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Abstract

We shall be concerned with the buckling of a thin circular elastic plate simply supported
along a boundary, subjected to a radial compressive load uniformly distributed along its
boundary. One of the main engineering concerns is to reduce deformations of plate struc-
tures. It is well known that von Karmén equations provide an established model that de-
scribes nonlinear deformations of elastic plates. Our approach to study plate deformations
is based on bifurcation theory. We will find critical values of the compressive load pa-
rameter by reducing von Kdrmén equations to an operator equation in Holder spaces with
a nonlinear Fredholm map of index zero. We will prove a sufficient condition for bifur-
cation by the use of a gradient version of the Crandall-Rabinowitz theorem due to A.Yu.
Borisovich and basic notions of representation theory. Moreover, applying the key function
method by Yu.l. Sapronov we will investigate the shape of bifurcation branches.
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1 Introduction

Following J.N. Reddy in [27]: ”A plate is a flat structural element with planform dimen-
sions much larger then its thickness and is subjected to loads that cause bending deforma-
tion in addition to stretching. Street manhole covers, table tops, side panels and roofs of
buildings and transportation vehicles, glass window panels, turbine disks, bulkheads and
tank bottoms provide familiar examples of plate structures.” This is enough to explain a
wide-spread interest in the engineering and applied sciences in the study of elastic plate
models. Particularly, von Karman equations provide an estabished model that describes
nonlinear deformations of elastic plates. These equations have attracted a great deal of
interest in the literature (see [10, 11, 12, 14, 20, 21, 23, 26, 27, 32]). The derivation of
equations goes back to the work of Theodore von Karman (see [18]). In this paper we will
be concerned with nonlinear deformations of a thin circular elastic plate simply supported
along a boundary, subjected to a radial compressive load A uniformly distributed along its
boundary (see Fig. 1).

\ / /
W \4»‘ "/ o
R VN V'
o L
//;v‘\ P /'v;\\\
| /‘4T ¥R
A, - " >

Figure 1: A circular plate under uniform radial compressive load

If the load is zero then the plate is undeformed and flat. If the load increases then the
plate buckles. One of the main engineering concerns is to reduce deformations of plate
structures.

Let us consider a corresponding mathematical model. To this end, introduce the Carte-
sian coordinate system (i, v, w) as in the picture (see Fig. 2). The unloaded plate is a disc
in R? of variables (u, v), centered at the origin, of radius R. Without loss of generality we
will assume that R = 1. Set

Q={uv)eR*: u® +V* < 1}.
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Figure 2: A plate in Cartesian coordinates

A vertical displacement of the plate in a point (u, v) will be denoted by w. The buckling of
the plate will be described by a deflection function w = w(u, v) defined in Q. The deforma-
tion of the plate causes the appearance of internal stresses, including membrane stresses,
which can be described by Airy’s stress function oo = o(u,v). A pair (w(u,v), o(u,v)) is
called an equilibrium form of the plate.

Let C"™*(Q), where m € N U {0} and u € (0, 1), denote the Holder space consisting of
functions f € C”(Q) such that f and all partial derivatives of f up to the order m satisfy in
Q the Holder condition of exponent u. It is well known that C"#(Q) with the norm given
by

[D? f(u1,vi) = D® f(uz, v2)|
”f”cm,p(ﬁ) = max sup +

O<IQISI 1y ;) 2ugry) — )2 —)2)E
P (1 —w2)* + (vi = »)?)

(u;
+ “f”C”’(ﬁ)’

lal £ .
where a = (a1, @), |la| = @] + a2, @; e NU {0} and D*f = %, is a Banach space.

