .4,

||f||er4 - O(I)S—mp{k—y(p) +k! +k—1—y(p)/v+k—’7(“) min{p,Z}} — O(l)s‘m”k_m’).

Define (ci, ¢2, %) as the unique solution of Ly—Ac,Z;—gkcyZy = f in R?2xH,. By Theorem
4.1 and equation m + 4 = mp we have &"[lyll, + |c1] + |ca| = 0(1)s4+"’||f||p+4 = O()k™r®
when k > kg. We now define T¢ := . Then T maps X, to itself if k > 1. In addition, by
Lemma 3.3 (3), Lemma 5.3, and Lemma 5.1 with |||, < ll¢ll, < k77®, we find that for
any ¢1, ¢, € X,

O(EIL1(B1 = $2)llpra + IN(B1) = N(¢2)l|p+4]

1)

Ok + k= ™nibr=1jjp) — g5,

IT¢1 — Teoll,

Hence, T is a contraction if k > 1. Consequently, when k >> 1, by the contraction mapping
theorem, there exists a unique fixed point of T in X,,, which gives a unique solution of
(2.10). The solution satisfies

"¢l + leil + leal = O Vp e [m+1,n—4). (5.5)

2. Next for the unique solution given in the previous step, we estimate the ||¢||, norm
for p € [t,m + 7]. Using Theorem 4.1, Lemma 5.1 with ¢ = 0 and Lemmas 5.2—5.4, we
obtain

&"lgll,
O™ {||Follpsa + IF1llpra + 11L1¢llpsa + IN(@)llpsa}
O(K™® + Ok &"|gll, + O(1) max{e™||Bll,,» (" Bllp, )7~ Y™ 18], -

Note from (5.2) that p; > m+t, so by (5.5),max{s’"||¢||pl,(s’"||¢||pl)1"1} = O(1)k™ e min{p-11} —
o(1). Hence, (5.4) holds. This completes the proof. ]

Remark 5.1 Step 2 is new in the literature. It extends (5.4) from p € [m + 7,n — 4) to
p € [r,n—4).
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6 Variation of energy

The existence of spiky solutions is based on the following facts:
Theorem 6.1 Letn > 6, W = W(-; 4, 0,k) be as in (2.2) where (A, o) satisfies (2.4). Define
1 1 2 | x]®
J(A, 0, k) = — =|aw[" = ——wr+!) dx.
b= | (Glawf - 2w

Let Li(-), Ly(-), Ay and A; be defined by (2.6)—(2.8). Then

I, o k 1

( e ) S lAala(@) + O()(ek)?), ©6.1)
I, o k 1 .

(a; ) /1”_4k{a/A1/l” Y- Ay Ly(0) + 0(1)(ek)}. 6.2)

Proof. Define {y = Uy — Vy. It is easy to see that I; and I'] are proportional. Hence, by
(3.9), |§0|+|{04|+|§00—| =0y = o(DI'} = O(1)U,. Consequently, setting U = W-Uj =
=y + Z 'V, and d; = 1 + |x — x;|/& we obtain from Lemma 3.4 that

k-1 k-1
U]+ US| + kUS| = O() )" Ur = 0()e™ Y di™"  VxeB. (6.3)
i=1 i=1

By symmetry and decomposition W = 25;1 Vi = Uy + U°, we can calculate, for = A or
r=o0

aJ 1
= = —f {A2W—|xl"W”}W,dx:f UgW,dx—f IxI“WP W, dx
ot k B, B Q

_ f UgW,dx+f(Ug—|x|”Wp>dex
B1\Qg Q

+ f W (Uf = WP + pUL ™ U )Uy dx
Q

(1 = | UL Upy dx - f pICUL U Uy, dx
Q Q
= I+ DLy + Iz + Iy + Is;.

1. The Term I;,. Since |Viy| = O(1)U; and (1ek)™ = k!, by (3.14),

O(1)(k)*
qufBl\Qo UPZVde— (1)£ . ZU”Ud ==

i=0 —xol> 7 =0
Similarly, as ekV;, = O()U;, I, = O()k™ ! (gk).
2. The Term I,.  From (5.3), 1 — |x|* = O(I)k‘ld{). Hence, by (3.1), (6.3), and
m(p+1)=n,
(U§ = Ix“WP)US
= (1- |x|")UgUf1 + |x|”[U6J —(Up + Uc)p]Uc
k-1

k-1 k—
. o(e 1 o 1 p+1
- kdg+4_T Z dn—4 +0(De d le dr 4 Z dr

i=1 7 i i=1 1
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Fix ¢ € (0, 1). We obtain by Holder inequality and (n — 1 + 6)/p > 1, that for x € Qy,

k-1 k-1 k-1 k-1 0(1)

