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Abstract

In this paper, we shall prove even symmetry of monotone entire solutions to the balanced
Allen-Cahn equation with one spatial variable. Related results for the unbalanced Allen-
Cahn equation are also discussed.
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1 Introduction

In this paper, we consider entire solutions of the Allen-Cahn equation with a double well
potential. By an entire solution we mean a solution not only defined in the entire Eu-
clidean space but also entirely in time. There are three types of well-known entire so-
lutions: homogeneous solutions v(x,y,f) = u(f), which only depends on time, stationary
solutions which depends only on (x, y), and traveling wave solutions, which are of the form
v(x,y, 1) = u(x,y — ct), where (x,y) € Rl teR. In particular, traveling wave solutions to
the Allen-Cahn equation have been intensively studied recently. (See, e.g., [23], [24], [12],
[37], [38], [40], [41], [36], [30], [22] and references therein.) There exist also other types of
entire solutions to the Allen-Cahn equation. For example, the existence of entire solutions
with two traveling fronts approaching in opposite directions from negative infinity in time
and annihilating in a finite time is shown for the Allen-Cahn equation with a balanced or
an unbalanced double well potential in [14] and [13] respectively. In this paper, we shall
classify all entire solutions which are bistable, i.e., connecting the two stable states, of the
Allen-Cahn equation in one spatial variable. To be more precise, we consider
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vi=Agyv—F'(v), DM <1, (x,y0)eR'XRXR, (1.1)

where F is a C># double-well potential, i.e., F' satisfies

{F(—l):F(l):O, F'(-1)>0,F"(1)> 0 12

F'(s)>0,s5€(=1,0); F'(s)<0,se 1)

for some 6 € (0, 1). Without loss of generality, we may assume that F(—1) = 0 and 8 = 0.
If F(1) = F(-1) = 0, F is called a balanced double well potential. Otherwise, it is called an
unbalanced double well potential, and in this case we may assume that F(1) > F(-1) =0
without loss of generality.

A typical example of balanced double well potential is F(u) = %(1 - u?)?, ueR,
while a typical unbalanced double well potential is F(u) = (1 — u*)> — a(u®/3 — u) with
a € (~1,0). Note that F’(u) = (u — a)(u®> — 1) in the latter case.

If we consider a traveling wave solution v(x,y,f) = u(x,y — ct) with a constant speed
c¢>0and (x,y) € R™! then u satisfies an elliptic equation

At +uyy +cuy—F'(u) =0, Ju <1, (x,y)eR"XR. (1.3)

On the other hand, in (1.1), if we drop one spatial diemension, say, the one represented
by variable y, we may reverse the direction of time and denote the new variable by y = —¢
and let u(x,y) = v(x, —t). We may also restrict the range of u to [-1, 1]. Then, It is obvious
that u satisfies an reverse parabolic equation

Au+uy,—Fw=0, [u<1, (xy)eR""xR (1.4)

It is clear that (1.4) and (1.3) are related but of different types (elliptic and parabolic
respectively). Naturally, there are some differences regarding solutions of these equations.
For example, there does not exist an entire solution connecting —1 and 1, which is homo-
geneous in x, while there exists such a traveling wave solution. On the other hand, we shall
see that there are many similarities of solutions to (1.4) and (1.3) with the same spatial
dimensions for x. After all, solutions to (1.3) are special entire solutions to (1.1), while
(1.4) is just a rewritting of (1.1) with a spatial dimension lowered by one.

We may assume that the entire solution # under consideration is monotone in time ¢ and
hence in y. Without loss of generality, we assume

uy(x,y) >0, (x,y) €eR"xR. (1.5)

We may also assume that the solution u connects two stable states, i.e.,

lim wu(x,y)==+1, xeR" (1.6)

y—=£o00

We note that the limit condition above does not need to be uniform in x. Indeed, we shall
see that the limits are not uniform.
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When n = 1, it is well-known that there exists a unique speed ¢y > 0 such that (1.3) has
a unique solution g(y) (up to translation) satisfying the monotone condition (1.5), i.e.,

§7(s) +cog'(s) — F'(g(s)) =0, seR,
lim g(s) =1, lim g(s) = —1, 4D
where ¢y = 0 in the balanced case and ¢y > 0 in the unbalanced case. We may assume that
g(0) = 0. The solution g is non-degenerate in the sense that the linearized operator has a
kernel spanned only by g’.

It is well-known that when F is balanced, g is a minimizer of the following energy
functional

E(v) := f w[%w + F(v)ldx

inH:={ve Hlloc(R) =1 <v<1, limg,,0v(s) = 1} and

1
e:=E(g) = f 2F(w)du < .
-1

There is a significant difference between the balanced and the unbalanced Allen-Cahn
equation. The difference of zero speed and positive speed of one dimensional traveling
wave solution g for the balanced and unbalanced potential leads to a fundamental difference
of the structure of traveling fronts in higher dimensional spaces, see [22] and references
therein for detailed discussion.

Entire solutions for the unbalanced Allen-Cahn equation are studied in [13], motivated
by earlier papers on entire solutions of KPP equations ([28], [29]). The results may be
stated as follows.

Theorem A [Chen, Guo, 2005] Assume that F is an unbalanced double well potential
satisfying (1.2) and F(1) > F(—1) = 0. When n = 1, there exists a solution U(x,y) =
U(lx|,y) to (1.4), (1.5), (1.6) such that U,(x,y) < 0 for x > 0 and U(0,0) = 0. Furthermore,
if the O-level set of U is denoted by T, then T is asymptotically linear,

1
lim =—, 1.8
el 0 v/ o (1.8)

where co > 0 is the speed of the traveling wave solution in (1.7).

Entire solutions for the balanced Allen-Cahn equation are studied in [14]. The result
may be restated as follows.

Theorem B [Chen, Guo, Ninomiya, 2006] Assume that F is a balanced double well
potential satisfying (1.2) and F(—1) = F(1) = 0. When n = 1, there exists a solution
U(x,y) = U(lx],y) to (1.4), (1.5), (1.6) such that U.(x,y) < O for x > 0 and U(0,0) = 0.
Furthermore, if the 0-level set of U is denoted by T, then T is asymptotically a hyperbolic
cosine curve, i.e., for some A > 0

lim cosh(2ux) _
Yoo Uy)=0  py

A, whereu = F"(1). (1.9)
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Under the condition that suitable asymptotical behavior of I' at infinity is prescribed,
which may be regarded as “initial” condition at negative infinity of time, the uniqueness of
entire solution has also been proven for both the balanced and unbalanced cases in [13] and
[14] respectively. In this paper, we shall follow the framework of [22] and show symmetry
results and hence a classification of entire solutions of the Allen-Cahn equation without
prescribing the asymptotical behavior of I (i.e, without assuming the initial conditions at
negative infinity in time). To be more precise, we shall show the following main theorems.

