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Abstract

Following the constructive method of Wei and Yan [29], with new ingredients to take care
of high-space dimensions, we prove the existence of infinitely many solutions of the non-
linear biharmonic equation ∆2v = |x|αv n+4

n−4 in the unit ball of Rn (n � 6, α > 0) with the
Navier conditions v = ∆v = 0 on the boundary.
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1 Introduction
Consider the following Hénon type biharmonic problem: for u = u(x),

∆2u = |x|αup, u > 0 in B1, u = ∆u = 0 on ∂B1, (1.1)
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(modulo dilation and translation) of radially symmetric ground state in Rn; see Bianchi and
Egnell [6] for the Laplace operator and Bartsch, Weth, and Willem [3] for polyharmonic
operators.
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Figure 1: A Spike Solution in Space (x1, x2, u) with u = v(x1, x2, 0, · · · , 0).

Here we briefly describe the multi-spike solution. The equation ∆2v = vp admits a
ground state v(x) = Φ(x) = cn(1+ |x|2)−m where m = (n− 4)/2 and cn is a positive constant.
By scaling and translation, for each parameter ε > 0 and ξ ∈ Rn,

v(x) =
1
εmΦ
( x − ξ
ε

)
=

cnε
m

[ε2 + |x − ξ|2]m

is also a solution of ∆2v = vp. When 0 < ε � 1, we call ε−mΦ([x − ξ]ε−1) a spike centered
at ξ. For each large enough integer k, we search for k-spike solutions (c.f. Figure 1) of the
form

u(x) ≈ max
i

1
εmΦ
( x − rei

ε

)
, ε =

1

λk1+ 1
n−4

, r = 1 − σ
k
, (1.3)

where {ei}ki=1 are evenly distributed on the circle x2
1 + x2

2 = 1, x3 = 0, · · · , xn = 0 and
(λ, σ) ≈ (λ∗, σ∗), with λ∗ and σ∗ being positive constants depending only on n; see the
following

Table 1: The parameter (λ∗, σ∗) with respect to space dimension n
n 5 6 7 8 9 10 11 12
σ∗ 3.53056 3.01448 2.89353 2.86396 2.86511 2.87773 2.89431 2.91166
α

1
n−4 λ∗ 0.62793 0.40943 0.35983 0.33680 0.32276 0.31300 0.30569 0.29995

n 13 14 15 16 17 18 19 20
σ∗ 2.92837 2.94387 2.95796 2.97064 2.98200 2.99217 3.00127 3.00943
α

1
n−4 λ∗ 0.29532 0.29149 0.28828 0.28550 0.28316 0.28110 0.27928 0.27766
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where α > 0 is a constant, p = (n+4)/(n−4) is the critical Sobolev exponent, and B1 is the
unit ball in Rn centered at the origin. This paper is focused on the proof of the following:

Theorem 1.1 If α > 0, n � 6, and p = n+4
n−4 , problem (1.1) admits infinitely many solutions.

In recent years biharmonic equations with nonlinear source terms have attracted quite
a bit of attention; see, for example, [1, 4, 5, 12, 14, 15, 16, 17, 19, 27, 30, 31, 32] and the
references therein. In [27], Wang proved that problem (1.1) possesses at least one non-
radial solution when n � 6, p = n+4

n−4 , and, additionally, α is large enough. With p = n+4
n−4 ,

replacing |x|α by a positive smooth function K(x) and B1 by a general bounded domain
in R6, Ayed and Hammami [1] proved, among many beautiful estimates, the existence of
a solution under certain conditions on K. Figueiredo, Santos, and Miyagaki [12] proved
that (1.1) admits a classical solution if and only if 1 < p < n+4+2α

n−4 (see also [27]), and
established the existence of solutions of the form v = v(|y|, |z|) with y ∈ R�, z ∈ Rn−� for
(�, p) in certain ranges.

The original Hénon problem, modeling mass distribution in spherical symmetric clus-
ters of stars [18], was formulated in 1973 in terms of the second order elliptic problem

−∆u = |x|αuq, u > 0 in B1, u = 0 on ∂B1. (1.2)

In 1982, Ni [21], for the first time proved rigorously the existence of radial solutions of
(1.2) for each α > 0 and q ∈ (1, n+2+2α

n−2 ). There are many works concerning the energy and
the profile of the ground state (constrained energy minimizer) solutions of (1.2) for either
q ≈ n+2

n−2 or α � 1; see, for example, [2, 7, 8, 9, 10, 25, 26], and the references therein.
Smets, Su, and Willem [25, 26], based on numerical discovery of Chen, Ni, and Zhou [11],
proved that for every fixed q ∈ (1, n+2

n−2 ) and α large enough, or for any fixed α > 0 and q
sufficiently close to n+2

n−2 from below, any ground state solution of (1.2) is not radial. Serra
[24] studied the case q = n+2

n−2 and proved the existence of non-radial positive solutions of
(1.2) for α sufficiently large. Cao, Peng, and Yan [9, 10], as well as Byeon and Wang [7, 8],
proved that the points of maximum of ground states approach the boundary ∂B1 as p↗ n+2

n−2
or α → ∞; they also obtained limiting profile of the ground state. Multiple peak solutions
for slightly subcritical growth was established by Pistoia and Serra [23] and Peng [22],
and for slightly supercritical (α = 0) by del Pino, Felmer and Musso [13]. Quite recently,
Wei and Yan [29], using a finite dimensional reduction argument (c.f. [13, 20, 22, 23, 28])
equipped with a carefully chosen weighted L∞ norm, produced the following elegant result:

When n � 4, q = n+2
n−2 , and α > 0, (1.2) admits infinitely many non-radial

solutions.

In this paper, we follow the line of the argument of Wei and Yan [29] for (1.2), carrying
out the analogous analysis for (1.1). It seems to us that the analysis goes through when
4 � n � 9 for (1.2) and 6 � n � 19 for (1.1). For this reason, here we introduce new
techniques and more estimates to complement the classical method of Wei and Yan [29]
and to overcome technical difficulties arising from the case when n is large. Meanwhile,
we shall simplify some of their calculations.

The solution constructed in [29] has k peaks, with k an arbitrarily large integer; see
Figure 1. The possibility of the existence of multi-peak solutions is due to the local stability
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(modulo dilation and translation) of radially symmetric ground state in Rn; see Bianchi and
Egnell [6] for the Laplace operator and Bartsch, Weth, and Willem [3] for polyharmonic
operators.
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Uiλ =
∂Ui

∂λ
, Uiσ =

∂Ui

∂σ
, Viλ =

∂Vi

∂λ
, Viσ =

∂Vi

∂σ
,

Z1 =

k∑
i=1

U p−1
i Uiλ =

1
p
∆2Wλ, Z2 =

k∑
i=1

U p−1
i Uiσ =

1
p
∆2Wσ. (2.3)

We always assume that (λ, σ) is in the range

λ ∈
[1
2
λ∗, 2λ∗

]
, σ ∈

[1
2
σ∗, 2σ∗

]
, (2.4)

where (λ∗, σ∗) is the unique positive root, for (λ, σ), of the algebraic system

L1(σ) = 0, αλn−4 = AL2(σ), (2.5)

where

L1(σ) =
∑
i�0

( 1
|iπ|n−4 −

1

[(iπ)2 + σ2]
n−4

2

)
− 1
σn−4 , (2.6)

L2(σ) =
∞∑

i=−∞

σ

[σ2 + (iπ)2]
n−2

2

, (2.7)

A =
A2

A1
, A1 =

m
n

∫
Rn
Φp+1(y)dy, A2 =

m
2n−4

∫
Rn
Φ(0)Φp(y)dy. (2.8)

Note that L′1(σ) = (n − 4)L2(σ) > 0 for σ ∈ (0,∞), L1(0+) = −∞ and L1(∞) > 0. Hence,
(2.5) admits a unique root; see Table 1 for its numerical values when 5 � n � 20.

In the sequel, O(1) denotes a generic quantity that is bounded by a constant depend-
ing only on n, α, and ρ (to be introduced later). For notational simplicity, we shall sup-
press the dependence on parameters (λ, σ, k), abbreviating ei(k), Ui(x; λ, σ, k), Vi(x; λ, σ, k),
W(x; λ, σ, k) simply as ei,Ui(x),Vi(x),W(x).

2.2 A nonlinear problem
We work on the following spaces of functions with symmetry:

H =
{
ϕ ∈ C

(
B1
)

: ϕ(Rei(±θ+ 2π
k ), x′) = ϕ(Reiθ, |x′| , 0, · · · , 0)

}
,

H0 =
{
ϕ ∈ H : ϕ ∈ C2(B1

)
, ϕ = ∆ϕ = 0 on ∂B1, ⟨Z1, ϕ⟩ = ⟨Z2, ϕ⟩ = 0

}
.

Here we have used (Reiθ, x′) ∈ C × Rn−2 � Rn and ⟨ϕ, ψ⟩ :=
∫

B1
ϕ(x)ψ(x) dx. We consider,

for (c1, c2, v),

(c1, c2, v −W) ∈ R2 ×H0, ∆2v = |x|α|v|p + λc1Z1 + εkc2Z2 in B1. (2.9)

Note that u := v is a solution of (1.1) if c1 = c2 = 0. We shall choose appropriate λ and σ
such that c1 = c2 = 0. Let ϕ = v −W. The above equation for (c1, c2, v) can be written as
the equation for

(c1, c2, ϕ)∈R2×H0, Lϕ − λc1Z1 − εkc2Z2 = F := F0 + F1 +L1ϕ + N(ϕ), (2.10)
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To prove Theorem 1.1, one needs (i) an approximate solution W, (ii) invertibility of
L = ∆2− p|x|αW p−1, and (iii) smallness of the nonlinear term N(ϕ) := |x|α{(W +ϕ)p−W p−
pW p−1ϕ

}
. When n � 12, N(ϕ) = O([W + |ϕ|]p−2)ϕ2; however, when n � 13, we only have

N(ϕ) = O(W+ |ϕ|)|ϕ|p−1). Our new techniques and delicate estimates are introduced mainly
for the purpose of taking care of the case when n is large.

The rest of the paper is organized as follows. In Section 2, we explain the idea of the
proof. In Section 3, we provide a few basic estimates. We study the operator L in Section
4 and a nonlinear problem involving Lagrange multipliers in Section 5. In Section 6 we
calculate, as a function of (λ, σ), the gradient of an energy associated with W. Finally in
Section 7, we show that the energy admits a critical point near (λ∗, σ∗), from which we
obtain, for each integer k ≫ 1, a solution of (1.1) having the form (1.3).

Remark 1.1 As in [29], Theorem 1.1 is valid when the function |x|α is replaced by K(|x|)
where K(·) satisfies, for some δ > 0, K ∈ C([0, 1]) ∩C2([1 − δ, 1]),K � 0, α := K′(1) > 0.

Remark 1.2 With respect to [29], here we have made two corrections: (i) the calculation
of the Green’s function, e.g. the expansions of E(x0) and ∇E(x0) in Section 6; this leads
to our new conclusion that there is no explicit formula for (λ∗, σ∗); (ii) the calculation of a
variation of an energy; our new estimation (7.4) indicates that it is necessary to introduce
new techniques for (1.2) when n � 10 and for (1.1) with n � 20.

Remark 1.3 The problem for the case n = 5 for (1.1) and n = 3 for (1.2) is still open.

2 Idea of the proof

2.1 The approximate solution
In the sequel we use the following notation:

p =
n + 4
n − 4

, m =
n − 4

2
, τ =

n − 4
n − 3

, Φ(x) =
[n(n2 − 4)(n − 4)]m/4

(1 + |x|2)m .

Note that ∆2Φ = Φp in Rn. Fix a positive integer k. For e ∈ Sn−1, λ > 0 and σ ∈ (0, k), we
define

ε :=
k−1/τ

λ
, r := 1 − σ

k
, U(x; λ, σ, e, k) :=

1
εmΦ
( x − re
ε

)
.