Let us assume that functions w(u, v) and o(u, v) are C**-smooth. They may be found
as solutions of von Karman equations

2 — =
{Aw [w,o] +2AAw = 0, a0

Ao + %[w, w]l=0 in Q,
where 4 > 0 is a compressive load parameter, A is the Laplace operator, and [-, -] denotes
von Kdrmdn bracket (sometimes called the Monge-Ampere form) given by

*w &*o o*w Fo FPwdo

302 62~ udv oudv | O i

The system of 4th order partial differential equations (1.1) is derived from equilibrium con-
ditions of all internal forces acting on infinitely small element of the plate. Forces perpen-
dicular to the midplane of undeformed plate gives the first equation. Equilibrium conditions

[w,o] =
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of membrane forces (forces acting in the midplane) yields the second one. We will assume

that the plate is simply supported along the boundary Q. It means that functions w(u, v)

and o (u, v) satisfy the following boundary conditions
Aw=w=0,

{A0'=0'=0 on 4Q. (12)

For each 4 > 0, the boundary value problem (1.1)-(1.2) possesses the trivial solution
wo(u,v) = oo(u,v) = 0 defined on Q. This solution corresponds to the unbuckled plate
(see Fig. 2). If A reaches a first critical value 4; then the plate may buckle.

1.1 Bifurcation theory: a tool in studying deformations of elastic plates

Bifurcation theory is one of the most powerful tools used in studying deformations of elastic
beams, plates and shells. Numerous works have been devoted to the study of bifurcation in
von Karman problems (see for instance [1, 2, 3, 5, 6,7, 8, 15, 16, 17, 19].

Let X, Y be Banach spaces and U be an open subset of R. Let us consider an operator
equation

F(x,1) =0, (1.3)

where F: X X U — Y is a continuous map. Assume that the equation (1.3) possesses the
set of trivial solutions

I' = {(xp,A): forall A € U}.

At some critical values of A this family may split into several new branches. It is of interest
to know whether there exists a branching of new solutions of the equation (1.3) at a certain
value of A. Bifurcation theory provides answers for this question.

Definition 1.1 A, € U is called a bifurcation point of (1.3) if there exists another branch
of solutions (x(¢), A(¢)), depending on |f| < &, with 2(0) = 4y and x(0) = xp.

If the Fréchet derivative of F with respect to x at the point (xg, dg) exists and is a Fred-
holm map of index zero then, by implicit function theorem, the necessary condition for
bifurcation at Ay is that dim ker F’,(xo, 4g) > O.

General bifurcation theorems provide sufficient conditions for Ay to be a bifurcation
point (see for example [9, 13, 22, 24, 25, 28, 29, 30, 31]).

Methods of bifurcation theory are applied to mathematical physics, in particular, me-
chanics of elastic constructions, hydromechanics and Lagrangian systems.
A broad class of problems arising in applications is modeled by a nonlinear functional
equation like (1.3), where a parameter A has a physical interpretation. For example, A can
be a value of loading or an elasticity coefficient in some elasticity problems, the Rayleigh
number in hydrodynamics.
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1.2 Work plan

One of the main engineering concerns is to reduce deformations of plate structures. From
the mathematical point of view, this means the study of bifurcation from the set of trivial
solutions of (1.1)-(1.2).

Our purpose is to prove a sufficient condition for A € R, to be a bifurcation point of the
von Karmén equations (1.1)-(1.2).

We are going to establish critical values of the compressive load parameter A in (1.1)
by reducing the boundary problem (1.1)-(1.2) to an operator equation like (1.3) with a
nonlinear Fredholm map of index O for which classical and modern bifurcation theory may
be applied. For example, we are going to use a gradient version of the Crandall-Rabinowitz
theorem due to A.Yu. Borisovich, basic notions of representation theory and the method of
key function due to Yu.l. Sapronov.

To our knowledge, there are no previous papers on the boundary problem (1.1)-(1.2)
that use a ’gradient structure” of von Karméan equations. The study of von Karman equa-
tions with applications to their gradient structure started with [15] and has been continued
in [5, 6, 7, 16, 17]. However, all the works cited above deal with two or three parameter
von Karman equations (models other than our).