Theorem 1.1 Assume that F is a balanced double well potential satisfying (1.2) and F(—1) =
F@) = 0. Suppose n = 1 and u satisfies (1.4), (1.5) and (1.6). Then, u(x,y) = U(x,y) af-
ter a proper translation in (x,y), where U is the solution in Theorem B. In particular, u is
evenly symmetric with respect to x and u,(x,y) < 0 for x > Q.

Theorem 1.2 Assume that F is an unbalanced double well potential satisfying (1.2) and
F() > F(-1) = 0. Suppose n = 1 and u satisfies (1.4), (1.5) and (1.6). Then, either
u is the unique conical solution as in Theorem A, i.e., u(x,y) = U(x,y) after a proper
translation in (x,y), or u is the unique traveling wave solutions in one dimensional space,
i.e., u(x,y) = g(xx + coy) after a proper translation, where g is defined in (1.7).

The paper is organized as follows. In Section 2, the main result Theorem 1.1 shall
be proved. Theorem 1.2., the classification result for entire solutions of the unbalanced
Allen-Cahn equation in R?, will be proved in Section 3.

2 Symmetry of entire solutions of the balanced Allen-Cahn
equation in R

Throughout this section, we assume that n = 1 and the double well potential F is balanced,

ie., F(-1) = F(1) = 0. We shall prove Theorem 1.1 in three main steps, following the

structure of the proof of Theorem 1.1 in [22]. First we carry out a preliminary asymptotical

analysis of the level sets of the solution # and show that the slope of the 0-level curve

y = y(x) must tend to oo as x tends to +oo. Second, we show that y = y(x) is asymptotically

hyperbolic cosine and obtain a very detailed asymptotical formula. Lastly, we complete the
proof by using the asymptotical formula of the level curve and the moving plane method.

2.1 Preliminary analysis of the level set

We first show an important lemma which asserts the integrability of of u,.

Lemma 2.1 Suppose that u is a solution to (1.4), (1.5) and (1.6). Then

fR 2 uydxdy < oo, (2.10)
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Proof. Define
h(x)zfuxuydy, xeR.
R

Since u is bounded in C3(R?) by the standard elliptic estimates and u, is positive, it is easy
to see that i(x) is well-defined and

h(x)| <C, xeR

for some constant C > 0.
Note that due to (1.6), we have

lim u, =0, lim u,=0, xeR.

y—+oo y—=Eo00

Differentiating /(x) with respect to x and using the equation, we obtain

W(x)= f (Uxxlty + Uyltry)dy
R

=f[£(F(u)+1u§ - u;]dy Q2.11)
r 0y
=—fu§dy.
R
Then )
f f wdydx = h((a) — h(b). (2.12)
a R

The bound of /(x) immediately leads to the integrability of «; in R*>. m

Due to (1.5) and (1.6), the 0-level set of u is a C> graph of a function defined in R. We
let y = y(x), x € R be such a function. The next lemma asserts that the slope of y = y(x)
must tend to infinity as x goes to infinity.

Lemma 2.2 There holds
lim 1y (0] = e. (2.13)
Proof. Since u is bounded in C*(R?), Lemma 2.1 implies that

Illim uy(x,y) =0, uniformlyinyeR.

Now assume that (2.13) is not true. Then there exists a sequence {x,,} such that |x,|
goes to infinity and
lim v/ (x,) = ko
m—0o0

for some constant k.
We shall translate u along this sequence of x,,. Define

U (X,Y) = u(x + X,y + ¥(6)),  (x,) € R%.



592 C. Gui, F. Zhang

By the standard theory for parabolic equations, we know that u,, is bounded in C3#(R?).
Then there is a subsequence, which we still denote by {x,,}, such that u,, converges to a
function u, in C3 (R?). It is easy to see that u,(0,0) = 0, u*(x y) =0, (x,y) € R%

loc
Then u.(x,y) = g.(x) for some C? function g, which is a solutlon to the one dimensional

stationary Allen-Cahn equation
U — F'(u)=0, x€eR. (2.14)
Furthermore, since u(x,y(x)) = 0 and hence
ue(x, y(0)) + uy(x, y(0))y' (x) =0, x€R,

we obtain
g; 0) = 'il_l};lo U (Xp, Y(Xm)) == ’}1_)1'?0 uy(xnu 7(x111))7’ (xn) =0

Then we conclude that g, = 0. We claim that this will lead to a contradiction.
As in the proof of Lemma 2.1, we define

Ot Oty

hin(x) = x By

It is easy to see that |h,,(x)| < C for some constant independent of both x and m. We can
also derive

aum

hy,(x) = -(%)2( ,0) + F(un(x,0)) - f (— x€R.

For any fix R > 0, in view of (2.10) and the boundedness of #,,, we have

R 1 duy,
f [5 (—)( ,0) + F(up(x,0)]]dx < C

for some constant C independent of m, R.
Letting m go to infinity, we obtain 2F(0)R < C, which is a contradiction. The proof of
the lemma is then complete. m

Indeed, we conclude that the level curve must be of one of the following four possibil-
ities:

(i) lim y'(x) = +00, lim 'y’(x) = —o0;

(ii) lim y'(x) = +oo, lim y/(x) = +oo;

(iii) lim y'(x) = —o0, lim y'(x) = —o0
X—00 X——00

(iv) lim y/(x) = —oo, lim v (x) = +o0.
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Moreover, it can also be concluded by the arguments above that the profile of u along
the level curve must be approximately the one dimensional transition layer g(x) or g(—x).
To be more precise, we define

us(x,y) 1= u(x + 5,y +¥(s)),  (x,y) € R
The following lemma holds.

Lemma 2.3 The translated solution us(x,y) converges in C?DC(Rz) to either g(x) or g(—x)
as |s| tends to infinity.

2.2 The exponential decay of # and a Hamiltonian identity

In this subsection, we shall show that solution ¥ must decay exponentially to +1 as the
distance from the the level set y = y(x) tends to infinity. The exponential decay of u will be
used to prove a version of Hamiltonian identity for equation (1.4). This type of analysis was
first carried out in [12] for the axially symmetric traveling wave solutions. Their arguments
are slightly modified and presented here for the convenience of the reader.