Then ∆2U = U p in Rn. We denote by V = PU the projection of U defined by

∆2(V − U) = 0 in B1, V = ∆V = 0 on ∂B1. (2.1)

We define

ei(k) :=
(
cos 2πi

k , sin 2πi
k , 0, · · · , 0

)
, i = 0, 1, · · · , k,

Ui(x; λ, σ, k) := U(x; λ, σ, ei(k), k), Vi(x; λ, σ, k) := PUi(· ; λ, σ, k)(x),

W(x; λ, σ, k) :=
k−1∑
i=0

Vi(x; λ, σ, k) =
k∑

i=1

Vi(x; λ, σ, k), (2.2)
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The assertion follows by considering (i) a > 2|b| and (ii) 0 < a � 2|b|.
Next we study the weight ωρ and one of its applications.

Lemma 3.3 Let (λ, σ) be as in (2.4) and k � 2σ be a positive integer.

1. Set r = 1 − σ/k, xi = rei, x∗i = ei/r and Ω0 := {x ∈ B1 : |x − x0| � |x − xi| ∀ i}. Then

k∑
i=1

1
|x − x∗i |ρ

+

k−1∑
i=1

1
|x − xi|ρ

= O(1)


kρ if ρ > 1,
k ln k if ρ = 1,
k if ρ < 1,

∀ x ∈ Ω0 . (3.3)

2. Let ∥ · ∥ρ be as in (2.14). If ρ < ρ̃, then ωρ̃ < ωρ and ∥ · ∥ρ � ∥ · ∥ρ̃. Also, ωτ = O(1)
and

ωρ �


ω
ρ/ρ̂
ρ̂ if ρ � ρ̂ > 0,

ω
ρ̂−ρ
ρ̂−τ
τ ω

ρ−τ
ρ̂−τ
ρ̂ if τ � ρ < ρ̂.

(3.4)

3. For every ρ ∈ (0, n − 4), the solution ϕ of ∆2ϕ = f in B1 with ϕ = ∆ϕ = 0 on ∂B1
satisfies

∥ϕ∥ρ = O(1)ε4∥ f ∥ρ+4.

Proof. (1) For x ∈ B̄1, it is easy to see that

|x − x∗i | � max
{|x − xi|, 1 − |xi|

}
= max

{|x − xi|, σk−1}. (3.5)

When x ∈ Ω̄0, 2|x − xi| � |x − x0| + |x − xi| � |xi − x0|, so

|x − x∗i | � |x − xi| �
1
2
|xi − x0| = r sin

πi
k
�

1
2

sin
πi
k
�

min{i, k − i}
k

.

It then follows that when x ∈ Ω̄0,

k−1∑
i=0

1
|x − x∗i |ρ

+

k−1∑
i=1

1
|x − xi|ρ

�
kρ

σρ
+ 4

[k/2]∑
i=1

kρ

iρ
.

The first assertion of the lemma thus follows.
(2) The monotonicity of ωρ and ∥ · ∥ρ in ρ follows by the definition (2.14).

If ρ = τ and x ∈ Ω0, ωτ(x) � 1 +
∑k−1

i=1 ε
τ|x − xi|−τ = 1 + O(1)ετk = O(1).

If 0 < ρ̂ � ρ, then ωρ(x) � ωρ̂maxi[1 + |x − xi|/ε]ρ̂−ρ � ωρ̂ω(ρ−ρ̂)/ρ̂
ρ̂ = ω

ρ/ρ̂
ρ̂ .

If ρ̂ > ρ � τ, the Hölder inequality gives ωρ � ω
ρ̂−ρ
ρ̂−τ
τ ω

ρ−τ
ρ̂−τ
ρ̂ . This proves the second

assertion.
(3) Let Γ(z) = Cn|z|4−n be the fundamental solution of (−∆)2 and G(x, y) be the Green’s
function of (−∆)−2 associated with the Navier boundary condition. By comparison, 0 �
G(x, y) � Γ(x − y). Hence,

ϕ(x) =
∫

B1

G(x, y) f (y)dy = O(1)∥ f ∥ρ+4

∫
Rn

ωρ+4(y)
|x − y|n−4 dy.
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where

Lϕ := ∆2ϕ − pW p−1ϕ, L1ϕ := (|x|α − 1)pW p−1ϕ, (2.11)
F0 := W p − ∆2W, F1 := (|x|α − 1)W p, (2.12)
N(ϕ) := |x|α{|W + ϕ|p −W p − pW p−1ϕ

}
. (2.13)

To solve the nonlinear problem (2.10), we first investigate the linear problem: given
f ∈ H , find (c1, c2, ϕ) ∈ R2 × H0 such that Lϕ − λc1Z1 − εk c2Z2 = f in B1. We shall
show in Section 4 that there is a unique solution which satisfies, for every ρ ∈ [τ, n − 4),
∥εmϕ∥ρ + |c1| + |c2| = O(1)εm+4∥ f ∥ρ+4, where ∥ · ∥ρ is defined by

��� f
���
ρ

:= max
|x|�1

| f (x)|
ωρ(x)

, ωρ(x) :=
k∑

i=1

1(
1 + |x − xi|/ε

)ρ , xi :=
(
1 − σ

k

)
ei. (2.14)

Remark 2.1 In the literature, e.g. [13, 29], weights are fixed; in the current situation, it
corresponds to ∥ · ∥∗∗ = ∥ · ∥ρ∗+4 and ∥ · ∥∗ := ∥ · ∥ρ∗ with ρ∗ := m + τ. However, it seems to
us that the norms used only cover the case 6 � n � 19. For n � 20, we need to use extra
weights and introduce new techniques.

2.3 The algebraic equation for the Lagrange multipliers
Taking the inner product of λc1Z1 + εkc2Z2 = Lϕ − F with λV0λ and εkV0σ we find that

[
λ2 ⟨V0λ, Z1⟩ λεk ⟨V0λ, Z2⟩
λεk ⟨V0σ, Z1⟩ (εk)2⟨V0σ, Z2⟩

] [
c1
c2

]
=

[
λ ⟨V0λ,Lϕ − F⟩
εk ⟨V0σ,Lϕ − F⟩

]
. (2.15)

For each fixed k ≫ 1, we shall show that the right-hand side vanishes at some special
(λ, σ) ≈ (λ∗, σ∗), so c1 = c2 = 0. Setting u := v we have ∆2u = |x|α|u|p in B1. Upon using
the maximum principle, we find that −∆u > 0 and u > 0 in B1 so u is a solution of (1.1).

3 Preliminary
First we provide a few basic algebraic facts.

Lemma 3.1 For each α ∈ (0, n) and β > n − α there exists a constant C = C(n, α, β) such
that ∫

Rn

|X − Y |−α dY
(1 + |Y − Z|)β � C


(1 + |X − Z|)n−α−β if β < n,
(1 + |X − Z|)−α ln[2 + |X − Z|] if β = n,
(1 + |X − Z|)−α if β > n.

This is an extension of [28, Lemma B.2] and [17, Corollary 3.9], so the proof is omitted.

Lemma 3.2 When s > 1, there exists a constant C = C(s) such that, for each a > 0 and
b ∈ R,

���|a + b|s − as
��� � C{as−1|b| + |b|s}, (3.1)���|a + b|s − as − sas−1b
��� � C{as−2b2 + |b|s}. (3.2)
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The assertion follows by considering (i) a > 2|b| and (ii) 0 < a � 2|b|.
Next we study the weight ωρ and one of its applications.

Lemma 3.3 Let (λ, σ) be as in (2.4) and k � 2σ be a positive integer.

1. Set r = 1 − σ/k, xi = rei, x∗i = ei/r and Ω0 := {x ∈ B1 : |x − x0| � |x − xi| ∀ i}. Then

k∑
i=1

1
|x − x∗i |ρ

+

k−1∑
i=1

1
|x − xi|ρ

= O(1)


kρ if ρ > 1,
k ln k if ρ = 1,
k if ρ < 1,

∀ x ∈ Ω0 . (3.3)

2. Let ∥ · ∥ρ be as in (2.14). If ρ < ρ̃, then ωρ̃ < ωρ and ∥ · ∥ρ � ∥ · ∥ρ̃. Also, ωτ = O(1)
and

ωρ �


ω
ρ/ρ̂
ρ̂ if ρ � ρ̂ > 0,

ω
ρ̂−ρ
ρ̂−τ
τ ω

ρ−τ
ρ̂−τ
ρ̂ if τ � ρ < ρ̂.

(3.4)

3. For every ρ ∈ (0, n − 4), the solution ϕ of ∆2ϕ = f in B1 with ϕ = ∆ϕ = 0 on ∂B1
satisfies

∥ϕ∥ρ = O(1)ε4∥ f ∥ρ+4.

Proof. (1) For x ∈ B̄1, it is easy to see that

|x − x∗i | � max
{|x − xi|, 1 − |xi|

}
= max

{|x − xi|, σk−1}. (3.5)

When x ∈ Ω̄0, 2|x − xi| � |x − x0| + |x − xi| � |xi − x0|, so

|x − x∗i | � |x − xi| �
1
2
|xi − x0| = r sin

πi
k
�

1
2

sin
πi
k
�

min{i, k − i}
k

.

It then follows that when x ∈ Ω̄0,

k−1∑
i=0

1
|x − x∗i |ρ

+

k−1∑
i=1

1
|x − xi|ρ

�
kρ

σρ
+ 4

[k/2]∑
i=1

kρ

iρ
.

The first assertion of the lemma thus follows.
(2) The monotonicity of ωρ and ∥ · ∥ρ in ρ follows by the definition (2.14).

If ρ = τ and x ∈ Ω0, ωτ(x) � 1 +
∑k−1

i=1 ε
τ|x − xi|−τ = 1 + O(1)ετk = O(1).

If 0 < ρ̂ � ρ, then ωρ(x) � ωρ̂maxi[1 + |x − xi|/ε]ρ̂−ρ � ωρ̂ω(ρ−ρ̂)/ρ̂
ρ̂ = ω

ρ/ρ̂
ρ̂ .

If ρ̂ > ρ � τ, the Hölder inequality gives ωρ � ω
ρ̂−ρ
ρ̂−τ
τ ω

ρ−τ
ρ̂−τ
ρ̂ . This proves the second

assertion.
(3) Let Γ(z) = Cn|z|4−n be the fundamental solution of (−∆)2 and G(x, y) be the Green’s
function of (−∆)−2 associated with the Navier boundary condition. By comparison, 0 �
G(x, y) � Γ(x − y). Hence,

ϕ(x) =
∫

B1

G(x, y) f (y)dy = O(1)∥ f ∥ρ+4

∫
Rn

ωρ+4(y)
|x − y|n−4 dy.
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and

[1 − M(εk)2]Γ∗ � ζ � [1 + M(εk)2]Γ∗.

These give the second equation in (3.9). Next, on ∂B1,

ζλ
ζ
=

Uλ
U
=
∂ ln U
∂λ

=
m
λ

ε2 − |x − x|2
ε2 + |x − x|2 = −

m
λ
+ O(1)(εk)2,

∆ζλ
∆ζ

=
(∆U)λ
∆U

=
∂ ln(−∆U)
∂λ

= −m
λ
+ O(1)(εk)2.

It then follows by comparison that ∆ζλ = [−m/λ + O(1)(εk)2]∆ζ and ζλ = [−m/λ +
O(1)(εk)2]ζ on B̄1. Similarly, using x = re and r = 1 − σ/k, we find that when x ∈ ∂B1,

ζσ
ζ
= −2m

k
(x − x) · e
ε2 + |x − x|2 =

O(1)
k[1 − r]

= O(1),
∆ζσ
∆ζ
= O(1).

Hence, by comparison, ∆ζσ = O(1)∆ζ and ζσ = O(1)ζ on B̄. This completes the proof. �

Lemma 3.5 Let W be as in (2.2). For x ∈ Ω0 := {x ∈ B1 : |x − x0| � |x − xi| ∀ i} and
y = (x − x0)/ε,

εmW(x) − Φ(y)=
k−1∑
i=1

Φ(0)εn−4

|x − xi|n−4 −
k∑

i=1

Φ(0)εn−4

|x − x∗i |n−4 +
O(1)(εk)2

k
=

O(1)
k
, (3.10)

λεmWλ=mΦ(y)+y · ∇Φ(y)+O(1)k−1, εkεmWσ=e0 · ∇Φ(y)+O(1)ε. (3.11)

Proof. Let ζi = Ui − Vi, Γi = Φ(0)εm|x − xi|4−n and Γ∗i = Φ(0)εm|x − x∗i |4−n. Then,

W =
k∑

i=1

Vi = U0 +

k−1∑
i=1

Γi −
k−1∑
i=0

Γ∗i +
k−1∑
i=1

(
Ui − Γi

)
+

k−1∑
i=0

(
Γ∗i − ζi

)
.