The paper is organized as follows. In Section 2 we write the boundary value problem
(1.1)-(1.2) in the form of an operator equation like (1.3) in suitable Banach spaces, where
a parameter A is a value of the compressive load. We prove that F is a nonlinear Fredholm
map of index 0, and zeros of F are critical points of an energy functional E. Moreover,
we state a sufficient condition for A to be a bifurcation point of the von Karman equations
(1.1)-(1.2). In Section 3 we find critical values of the compressive load parameter. Section
4 provides a detailed proof of a sufficient condition for bifurcation. Finally, in Section 5 we
determine the shape of branches of nontrivial solutions of (1.1)-(1.2).

2 Fredholm’s and variational nature of von Karman
equations

We start with introducing the notation. Set

Con@) = {f € C*(Q): Af = f =0 0n Q)

and

CH(@Q) = (f € C**(Q): £ = 00n 6Q).
To simplify notation, we use the same letters: X, Y, H, I', F and E in an abstract and our
case. Let
X = Coh(Q) x Cph(Q) and ¥ = C*(Q) x C#(Q).

The norm of an element x = (w,07) in X and Y is defined by coordinates as the maximum
of norms of w and o in C*#(Q) and C*#(Q) respectively. The operator F: X xR, — Y is
defined by
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1
F(x,A) = |A’w — [w, o] + 2AAw, =A% — 0w wl), 2.1
where x = (w, o). We see at once that the operator equation

F(x,A) =0 (2.2)

is equivalent to the boundary value problem (1.1)-(1.2). Define

I'={0,) e XxRs: 1R} (2.3)

I' is said to be the set of trivial solutions of (2.2) corresponding to the undeflected plate.
The operator F is easily seen to be C*-smooth. What is more, an easy computation
shows that

Fl(x, Dh = (A2 = [z,0] = [w,n] + 2AAz, =A%y = [w, 2]), (2.4)

where x = (w,0) and h = (z, 7).
Lemma 2.1 Foreach A € Ry, F'.(0,1): X — Y is a Fredholm map of index zero.
Proof. Fix A € R,. Substituting xy = (0, 0) into (2.4) we obtain

F.(0, )h = (A’z + 2AAz, —A%)

for each h = (z,17) € X. Thus F/,(0,4): X — Y can be written as the sum

F'.(0,)h = A(h) + B(h),
where A, B: X — Y are given by

A(h) = (A%z, —A*n) and B(h) = (21Az,0). (2.5)

Now, to finish the proof, it is sufficient to show that A: X — Y is an isomorphism, and
B: X — Y is a completely continuous map. . .
It is well known that the Laplace operator A: Cg" #(Q) — C™2#(Q) is an isomorphism,

where m > 2 and u € (0,1). Hence A2: ngg(ﬁ) - CO’“(ﬁ) is an isomorphism, and, in

consequence, A is an isomorphism of X onto Y. Let us remark that B: X — Y is completely
continuous. Let B; : Cg”(; (Q) — C™(Q) be defined by

Bi(2) = 2AAz.
Then

B(z,1) = (B1(2),0).
By the diagram

Coh@ 5 @ "= @),
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where J is the natural embedding of Cg:g (Q) into Cé’” (Q), we have B; = W o J. Since J
is completely continuous and W is continuous, we conclude that B and B are completely
continuous. This is the end of the proof.

Write

H = L*(Q) x LX(Q).

It is known that, under the scalar product

1
(w,0), (z,m)n = - ffg(wz + on)dudv,

H is a Hilbert space. The functional E: X X R, — R is given by

E(x, ) = %r f fﬂ ((Aw)? = (A)? = [w, wio) dudv +

1 ow\®  [ow\

In fact, E is the total energy of the plate and is C*-smooth. Moreover, it is easy to check
that

E'(x, )h = (F(x, ), h)u 2.7

for all x,h € X and A4 € R,. Hence we say that the map F is a variational gradient of the
functional E with respect to the inner product in H.
We can now formulate our main result.