Due to the double well potential condition of F, there exist two constants a*, @~ such
that -1 <o~ <0 <a* <1 and

F"(s)>ug >0, se[-1,a]U[a",1].

for some constant yy > 0.
Define

Q" =y R tuxy) 2 at), Q= {ny) eR tuxy) <aT),
Q= {(x,y) eR?:a” <u(x,y) <a’}, QS ={xeR:a <u(xy <a'},
Y= {(x,y) € R? 1y = y(x), u(x,y*(x)) =}, ae(-1,1).
By Lemmas 2.2 and 2.3, it is easy to see that meas(Qg),) < K < oo for some constant
K independent of y. Indeed, there exists a positive constant Yy > 0 and two C> functions

x = ki(y),i = 1,2 such that ° N {(x,y) € R? : |y| > Yo} can be expressed as the graph of
k), 1.6

YN y) €R? 1yl > Yol = {(x,y) : x = ki(y), [yl > Yo, i = 1,2}.

In Case (i), both k; and k, are defined for Y > Y, while in Case (iv), k; and k, are
defined for ¥ < —Y,. We may assume that k;(y) < k,(y) in these two cases.

In Case (ii) and (iii), k; is defined for y > Y and k; is defined for y < —Yj.

In all cases, we have

=k <K, or [x—k( <K, YxeQ, y>Y,. (2.15)

Now we can state the exponential decay of u as the following lemma.
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Lemma 2.4 There exist constants C and v > 0 such that
lu? = 1] + [Vul + [V2ul < Ce™ [y > ¥,
[u? = 1]+ |Vu| + |V?u| < Ce™™, |y < Y.

where d(x,y) := min{|x — k; V)|, |x — ka()|} for |[y| > Y.

(2.16)

Proof. Let
w(x,y) =1Fu(x,y) >0, (x,y) € Q".

Then, by the definition of py and QF, it is easy to see that
F'(x1) - F'(u)

e H) w20, (xy) € QR

Wy + Wy, — oW = (

For any rectangular domain Dy := {(x,y) : |x| < ’%R, [y| < R}, we consider the function

B(x,y)ze“‘OR/Zcosh(’%y)cosh( %x), (x,y) € Dg.

Straight forward computations reveal that
By + By —puoB <0 in Dg, B>1on 0Dg.

Now for any (xg, yo) € Q*, let R = cR(x, yo), where R(xy, yo) is the distance from (xo, yo)
to Q° and ¢ = c(up) is a constant so that Dy remains in Q*. Now compare w(x,y) with
B(x — x9,y — yo) in Dg(x9,¥0) := {(x,¥) : (x — x0,¥ — Yo) € Dg}. Then the maximum
principle implies that

w(x,y) < B(x = xo,y = y0),  (x,¥) € Dg(x0, o).

In particular, we have w(xg,yo) < B(0,0) = e #R/2 In view of (2.13), (2.15) and the
definition of ki, k», we know that, for R(x,y) > K, there exists some constant u3 € (0, 1)
such that R(x,y) > usd(x,y) when |y| > Y and R(x,y) > us3|x| when |y| < Y.

Hence we derive

= 1] < Coe " |yl > Yo |u? =1 < Coe™™, Iyl < Y.

for v = cup/2 and some constant Cy > 0. Then (2.16) follows from the standard estimates
for parabolic equations. m

With the exponential decay of u, we can define

1
Py = ply;u) = f[zui + F(u)ldx, yeR.

R

The following Hamiltonian identity holds.

Lemma 2.5 For any v,y € R, there holds the following Hamiltonian identity

,
P = p(Go) = f fR udxdy. (2.17)
Yo
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2.3  Only Case (i) is valid

Using the exponential decay (2.16), the Hamiltonian identity (2.17) and Lemma 2.3, we
can exclude the Cases (ii)-(iv) in subsection 2.1.

Lemma 2.6 Assume that u is a solution to (1.4), (1.5) and (1.6), and the graph of y = y(x)
is the 0-level set of u. Then

lim y'(x) = oo, lim v (x) = —c0. (2.18)

X—00

Proof. In Case (i), using the exponential decay (2.16) and Lemma 2.3, we can compute
straight forwardly

< 1
lim p) = lim p(051,) = f (508 P@) + Fg(o)ldx = e

and

<1
Jim_p(y0) = Tim p(0:u,) = f [51g' o) + F(g(o)ldx = e.

Then the Hamiltonian identity (2.17) leads to

ffuidxdyzo.
R JR

This is a contradiction. Case (iii) can be excluded similarly.
In Case (iv), we have

lim p(y) =0

y—o00
and
01
lim p(yo) = lim f [=u? + F(u)ldx
Yoo yoo—eo J_oo 2
* 1
+ lim [=u? + F(u)]dx
Yoo Jo 2

|
= Zf [§(|g'|2(x) + F(g(x))]ldx = 2e.

f f |u,Pdxdy = —2e < 0.
R JR

This is a contradiction, and the lemma is proven. m

This leads to
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2.4 The level set curve is asymptotically hyperbolic cosine

In this subsection, we shall show that the 0O-level set y = y(x) of u is asymptotically
hyperbolic cosine. It is more convenient to write the level set as the graph of functions
x = ki1(y), x = kp(y) for y > Y and show that they are logarithmic. In the previous subsec-
tion, we have already derived properties for y = y(x) which can be rewritten for x = k;(y)
as follows

ki) <0, ky(y) >0, fory>yy

Nim k() = —co,  lim ky(y) = co (2.19)
lim k7 (y) = lim &5(y) = 0.
y—00 y—00

We shall prove the following asymptotical formulas for k;(y),i = 1, 2.