When x ∈ Ω̄0 and i = 1, · · · , k − 1, Ui − Γi = O(1)(ε/|x − xi|)2Γi = O(1)(εk)2Γi. Hence,

k−1∑
i=1

����Ui − Γi

���� +
k−1∑
i=0

����Γ∗i − ζi
���� = O(1)(εk)2

{ k−1∑
i=1

Γi +

k−1∑
i=0

Γ∗i
}
=

O(1)(εk)n−2

εm ,

by (3.9) and (3.3). Since εmU0 = Φ(y) and k−1 = (λεk)n−4, this gives (3.10). Using
W =

∑k
i=1[Ui − ζi], (3.7), εmUiλ = O(1)|yi|4−n and εkεmUiσ = O(1)|yi|3−n for yi = (x− xi)/ε,

(3.9), and (3.3), we obtain the estimates (3.11). This completes the proof of the Lemma. �

Lemma 3.6 Let W be as in (2.2) and Zi be as in (2.3). Then
(i) for each ρ � τ, there exists θ > 0 such that ∥ϕW p−1∥ρ+4+θ = O(1)ε−4∥ϕ∥ρ;
(ii) ∥Z1∥n+4 + εk∥Z2∥n+5 = O(1)ε−mp.

Proof. (i) Since m(p − 1) = 4 and 0 � W <
∑k

i=1 Ui = O(1)ε−mωn−4, |W p−1ϕ| =
O(1)ε−4∥ϕ∥ρωp−1

n−4ωρ.
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By the change of variables Y = y/ε and Lemma 3.1 with α = n − 4 and β = ρ + 4, we have

∫
Rn

ωρ+4(y)
|x − y|n−4 dy =

k∑
i=1

∫
Rn

|Y − x/ε|4−nε4dY
(1 + |Y − xi/ε|)ρ+4 � Cε4ωρ(x). (3.6)

Hence, |ϕ| = O(1)ε4∥ f ∥ρ+4ωρ. This implies that ∥ϕ∥ρ = O(1)ε4∥ f ∥ρ+4 and completes the
proof. �

Now we study V = PU. Note that for U(x) = ε−mΦ(y) with y = (x − x)/ε and x =
(1 − σ/k)e,

λUλ=mU+(x − x)·∇U=
1 − |y|2
1 + |y|2 mU, εkUσ=εe·∇U=

−2e · y
1 + |y|2 mU, (3.7)

ε∇U=
−2myU
1 + |y|2 , −ε

2∆U=
4|y|2 + 2n
(1 + |y|2)2 mU, |ε∇U |+|Uλ|+|εkUσ|=O(1)U. (3.8)

Lemma 3.4 Let k � 2σ be a positive integer, (λ, σ) be constants satisfying (2.4), and
U(x) = ε−mΦ(y) with y = (x − re)/ε where |e| = 1, ε = k−1/τ/λ, r = 1 − σ/k. Let V = PU
be the solution of (2.1). Set

x = re, x∗ = r−1e, Γ∗ = εmΦ(0)|x − x∗|4−n, ζ = U − V.

Then in B1, 0 < ζ � U and

Γ∗

U
= O(1),

ζ

Γ∗
= 1 + O(1)(εk)2,

ζλ
Γ∗
= O(1),

ζσ
Γ∗
= O(1). (3.9)

Proof. Note that ∆2ζ = 0 < U p = ∆2U in B1, and ∆ζ = ∆U and ζ = U on ∂B1. It follows
by comparison that 0 < −∆ζ < −∆U and 0 < ζ < U in B1.

Next, for x ∈ B1, |x−x∗| � max{σ/k, |x−x|}. The first equation in (3.9) then follows by

Γ∗(x)
U(x)

=
(ε2 + |x − x|2
|x − x∗|2

)m
= O(1) ∀ x ∈ B̄1.

The point x∗ has the special property r|x − x∗| = |x − x| for x ∈ ∂B1. Set z = |x − x|/ε.
Then z � σ/(εk). Therefore, on ∂B1, using ζ = U and ∆ζ = ∆U we obtain

ζ

Γ∗
=

r−2m|z|2m

[1 + |z|2]m =
(
1 − σ

k

)−2m(
1 − 1

1 + |z|2
)m
= 1 + O(1)(εk)2,

rn−2∆ζ

∆Γ∗
=
( n/2
1 + |z|2 + 1

)(
1 − 1

1 + |z|2
)n/2
= 1 + O(1)(εk)4.

Here we use k−1 = (λεk)n−4 and n � 6. Since ∆2ζ = 0 = ∆2Γ∗ in B1, for suitably large
M, using −(1 ± M(εk)4)∆Γ∗ and (1 ± M(εk)2)Γ∗ as sub/supersolutions for −rn−2∆ζ and ζ
respectively, we obtain

[1 − M(εk)4]∆Γ∗ � rn−2∆ζ � [1 + M(εk)4]∆Γ∗,
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and

[1 − M(εk)2]Γ∗ � ζ � [1 + M(εk)2]Γ∗.

These give the second equation in (3.9). Next, on ∂B1,

ζλ
ζ
=

Uλ
U
=
∂ ln U
∂λ

=
m
λ

ε2 − |x − x|2
ε2 + |x − x|2 = −

m
λ
+ O(1)(εk)2,

∆ζλ
∆ζ

=
(∆U)λ
∆U

=
∂ ln(−∆U)
∂λ

= −m
λ
+ O(1)(εk)2.

It then follows by comparison that ∆ζλ = [−m/λ + O(1)(εk)2]∆ζ and ζλ = [−m/λ +
O(1)(εk)2]ζ on B̄1. Similarly, using x = re and r = 1 − σ/k, we find that when x ∈ ∂B1,

ζσ
ζ
= −2m

k
(x − x) · e
ε2 + |x − x|2 =

O(1)
k[1 − r]

= O(1),
∆ζσ
∆ζ
= O(1).

Hence, by comparison, ∆ζσ = O(1)∆ζ and ζσ = O(1)ζ on B̄. This completes the proof. �

Lemma 3.5 Let W be as in (2.2). For x ∈ Ω0 := {x ∈ B1 : |x − x0| � |x − xi| ∀ i} and
y = (x − x0)/ε,

εmW(x) − Φ(y)=
k−1∑
i=1

Φ(0)εn−4

|x − xi|n−4 −
k∑

i=1

Φ(0)εn−4

|x − x∗i |n−4 +
O(1)(εk)2

k
=

O(1)
k
, (3.10)

λεmWλ=mΦ(y)+y · ∇Φ(y)+O(1)k−1, εkεmWσ=e0 · ∇Φ(y)+O(1)ε. (3.11)

Proof. Let ζi = Ui − Vi, Γi = Φ(0)εm|x − xi|4−n and Γ∗i = Φ(0)εm|x − x∗i |4−n. Then,

W =
k∑

i=1

Vi = U0 +

k−1∑
i=1

Γi −
k−1∑
i=0

Γ∗i +
k−1∑
i=1

(
Ui − Γi

)
+

k−1∑
i=0

(
Γ∗i − ζi

)
.

When x ∈ Ω̄0 and i = 1, · · · , k − 1, Ui − Γi = O(1)(ε/|x − xi|)2Γi = O(1)(εk)2Γi. Hence,

k−1∑
i=1

����Ui − Γi

���� +
k−1∑
i=0

����Γ∗i − ζi
���� = O(1)(εk)2

{ k−1∑
i=1

Γi +

k−1∑
i=0

Γ∗i
}
=

O(1)(εk)n−2

εm ,

by (3.9) and (3.3). Since εmU0 = Φ(y) and k−1 = (λεk)n−4, this gives (3.10). Using
W =

∑k
i=1[Ui − ζi], (3.7), εmUiλ = O(1)|yi|4−n and εkεmUiσ = O(1)|yi|3−n for yi = (x− xi)/ε,

(3.9), and (3.3), we obtain the estimates (3.11). This completes the proof of the Lemma. �

Lemma 3.6 Let W be as in (2.2) and Zi be as in (2.3). Then
(i) for each ρ � τ, there exists θ > 0 such that ∥ϕW p−1∥ρ+4+θ = O(1)ε−4∥ϕ∥ρ;
(ii) ∥Z1∥n+4 + εk∥Z2∥n+5 = O(1)ε−mp.

Proof. (i) Since m(p − 1) = 4 and 0 � W <
∑k

i=1 Ui = O(1)ε−mωn−4, |W p−1ϕ| =
O(1)ε−4∥ϕ∥ρωp−1

n−4ωρ.
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Theorem 4.1 Assume that n � 6 and ρ ∈ [τ, n − 4). Then there exist positive constants k0
and C that depend only on n and ρ such that when k � k0 and (λ, σ) satisfy (2.4), problem
(4.1) with f ∈ H admits a unique solution. Moreover, the solution satisfies

εm∥ϕ∥ρ + |c1| + |c2| � C εm+4∥ f ∥ρ+4. (4.2)

Proof. By Fredholm alternative, we need only establish the a priori estimate (4.2). To this
end, we assume that (c1, c2, ϕ, f ) ∈ R2 ×H0 ×H is a quadruple satisfying (4.1).

1. We first estimate ci. Multiplying (4.1) by V0t (t = λ or σ) and integrating over B1,
we obtain

λ⟨V0t, Z1⟩c1 + εk⟨V0t, Z2⟩c2 = ⟨Lϕ − f ,V0t⟩ = ⟨ϕ,LV0t⟩ − ⟨ f ,V0t⟩. (4.3)

Using |V0λ|+ εk|V0σ| = O(1)U0 = O(1)εm|x− x0|4−n, | f | � ∥ f ∥ρ+4ωρ+4, and (3.6), we obtain

����⟨ f ,V0λ⟩
���� +εk
����⟨ f ,V0σ⟩

����=O(1)εm∥ f ∥ρ+4

∫
B1

ωρ+4(x)
|x − x0|n−4 dx=O(1)∥ f ∥ρ+4ε

m+4.

As shown in (7.2) and (7.3) in Section 7, we have |⟨ϕ,LV0λ⟩| + (εk)|⟨ϕ,LV0σ⟩| =
O(εk)εm∥ϕ∥ρ. As the matrix M in (3.12) has an O(1) inverse, we obtain from (4.3) that

|c1| + |c2| = O(εk)εm∥ϕ∥ρ + O(1)∥ f ∥ρ+4ε
m+4. (4.4)

2. Next, using ∆2ϕ = [pW p−1ϕ + λc1Z1 + εkc2Z2] + f , linearity, Lemma 3.3 (3), and
Lemma 3.6 (with some θ ∈ (0, 4)) we obtain

|ϕ| = O(1)ε4(∥pW p−1ϕ∥ρ+4+θ + |c1|∥Z1∥n+4 + |c2|(εk)∥Z2∥n+4
)
ωρ+θ

+O(1)ε4∥ f ∥ρ+4ωρ

= O(1)
{∥ϕ∥ρ + ε−m[|c1| + |c2|]

}
ωρ+θ + O(1)ε4∥ f ∥ρ+4ωρ.