Theorem 2.1 The necessary and sufficient condition for Ay € R, to be a bifurcation point
of the equation (2.2) is dim ker F.(0, 49) > 0.

With respect to the dimension of the space ker F7.(0, 4) at 1 € R, we can divide bifur-
cation points into simple if dim ker (0, 1) = 1 and multiple if dim ker F’.(0, 1) > 1.

Our proof of Theorem 2.1 is based on a gradient version of the Crandall-Rabinowitz
theorem on simple bifurcation points. The original theorem was proved by Michael G.
Crandall and Paul H. Rabinowitz in [13]. A gradient one is due to Andrey Yu. Boriso-
vich (see [4]) and deals with the case when F is a variational gradient as above. For the
convenience of the reader we state this theorem.

Theorem 2.2 Assume that H is a Hilbert space with a scalar product (-,-)y. Let X and Y
be Banach spaces continuously embedded in H. Suppose that a C"-operator F: Xs5(0) X
Rs(Ao) — Y and a C™'-functional E: X5(0) x Rs(lg) — R, where r > 2, satisfy the
following conditions:

1. F(0,2) =0 forall 1 € Rs(A),

2. dimker F/(0, Ag) = 1, F/(0, Ag)e = 0, (e, &)y = 1,
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3. codimim F(0, A9) = 1,
4. E(x, Dh = (F(x, 1), h)y for all (x,2) € X5(0) X Rs(Ao) and h € X,
5. E" (0, 2)(e, e, 1) # 0.

X.

Then Ay is a bifurcation point of the equation F(x, 1) = 0. In fact, the solution set of this
equation in some neighbourhood of the point (0, Ay) consists of the curve I = {(0,4): 1 €
Rs(do)} and a C"%-curve A, intersecting only at (0, dy). Moreover, if r > 3, the curve A
can be parametrized by a variable t, |t| < &, as

A ={(x(®),A1): t € R(0)}, x(0) =0, A0) =2 x'(0) =e.

Here and subsequently, X5(0), Rs(1o) and R.(0) denote respective balls in X and R.

3 The study of linearized problem

From now on, for each A € R, N(2) stands for ker F"(0, 2).

Definition 3.1 A number A > 0 is called a critical value of parameter if
dim N(1) > 0.

The aim of this section is to find all critical values of parameter A. To do this, fix A > 0
and consider the equation

F’(0, )h = 0. 3.1)

It follows that the equation (3.1) is equivalent to the boundary value problem

A’z +21Az =0,

A =0 in Q,

Az=z=0, (3.2)
Anp=n=0 on 0Q,

where h = (z,7). Since A: C(z)’” (ﬁ) - Co’ﬂ(ﬁ) is an isomorphism, the boundary value
problem (3.2) can be replaced by the following one

Az+21z=0 in Q,
z=0 on 09,

and

N(A) = ker(A + 221) x {0}, (3.3)

where A + 271 Cé’” (Q) — C%(Q) and I is the natural embedding of Cé’” (Q) into CO#(Q).
For each k € N U {0}, let J;: R — R denote the kth Bessel function of 1st kind. The
function J; is given by



Von Kdrmdn equations and the buckling of a thin circular elastic plate 621

1 T
Ji(s) = — f cos(ssint — kf)dt.
T Jo

Let (r,¢) € [0, 1] x [0, 27) denote the polar coordinates of a point (u,v) € Q.
It is well known that a number —24 < 0 is an eigenvalue of the Laplace operator
A: Cg’” Q) — C*(Q) if and only if V24 > 0 is a zero of one of Bessel’s functions of

Ist kind. If Jo(V22) = 0 then dimker(A + 24I) = 1 and ker(A + 24I) is spanned by the
function Jo( V24r). If there exists k € N such that Ji( V21) = 0 then dim ker(A + 21) = 2
and ker(A + 241) is spanned by: Ji( V2r) cos(ky) and Ji( \22r) sin(kep).

Summarizing. 1 > 0 is a critical value of parameter if and only if V21 > 0 is a zero of
one of the Bessel functions J;.