Lemma 2.7 There holds

1
kl(y)=—2—ln(y)+C1 +o(l), asy— o
| H (2.20)

ka(y) = o

Iny)+Cy+o0(l), asy— o
for some constants C1, C,, where u = VF”(1) > 0.
24.1 A standard profile with two transition layers

The proof of Lemma 2.7 follows the main ideas of [12] in the derivation of similar formula
for axially symmetric traveling wave solutions. Instead of only dealing with one unknown
function in [12], here we need to consider the coupled functions k;(y), i = 1,2. We shall
approximate u(x, y) as functions of x by a family of standard profiles of two transition layers
for y sufficiently large. Namely, for /; < [ and 21 = [, — [, sufficiently large, we define a
continuous and piecewise smooth function ¢ = ¢(l;, [, x) so that it is the solution of one
dimensional Allen-Cahn equation in three segments of R:

¢ = F@) =0, xe(=e0,l) ULV ()
60 >0, xe(b) ¢() <0, xe(=eoh)U () (2.21)
#(h) = 9() =0, lim g(x) = ~1

Below we collect some basic facts about ¢ = ¢(l, [, x) and related functions. Indeed,
¢(l1,lz,x) = g(lz - x) for x > lz and ¢(l],lz,x) = g(x - ll) for x < l]. For x € (l],lz),
¢y, 1, x) = g(l, x — (I} +15)/2) where g(l, x) = g(I, —x) can be solved explicitly by

gl x) = 2F(g(l, x)) = 2F(g(1,0)), x€ (=11

x € (0,1)

fg(l,O) ds

= X,
st 2((F(s) — F(g(1,0)))
where 0 < g(1,0) < 1.
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Note that elementary computations can lead to lim;—,., g(/,0) = 1 and
50) ds __In(1 - g(,0)
0 V2(F(s) - F(g(1,0)) H

as | — co, where A is a constant depending only on F. It is also easy to see that g(/, x) is
the minimizer of

+ A +o(1)

[
1
E/®v) := f (3 + F()ldx
-1

inH; :={ve Hé([—l, 1):0<v<1, v(-) = v(l) = 0} when [ is sufficiently large.
If we denote
E() = Ei(g(,) = E(¢(=L,1,-)) — e,
then E(/) = e + o(1) and

AE(l , 2o
Ey = % = g O)F = g3l ) = 2F (3(1,0)) = 2eAe "D 2.22)

where A is a positive constant depending only on F' (see [12]).
For a piecewise continuous function (x) with possible jump discontinuities at x =
1, >, we define

g=yh+)—¢li-), ¥ =ylb+) - ¢b-),
~ 1 _ 1
Y= 5(91'(11—) +o(l1+), ¥ = §(¢(lz+) + ¢(l-)).

Note that E; = —¢A,21 = —¢Z = ¢v127 = (152
We also use the norm and inner product of L*(R), i.e.,

W, ¥2) = fR Yigadx, WP = W, p).

Now we state the following lemma, which follows from Lemma 6.1 in [12].
Lemma 2.8 Forl=(l, —1)/2 >0, ¢(l, I, x) is smooth except at x = 1,1, and
¢, <0, ¢, 20, lIgl = ED+o(l)=e+o(l), i=1,2.

Furthermore, there exists a constant C > 0 such that VI > 1

Z gl my + Z st llor )y + Z g1l wy < C;

i=12 ij=12 ijk=12

Dlllgll+ D Mgl + D il < C;

i=1.2 ij=1.2 ijk=12
DG +1gD+ > il +1gi D+ > (6l +1dub < C - Ep;
i=1,2 i,jk=12 i=1,2

| <. ¢, >+ |Eul + |Eull < C-E,.



598 C. Gui, F. Zhang

2.4.2 Derivation of ordinary differential equations for /;, i = 1,2

Now, for y > Y; sufficiently large, we can choose a unique pair /;(y) < l»(y) so that
e, ) = ¢ ), O, iz = Inf{lluC, y) = ¢l L2, - (2.23)
1562

As we shall show, the asymptotical behavior of u(x,y) near y = co can be accurately de-

scribed by the dynamics of /;(y),i = 1,2. (See, e.g., [12] Section 6.1 for an intuitive expla-

nation for the case /; = —I, by using invariant manifold and center manifold terminology.)
Let

v(x,y) = u(x,y) = ¢(L,(y), L(y),x), x€R, y=>7Y;.
In view of Lemma 2.3, Lemma 2.4 and Lemma 2.6, we see that
k() -4L(») =0, k() -bO —0, |pC»I—0, asy-— oco. (2.24)

Moreover, using the implicit function theorem, one can see that for y > Y; sufficiently
large, the functions /;(y), i = 1,2 are smooth and satisfy

no) <0, L(y)>0, limlI(y)=0,i=1,2. (2.25)
y—00
(See, e.g., [12] Lemma 6.2 for a similar statement for the case [} = —/,.)

It is also obvious that
‘}i_{g IVl + [VVDIlow) = 0. (2.26)

From (2.23) it is easy to see that

VG ), o, (L), L(y), ) =0, i=1,2, yxY. (2.27)

Differentiating the above identities with respect to y and dropping the variables of functions
for the simplicity of notation, we obtain

(v ) + Z Vo~ vl + vl =0, i=1,2. (2.28)
j=12

Differentiating (2.28) for i = 1 with respect to y, we have

Wy B1,) + s G + Vs Gl = vy 1 + vy, 1

+ (s B+ [0 b+ s bunY = v 1y + vé 11 + (v, i)Y
+ Oy b1l + [, 11,00 + Vs b1y = VOl + v + (v, 1)1
= vy, + v, - 1y + vy, - B 1 = vy 1Y

+ [Vy¢[1 + V¢1111 . lll + V¢[]12 . l;]l’z + V¢[2121/2/ =0.

By Lemma 2.8, this leads to

[KVyys @101+ Kvys i) = o(DAL ]+ 1G]+ 11T+ 15]), as y — oo (2.29)
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Similar computations can also be done for i = 2.
Now, using equation (1.4) we derive

Vat vy = (F 0+ 0) = F'(9) + ¢y =0, (xy) eR*\Ly>Y,
where
by =, -1y + ¢, - .
Multiplying (2.30) by ¢;, and integrating over R, we obtain
Llla, P + iy didls = Jig + Ji2 = Jis

where

Jl,l = <F”(¢)V — Vxx» ¢11 >;
Ji2 =(F'(v+¢) = F(¢) = F" (), ¢1,);
J1,3 = <Vy7 ¢l| >

Using E; = —¢]2] = ¢)l2] , it can be computed that

Ji1 = Vet = Vi x + Vit — V1w = —Ef(1 + O(v,| + V) = Ei(1 + o(1)).

Here we have used (2.26), the fact
Vy = _‘]gx = ¢Alls Vy = _(ﬁ/x = _¢vll

and

A

vty = Vi, + Vi, = %@21 + Vi,
vy, = Vi, + Vi, = —%qﬁ}% + Vi,
On the other hand, we have
Ji2 = OV, ).
In view of (2.29), (2.31) and (2.32), we obtain
I +o()l = —%(1 +o(1) + o(D)(I)] + L) + O(DHO2, ).
Similarly we can obtain

E
IL+o(Dl] = —:I(l +o(1)) + oL + 15]) + O(){(V*, é1,).

Next we shall estimate ||v||.