R y St ow s
Z - Z 40 1+6)/p d(z+1—5=(8k) " g1

i=1 l i=1 l =1 i i=1 "

since Y57 d = O(1)(ek)’ for x € Qg and p > 1. Hence, using Y., d¥" = O(1)(gk)"™ =
ok,

Ly = f (U - 1w U
Q
k-1

_ k-1 _ _
0(1)( f £ dx f MY s f s"dx)
= + E + (ek E —.
k dn+4 T i Jo, dgd;174 ( ) i Jo, dfl+1—($

1

Note that
e "dx dy
f n+4+1 < f T1 & lljntd+r = 0(1),
dy re [1+[¥l]
k-1 - k-1 -
e dx e dx dy s
ng; d”"'l = - ZL 419 < *[|)'|> /&) |y|n+1_5 = 0(1)(ek) ™,
i= 0 i=1 i %0 oo/ (&l

1
k-1

eMdx
Zf Ed 0(1){(8k)41€n>8 + (ek)* In k1 =gy + (k)" n<8}
4 Ja,

=

Thus, I, = Ok {k™ ' +(ek)*[1+1,=5) In k]} = O(1)k~!(ek)?. Similarly, I, = O(1)k™!(ek).
3. The I5; Term. Let 8 € (1,2) be a number such that (n — 4)(n — 6)/8 > 1. Using
W =Uy+ U°, Uy, = O(1)Uy, (3.2) and Holder inequality, Lemma 3.1 and (3.3), we obtain

Iy = f W [Uf = (U + Uy + pUY " U |Uoa dx
Q

o) | {UL|UP + U Uy dx = O(1) f {UPUCP + U Uy} dx

Qo
k-1 —(1-4)(n—) 4)(n 60) 4
n—
A
l

i=1

1 2 0(1)8""‘

4 n—4
1 di d i=1

Il
S
~
—
~

e
QO{d_g( i
k,

oy
O(1)(sky"™ f s+ O GZ f i
" (R

O(l){(sk)"l{,,>g} + (k)" In k1 =g, + (k)" 81{,l<8}} + O(1)(gk)"
0(1)(ek)?
—

Similarly, I, = O(1)k™'(gk).
4. The I, Term. Using div(x - x0)UZ)=(p + DAULUpi=0()UL™" we have

k-1
1

. 1 —|x®
L= | (=60 U dx:f

div((x = x0) U ) dx + O(k)".
Q Boyuxo)(P + 1A ( 0 )
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We use the Taylor expansion: when |x — Xo| < 0/k,
=[x =1 -7r" - aey - (x — Xp) + OK™>).

Hence, by divergence Theorem and the fact that Ug Uy, is a function of |x — X,

(1-7r7 Ix = xolUZ*" dx + O(k™) f Ut dx + O(ek)"
Rﬂ

|x=Xol=070/k

o)[(ek)" + k2.

Similarly, using ekUy, = O(1)Uj and kUy, = € - VU we can calculate, by the diver-
gence theorem,

e - VU™ oOHUP™ o)k
14,,=f I{l—|x0|“—aeo-(x—x0)} 04 0 bx+ ()2 )
oo /k(X0 &l

I4i

(p+ Dk &k3
__«a pot ., OOER) | O(D) .
“ Dk f i 0BT a0 T OER
__ @ el O(D[(eh)"™ + (ek)’] @Ay + O(1)(sk)
‘(p+1)qu) )y + R =

m’

where A| = o fR" ®P*(y)dy is the same as that defined in (2.8) since p + 1= 2.
5. The 151 Term. Suppressing the dependence on k and o, we introduce the function

k=1 4—n k=1 k4—n

-1
E(X):ZZ | |n 7 ZO m, X,’IZ(I - %)ei, X;-k I=(1 - %) €;.

=1
Differentiating E with respect to x and using (3.3) we find that
E(x) = O0(1), VE(x)=O()k, D*E(x)=O0(K*  VxeQ.
From (3.10) and W = Uy + U¢, we have, for x € Qq,
O(0)e™
A4k
We now can estimate /5, as follows: We use expansion E(x) = E(xy) + VE(xq) - (x —
Xo) + O(1)k?|x — x¢|*. Also we note that Ug_l Uy, is a function of |x — xo| and p/lUg_l Uoy =
div((x — xo)Uj) — mU{ . Hence,

= cD(O)g-m(gk)"—“{E(x) + 0(1)(sk)2} = ” {E(x) + 0(1)(8k)2}.

p20)
P

5=~ f PUY U Utdx = -
Q

O0) 1
= —f I:l _(4k)U(])7 IUQAS {E(X0)+VE(xO)'(X—X0)}dx
By /k(X0)

f |x|aUg_lU0,187m[E + 0(1)(8k)2]dx
Qo

oM @ |x — X/ m
+T o {1 — |x| + (gk)2[1 + - ] + IR"\Bao/k(Xo)}U(I;E dx
E(x0)®(0) . » - 0(1)(ek)?

e [div(G = x0)Uf) = mUf |e™"dx + ===
mE(Xo) O()(gk)* 2" *AsE(x0) + O(1)(ek)?