By the above, we get a complete description of N(1). Namely, we have three possible
cases.

o If Ju(V22) # 0 for each k € N U {0} then N(A) is a trivial space.
o If Jo(V22) = 0 then dim N(2) = 1 and N(Q) is spanned by (Jo( V21r), 0).

e If there is k € N such that J,( V22) = 0 then dim N(1) = 2 and N(Q) is spanned by
(Je(V21r) cos(ke), 0) and (Jx( V2Ar) sin(ke), 0).

4 The proof of Theorem 2.1

The proof of Theorem 2.1 is based on Theorem 2.2 and will be divided into two cases. The
first case when dim N(1) = 1 and the second when dim N(1) = 2.

4.1 Simple bifurcation points

Theorem 4.1 Let 1y € R, be a critical value of compressive load parameter such that
dim N(1g) = 1. Set e € N(Ay) such that (e,e)y = 1. Then Ay is a bifurcation point of the
equation (2.2). In fact, the solution set of this equation in some neighbourhood of the point
(0, Ao) consists of the trivial family (2.3) and a C*-curve

A ={(x(®), A(2)): t € R(0)}, x(0) =0, A(0) =1y x'(0) =e,
intersecting only at (0, Ayp).

Proof. We only need to show that E7/7,(0, Ap)(e, e, 1) # 0. Differentiating (2.7) with respect
to x we have

EY (x, )(h,8) = (F(x, Dh,)n 4.1

for each A € R, and for all x, h, g € X. Substituting (2.4) into (4.1) we get
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1
ELn g = - f fﬂ (A% — [2,07] [, ] + 2202z dudy +

+l ff(—Azn—[w,z])mdudv’
n JJa

where x = (w,0), h = (z,n7) and g = (z1,11). From (3.3) it follows that ¢ = (e;,0) and
Ae; = —2pe;. By the above, we see at once that

1 4
E(0,2)(e,e,1) = —ff 2(Aey)erdudy = 0 ff e%dudvz
T JJda T Q

—4/10(6, 6)1-1 = —4/10 < 0.

This is the end of the proof.

4.2 Multiple bifurcation points
4.2.1 The action of Z, on R?

Let Z, denote the finite group of {0, 1} with mod 2 addition. Let GL(R?) denote the group
of linear automorphisms of R?> with composition of maps. The homomorphism o: Z; —
GL(R?) defined by 0(0) = I, o(1) = S,,, where I(u,v) = (u,v) and S,(u,v) = (u,—v) is a
linear representation of Z; in GL(R?).

Definition 4.1 A set U c R? is said to be Z,-invariant if (u,v) € U implies (u, —v) € U.

Definition 4.2 Let U c R? be a Z,-invariant set. A function f: U — R* (k € N) is called
Zy-equivariant if f(u,v) = f(u, —v) for each (u,v) € U.

Set Z ¢ {f: f: U — R}, where U is a Z,-invariant subset in R?. The subset of all Z,-
equivariant functions in Z will be denoted by Z?2. Remark that if Z is a linear space then
7% is a linear subspace in Z.

Definition 4.3 Let E;,E, Cc {f: f: U — R*} be real Banach spaces such that if f € E;
then foS, € E;fori=1,2.

e Amap P: E; — E; is said to be Z,-equivariant if for each f € E|,
P(foS.,)=P(f)oSyu

e Amap P: E; xS — E; (S c R)is called Z,-equivariant if for each parameter s € S,
P(-,s): E; — E, is Z,-equivariant.

The restriction of P: E; — E, (P: E;1 XS — E) to the space ElZz (EiZz x§) will be denoted
by P?%.
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4.2.2 Multiple bifurcation with Z,-symmetries

Lemma 4.1 Fix A € R,. If there exists k € N such that Jy(V22) = 0 then dim N(1)% = 1
and N(A)? is spanned by (J(N2r) cos(kg), 0).