599

(2.30)

2.31)

(2.32)

(2.33)

(2.34)
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2.4.3 Estimate of ||v]|.

Multiplying (2.30) by v and integrating on R, we get
0=<v,V>+ <V + P —F'(v+¢),v>.
It is easy to see that
_ L
2 dy

T 2
<V, V>= V(@ + dx) — il

V> »Pxx = F/(¢),

Vy,

Due to the non-degeneracy and stability property of g in R, there holds

I all> + CF” (@, oy = 2Vl + [ + P, Yy Lgy, i=1,2 (2.35)

for some constant v > O when 2/ = [, — [; is sufficiently large. (See also [12] Lemma 6.3.)
By the mean value theorem, we get

< F"(¢p)y - F'(v+ ¢) + F'(¢),v >= OW)|VI* = o(D)IIVII*.

Hence, we derive
1 d|vll?
2 dy

for some positive constant M sufficiently large. Using initial condition ||v|| — 0, we derive

—vvI* > ~-ME; (2.36)

2 2
VI < My E;

for some positive constant M.
2.4.4 Derivation of asymptotic formula for 2/ = [, — /.

Now we can write (2.33), (2.34) as

I = _Aezfjﬂ@(l +o(1)) + o(1)(l5 - 1Y), 237
I, = Ae™ (1 + o(1)) + o(1)(l) = 1).
From (2.37) we can deduce
(1 + o)) = (A + o(1))e™ 0, (2.38)

Hence we derive

1) = —= In(y) + — In(2uA) + o(1);
2u

2u
, . 1+o(l) Clxo() o, o),
1+ o(1) 1 +o0(1)

0>0h(y)==-2l%y) =- , O0<by =<2y = :
My Hy
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Thus, we obtain an explicit estimate for ||v|| in term of y

VP < ﬂj). (2.39)
y

2.4.5 Derivation of asymptotical formulas for /;,i = 1, 2.

By (2.37) and asymptotic formula for /, it is easy to get

1

1) = =52 1n0) + C1 +o(1),
. # (2.40)

b)) = 5- In() + C2 + o(1)
u

for some constants Cy,C,. Lemma 2.7 then follows directly.

2.5 The moving plane procedure

In this subsection, we shall use the moving plane method to finish the proof of Theorem
1.1. Due to the fact that the asymptotical behavior of u is not homogeneous near infinity,
in particular, there is a transition layer along I, the classic moving plane method has to be
carefully modified. Indeed, we have to use the exact asymptotical formulas of the 0-level
sets x = ki(y),i = 1,2 near infinity as well the asymptotical behavior of u along these
curves.

Define u, (x,y) := u(QA—x,y)andw, :=uy —uin D, :={(x,y) : x > A, y e R}

Lemma 2.9 When A is sufficiently large, there holds w; > 0 in D,.
Proof. When A > Ay is sufficiently large, by Lemma 2.7 we know that
) =20 k() 2 k), Yy= Y.

By Lemma 2.3 and Lemma 2.4, we see that there exist constants K > 0,Y, > Y; and 4,
sufficiently large such that when A > A, there hold w; > 0in Dgy, 2 = {(x,y) € Dy : x <
ki) + K,y > Yoyandu <a” in D, = {(x,y) € Dy : x> ki) + K,y > Y5 or Vx>
A, y < Y,}. Note that F”’(s) > pp > 0 for s € (—1,a~] by the definition of a~.

We claim that w; > 0in D, for A > A,. If it is not true, there exists a sequence of points

{(Xms yu)ly-; € Dy,  such that

’ll_rgo W/I(xmvym) = ,ii_l;r‘}o(u/l(xm’ ym) - M(xm7ym)) = chlf W/l(x’y) <0.
K.Yy

It can be seen that u,(x,,,y,) < a~ when m is large enough. Then we can follow the
standard translating arguments to obtain a contradiction. Define w7 (x,y) := wa(x + X, y +

V) In Diy, 2 — G, Ym)- Then w' converges to w{ (x,) in C?DC(D“’) for some piecewise
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Lipschitz domain D™ in R? which contains a small ball centered at the origin. Furthermore,
w? attains its negative minimum at the origin and satisfies a linearized equation

Wer + Wy — F7(E(x,y))w =0, (x,y) € DT (2.41)

where &(x,y) = su(x,y) + (1 — s)uy(x,y) for some s € (0,1) and F”(£(0,0)) > o > O.
This is a contradiction, which leads to the claim. Then the lemma follows from the strong
maximum principle (or the Harnack inequality) applied to a parabolic equation similar to
(2.41) which is satisfied by w,. m

Now we define

A =inf{2 : uy(x,y) > u(x,y), (x,y) € D,}.

Lemma 2.10 There holds
A= (C1 + C2)/2

where Cy,Cy are as in Lemma 2.7.

Proof. We shall prove this lemma by contradiction. Suppose the lemma does not hold. By
Lemma 2.3 and Lemma 2.7, we can easily see that A > (C; + C»)/2 and wy > 0,VY(x,y) €
D, . Then there exists a sequence of numbers {4,,} such that 4, < A, and lim,,,,eo 4,, = A
and the infimum of w,, in D, , is negative. Using Lemma 2.3, Lemma exponetiall, Lemma
2.7 and the translating arguments in the proof of Lemma 2.9, we can show that the infimum
of w,, in D,, is achieved at a point (X, yn), 1.€.,

wa,, (X V) = })nf w,, < 0. (2.42)
Am

Since w,,, satisfies a parabolic equation similar to (2.41) with &(X, Yin) = Su(Xm, ym) +
(1 = s)up, (Xm, ym) for some s € (0, 1), by the strong maximum principle we know that
u(Xpy, Yym) > a and hence y,, > —K; and x,, — ki(y,,) < K if y,, > Y, for some con-
stant K, K; > 0 independent of m. By Lemma 2.3, Lemma 2.7 and the assumption
A > (Cy + C)/2, we know y,, < K, for some constant K, independent of m. Therefore
there exists a subsequence of {m} (still denoted by the same) such that (x,,, y,,) converges to
(x0,¥0) € D and w;, converges to wp in CfOC(DA) as well as in C3(Bl(x0,y0) N Dy). Itis
easy to see that %WA()C(), yo) = 0. Furthermore, w, satisfies a parabolic equation similar to
(2.41) in DA. Then by the Hopf Lemma, we have %WA()C(), yo) < 0. This is a contradiction,
which proves the lemma. m

We note that up > u in Dy and u,(1,y) = —%%wﬁ(/l,y) > 0,Vy € R when 4 > A.