- D0)D"(y)d -
1k g, QOO+ = Tk

]
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where Ay = 2*"'m fRn O(0)D?(y)dy is the same as that defined in (2.8).
Similarly, using Uy, = O(1)(gk)~' Uy and kUy, = e - VU, we obtain

o -1 _ pD0) -1 5 dx
Isy:=— L(’ plxl*U{™ Upe Ucdx = — pr=ra IX“U™ Uoo [E + O(1)(gk) ]s_’”
e - VU dx
= —(D(O)f ———1E®Xo) + VE(xp) - (x —X¢); —
Be/k(X0) g2 { } o
o) oy L = %ol Up dx
— L —|x* + (ek)"|1 + + 1gn —_—
8k2 QO { |-x| (8 ) [ 82 ] R \Bo-o/k(Xo)} 8m
:j“ eo - VIVE(Xo) - (x = x0)] PO)Updx  O(1)(eh)’
Boyk(x0) 4k e ek?
ey - VE(xp) 2"74A2 VE(xp) - €
= = )., QOO0 +0E) = o (7 + 0teh).

6. Evaluation of E(x() and VE(x,). Finally, we evaluate

k-1 1 k-1 |
E(xp) = - . )
’ ; lk(xo — x;)l"~* ; lk(xo — x;)["~*

VE(xo) _ - n) [i |kk(X0 -X) kz_i lkk(XO — X))
i=1 i=0

k (x; = Xp)|"2 (X0 —x)I"2 )

Note that, with r = 1 — o /k,
[\2
lk(x; —x0)? = KrH{2-2e;-ey) = 4r2(k sin %) ,

lk(x; — xo)?

kﬂ%ei - re0|2 = 4{D2 + (k sin %)2}

where D = ’5[% —r] = o +0()k. Using d? +k*sin’t = [d% + K2 2][1 + O(1)6?] for t € [0, 6]
we have

[k/2] . (6k/) > o
L Im\2 -m 1+ 0(1)6 Ao
[(ksin—) +D?| " = — =+ 0(1) i
; k ; (D? + (7i)?) i:wk;]ﬂ
> 1
————— + 0(1)&* + O(1)(kH)>™
;wumwﬁ()+(X)
> 2(n-5)

+ Ok~

1
L4 [D2 + (mi)?]"

by taking 6 = k== . This expansion is also true if D is replaced by 0. Hence, for L;(-)
defined in (2.6),

2(n-5)
-3

E(x0) = 2*(Li(D) + OOk ") = 24(Ly(0) + Ok + Ok~ 5.
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Similarly, we find that, for L,(-) is defined in (2.7),

VE(xp) me _ 23
TO = - 2n_2{ Ly(0) + O(Dk™" + O(Dk™ = |,
Collecting all estimates for I;;,i = 1,--- , 5, we then obtain the assertion of the theorem.

O

7 Proof of Theorem 1.1

Let (cy, ¢z, v) be the solution of (2.9) given by Theorem 5.1. We now find (4, o) such that
(c1,¢2) = (0,0). We use the equation (2.15) which can be written as, with M given in
Lemma 3.7,

(7.1)

M[Cl]:[ A, LVo)—AFo+F1, Vo) — AL, Voi)— UN(d), Voa) }
() &k{p, LVoo)—ek{Fo+F, Vo) —ek{ L1, Vor)—k{N(¢), Vo)

First of all, direct calculation shows that, for r = A or o,

0J(A, 0, k)

1
—(Fo+ F1,Vy)=—(Fo+ F{,W,) =
(Fo+ Fy, Vor) k< o+ Fi, W) ar

Next, since Vo (x) = Uy — Lox = O(1)g™ |x — xo[*™", we have, by Lemma 5.3, (3.6), and
5.4),

(L16.Vor) = ODIL1 bl f W) dx _ ODllgll-e"w:(x0) _ O

B lx=xol* k K2

Similarly, ek(L;$, Vor) = O(Dk™* = O(1)e(gk)"™>.
When p € [r,n —4), using W = 5, V; = Uy + U, [U| + US| = O(1) 35 U;, and
symmetry we have