Using (4.4) and ωρ+θ < ωρ, we obtain

|ϕ(x)|
ωρ(x)

� C
{
∥ϕ∥ρ
ωρ+θ(x)
ωρ(x)

+ ε4∥ f ∥ρ+4

}
∀ x ∈ Ω. (4.5)

3. Suppose the a priori estimate (4.2) is not true. Then along a sequence of integer
k → ∞, there are (λk, σk) satisfying (2.4) and (c1k, c2k, ϕk, fk) ∈ R2 × H0 × H such that
max{∥ϕk∥ρ, ε−m

k [|c1k | + εkk|c2k]|} = 1 and ε4
k∥ fk∥ρ+4 → 0 along the sequence k → ∞. By

(4.4), (|c1k |+ |c2k |)ε−m
k → 0 as k → ∞. Hence, ∥ϕk∥ρ = 1. Consequently, ∥ϕk∥L∞ � ∥ωρ∥L∞ �

∥ωτ∥L∞ = O(1).
Let zk ∈ Ω̄0 be a point such that 1 = ∥ϕk∥ρ = |ϕk(zk)|/ωρ(zk). By (4.5), ωρ(zk) �

Cωρ+θ(zk). Since ωρ+θ � (mini[1 + |x − xi|/ε])−θωρ, we have |zk − x0|/εk�L := C1/θ − 1.
Now set uk(z) = ϕk(x0 + εkz). Then using m(p − 1) = 4 and (3.10) we obtain, for

z ∈ Bσ/(εkk),

∆2
z uk − p

(
Φ(z) + o(1)

)p−1uk = [c1kε
−m
k ][εmp

k Z1] + [c2kε
−m][εmp

k εkkZ2] + ε4
k fk.
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(1) If ρ � n − 4 − 8τ, set ρ̂ = ρ + 8τ � n − 4 , then by (3.4),

ω
p−1
n−4ωρ = O(1)ω[(n−4−τ)(p−1)+(ρ−τ)]/(ρ̂−τ)

ρ̂ = O(1)ωρ̂.

(2) If τ � ρ < n−4−8τ, set ρ̂ = (ρ+8)/2+
√

(ρ + 8)2/4 − 8τ. Then 8/ρ̂+(ρ−τ)/(ρ̂−τ) = 1
and τ � ρ̂ < n − 4. Hence,

ω
p−1
n−4ωρ = O(1)ω(n−4)(p−1)/ρ̂+(ρ−τ)/(ρ̂−τ)

ρ̂ = O(1)ωρ̂.

Thus, |W p−1ϕ| = O(1)ε−4∥ϕ∥ρωρ̂, so ∥W p−1ϕ∥ρ̂ = O(1)ε−4∥ϕ∥ρ where θ = ρ̂ − ρ − 4 > 0.
(ii) Note by (2.3) and (3.7) that Z1 = O(1)ε−mpωn+4 and εkZ2 = O(1)ε−mpωn+5. Hence,
∥Z1∥n+4 = O(1)ε−mp and εk∥Z2∥n+5 = O(1)ε−mp. The assertion of the Lemma thus follows.

�

Lemma 3.7 There are positive constants a1(n) and a2(n) that depend only on n such that

M:=
[
λ2 ⟨Z1,V0λ⟩ λεk ⟨Z2,V0λ⟩
λεk ⟨Z1,V0σ⟩ (εk)2 ⟨Z2,V0σ⟩

]
=

[
a1(n) 0

0 a2(n)

]
+

[
O(k−1) O(k−1)
O(ε) O(ε)

]
. (3.12)

Proof. Denote Z1 by Zλ and Z2 by Zσ, so Zℓ =
∑k

i=1 U p−1
i Uiℓ. By symmetry, for t = λ or σ,

⟨Zℓ,V0t⟩=
k−1∑
i=0

∫
B1

U p−1
i UiℓV0t dx=

k−1∑
i=0

∫
B1

U p−1
0 U0ℓVit dx=

∫
B1

U p−1
0 U0ℓWt dx. (3.13)

Since mp = m − 1
2 +

9
2 and εmU0(x) = Φ(y) = O(1)|y|4−n with y = (x − x0)/ε, by Lemma

3.1 and (3.3)

∫
|x−x0 |>

σ0
k

U p
0

k−1∑
i=0

Uidx=O(1)
∫
|y|> σ0

εk

k−1∑
i=0

|y − (xi − x0)/ε|4−ndy

(εk)−
9
2 |y|n− 1

2

=O(1)(εk)n (3.14)

where σ0 = min{1, σ}. Note that Bσ0/k(x0) = {x : |x − x| < σ0/k} ⊂ Ω0. The assertion of
the lemma thus follows from (3.13), (3.11), (3.7), (3.8), (3.14),

∫
Rn ε

−mU p
0 dx = O(1), and

identities
∫
Rn U p−1

0 U0λU0σ dx = 0,

λ2
∫
Rn

U p−1
0 U2

0λ dx = a1(n) :=
∫
Rn
Φp−1(y)|mΦ(y) + y · ∇Φ(y)|2dy,

(εk)2
∫
Rn

U p−1
0 U2

0σ dx = a2(n) :=
1
n

∫
Rn
Φp−1(y)|∇Φ(y)|2dy. �

4 A linear problem
Let L be the linear operator defined in (2.11) with W be given by (2.2). Here we solve the
linear problem: Given f ∈ H , find (c1, c2, ϕ) such that

(c1, c2, ϕ) ∈ R2 ×H0, Lϕ − λc1Z1 − εkc2Z2 = f in B1. (4.1)
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Theorem 4.1 Assume that n � 6 and ρ ∈ [τ, n − 4). Then there exist positive constants k0
and C that depend only on n and ρ such that when k � k0 and (λ, σ) satisfy (2.4), problem
(4.1) with f ∈ H admits a unique solution. Moreover, the solution satisfies

εm∥ϕ∥ρ + |c1| + |c2| � C εm+4∥ f ∥ρ+4. (4.2)

Proof. By Fredholm alternative, we need only establish the a priori estimate (4.2). To this
end, we assume that (c1, c2, ϕ, f ) ∈ R2 ×H0 ×H is a quadruple satisfying (4.1).

1. We first estimate ci. Multiplying (4.1) by V0t (t = λ or σ) and integrating over B1,
we obtain

λ⟨V0t, Z1⟩c1 + εk⟨V0t, Z2⟩c2 = ⟨Lϕ − f ,V0t⟩ = ⟨ϕ,LV0t⟩ − ⟨ f ,V0t⟩. (4.3)

Using |V0λ|+ εk|V0σ| = O(1)U0 = O(1)εm|x− x0|4−n, | f | � ∥ f ∥ρ+4ωρ+4, and (3.6), we obtain

����⟨ f ,V0λ⟩
���� +εk
����⟨ f ,V0σ⟩

����=O(1)εm∥ f ∥ρ+4

∫
B1

ωρ+4(x)
|x − x0|n−4 dx=O(1)∥ f ∥ρ+4ε

m+4.

As shown in (7.2) and (7.3) in Section 7, we have |⟨ϕ,LV0λ⟩| + (εk)|⟨ϕ,LV0σ⟩| =
O(εk)εm∥ϕ∥ρ. As the matrix M in (3.12) has an O(1) inverse, we obtain from (4.3) that

|c1| + |c2| = O(εk)εm∥ϕ∥ρ + O(1)∥ f ∥ρ+4ε
m+4. (4.4)

2. Next, using ∆2ϕ = [pW p−1ϕ + λc1Z1 + εkc2Z2] + f , linearity, Lemma 3.3 (3), and
Lemma 3.6 (with some θ ∈ (0, 4)) we obtain

|ϕ| = O(1)ε4(∥pW p−1ϕ∥ρ+4+θ + |c1|∥Z1∥n+4 + |c2|(εk)∥Z2∥n+4
)
ωρ+θ

+O(1)ε4∥ f ∥ρ+4ωρ

= O(1)
{∥ϕ∥ρ + ε−m[|c1| + |c2|]

}
ωρ+θ + O(1)ε4∥ f ∥ρ+4ωρ.

Using (4.4) and ωρ+θ < ωρ, we obtain

|ϕ(x)|
ωρ(x)

� C
{
∥ϕ∥ρ
ωρ+θ(x)
ωρ(x)

+ ε4∥ f ∥ρ+4

}
∀ x ∈ Ω. (4.5)

3. Suppose the a priori estimate (4.2) is not true. Then along a sequence of integer
k → ∞, there are (λk, σk) satisfying (2.4) and (c1k, c2k, ϕk, fk) ∈ R2 × H0 × H such that
max{∥ϕk∥ρ, ε−m

k [|c1k | + εkk|c2k]|} = 1 and ε4
k∥ fk∥ρ+4 → 0 along the sequence k → ∞. By

(4.4), (|c1k |+ |c2k |)ε−m
k → 0 as k → ∞. Hence, ∥ϕk∥ρ = 1. Consequently, ∥ϕk∥L∞ � ∥ωρ∥L∞ �

∥ωτ∥L∞ = O(1).
Let zk ∈ Ω̄0 be a point such that 1 = ∥ϕk∥ρ = |ϕk(zk)|/ωρ(zk). By (4.5), ωρ(zk) �

Cωρ+θ(zk). Since ωρ+θ � (mini[1 + |x − xi|/ε])−θωρ, we have |zk − x0|/εk�L := C1/θ − 1.
Now set uk(z) = ϕk(x0 + εkz). Then using m(p − 1) = 4 and (3.10) we obtain, for

z ∈ Bσ/(εkk),

∆2
z uk − p

(
Φ(z) + o(1)

)p−1uk = [c1kε
−m
k ][εmp

k Z1] + [c2kε
−m][εmp

k εkkZ2] + ε4
k fk.
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5 The nonlinear problem
Here we solve the nonlinear problem (2.9). Set ϕ = v − W. Then (2.9) is equivalent to
(2.10). We shall use Theorem 4.1 and a contraction mapping theorem to solve (2.10).

Lemma 5.1 Let N be defined in (2.13). If ρ � τ, then for every ϕ, ψ ∈ H ,

∥N(ϕ)−N(ψ)∥ρ+4

= O(1) max
{
εm(∥ϕ∥ρ1+∥ψ∥ρ1 ), [εm(∥ϕ∥ρ1+∥ψ∥ρ1 )]p−1}ε−4∥ϕ−ψ∥ρ (5.1)

where
ρ1 = m + τ max

{
1,

m
ρ + 4 − τ

}
. (5.2)

Proof. Note that ρ1 < 2m = n − 4 so W = O(1)ε−mωn−4 = O(1)ε−mωρ1 . There exists
t ∈ [0, 1] such that

N(ϕ) − N(ψ) = p |x|α { s|W + tϕ + (1 − t)ψ)|p−1 −W p−1 } (ϕ − ψ),

where s = 1 if W + tϕ+ (1− t)ψ > 0 and s = −1 if W + tϕ+ (1− t)ψ � 0. By (3.1) we obtain

N(ϕ) − N(ψ)
= O(1) max{W p−2[|ϕ| + |ψ|], [|ϕ| + |ψ|]p−1}|ϕ − ψ|
= O(1) max

{
εm(2−p)(∥ϕ∥ρ1+∥ψ∥ρ1 ), (∥ϕ∥ρ1+∥ψ∥ρ1 )p−1}∥ϕ − ψ∥ρωp−1

ρ1 ωρ.

Finally, we use (3.4):
(i) If ρ + 4 − τ � m, then ρ1 � ρ + 4, so

ω
p−1
ρ1 ωρ = O(1)ω[(ρ1−τ)(p−1)+(ρ−τ)]/(ρ+4−τ)

ρ+4 = O(1)ωρ+4.

(ii) If ρ + 4 − τ � m, then ρ1 � ρ + 4, so

ω
p−1
ρ1 ωρ = O(1)ωρ1(p−1)/(ρ+4)+(ρ−τ)/(ρ+4−τ)

ρ+4 = O(1)ωρ+4.

Upon using m(p − 1) = 4, we then obtain the assertion of the lemma. �

Lemma 5.2 Let F1 be as in (2.12). Then ∥F1∥n+(3n−16)/(n−3) = O(1)k−1ε−mp.