Similarly, we can use the moving plane method from the left, i.e., repeating the above
procedure for wy in D} := {(x,y) : x < A}, and conclude uy > u in D,. Therefore,

Theorem 1.1 is proven.
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3 Classification of the entire solutions for the unbalanced
Allen-Cahn equation in R

In this section, we assume that the double well potential F in the Allen-Cahn equation (1.1)
is unbalanced, i.e., F' satisfies (1.2) and F(1) > F(—1) = 0. In this case, one dimensional
traveling wave solution g to (1.7) exists for a unique ¢y > 0 which only depends on F, and
g is unique up to translation. It is easy to see that there is an entire solution of (1.4) from a
rotation of the trivial extension of g to two dimensional plane. Indeed, u(x,y) = g(coy % x)
is such a solution. In addition to the one dimensional traveling wave solutions, the so called
V-shaped two dimensional entire solutions are shown to exist in [26], [37]. These solutions
are monotone in y and even with respect to x after a proper translation. The O-level set of
such solutions are asymptotically two straight rays forming a shape of V.

To prove the classification result Theorem 1.2 for unbalanced potentials, we shall first
show that O-level set of u must be global Lipchitz, then follow the argument of [27] for the
classification of two dimensional traveling wave solutions to the Allen-Cahn equation.

3.1 Lipchitz 0-level set

Lemma 3.1 Assume that u is a solution to (1.4), (1.5) and (1.6), and the graph of y = k(x)
is the 0-level set of u. Then k(x) € C3(R) and |k'(x)| < C, x € R for some constant C > 0.

Proof. By (1.5) and (1.6), the O-level set y = k(x) is well defined. u is a C*>(R?) function
from standard parabolic estimate, so k(x) is in C3(R) by the implicit function theorem.

We shall prove the global Lipschitz property by contradiction. Suppose that there ex-
ists a sequence {x,} such that k’(x,) — oo as m tends to infinity. Since u.(x, k(x)) +
uy(x, k(x))k’(x) = 0,¥x € R and Vu is bounded in R?, we derive Uy (X, k(x,)) — 0 as
m goes to infinity. We shall investigate the translation of u along (x,,,k(x,,)). Define
W"(x,y) := u(x + X,y + ym). Since u is bounded in C3#(R?) for some 8 € (0, 1), it is
easy to see that u™ (up to a subsequence ) converges to u* in Cfm,(Rz), and u* satisfies (1.4).
Hence uj(x, y) satisfies the linearized equation

Wer + Wy — F/(u)w =0, (x,y) € R% (3.43)
By (1.5), we know that u}(x,y) 2 0, V(x,y) € R*. Since
M;(O, 0) = lim Uy (X, k(xn)) = 0,

by the strong maximum principle for parabolic equations we obtain uj; = 0 in R2. There-
fore, u*(x,y) = u*(x) satisfies the one dimensional stationary Allen-Cahn equation (2.14)
with [u*(x)| < 1,x € R and u*(0) = 0. Then we have u*(x) = g,(x + K,,), x € R, where g, is
a periodic solution of the one dimensional Allen-Cahn equation

{g;’(X) —F'(8(x) =0, xeR,
8,(0)=0, g,(0) =a,

with @ = maxg u*(x) > 0 and K, is the smallest positive zero of g, if @ > 0. However, the
periodicity of u* obviously contradicts with monotonicity condition (1.5) of u. The lemma
is proved. m

(3.44)
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3.2 Proof of Theorem 1.2

We will prove a classification theorem for entire solutions with Lipchitz level sets here, then
Theorem 1.2 will follow naturally from Lemma 3.1. We state the classification theorem as
follows:

Theorem 3.1 Let u be a bounded non-constant solution of (1.4) that satisfies

lim inf wu>0,
A—+00 y>A+p(x)

3.45
lim sup u<O0 (343)
A0 y<A+p()

for some globly Lipchitz continous function ¢. Then u is either planar; i.e. u(x,y) = g(coy +
X), or the unique V-shaped solution up to translation.

To prove Theorem 3.1, we need the following comparison theorem and proposition.

Theorem 3.2 (Comparison principle in R?) Let ¢ : R> — R be the Lipchitz continuous
function in (3.45) and set

Q" (vo) = {y > yo + ¢(1)},

Q" (o) = {y > yo + ()},

L(yo) = {y = yo + ¢(x)}.
Let it and u be two Lipchitz-continuous functions, respectively super- and subsolution for
(1.4), (3.45), namely:

S@) <0inR?>and lim inf @ =1,
Yo—>+00 Q*(yp)

Sw) >0inR?>and lim sup u = -1,
Y0720 (y)

the inequalities S (it) < 0 < S(u) holding in the distribution sense. For any t € R, set
w(x,y) = w(x,y +1). Then the set I = {t € R,¥s > t,i® > uinR?} is not empty. Let
r*:=inf I If t* > =00, we have ii" > u in R? and infr,) (i’ — u) = 0 for any yo € R.

Proposition 3.1 Let v be a bounded non-constant solution of (1.4) and (3.45). Then —1 <
v < 1 in R? and each level set {v = A} is a globally Lipchitz function ¢; whose Lipchitz
norm is C'—O Moreover v is increasing in any unit direction (ty,7,) such that t, > !

and
li inf ,)—1=0,
A—1>IPoo yz}ﬁl-li—q)(x) M(.X y)
lim sup u(x,y)+1=0.
A==y Atg(x)

Next we shall use Theorem 3.2 and Proposition 3.1 to prove Theorem 3.1 first, and
leave Theorem 3.2 and Proposition 3.1 to be proven later.

Proof of Theorem 3.1. Let v be a bounded non-constant solution of (1.4) and (3.45).
Then Proposition 3.1 applies. Let u(x,y) = u(—x,y) be the unique V-shaped solution. The
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comparison principle Theorem 3.2 can then be applied to it = u and u = v. Therefore, there
exists 7y € R such that u(x, y + t5) > v(x, y) for all (x,y) € R? and

1nf (u(x,y + t9) — v(x,y)) = (3.46)
y=B+L el

for all B € R. By the properties of u and v, we know

u(x, B+ —|x| +1y) — g(—(B +19)) <1,
VI+ G (3.47)

1
v(x, B+ —|x[) = vi(B),
o

as x — +oo. We note that v.(B) exist because v is non-decreasing in both directions
(+ \/ﬁ_cg’ \/11+_cg) and v.(B) € (-1, 1]. From now on, let us fix B € R, and define v. = v.(B).
According to the values of v., four cases may occur:

Case 1: v_ = v, = 1. It follows from (3.46) and (3.47) that u(xo, yo + fo) = v(x0,Y0)
for some (xg, yo) € R2. Since both functions u and v satisfy the same equation, the strong
maximun principle yields u,, = v. This is impossible due to (3.47).