Proof. Let x = (w,0) € N(1). By assumption it follows that there are real constants C; and
C, such that

w(u, v) = C1J(V2r) cos(kg) + CoJi( V24r) sin(ke)

for all (1, v) € Q. In addition, if x is Zy-equivariant then w(u, v) = w(u, —v), and so

C1J(N22r) cos(ky) + CrJi( V2r) sin(ky) =
C1J(N227) cos(kg) — CoJe( V2Ar) sin(ke)

for all » € [0,1] and ¢ € [0,27). Hence we get 2C,Ji( V2r) sin(ke) = 0, which implies
C, = 0, and consequently

w(u, v) = C1Je( V21r) cos(kg).
This is the end of the proof.
Lemma 4.2 The map F: X xR, — Y given by (2.1) is Z,-equivariant.
Proof. We check at once that
(i) AwoS,) = (Aw)o S, for each w € CX(Q),

(ii) A’ (woS,) = (A*w)o S, foreach w € C*(Q),

(iii) [wo S,,0c08,]=[w,0]l0S,forallw,o € Cz(ﬁ).
Combining (7) — (iii) with (2.1) we have

F(xoS,)=F(x,)oS,

for all x € X and A € R,. This is the end of the proof.
By Lemma 4.2 we conclude that if (x, 1) € X% x R, then

F(x,))=F(xoS,,1)=F(x,1)08,.

Therefore F maps X% x R, into Y72, .
Convergence in Holder spaces C™#(Q) implies pointwise convergence. It follows that
X% and Y% are Banach spaces.

Lemma 4.3 For each A € Ry, (F?2)'(0,2): X% — Y is a Fredholm map of index zero.
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Proof. Fix A € R,. For each (z,77) € X we have

F'(0,)(z,n) = A(z,n) + Bz, ),

where A: X — Y and B: X — Y are defined by (2.5). We have proved that A is an
isomorphism and B is completely continuous. As A: CX(Q) — C(Q) and A?: C*H(Q) —
C(Q) are Z,-equivariant, A and B maps X?* into Y?2. Hence

(F)(0,2) = A*™ + B>,

Since Y% is a closed subspace in Y, B> : X*> — Y% is completely continuous. To remains
to prove that A% is onto Y72,

Let (f,g) € Y?. There is (z,5) € X such that A(z,7) = (f,g). We get A(z,;) =
(N2, =Nn) = (N2, =N’ 0§, = (A*(z0 S,),~A*(n 0 S,)) = Az o Sy, 0 S,). It follows
that (z,n7) = (zo S,,n0S,) =(z,n) oS, and, in consequence, (z,77) € XZ%_ This is the end
of the proof.

Applying Lemma 4.2 and the equality (2.7) we conclude that

(E™)(x, Dh = (F*(x, ), )y
for all x,h € X% and 1 € R,

Theorem 4.2 Let 1y € R, be a critical value of compressive load parameter such that
dim N(2g) = 2. Set e € N(A9)% such that (e, e)y = 1. Then Ay is a bifurcation point of the
equation

F2(x,1) = 0. 4.2)

In fact, the solution set of this equation in some neighbourhood of the point (0, y) in
X% x R, consists of the trivial family T = {0} X R, and a C®-curve

A = {(x(0), A0)): t € R(0)}, x(0) =0, A0) =y x'(0) =e,

intersecting only at (0, Ao).

What is left is to show that (EZZ);’; 100, 20)(e, e, 1) # 0. The proof is similar to that of
Theorem 4.1 and for this reason it will be omitted.

5 Postcritical bifurcation

The last section is devoted to the study of the shape of nontrivial branching at a bifurcation
point Ay of (2.2). We indicate how the key function method due to Yu.l. Sapronov may be
used to investigate bifurcation in the von Kdrmén equations (1.1)-(1.2).