Proof. Note that 1 − tα = O(1)(1 − t) for t ∈ [0, 1]. For x ∈ B1,

1−|x|α=O(1)(1−|x|)=O(1)
(
1−r+min

i
|x−xi|

)
=

O(1)
k

min
i

{
1+
|x−xi|
ε

}τ
. (5.3)

Hence, using W = O(1)ε−mωn−4 we obtain

F1 =
(
|x|α − 1

)
W p =

O(1)
k

(
min

i

{
1 +
|x − xi|
ε

}τ/p
ε−mωn−4

)p

= O(1)k−1ε−mpω
p
n−4− τp

= O(1)k−1ε−mpωn+ 3n−16
n−3
,

by the interpolation (3.4) with ρ = n−4−τ/p and ρ̂ = n+ (3n−16)/(n−3). This completes
the proof. �
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Along a subsequence of k → ∞, uk converges uniformly in any compact subset of Rn to a
solution u of

∆2u(z) − pΦp−1(z)u(z) = 0 in RN , [1 + L]−ρ � max
x∈Rn
|u(x)| = O(1). (4.6)

4. We estimate the decay rate of u. Since n � 6, there exists δ ∈ (τ, 1) such that
τ < 4− 8δ

n−4 < n− 4. When x ∈ Ωi := {x ∈ B1 : |x− xi| � |x− x j| ∀ j}, using (3.3) we obtain,
with di(x) = 1 + |x − xi|/ε,

ε4W p−1(x) =
(O(1)

dn−4
i

+
O(1)

dn−4−δ
i

∑
j�i

εδ

|x − x j|δ
) 8

n−4
=

O(1)
d8

i

+
O(1)[εδk]

8
n−4

d8[1−δ/(n−4)]
i

.

Hence, for x ∈ Ω0, ε = εk, and z = (x − x0)/ε, by Lemma 3.1 and Lemma 3.3 (3),

uk(z) = ϕk(x) = O(1)(−∆)−2[pW p−1ϕk] + O(1)[ε4∥ f ∥ρ+4 + ε
−m[|c1| + |c2|]ωρ

=
1
ε4

k−1∑
i=0

∫
Ωi

|ϕk(y)|
|x−y|n−4

(O(1)
di(y)8 +

O(1)[εδk]
8

n−4

di(y)8[1−δ/(n−4)]

)
dy + o(1)

=

∫
{x0+εY∈Ω0}

O(1)|uk(Y)| dY
|Y − z|n−4(1 + |Y |)8 +

k−1∑
i=1

O(1)∥ϕk∥L∞ ln k
di(x)min{4,n−4}

+O(1)∥ϕk∥L∞ [εδk]
8

n−4ω4− 8δ
n−4
+ o(1),

since 4 < 8(1 − δ
n−4 ) < n. As εδk = o(1),

∑k−1
i=1 d−ρi = O(1)(εk)ρ for ρ > 1 and x ∈ Ω0,

ωρ = O(1) for ρ � τ, and 4 − 8δ
n−4 > τ, sending k → ∞ we derive that

|u(z)| =
∫
Rn

O(1)|u(Y)| dY
|z − Y |n−4[1 + |Y |]8 ∀ z ∈ Rn.

Starting from u = O(1), we use Lemma 3.1 finding that |u(x)| = O(1)(1 + |x|)−n1 where
n1 = min{4, n − 4} if n � 8 and n1 = 3 if n = 8. Suppose |u(x)| = O(1)[1 + |x|]−ni

(0 < ni < n − 4). Then by Lemma 3.1, we derive that |u(x)| = O(1)[1 + |x|]−ni+1 with
ni+1 = min{ni + 4, n − 4}. After finite steps, we derive that

|u(x)| = O(1)[1 + |x|]4−n ∀ x ∈ Rn. (4.7)

5. Note that u(z) is even with respect to z2, · · · , zn. Also ϕ ∈ H0 and symmetry implies
that ∫

Ω0

ϕ∆2Wλdx = 0,
∫
Ω0

ϕ∆2Wσdx = 0,

since ∆2Wλ = (∆2W)λ = (
∑k

i=1 U p
i )λ = p

∑k
i=1 U p−1

i Uiλ = pZ1 and ∆2Wσ = pZ2. Using
(3.11) one can show that u is perpendicular, under the inner product (ϕ, ψ) =

∫
Rn ∆ϕ(z)∆ψ(z)dz,

to ∇Φ(z) and mΦ(z) + z · ∇Φ(z). However, we know by [3, Theorem 2.1] that there is no
such solution of (4.6) and (4.7). This contradiction completes the proof. �

Remark 4.1 Step 4 for (4.7) is new in the literature. It extends the range of ρ in (4.2) to
[τ, n − 4).



Infinitely Many Spiky Solutions for a Hénon Type Biharmonic Equation 679

5 The nonlinear problem
Here we solve the nonlinear problem (2.9). Set ϕ = v − W. Then (2.9) is equivalent to
(2.10). We shall use Theorem 4.1 and a contraction mapping theorem to solve (2.10).
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m
ρ + 4 − τ
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. (5.2)

Proof. Note that ρ1 < 2m = n − 4 so W = O(1)ε−mωn−4 = O(1)ε−mωρ1 . There exists
t ∈ [0, 1] such that

N(ϕ) − N(ψ) = p |x|α { s|W + tϕ + (1 − t)ψ)|p−1 −W p−1 } (ϕ − ψ),

where s = 1 if W + tϕ+ (1− t)ψ > 0 and s = −1 if W + tϕ+ (1− t)ψ � 0. By (3.1) we obtain

N(ϕ) − N(ψ)
= O(1) max{W p−2[|ϕ| + |ψ|], [|ϕ| + |ψ|]p−1}|ϕ − ψ|
= O(1) max

{
εm(2−p)(∥ϕ∥ρ1+∥ψ∥ρ1 ), (∥ϕ∥ρ1+∥ψ∥ρ1 )p−1}∥ϕ − ψ∥ρωp−1

ρ1 ωρ.

Finally, we use (3.4):
(i) If ρ + 4 − τ � m, then ρ1 � ρ + 4, so

ω
p−1
ρ1 ωρ = O(1)ω[(ρ1−τ)(p−1)+(ρ−τ)]/(ρ+4−τ)

ρ+4 = O(1)ωρ+4.

(ii) If ρ + 4 − τ � m, then ρ1 � ρ + 4, so

ω
p−1
ρ1 ωρ = O(1)ωρ1(p−1)/(ρ+4)+(ρ−τ)/(ρ+4−τ)

ρ+4 = O(1)ωρ+4.

Upon using m(p − 1) = 4, we then obtain the assertion of the lemma. �

Lemma 5.2 Let F1 be as in (2.12). Then ∥F1∥n+(3n−16)/(n−3) = O(1)k−1ε−mp.

Proof. Note that 1 − tα = O(1)(1 − t) for t ∈ [0, 1]. For x ∈ B1,

1−|x|α=O(1)(1−|x|)=O(1)
(
1−r+min

i
|x−xi|

)
=

O(1)
k

min
i

{
1+
|x−xi|
ε

}τ
. (5.3)

Hence, using W = O(1)ε−mωn−4 we obtain

F1 =
(
|x|α − 1

)
W p =

O(1)
k

(
min

i

{
1 +
|x − xi|
ε

}τ/p
ε−mωn−4

)p

= O(1)k−1ε−mpω
p
n−4− τp

= O(1)k−1ε−mpωn+ 3n−16
n−3
,

by the interpolation (3.4) with ρ = n−4−τ/p and ρ̂ = n+ (3n−16)/(n−3). This completes
the proof. �
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Theorem 5.1 There exists a large integer k1 such that for every integer k � k1 and (λ, σ)
satisfying (2.4), (2.9) admits a unique solution (c1, c2, v) satisfying v = W + ϕ and

|c1|+|c2|+εm∥ϕ∥ρ=O(1)k−γ(ρ) ∀ ρ ∈ [τ, n − 4)
(
γ(ρ) := min

{
1,

n − ρ
n − 4

})
. (5.4)

Proof. 1. First we establish the existence of a unique solution and the ∥ϕ∥ρ estimate for
ρ ∈ [m + τ, n − 4). Fix ν ∈ (1,min{p, 2} ) and define

Xρ := {ϕ ∈ H : εm∥ϕ∥ρ � k−γ(ρ)/ν}.

For each ϕ ∈ Xρ, set f = F0 + F1 + L1ϕ + N(ϕ). Note by (5.2) that in the current case
ρ1 = m + τ � ρ so ∥ϕ∥ρ1 � ∥ϕ∥ρ. Hence, by Lemma 5.1 with ψ ≡ 0 and Lemmas 5.2—5.4,

∥ f ∥ρ+4=O(1)ε−mp{k−γ(ρ)+k−1+k−1−γ(ρ)/ν+k−
γ(ρ)
ν min{p,2}}=O(1)ε−mpk−γ(ρ).

Define (c1, c2, ψ) as the unique solution ofLψ−λc1Z1−εkc2Z2 = f in R2×H0. By Theorem
4.1 and equation m + 4 = mp we have εm∥ψ∥ρ + |c1| + |c2| = O(1)ε4+m∥ f ∥ρ+4 = O(1)k−γ(ρ)

when k � k0. We now define Tϕ := ψ. Then T maps Xρ to itself if k ≫ 1. In addition, by
Lemma 3.3 (3), Lemma 5.3, and Lemma 5.1 with ∥ϕ∥ρ1 � ∥ϕ∥ρ � k−γ(ρ)/ν, we find that for
any ϕ1, ϕ2 ∈ Xρ,

∥Tϕ1 − Tϕ2∥ρ = O(1)ε4[∥L1(ϕ1 − ϕ2)∥ρ+4 + ∥N(ϕ1) − N(ϕ2)∥ρ+4
]

= O(1)
[
k−1 + k−

γ(ρ)
ν min{1,p−1}]∥ϕ1 − ϕ2∥ρ.

Hence, T is a contraction if k ≫ 1. Consequently, when k ≫ 1, by the contraction mapping
theorem, there exists a unique fixed point of T in Xρ, which gives a unique solution of
(2.10). The solution satisfies

εm∥ϕ∥ρ + |c1| + |c2| = O(1)k−γ(ρ) ∀ ρ ∈ [m + τ, n − 4
)
. (5.5)

2. Next for the unique solution given in the previous step, we estimate the ∥ϕ∥ρ norm
for ρ ∈ [τ,m + τ]. Using Theorem 4.1, Lemma 5.1 with ψ ≡ 0 and Lemmas 5.2—5.4, we
obtain

εm∥ϕ∥ρ
= O(1)εmp{∥F0∥ρ+4 + ∥F1∥ρ+4 + ∥L1ϕ∥ρ+4 + ∥N(ϕ)∥ρ+4

}
= O(1)k−γ(ρ) + O(1)k−1εm∥ϕ∥ρ + O(1) max{εm∥ϕ∥ρ1 , (ε

m∥ϕ∥ρ1 )p−1}εm∥ϕ∥ρ.

Note from (5.2) that ρ1 � m+τ, so by (5.5), max{εm∥ϕ∥ρ1 , (ε
m∥ϕ∥ρ1 )p−1} = O(1)k−γ(ρ1) min{p−1,1} =

o(1). Hence, (5.4) holds. This completes the proof. �

Remark 5.1 Step 2 is new in the literature. It extends (5.4) from ρ ∈ [m + τ, n − 4) to
ρ ∈ [τ, n − 4).
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Lemma 5.3 Let L1 be as in (2.11). Then for each ρ�τ,

∥L1ϕ∥ρ+4=O(1)k−1ε−4∥ϕ∥ρ.

Proof. By (5.3) and the interpolation (3.4) for cases n−4− τ
p−1 < ρ+4 and n−4− τ

p−1 � ρ+4,

L1ϕ(x) := (|x|α − 1)pW p−1ϕ

= O(1)k−1ε−m(p−1)ω
p−1
n−4− τ

p−1
∥ϕ∥ρωρ

= O(1)k−1ε−4∥ϕ∥ρω1+ν
ρ+4,

for some ν > 0. The assertion of the Lemma thus follows. �

Lemma 5.4 For each ρ ∈ [0, n − 4), ∥F0∥ρ+4 = O(1)ε−mpk−γ(ρ), where γ(ρ) := min{1, n−ρ
n−4 }.

Proof. As W =
∑k

i=1 Vi and ∆2W =
∑k

i=1 U p
i , we have

F0 := W p − ∆2W =
{( k∑

i=1

Vi

)p
−

k∑
i=1

V p
i

}
−

k∑
i=1

[U p
i − V p

i ] =: J1 − J2.

By (3.9), 0 � Ui − Vi = ζi = O(1)Γ∗i = O(1)εmkn−4. Hence, for γ = min{1, n−ρ
n−4 },

0 < J2 :=
k∑

i=1

(U p
i − V p

i ) � p
k∑

i=1

U p−γ
i (Ui − Vi)γ

= O(1)ε−m(p−γ)ω(n−4)(p−γ)(εmkn−4)γ = O(1)ε−mpk−γωρ+4.