Case 2: —1 < v_ < 1 and v; = 1. Choose any real number py and call w(x,y) =
u(x + po,y + C]—npo). By the comparison theorem, there exists a real number ¢ = #(pg) such
that v(x,y) < w(x,y + 1) for all (x,y) € R? and such that (3.46) holds, with w instead of u.
Since v(x,y) £ w(x,y + ) and because of the different asymptotic behaviors as x — oo, it
follows that

1 1
v(ix,B+ —|x|) —w(x,B+ —|x|+1) > 0as x — —oo,
Co Co

whence g( (B + 1y)), 1.e. t = 1.

o — — [41]
m(B"'t))_v— _g(m

As a consequence, t = ty does not depend on py and
1
V(x,y) S ux + o,y + —po + fo) (3.48)
0

for all (x,y) € R? and py € R. Passing to the limit as py — —co implies that v(x,y) <
_ 1 Co 2
g( xm +(y+t0)m)forall(x,y) € R-.

On the other hand, since v is non-decreasing in the direction (- —=—, ;) we have
Vied’ A1ead”

vix,y) < lim v(x+ cory,y — ) = V(x + coy).
Iy——00
Because V satisfies V' + ¢V’ — F/(V) = 0,V(4+o0) = 1,V(-00) = —1, we deduce that
V(x + coy) = g(x + coy + ;) for some #; € R. We then redefine the coordinates ¥ =
xcosa + ysina and X = —xsina + ycos @, where tana = —Cl, and denote v(x,y) by
v(X, Y)(with a slight abuse of notations), we remark that by (3.48), v satisfies

lim supv(X,Y)—-1]=0
A—+00 yo g

11m sup v(X,Y) + 1| =

A——coyop
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Then by the virtue of Theorem 2 in [8], we get that v(X, Y) only depends on Y, and then
conclude that
v(x,y) =g(x+coy+t), V(e R2.
Case 3: v_ = 1,—1 < v, < 1. The same argument as in Case 2 yields the existence of
) € R such that v(x,y) = g(—x + coy + 1) for all (x,y) € R2.
Case 4: —1 < v, < 1. It then follows that

1
sup [pa(x) — — x| < o0
xeR Co
forall A € (0, 1). Hence ¢,(x)/|x| — % By Theorem 2 of [13], v is unique, and then equals
(up to a shift) to the solution z. m

3.3 Proof of Theorem 3.2

Instead of the whole space RZ, we consider first a subset Q c R2. Assume —1 <a’ < b’ < 1
such f(u) = —F'(u) is nonincreasing in u for u in [-1,a’] or [b’, 1]. We have the following
lemmas.

Lemma 3.2 Under the same setting of Theorem 3.2, let Q = Q™ (y;) for some y; € R and
assume that
u<d inQ (y)and lim supu= -1,
Y (3.49)
u<iuwonT(y)).
LetI) = {t € R7,¥s € [1,0],i° > uonT(y))}. We have 0 € Iy and NVt € I}, &’ > u in
Q. Let t = infI;. It is the case that i’ > u in Q(y1). Furthermore, if t* # —oo, then
il’lfr(y])(ljtt* - Z) =0.
Lemma 3.3 Let Q = Q*(y,) for some y, € R and assume that
ii>b" in Q" (y;) and lim inf @ =1,
Yoo 70) (3.50)
i >uonl(y).

Let I, = {t € R*,¥s € [1,0],i > u* onT(y2)}. We have 0 € I, and Nt € b, ' > u in
Q*. Let t* = supl,. It is the case that i > y’* in Q*(y,). Furthermore, if t* # oo, then
infr(yz)(l/_tt* - Z) =0.

Proof. We only prove Lemma 3.3. Noticing that infr,, (@&’ —u) = 0 by Lipchitz-continuity,
the question reduces to proving 0 € I, or it > u in Q*(y,).
Let us set € = sup{u — it} and suppose that € > 0. We can then find a sequence of points

(xx, yr) such that u(xy, yx) — i(xx, yr) — €. For each index k, we define

Qe = Q = (xk, ),

Pr(x) = P(x + xi) — Y

L ={(xy) 1y = de(0)},

u(x,y) = u(x + x, y + Y,

u (x,y) = u(x + xp, y + yi)-
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Then we have

iy > b in Q; and lim inf i = 1,

y—00 Qi(y) (3.51)

iy > u, onIy.
By the Lipchitz-continuity of ¢ and Ascoli-Arzela theorem, up to a subsequence, ¢; con-
verges uniformly on compact subsets of R to a Lipchitz-continuous function ¢.,. In this
sense, we assume £ — Q. Similarly, we can assume ity — iie, ¥, — U, locally in Q,
for two Lipchitz-continuous functions e, .. We can also assume S (it;) — S (i) < 0,
S(u,) — S(u,) > 0 in the distribution sense. Combining these results, we have

S (i) = S (1)) < 0 in Qe
ie.
(ﬁoo - Zoo)xx + (”_‘00 - Zoo)y' < f(ﬂoo) - f(ﬁm)
We study the above inequality at (0, 0). Notice (0, 0) € Q but ¢ I's, by the facts u(xx, yx) —
u(xg, yr) — € > 0and i > uonI'(y2). So (0,0) is an interior point of Q. il — u, achieves
its absolute minimum at (0, 0), which gives

[(loo — U )xx + (oo — u )yll0,0) 2 0.

On the other hand, u_ (0, 0) > #1,(0,0) > 5" and f(u) is strictly decreasing on [’, b], so

[f(u,) = f(ie)]0,0) <O.

This is a contradiction. So € < 0,i.e. # > uin Q*(y;). m

Proof of Theorem 3.2 By the asymptotic conditions of the theorem, there exist y; <y, €
R such that

u>b"inQ"(y),
u<a in Q (y).

Letty = y, — y;. Forany 7 > fyp, we have &' > b’ > a’ > u on I'(y;). From Lemmas 3.2 and
3.3, we get i’ > uin R?. So the set [ is not empty.
Define t* = inf I. It comes that &’ > u in R?. We consider the case t* > —co. Suppose
that
Ty € R, inf (@ —u) > 65> 0.
Yo i (yo)( u

On the other hand, there exist y] < yo < y; such that

i > (1+0)/2in Q*(y3),
u<d in Q (y)).