Fix a critical value of compressive load parameter 4y € R,. Let i = dim N(4p). Apply-
ing the finite dimensional reduction of Lyapunov-Schmidt type we can reduce the problem
of bifurcation from trivial solutions of (2.2) to the problem of bifurcation from trivial solu-
tions of a suitable equation
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Y& ) =0,

where (¢£,1) € V ¢ R xR, and V is a neighbourhood of (0, 2y) in R x R,. The function
W: V — R has the same smoothness as F'. Moreover, there is a function ¢: V — R such
that

Vep(&, D) = Y&, D)

and ¢ is called a key function. By the use of the method introduced by Yu.l. Sapronov (see
[28, 29]) we may study the shape of nontrivial branching of solutions at Ay by analyzing
coefficients of the Taylor series of ¢ at (0, Ay).

Taking into account a gradient structure of (2.2) we can express the key function method
in terms of derivatives of E at (0, Ap) as follows.

Theorem 5.1 Let the assumptions of Theorem 2.2 hold with r > 3. Define

Cl = E;l):/l(()’ /10)(67 e, 1)’
C, = EU.(0,2)e,ee),

E@

XXXX

C3

(0, A0)(e, e,e,e) + 3E” (0, Ao)(e, e,y),

XXX

where y is a unique solution of the equation

F(0, 20)y = (v, e)me = —F (0, Ao)(e, e). (.1
(i) If Cy # O then the solution set of the equation
F(x,))=0
in a small neighbourhood of (0, Ay) consists of the trivial family
I'=1{(0,2): 1 € Rs()}
and a C'"2-smooth curve A, intersecting only at (0, Ap).

(ii) If C; # 0 and Cy # 0 then A can be parametrized as follows

x(4) = D2(4 = dg)e + 0(|4 = A, A € Ry(Ao),

where Dy = —=2C1/C,. Then Ay is said to be a transcritical bifurcation point (see
Fig. 3).

@@ii) If C1 # 0, C, = 0 and Cs # 0 then the parametrization of A depends on the signs of
C, and C5. Set D3 = —6C/Cs.

IfCy - C3 >0 then

() = £ yIDsl(do — Ve +0(ldg — A7), A€ (Y- &, do).
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Then Ay is said to be a subcritical bifurcation point (see Fig. 3).
IfCy - C3 < Othen

(1) = £/D3(A— A e+ o(l1— pl*), A€ [, Ao + ).

Then Ay is said to be a postcritical bifurcation point (see Fig. 3).
For the proof of Theorem 5.1 we refer the reader to [17].

Theorem 5.2 Let Ay € R, be a critical value of compressive load parameter such that
dim N(Ag) = 1. Then Ay is a postcritical bifurcation point of the equation (2.2).

Proof. Set e = (e1,0) € N(1y). According to Theorem 5.1 we have to compute C;, C, and
Cs. From what has already been proved (compare the proof of Theorem 4.1), we have

Ci=-42,<0.

An easy computation shows that

F;/X(O, /10)(8, e) = (05 —[61 €] ])

and
F)’r’):x(o’ Ag)(e,e,e) = 0.
Applying (2.7) we obtain
Cy = (FY (0, 2p)(e, e),€)y =0
and

7 17 3
C3 = (F(0, )(e, e, €), ) + 3(F (0, Ag)(e, ), y) = - ff[el,el]yzdudv,
Q
where y = (y1,y2) is a unique solution of (5.1). By the definition of y we deduce that

~A%y, = [er, e1].

C; = E ff(Azyz)yzdudv = Ej‘f‘(Ayg)zdudv > 0.
T JJda T JJa

In consequence, C; - C3 < 0, and so A is a postcritical bifurcation point. This is the end of
the proof.

Hence

Theorem 5.3 Let 1y € R, be a critical value of compressive load parameter such that
dim N(1g) = 2. Then Ay is a postcritical bifurcation point of the equation (4.2).

The proof is similar to that of Theorem 5.2 with F and E replaced by FZ> and E%>. The
details are left to the reader.
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Figure 3: Transcritical, subcritical and postcritical bifurcation
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