For J1, we need only consider x ∈ Ω0. Set Vc =
∑k−1

i=1 Vi. Then, by (3.1),

0 � J1 :=
( k−1∑

i=0

Vi

)p
−

k−1∑
i=0

V p
i � (V0 + Vc)p − V p

0 = O(1)[V p−1
0 Vc + V p

c ].

Note that for θ ∈ [0, n − 5), with di = 1 + |x − xi|/ε,

V p−1
0 Vc=

O(1)
εmp d8

0

k−1∑
i=1

1
dn−4

i

=
O(1)
εmp d8+θ

0

k−1∑
i=1

( ε

|x − xi|
)n−4−θ

=
O(1)
εmp (εk)n−4−θω8+θ,

by (3.3) with ρ = n − 4 − θ > 1. Taking θ = 0 when 0 � ρ � 4 and θ = ρ − 4 when
4 � ρ < n − 4, we obtain V p−1

0 Vc = O(1)ε−mpk−γ(ρ)ωρ+4, since λεk = k−1/(n−4).
Finally using Hölder inequality, (3.3), and (n − ρ)/(p − 1) = (n − ρ)(n − 4)/8 > 1, we

obtain

V p
c =

O(1)
εmp

( k−1∑
i=1

1
dn−4

i

)p
=

O(1)
εmp

k−1∑
i=1

1

dρ+4
i

( k−1∑
i=1

1

d(n−ρ)/(p−1)
i

)p−1

= O(1)ε−mpωρ+4(εk)n−ρ.

Combining these estimates we obtain the assertion of the lemma. �
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Theorem 5.1 There exists a large integer k1 such that for every integer k � k1 and (λ, σ)
satisfying (2.4), (2.9) admits a unique solution (c1, c2, v) satisfying v = W + ϕ and

|c1|+|c2|+εm∥ϕ∥ρ=O(1)k−γ(ρ) ∀ ρ ∈ [τ, n − 4)
(
γ(ρ) := min
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. (5.4)

Proof. 1. First we establish the existence of a unique solution and the ∥ϕ∥ρ estimate for
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Xρ := {ϕ ∈ H : εm∥ϕ∥ρ � k−γ(ρ)/ν}.
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γ(ρ)
ν min{p,2}}=O(1)ε−mpk−γ(ρ).

Define (c1, c2, ψ) as the unique solution ofLψ−λc1Z1−εkc2Z2 = f in R2×H0. By Theorem
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when k � k0. We now define Tϕ := ψ. Then T maps Xρ to itself if k ≫ 1. In addition, by
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γ(ρ)
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(2.10). The solution satisfies

εm∥ϕ∥ρ + |c1| + |c2| = O(1)k−γ(ρ) ∀ ρ ∈ [m + τ, n − 4
)
. (5.5)

2. Next for the unique solution given in the previous step, we estimate the ∥ϕ∥ρ norm
for ρ ∈ [τ,m + τ]. Using Theorem 4.1, Lemma 5.1 with ψ ≡ 0 and Lemmas 5.2—5.4, we
obtain

εm∥ϕ∥ρ
= O(1)εmp{∥F0∥ρ+4 + ∥F1∥ρ+4 + ∥L1ϕ∥ρ+4 + ∥N(ϕ)∥ρ+4

}
= O(1)k−γ(ρ) + O(1)k−1εm∥ϕ∥ρ + O(1) max{εm∥ϕ∥ρ1 , (ε

m∥ϕ∥ρ1 )p−1}εm∥ϕ∥ρ.

Note from (5.2) that ρ1 � m+τ, so by (5.5), max{εm∥ϕ∥ρ1 , (ε
m∥ϕ∥ρ1 )p−1} = O(1)k−γ(ρ1) min{p−1,1} =

o(1). Hence, (5.4) holds. This completes the proof. �

Remark 5.1 Step 2 is new in the literature. It extends (5.4) from ρ ∈ [m + τ, n − 4) to
ρ ∈ [τ, n − 4).
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Fix δ ∈ (0, 1). We obtain by Hölder inequality and (n − 1 + δ)/p > 1, that for x ∈ Ω0,

( k−1∑
i=1

1
dn−4

i

)p+1
=
( k−1∑

i=1

1

d(n−1+δ)/p
i

)p k−1∑
i=1

O(1)
dn+1−δ

i

= (εk)n−1+δ
k−1∑
i=1

O(1)
dn+1−δ

i

,

since
∑k−1

i=1 d−ρi = O(1)(εk)ρ for x ∈ Ω0 and ρ > 1. Hence, using
∑k

i=1 d4−n
i = O(1)(εk)n−4 =

O(1)k−1,

I2λ :=
∫
Ω0

(
U p

0 − |x|
αW p
)
Uc
λ

=
O(1)

k

(1
k

∫
Ω0

ε−n dx
dn+4−τ

0

+

k−1∑
i=1

∫
Ω0

ε−n dx
d8

0dn−4
i

+ (εk)3+δ
k−1∑
i=1

∫
Ω0

ε−n dx
dn+1−δ

i

)
.

Note that
∫
Ω0

ε−ndx
dn+4+τ

0

�
∫
Rn

dy
[1 + |y|]n+4+τ = O(1),

k−1∑
i=1

∫
Ω0

ε−ndx
dn+1−δ

i

=

k−1∑
i=1

∫
Ωi

ε−ndx
dn+1−δ

0

�
∫
|y|>σ0/(εk)

dy
|y|n+1−δ = O(1)(εk)1−δ,

k−1∑
i=1

∫
Ω0

ε−n dx
d8

0dn−4
i

= O(1)
{
(εk)41{n>8} + (εk)4 ln k1{n=8} + (εk)n−41{n<8}

}
.

Thus, I2λ = O(1)k−1{k−1+(εk)4[1+1{n=8} ln k]} = O(1)k−1(εk)2. Similarly, I2σ = O(1)k−1(εk).
3. The I3t Term. Let θ ∈ (1, 2) be a number such that (n − 4)(n − θ)/8 > 1. Using

W = U0 +Uc, U0λ = O(1)U0, (3.2) and Hölder inequality, Lemma 3.1 and (3.3), we obtain

I3λ :=
∫
Ω0

|x|α
[
U p

0 − (U + Uc)p + pU p−1
0 Uc

]
U0λ dx

= O(1)
∫
Ω0

{
U p−2

0 |U
c|2 + |Uc|p}U0 dx = O(1)

∫
Ω0

{
U p−1

0 |U
c|2 + |Uc|pU0} dx

= O(1)
∫
Ω0


ε−n

d8
0

( k−1∑
i=1

1
dn−4

i

)2
+

O(1)ε−n

dn−4
0

k−1∑
i=1

1
d4+θ

i

( k−1∑
i=1

d
−(n−4)(n−θ)

8
i

) 8
n−4

 dx

= O(1)(εk)n−4
k−1∑
k=1

∫
Ω0

ε−ndx
d8

0dn−4
i

+ O(1)(εk)n−θ
k−1∑
i=1

∫
Ω0

ε−ndx
dn−4

0 d4+θ
i

= O(1)
{
(εk)n1{n>8} + (εk)n ln k1{n=8} + (εk)2n−81{n<8}

}
+ O(1)(εk)n

=
O(1)(εk)2

k
.

Similarly, I3σ = O(1)k−1(εk).
4. The I4t Term. Using div

(
(x − x0)U p+1

0
)
= (p + 1)λU p

0 U0λ=O(1)U p+1
0 we have

I4λ :=
∫
Ω0

(1 − |x|α)U p
0 U0λ dx=

∫
Bσ0/k(x0)

1 − |x|α
(p + 1)λ

div
(
(x − x0)U p+1

0

)
dx + O(εk)n.
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6 Variation of energy
The existence of spiky solutions is based on the following facts:

Theorem 6.1 Let n � 6, W = W(· ; λ, σ, k) be as in (2.2) where (λ, σ) satisfies (2.4). Define

J(λ, σ, k) :=
1
k

∫
B1

(1
2

���∆W
���2 − |x|

α

p + 1
W p+1

)
dx.

Let L1(·), L2(·), A1 and A2 be defined by (2.6)–(2.8). Then

∂J(λ, σ, k)
∂λ

=
1
λn−3k

{
A2L1(σ) + O(1)(εk)2

}
, (6.1)

∂J(λ, σ, k)
∂σ

=
1
λn−4k

{
αA1λ

n−4 − A2L2(σ) + O(1)(εk)
}
. (6.2)

Proof. Define ζ0 = U0 − V0. It is easy to see that Γ∗0 and Γ∗1 are proportional. Hence, by
(3.9), |ζ0|+ |ζ0λ|+ |ζ0σ| = O(1)Γ∗0 = O(1)Γ∗1 = O(1)U1. Consequently, setting Uc = W−U0 =

−ζ0 +
∑k−1

i=1 Vi and di = 1 + |x − xi|/ε we obtain from Lemma 3.4 that

|Uc| + |Uc
λ| + εk|Uc

σ| = O(1)
k−1∑
i=1

Ui = O(1)ε−m
k−1∑
i=1

d4−n
i ∀ x ∈ B1. (6.3)

By symmetry and decomposition W =
∑k

i=1 Vi = U0 + Uc, we can calculate, for t = λ or
t = σ,

∂J
∂t

=
1
k

∫
B1

{
∆2W − |x|αW p

}
Wt dx =

∫
B1

U p
0 Wt dx −

∫
Ω0

|x|αW pWt dx

=

∫
B1\Ω0

U p
0 Wt dx +

∫
Ω0

(
U p

0 − |x|
αW p
)
Uc

t dx

+

∫
Ω0

|x|α
(
U p

0 −W p + pU p−1
0 Uc

)
U0t dx

+

∫
Ω0

(1 − |x|α)U p
0 U0t dx −

∫
Ω0

p|x|αU p−1
0 UcU0t dx

=: I1t + I2t + I3t + I4t + I5t.

1. The Term I1t. Since |Viλ| = O(1)Ui and (λεk)n−4 = k−1, by (3.14),

I1λ =

∫
B1\Ω0

U p
0

k−1∑
i=0

Viλ dx = O(1)
∫
|x−x0 |>

σ0
k

k−1∑
i=0

U p
0 Uidx =

O(1)(εk)4

k
.

Similarly, as εkViσ = O(1)Ui, I1σ = O(1)k−1(εk)3.
2. The Term I2t. From (5.3), 1 − |x|α = O(1)k−1dτ0. Hence, by (3.1), (6.3), and

m(p + 1) = n,
(
U p

0 − |x|
αW p)Uc

λ

= (1 − |x|α)U p
0 Uc
λ + |x|α

[
U p

0 − (U0 + Uc)p]Uc
λ

=
O(1)ε−n

kdn+4−τ
0

k−1∑
i=1

1
dn−4

i

+ O(1)ε−n
[ 1
d8

0

( k−1∑
i=1

1
dn−4

i

)2
+
( k−1∑

i=1

1
dn−4

i

)p+1]
.
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Fix δ ∈ (0, 1). We obtain by Hölder inequality and (n − 1 + δ)/p > 1, that for x ∈ Ω0,

( k−1∑
i=1

1
dn−4

i

)p+1
=
( k−1∑

i=1

1

d(n−1+δ)/p
i

)p k−1∑
i=1

O(1)
dn+1−δ

i

= (εk)n−1+δ
k−1∑
i=1

O(1)
dn+1−δ

i

,

since
∑k−1

i=1 d−ρi = O(1)(εk)ρ for x ∈ Ω0 and ρ > 1. Hence, using
∑k

i=1 d4−n
i = O(1)(εk)n−4 =

O(1)k−1,

I2λ :=
∫
Ω0

(
U p

0 − |x|
αW p
)
Uc
λ

=
O(1)

k

(1
k

∫
Ω0

ε−n dx
dn+4−τ

0

+

k−1∑
i=1

∫
Ω0

ε−n dx
d8

0dn−4
i

+ (εk)3+δ
k−1∑
i=1

∫
Ω0

ε−n dx
dn+1−δ

i

)
.