Ifm:= ian—(),;)nQWT)(u’* —u) = 0, then there exists a sequence (x, yx) in Q7 (y5) N Q*(y}“)
such that u” (xy, yx) — u(xz, yx) — 0. By the same argument and notation of Lemma 3.3, we
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have @(x + X,y + yi) = leo, U(X + Xg, ¥y + Y1) — u_, locally for some functions iie,
which satisfy

00?

S (i) < 0,
{S(zw)ZO

in distribution sense. Let uq = iloo — 1. Then

Lo + dus < 01in R?,
u > 01in R?, u(0,0) = 0,

where

 fliw) ~ f@e

=

is a bounded function. The strong maximum principle implies u., = 0. Note that on I'(yy),
i —u >8> 0,50 u(0,p(xp) +yo —yi) = 6 > 0. Note also that ¢(x;) — yx is bounded, there
exists a y’ such that u.,(0,y") > 6. This is impossible.

Consequently m > 0, that is to say:

d

inf @ -u>0.
Q- ()HNQ- () -
Since both # and u are Lipchitz-continuous, it is still true with * — i replacing #* for any
1 € [0,70], 7o > 0 small enough. From our choice of y3, we can also choose 779 such that
@ =" > b’ in Q*(y}) for any 1 € [0,70]. By Lemma 3.2 and 3.3, we deduce that & 7 —u > 0
for any 1 € [0, n0]. This contradicts the definition of *. m

Theorem 3.3 Under the assumptions of Theorem 3.2, if u is a solution of (1.4) and (3.45),
then u is increasing in y.

Proof. Let u be such a solution. By the standard parabolic estimates, u is C' in R,

Applying Theorem 3.2, there exists a * > —oo, such that for any fixed yp € R,
infr(yo)(u’ — u) = 0. There exists then a sequence (x;, yx) € I'(yo) such that u' (xy, ;) —
u(xg, ) — 0. As in the proof of Theorem 3.2, the functions ¢(x; + x) — yp = deo(X),
u(xy + X,y +y) — us(x,y) locally in R and R>. We have u’ (0,0) > u. in R?> and
u',(0,0) = uw(0,0). We conclude similarly that ', = u., in R?. This implies ¢* is a period
of us. By the uniform limiting behavior of u, u., is not a periodic function, so ¢* has to be
0. By the definition of #*, for any ¢ > 0, u' > u in R?. With the strong maximum principle,
we conclude that ¢’ > u in R2. In other words, u is increasing in y. m

3.4 Proof of Proposition 3.1
We shall prove this propostion with several lemmas.

Lemma 3.4 Under the assumptions of Proposition 3.1, the function u satisfies —1 <u < 1
in R? and for some global Lipchitz function ¢ : R — R,

lim inf wu(x,y)=1,
A—+00 y>A+¢(x) ( y)

lim sup u(x,y)=-1.
A= ycAtp(x)
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Proof. Let M = supg. u. By the asymptotic conditions, M > 0. Let (xt, yx) be a sequence
in R? such that u(x,yx) — M as k — oco. Denote u;(x,y) := u(xy, yr). Up to extraction
of a subsequence, the functions u; converge in Clzoc(Rz) to a classical solution u., of (1.4),
namely

(Uoo)xx + CO(um)y + f(uDO) =0in Rz»

and u«(0,0) = M = maxg: us,. Therefore, f(M) > 0. Note that one may extend F(u)
outside [—1, 1] so that f(u) = —F’(u) is negative in (1, o). It follows that M < 1.

Similarly, one can prove that m := infg2 u > —1. Hence, —1 < u < 1 in R2. The strong
maximun principle then yields —1 < u < 1 in R?.

Now let limy_, 4o infys g1 (x) U(x,y) = € for some € > 6. Then there exists a sequence
(Xn,yn) € R? such that y, — ¢(x,) — +oo and u(x,,y,) — €. Up to extraction of a
subsequence, the functions u,(x,y) := u(x + x,,y + y,) converge in C,%)C(RZ) to a solu-
tion i, of (1.4). Notice (0,0) is a minimum point of @i (x,y), f(il.(0,0)) has to be 0.
Consequently it.,(0,0) has to be 1 and limy_, . infys 444 u(x,y) = 1. Similarly we have

lima——co SUPy 44 U(X,Y) = —1. B

Lemma 3.5 Under the assumptions of Proposition 3.1, the function u is increasing in any
unit direction T = (T, Ty) such that T, > cos ag, where ag € (0,7/2) is an angle with cot ag
being the Lipchitz norm of ¢.

Proof. By Theorem 3.3, u is increasing in direction (0,1).
If 7 satisfies the condition of the lemma, we introduce the rotated coordinates:

X =-1,x+71,; Y=-1x-1y.

In the new system (X, Y), the function v(X, Y) = u(x, y) satisfies

2 2
T,Vxx + Ty Vyy + 27T,TyVxy — CoTaVx + CoTyvy + f(v) = —1.

The second order operator is not positive definite, but we can still use similar arguments for
parabolic equations to get the same results. Noticing that the curve y = cot |x| is a globally
Lipchitz graph in frame (X, Y), it follows that

lim inf v(X,Y)=1, lim sup v(X,Y)=0
A—+00 Y>2A+Y(X) A——c0 Y<A+y(X)

for some Lipchitz function ¥(X). Once again, we get uy > 0 in R%. In other words,
7-Vu<0.m

Lemma 3.6 Under the assumptions of the Proposition 3.1, there are two real numbers t..

1 .
such that u(x + xi,y + alxk|) — g(xx+coy +1t)in Ci}c(Rz)for any sequence X — oo,

Proof. By Lemma 3.5 and continuity, # is non-increasing in directions (+ sin e, cos @).
Thus for any sequence x; — +oo, there exist the following limits

klim u(x + xg, y + cotalxg|) = ve(x,y)
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for some functions v.(x,y). Noticing that v.(x, y) just depend on +x + ¢y, we can write
ve(x,y) = Up(Ex + coy)

for some functions U.. It follows that U, satisfy one-dimensional traveling wave equation
U, +coU, + f(Uy) = 0.

Furthermore, by the asymptotic conditions, U.(—o) = 0, U.(c0) = 1. From the uniqueness
result of traveling wave solutions, there exist two real numbers . such that U.(s) = g(s+1..)
forallseR. m

Proposition 3.1 then follows from Lemma 3.4-3.6. This proves Theorem 3.1 and there-
fore Theorem 1.2.
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