(¢, LVo1) f ¢{A2V0/1 - pr_IVO/l}dx

By

k
f poUS Unndx =) f pOW?™ Vi dx
B] i=1 .Q()

k-1
= > f poU" Uy dx + f pe{UL™ Uoy — WP W ldx
i=1 Y% Qo

k-1

k-1
- 0(1)||¢||p(fQ wpUg_IZUidx+L wp( Ui)"dx)
0 0 i=1

i=1

- ol [ @ 3] S [ (e ws)
- gy B8 Sarten T Jo N\ art) e )

0 i=1 i




Infinitely Many Spiky Solutions for a Hénon Type Biharmonic Equation 687

where we have used fQ Uy Upawydx = fQo U’ U wpdx. We estimate each integral on the
right-hand side as follows. Using Holder inequality, (4 + p — 7)/(p — 1) > 1, (3.3), and
symmetry we have

k-1 k-1
1 )17 Wp dx < ( Z 17 1 Z Wy dx
at & o VA g TW ) AP e

=1 % =1 i

w
0(1)(8k)4+p T(l + IP T,n=6) ln k Zf I’l+fp o

o)D) ™ (1 + 1jpery In° k).

V/

Using dj < d; on Qg and setting 8 = max{0, (n + 7) — (8 + p)} we obtain

k-1

wp(x 1 _4_9f Wy, dx
— 0(1)(gk)" —
fg e = W™ | Fae

i=1

0(1)(ak)”—4—9(1 +1jpeqy In k)
O(1)(gh)™Mr=44+0=1(1 4 1,_y Ink).

In summary, using mp = n — m we obtain

(¢, LVo2) = 0Dl e™ (k)™ ™ =447 (1 + 1)p_pyIn’k) Vo€ [1,n—4). (7.2)
Similarly,
(k)(¢, LVooy = O(D)|IBll,e™ (k)™ 4473 (1 + 11y In’k) Vp € [1,n—4). (7.3)

Taking p = 1 and using (5.4), we see that
[k, LVo)| + (b, LVar)| = OO (£k)* = O(De(ek).
Finally, for p € [1,n — 4), by (3.6) and (5.1) with ¢ = 0,
KN(@), Vou)| + ek|(N(9), Voo
= O(E"IN(P)llp+a f Wpra(x) [x = Xo[*"dx

B,

= O(De™IN(@)l|p+aw,(Xo)
= o) max{g"||ll,,» " lIpll,, )"~ Y"1, - (7.4)

In [13, 29], the norm is fixed. It corresponds to the choice p = p* := m + 7. Then
p1 = p*, so by (5.4) and (7.4), with v* = y(p*) min{p, 2} — 1/,

KN (@), Vo)l + lek(N(¢), Voo)l = O(DKY®Iminie2l = o(1)gk™" .

Suppose 6 < n < 12. Then p > 2 and v* = min{n - 5,7 - 27}/(n —4) > 1/(n — 4).
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Suppose n > 12. Then p < 2. We take p = 4, so by (5.4) and (7.4),
KN(8), Vol + lek(N(9), Vor)l = O(DHK™7¢VP™D = O(1)ek™

where v = y(p1)(p — 1) — 1/(n — 4) and p; is given by (5.2) with p = 4. Using y(p;) =

min{1, =£} = £ one finds that

1 R2+n-HR4-T0)/8-1) ifn>
VE =42 | 3n+20-87 if12<n<18 ~ n-4

In conclusion, (7.1) can be written as, with M given in Lemma 3.7,

C i Koo
M ="
2 0 ¢
By continuity, for each large enough integer k, there exists (4, o) = (4%, 0'*)+0(1)(k‘ﬁ , k‘ﬁ)

such that ¢; = ¢; = 0, from which we obtain a solution of (1.1). Now we are ready to prove
the following, of which Theorem 1.1 is a direct consequence.

ALi(0) + O(D)k~ 75
(7.5)

@A " = Ay Ly (o) + O(Dk~ 75

Theorem 7.1 Supposen > 6,p = %, and a > 0. There exists a positive integer K such

that for each integer k > K, (1.1) admits a solution of the form

xoxiy, 2y

u(x) = gim{mlax(l)( - 3

(7.6)

where & = k™3 /4, X; = (1 —o/k)e;, e is defined in (2.2), and (1, 0) = (1*,07).

Proof. It remains to describe the profile of the solution we obtained. Indeed, taking a
p € (1, min{n — 4, 4}) we obtain from (5.4) that

&"p(x) = O(De"ll,w, = Ok ' w, = Ok,
As g"u(x) = "W (x)+&"P(x), (7.6) thus follows from (3.10). This completes the proof. O

Remark 7.1 If we follow the method in [13, 29] by taking only p = p* := m + 7, then
ek(N($), Voo-y = O(1)ek™" where v* > 0 if and only if 6 < n < 19; namely, the analysis
breaks down when n > 20. Here in this paper we introduce variable weights and develop
new techniques to take care of the technical difficulties.
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