Note that
∫
Ω0

ε−ndx
dn+4+τ

0

�
∫
Rn

dy
[1 + |y|]n+4+τ = O(1),

k−1∑
i=1

∫
Ω0

ε−ndx
dn+1−δ

i

=

k−1∑
i=1

∫
Ωi

ε−ndx
dn+1−δ

0

�
∫
|y|>σ0/(εk)

dy
|y|n+1−δ = O(1)(εk)1−δ,

k−1∑
i=1

∫
Ω0

ε−n dx
d8

0dn−4
i

= O(1)
{
(εk)41{n>8} + (εk)4 ln k1{n=8} + (εk)n−41{n<8}

}
.

Thus, I2λ = O(1)k−1{k−1+(εk)4[1+1{n=8} ln k]} = O(1)k−1(εk)2. Similarly, I2σ = O(1)k−1(εk).
3. The I3t Term. Let θ ∈ (1, 2) be a number such that (n − 4)(n − θ)/8 > 1. Using

W = U0 +Uc, U0λ = O(1)U0, (3.2) and Hölder inequality, Lemma 3.1 and (3.3), we obtain

I3λ :=
∫
Ω0

|x|α
[
U p

0 − (U + Uc)p + pU p−1
0 Uc

]
U0λ dx

= O(1)
∫
Ω0

{
U p−2

0 |U
c|2 + |Uc|p}U0 dx = O(1)

∫
Ω0

{
U p−1

0 |U
c|2 + |Uc|pU0} dx

= O(1)
∫
Ω0


ε−n

d8
0

( k−1∑
i=1

1
dn−4

i

)2
+

O(1)ε−n

dn−4
0

k−1∑
i=1

1
d4+θ

i

( k−1∑
i=1

d
−(n−4)(n−θ)

8
i

) 8
n−4

 dx

= O(1)(εk)n−4
k−1∑
k=1

∫
Ω0

ε−ndx
d8

0dn−4
i

+ O(1)(εk)n−θ
k−1∑
i=1

∫
Ω0

ε−ndx
dn−4

0 d4+θ
i

= O(1)
{
(εk)n1{n>8} + (εk)n ln k1{n=8} + (εk)2n−81{n<8}

}
+ O(1)(εk)n

=
O(1)(εk)2

k
.

Similarly, I3σ = O(1)k−1(εk).
4. The I4t Term. Using div

(
(x − x0)U p+1

0
)
= (p + 1)λU p

0 U0λ=O(1)U p+1
0 we have

I4λ :=
∫
Ω0

(1 − |x|α)U p
0 U0λ dx=

∫
Bσ0/k(x0)

1 − |x|α
(p + 1)λ

div
(
(x − x0)U p+1

0

)
dx + O(εk)n.
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where A2 = 24−nm
∫
Rn Φ(0)Φp(y)dy is the same as that defined in (2.8).

Similarly, using U0σ = O(1)(εk)−1U0 and kU0σ = e · ∇U0 we obtain

I5σ :=−
∫
Ω0

p|x|αU p−1
0 U0σUcdx = − pΦ(0)

λn−4k

∫
Ω0

|x|αU p−1
0 U0σ[E + O(1)(εk)2]

dx
εm

= −Φ(0)
∫

Bσ0/k(x0)

e0 · ∇U p
0

λn−4k2

{
E(x0) + ∇E(x0) · (x − x0)

}dx
εm

+
O(1)
εk2

∫
Ω0

{
1 − |x|α + (εk)2

[
1 +
|x − x0|2
ε2

]
+ 1Rn\Bσ0/k(x0)

}U p
0 dx
εm

=

∫
Bσ0/k(x0)

e0 · ∇[∇E(x0) · (x − x0)]
λn−4k2

Φ(0)U p
0 dx

εm +
O(1)(εk)2

εk2

=
e0 · ∇E(x0)
λn−4k2

∫
Rn
Φ(0)Φp(y)dy + O(ε) =

2n−4A2

mλn−4k

(∇E(x0) · e0

k
+ O(εk)

)
.

6. Evaluation of E(x0) and ∇E(x0). Finally, we evaluate

E(x0) =

k−1∑
i=1

1
|k(x0 − xi)|n−4 −

k−1∑
i=0

1
|k(x0 − x∗i )|n−4 ,

∇E(x0)
k

= (4 − n)


k−1∑
i=1

k(x0 − xi)
|k(xi − x0)|n−2 −

k−1∑
i=0

k(x0 − x∗i )
|k(x0 − x∗i )|n−2

 .

Note that, with r = 1 − σ/k,

|k(xi − x0)|2 = k2r2{2 − 2ei · e0} = 4r2
(
k sin

πi
k

)2
,

|k(x∗i − x0)|2 = k2
����1r ei − re0

����
2
= 4
{
D2 +

(
k sin

iπ
k

)2}
,

where D = k
2 [ 1

r − r] = σ+O(1)k. Using d2 + k2 sin2 t = [d2 + k2t2][1+O(1)θ2] for t ∈ [0, θ]
we have

[k/2]∑
i=1

[(
k sin

iπ
k

)2
+ D2

]−m
=

[θk/π]∑
i=1

1 + O(1)θ2

(D2 + (πi)2)m + O(1)
∞∑

i=[θk/π]+1

i4−n

=

∞∑
i=1

1
[D2 + (πi)2]m + O(1)θ2 + O(1)(kθ)5−n

=

∞∑
i=1

1
[D2 + (πi)2]m + O(1)k−

2(n−5)
n−3

by taking θ = k−
n−5
n−3 . This expansion is also true if D is replaced by 0. Hence, for L1(·)

defined in (2.6),

E(x0) = 24−n
(
L1(D) + O(1)k−

2(n−5)
n−3

)
= 24−n

(
L1(σ) + O(1)k−1 + O(1)k−

2(n−5)
n−3

)
.
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We use the Taylor expansion: when |x − x0| � σ0/k,

1 − |x|α = 1 − rα − αe0 · (x − x0) + O(k−2).

Hence, by divergence Theorem and the fact that U p
0 U0λ is a function of |x − x0|,

I4λ = (1 − rα)
∫
|x−x0 |=σ0/k

|x − x0|U p+1
0 dx + O(k−2)

∫
Rn

U p+1
0 dx + O(εk)n

= O(1)[(εk)n + k−2].

Similarly, using εkU0σ = O(1)U0 and kU0σ = e0 · ∇U0 we can calculate, by the diver-
gence theorem,

I4σ =

∫
Bσ0/k(x0)


{
1−|x0|α−αe0 ·(x − x0)

}e0 · ∇U p+1
0

(p + 1)k
+

O(1)U p+1
0

εk3

dx+
O(1)(εk)n

εk

=
α

(p + 1)k

∫
Bσ0/k(x0)

U p+1
0 dx +

O(1)(εk)n

k
+

O(1)
εk3 + O(1)(εk)n−1

=
α

(p + 1)k

∫
Rn
Φp+1(y)dy +

O(1)[(εk)n−5 + (εk)3]
k

=
αA1 + O(1)(εk)

k
,

where A1 =
1

p+1

∫
Rn Φ

p+1(y)dy is the same as that defined in (2.8) since p + 1= n
m .

5. The I5t Term. Suppressing the dependence on k and σ, we introduce the function

E(x) :=
k−1∑
i=1

k4−n

|x − xi|n−4 −
k−1∑
i=0

k4−n

|x − x∗i |n−4 , xi :=
(
1 − σ

k

)
ei, x∗i :=

(
1 − σ

k

)−1
ei.

Differentiating E with respect to x and using (3.3) we find that

E(x) = O(1), ∇E(x) = O(1)k, D2E(x) = O(1)k2 ∀ x ∈ Ω̄0.

From (3.10) and W = U0 + Uc, we have, for x ∈ Ω0,

Uc = Φ(0)ε−m(εk)n−4
{
E(x) + O(1)(εk)2

}
=
Φ(0)ε−m

λn−4k

{
E(x) + O(1)(εk)2

}
.

We now can estimate I5λ as follows: We use expansion E(x) = E(x0) + ∇E(x0) · (x −
x0)+O(1)k2|x− x0|2. Also we note that U p−1

0 U0λ is a function of |x− x0| and pλU p−1
0 U0λ =

div((x − x0)U p
0 ) − mU p

0 . Hence,

I5λ :=−
∫
Ω0

p|x|αU p−1
0 U0λUcdx = − pΦ(0)

λn−4k

∫
Ω0

|x|αU p−1
0 U0λε

−m[E + O(1)(εk)2]dx

= −
∫

Bσ0/k(x0)

pΦ(0)
λn−4k

U p−1
0 U0λε

−m
{
E(x0) + ∇E(x0) · (x − x0)

}
dx

+
O(1)

k

∫
Ω0

{
1 − |x|α + (εk)2

[
1 +
|x − x0|2
ε2

]
+ 1Rn\Bσ0/k(x0)

}
U p

0 ε
−mdx

= −E(x0)Φ(0)
λn−3k

∫
Rn

[
div((x − x0)U p

0 ) − mU p
0

]
ε−mdx +

O(1)(εk)2

k

=
mE(x0)
λn−3k

∫
Rn
Φ(0)Φp(y)dy +

O(1)(εk)2

k
=

2n−4A2E(x0) + O(1)(εk)2

λn−3k
,
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where A2 = 24−nm
∫
Rn Φ(0)Φp(y)dy is the same as that defined in (2.8).

Similarly, using U0σ = O(1)(εk)−1U0 and kU0σ = e · ∇U0 we obtain

I5σ :=−
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p|x|αU p−1
0 U0σUcdx = − pΦ(0)
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∫
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0 U0σ[E + O(1)(εk)2]

dx
εm

= −Φ(0)
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0
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{
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εm

+
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εk2

∫
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ε2

]
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εm

=

∫
Bσ0/k(x0)
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εm +
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εk2
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∫
Rn
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k
+ O(εk)

)
.

6. Evaluation of E(x0) and ∇E(x0). Finally, we evaluate

E(x0) =
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i=1

1
|k(x0 − xi)|n−4 −

k−1∑
i=0

1
|k(x0 − x∗i )|n−4 ,

∇E(x0)
k

= (4 − n)


k−1∑
i=1

k(x0 − xi)
|k(xi − x0)|n−2 −

k−1∑
i=0

k(x0 − x∗i )
|k(x0 − x∗i )|n−2

 .

Note that, with r = 1 − σ/k,

|k(xi − x0)|2 = k2r2{2 − 2ei · e0} = 4r2
(
k sin

πi
k

)2
,

|k(x∗i − x0)|2 = k2
����1r ei − re0

����
2
= 4
{
D2 +

(
k sin

iπ
k

)2}
,

where D = k
2 [ 1

r − r] = σ+O(1)k. Using d2 + k2 sin2 t = [d2 + k2t2][1+O(1)θ2] for t ∈ [0, θ]
we have

[k/2]∑
i=1

[(
k sin

iπ
k

)2
+ D2

]−m
=

[θk/π]∑
i=1

1 + O(1)θ2

(D2 + (πi)2)m + O(1)
∞∑

i=[θk/π]+1

i4−n

=

∞∑
i=1

1
[D2 + (πi)2]m + O(1)θ2 + O(1)(kθ)5−n

=

∞∑
i=1

1
[D2 + (πi)2]m + O(1)k−

2(n−5)
n−3

by taking θ = k−
n−5
n−3 . This expansion is also true if D is replaced by 0. Hence, for L1(·)

defined in (2.6),

E(x0) = 24−n
(
L1(D) + O(1)k−

2(n−5)
n−3

)
= 24−n

(
L1(σ) + O(1)k−1 + O(1)k−

2(n−5)
n−3

)
.
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where we have used
∫
Ωi

U p
0 U0λωρdx =

∫
Ω0

U p
i Uiλωρdx. We estimate each integral on the

right-hand side as follows. Using Hölder inequality, (4 + ρ − τ)/(p − 1) � 1, (3.3), and
symmetry we have

∫
Ω0

( k−1∑
i=1

1
dn−4

i

)p wρ dx
εn �

∫
Ω0

( k−1∑
i=1

1

d(4+ρ−τ)/(p−1)
i

)p−1
k−1∑
i=1

1
dn+τ−ρ

i

ωρ dx
εn

= O(1)(εk)4+ρ−τ
(
1 + 1{ρ=τ,n=6} ln4 k

) k−1∑
i=1

∫
Ωi

ωρ

dn+τ−ρ
0

dx
εn

= O(1)(εk)4+ρ−τ(1 + 1{ρ=τ} ln5 k
)
.

Using d0 � di on Ω0 and setting θ = max{0, (n + τ) − (8 + ρ)} we obtain

∫
Ω0

wρ(x)

d8
0

k−1∑
i=1

1
dn−4

i

dx
εn = O(1)(εk)n−4−θ

∫
Rn

wρ
d8+θ

0

dx
εn

= O(1)(εk)n−4−θ
(
1 + 1{ρ=τ} ln k

)

= O(1)(εk)min{n−4,4+ρ−τ}(1 + 1{ρ=τ} ln k
)
.

In summary, using mp = n − m we obtain

⟨ϕ,LV0λ⟩=O(1)∥ϕ∥ρεm(εk)min{n−4,4+ρ−τ}(1 + 1{ρ=τ}ln5k) ∀ρ∈ [τ, n−4). (7.2)

Similarly,

(εk)⟨ϕ,LV0σ⟩=O(1)∥ϕ∥ρεm(εk)min{n−4,4+ρ−τ}(1+1{ρ=τ}ln5k) ∀ρ∈ [τ, n−4). (7.3)

Taking ρ = 1 and using (5.4), we see that
���⟨ϕ,LV0λ⟩

��� + (εk)
���⟨ϕ,LV0σ⟩

��� = O(1)k−1(εk)2 = O(1)ε(εk).

Finally, for ρ ∈ [τ, n − 4), by (3.6) and (5.1) with ψ ≡ 0,
���⟨N(ϕ),V0λ⟩

��� + εk
���⟨N(ϕ),V0σ⟩

���
= O(1)εm∥N(ϕ)∥ρ+4

∫
B1

ωρ+4(x) |x − x0|4−ndx

= O(1)εm+4∥N(ϕ)∥ρ+4ωρ(x0)
= O(1) max{εm∥ϕ∥ρ1 , (ε

m∥ϕ∥ρ1 )p−1}εm∥ϕ∥ρ. (7.4)

In [13, 29], the norm is fixed. It corresponds to the choice ρ = ρ∗ := m + τ. Then
ρ1 = ρ

∗, so by (5.4) and (7.4), with ν∗ = γ(ρ∗) min{p, 2} − 1/τ,

|⟨N(ϕ),V0λ⟩| + |εk⟨N(ϕ),V0σ⟩| = O(1)k−γ(ρ
∗) min{p,2} = O(1)εk−ν

∗
.

Suppose 6 � n � 12. Then p � 2 and ν∗ = min{n − 5, 7 − 2τ}/(n − 4) � 1/(n − 4).
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Similarly, we find that, for L2(·) is defined in (2.7),

∇E(x0)
k

= −m e0

2n−4

{
L2(σ) + O(1)k−1 + O(1)k−

2(n−3)
n−1

}
.

Collecting all estimates for Iit, i = 1, · · · , 5, we then obtain the assertion of the theorem.
�

7 Proof of Theorem 1.1

Let (c1, c2, v) be the solution of (2.9) given by Theorem 5.1. We now find (λ, σ) such that
(c1, c2) = (0, 0). We use the equation (2.15) which can be written as, with M given in
Lemma 3.7,

M
[

c1
c2

]
=

[
λ⟨ϕ,LV0λ⟩−λ⟨F0+F1,V0λ⟩−λ⟨L1ϕ,V0λ⟩−λ⟨N(ϕ),V0λ⟩

εk⟨ϕ,LV0σ⟩−εk⟨F0+F1,V0σ⟩−εk⟨L1ϕ,V0σ⟩−εk⟨N(ϕ),V0σ⟩

]
. (7.1)

First of all, direct calculation shows that, for t = λ or σ,

−⟨F0 + F1,V0t⟩ = −
1
k
⟨F0 + F1,Wt⟩ =

∂J(λ, σ, k)
∂t

.

Next, since V0λ(x) = U0λ − ζ0λ = O(1)εm |x − x0|4−n, we have, by Lemma 5.3, (3.6), and
(5.4),

⟨L1ϕ,V0λ⟩ = O(1)∥L1ϕ∥4+τ
∫

B1

εmωτ+4(x) dx
|x − x0|n−4 =

O(1)∥ϕ∥τεmωτ(x0)
k

=
O(1)

k2 .

Similarly, εk⟨L1ϕ,V0σ⟩ = O(1)k−2 = O(1)ε(εk)n−5.
When ρ ∈ [τ, n − 4), using W =

∑k
i=1 Vi = U0 + Uc

0, |Uc| + |Uc
λ| = O(1)

∑k−1
i=1 Ui, and

symmetry we have

⟨ϕ,LV0λ⟩ =
∫

B1

ϕ
{
∆2V0λ − pW p−1V0λ

}
dx

=

∫
B1

pϕU p−1
0 U0λ dx −

k∑
i=1

∫
Ω0

pϕW p−1Viλ dx

=

k−1∑
i=1

∫
Ω0

pϕU p−1
i Uiλ dx +

∫
Ω0

pϕ
{
U p−1

0 U0λ −W p−1Wλ
}
dx

= O(1)∥ϕ∥ρ
( ∫
Ω0

ωρU
p−1
0

k−1∑
i=1

Ui dx +
∫
Ω0

ωρ
( k−1∑

i=1

Ui

)p
dx
)

= O(1)∥ϕ∥ρεm
( ∫
Ω0

ωρ

d8
0

k−1∑
i=1

1
dn−4

i

dx
εn +

∫
Ω0

( k−1∑
i=1

1
dn−4

i

)p
wρ

dx
εn

)
,
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where we have used
∫
Ωi

U p
0 U0λωρdx =

∫
Ω0

U p
i Uiλωρdx. We estimate each integral on the

right-hand side as follows. Using Hölder inequality, (4 + ρ − τ)/(p − 1) � 1, (3.3), and
symmetry we have

∫
Ω0

( k−1∑
i=1

1
dn−4

i

)p wρ dx
εn �

∫
Ω0

( k−1∑
i=1

1

d(4+ρ−τ)/(p−1)
i

)p−1
k−1∑
i=1

1
dn+τ−ρ

i

ωρ dx
εn

= O(1)(εk)4+ρ−τ
(
1 + 1{ρ=τ,n=6} ln4 k

) k−1∑
i=1

∫
Ωi

ωρ

dn+τ−ρ
0

dx
εn

= O(1)(εk)4+ρ−τ(1 + 1{ρ=τ} ln5 k
)
.

Using d0 � di on Ω0 and setting θ = max{0, (n + τ) − (8 + ρ)} we obtain

∫
Ω0

wρ(x)

d8
0

k−1∑
i=1

1
dn−4

i

dx
εn = O(1)(εk)n−4−θ

∫
Rn

wρ
d8+θ

0

dx
εn

= O(1)(εk)n−4−θ
(
1 + 1{ρ=τ} ln k

)

= O(1)(εk)min{n−4,4+ρ−τ}(1 + 1{ρ=τ} ln k
)
.

In summary, using mp = n − m we obtain

⟨ϕ,LV0λ⟩=O(1)∥ϕ∥ρεm(εk)min{n−4,4+ρ−τ}(1 + 1{ρ=τ}ln5k) ∀ρ∈ [τ, n−4). (7.2)

Similarly,

(εk)⟨ϕ,LV0σ⟩=O(1)∥ϕ∥ρεm(εk)min{n−4,4+ρ−τ}(1+1{ρ=τ}ln5k) ∀ρ∈ [τ, n−4). (7.3)

Taking ρ = 1 and using (5.4), we see that
���⟨ϕ,LV0λ⟩

��� + (εk)
���⟨ϕ,LV0σ⟩

��� = O(1)k−1(εk)2 = O(1)ε(εk).

Finally, for ρ ∈ [τ, n − 4), by (3.6) and (5.1) with ψ ≡ 0,
���⟨N(ϕ),V0λ⟩

��� + εk
���⟨N(ϕ),V0σ⟩

���
= O(1)εm∥N(ϕ)∥ρ+4

∫
B1

ωρ+4(x) |x − x0|4−ndx

= O(1)εm+4∥N(ϕ)∥ρ+4ωρ(x0)
= O(1) max{εm∥ϕ∥ρ1 , (ε

m∥ϕ∥ρ1 )p−1}εm∥ϕ∥ρ. (7.4)

In [13, 29], the norm is fixed. It corresponds to the choice ρ = ρ∗ := m + τ. Then
ρ1 = ρ

∗, so by (5.4) and (7.4), with ν∗ = γ(ρ∗) min{p, 2} − 1/τ,

|⟨N(ϕ),V0λ⟩| + |εk⟨N(ϕ),V0σ⟩| = O(1)k−γ(ρ
∗) min{p,2} = O(1)εk−ν

∗
.

Suppose 6 � n � 12. Then p � 2 and ν∗ = min{n − 5, 7 − 2τ}/(n − 4) � 1/(n − 4).
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[4] E. Berchio, F. Gazzola and T. Weth, Critical growth biharmonic elliptic problems under
Steklov-type boundary conditions, Adv. Differ. Equ. 12 (2007), 381-406

[5] F. Bernis, J. Garcia-Azorero, I. Peral, Existence and multiplicity of nontrivial solutions in
semilinear critical problems of fourth order, Adv. Differ. Equ. 1 (1996), 219-240.

[6] G. Bianchi and H. Egnell, A note on the Sobolev inequality, J. Funct. Anal. 100 (1991), 18-24.
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Acta Math. Appl. Sin. Engl. Ser. 22 (2006), 137-162.

[23] A. Pistoia and Serra, Multi-peak solutions for the Hénon equatiuon with slightly subcritical
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Suppose n � 12. Then p � 2. We take ρ = 4, so by (5.4) and (7.4),

|⟨N(ϕ),V0λ⟩| + |εk⟨N(ϕ),V0σ⟩| = O(1)k−1−γ(ρ1)(p−1) = O(1)εk−ν

where ν = γ(ρ1)(p − 1) − 1/(n − 4) and ρ1 is given by (5.2) with ρ = 4. Using γ(ρ1) =
min{1, n−ρ1

n−4 } =
n−ρ1
n−4 , one finds that

ν =
1

(n − 4)2

{
32 + (n − 4)(24 − 7τ)/(8 − τ) if n � 19,
3n + 20 − 8τ if 12 � n � 18 �

1
n − 4

.

In conclusion, (7.1) can be written as, with M given in Lemma 3.7,

M


c1

c2

 = λ4−n


k−1 0

0 ε




A2L1(σ) + O(1)k−
2

n−4

αA1λ
n−4 − A2L2(σ) + O(1)k−

1
n−4

 . (7.5)

By continuity, for each large enough integer k, there exists (λ, σ) = (λ∗, σ∗)+O(1)(k−
1

n−4 , k−
2

n−4 )
such that c1 = c2 = 0, from which we obtain a solution of (1.1). Now we are ready to prove
the following, of which Theorem 1.1 is a direct consequence.

Theorem 7.1 Suppose n � 6, p = n+4
n−4 , and α > 0. There exists a positive integer K such

that for each integer k � K, (1.1) admits a solution of the form

u(x) =
1
εm

{
max

i
Φ
( x − xi

ε

)
+

O(1)
k

}
(7.6)

where ε = k−
n−3
n−4 /λ, xi = (1 − σ/k)ei, ei is defined in (2.2), and (λ, σ) ≈ (λ∗, σ∗).

Proof. It remains to describe the profile of the solution we obtained. Indeed, taking a
ρ ∈ (1,min{n − 4, 4}) we obtain from (5.4) that

εmϕ(x) = O(1)εm∥ϕ∥ρωρ = O(1)k−1ωρ = O(1)k−1.

As εmu(x) = εmW(x)+εmϕ(x), (7.6) thus follows from (3.10). This completes the proof. �

Remark 7.1 If we follow the method in [13, 29] by taking only ρ = ρ∗ := m + τ, then
εk⟨N(ϕ),V0σ⟩ = O(1)εk−ν

∗
where ν∗ > 0 if and only if 6 � n � 19; namely, the analysis

breaks down when n � 20. Here in this paper we introduce variable weights and develop
new techniques to take care of the technical difficulties.
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