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Abstract

In this paper, we shall prove even symmetry of monotone entire solutions to the balanced
Allen-Cahn equation with one spatial variable. Related results for the unbalanced Allen-
Cahn equation are also discussed.
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1 Introduction
In this paper, we consider entire solutions of the Allen-Cahn equation with a double well
potential. By an entire solution we mean a solution not only defined in the entire Eu-
clidean space but also entirely in time. There are three types of well-known entire so-
lutions: homogeneous solutions v(x, y, t) = u(t), which only depends on time, stationary
solutions which depends only on (x, y), and traveling wave solutions, which are of the form
v(x, y, t) = u(x, y − ct), where (x, y) ∈ Rn+1, t ∈ R. In particular, traveling wave solutions to
the Allen-Cahn equation have been intensively studied recently. (See, e.g., [23], [24], [12],
[37], [38], [40], [41], [36], [30], [22] and references therein.) There exist also other types of
entire solutions to the Allen-Cahn equation. For example, the existence of entire solutions
with two traveling fronts approaching in opposite directions from negative infinity in time
and annihilating in a finite time is shown for the Allen-Cahn equation with a balanced or
an unbalanced double well potential in [14] and [13] respectively. In this paper, we shall
classify all entire solutions which are bistable, i.e., connecting the two stable states, of the
Allen-Cahn equation in one spatial variable. To be more precise, we consider
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vt = ∆x,yv − F′(v), |v| ≤ 1, (x, y, t) ∈ Rn × R × R, (1.1)

where F is a C3,β double-well potential, i.e., F satisfies


F′(−1) = F′(1) = 0, F′′(−1) > 0, F′′(1) > 0
F′(s) > 0, s ∈ (−1, θ); F′(s) < 0, s ∈ (θ, 1)

(1.2)

for some θ ∈ (0, 1). Without loss of generality, we may assume that F(−1) = 0 and θ = 0.
If F(1) = F(−1) = 0, F is called a balanced double well potential. Otherwise, it is called an
unbalanced double well potential, and in this case we may assume that F(1) > F(−1) = 0
without loss of generality.

A typical example of balanced double well potential is F(u) = 1
4 (1 − u2)2, u ∈ R,

while a typical unbalanced double well potential is F(u) = 1
4 (1 − u2)2 − a(u3/3 − u) with

a ∈ (−1, 0). Note that F′(u) = (u − a)(u2 − 1) in the latter case.
If we consider a traveling wave solution v(x, y, t) = u(x, y − ct) with a constant speed

c > 0 and (x, y) ∈ Rn+1, then u satisfies an elliptic equation

∆xu + uyy + cuy − F′(u) = 0, |u| ≤ 1, (x, y) ∈ Rn × R. (1.3)

On the other hand, in (1.1), if we drop one spatial diemension, say, the one represented
by variable y, we may reverse the direction of time and denote the new variable by y = −t
and let u(x, y) = v(x,−t). We may also restrict the range of u to [−1, 1]. Then, It is obvious
that u satisfies an reverse parabolic equation

∆xu + uy − F′(u) = 0, |u| ≤ 1, (x, y) ∈ Rn−1 × R. (1.4)

It is clear that (1.4) and (1.3) are related but of different types (elliptic and parabolic
respectively). Naturally, there are some differences regarding solutions of these equations.
For example, there does not exist an entire solution connecting −1 and 1, which is homo-
geneous in x, while there exists such a traveling wave solution. On the other hand, we shall
see that there are many similarities of solutions to (1.4) and (1.3) with the same spatial
dimensions for x. After all, solutions to (1.3) are special entire solutions to (1.1), while
(1.4) is just a rewritting of (1.1) with a spatial dimension lowered by one.

We may assume that the entire solution u under consideration is monotone in time t and
hence in y. Without loss of generality, we assume

uy(x, y) > 0, (x, y) ∈ Rn × R. (1.5)

We may also assume that the solution u connects two stable states, i.e.,

lim
y→±∞

u(x, y) = ±1, x ∈ Rn. (1.6)

We note that the limit condition above does not need to be uniform in x. Indeed, we shall
see that the limits are not uniform.
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When n = 1, it is well-known that there exists a unique speed c0 ≥ 0 such that (1.3) has
a unique solution g(y) (up to translation) satisfying the monotone condition (1.5), i.e.,


g′′(s) + c0g′(s) − F′(g(s)) = 0, s ∈ R,
lim
s→∞

g(s) = 1, lim
s→−∞

g(s) = −1, (1.7)

where c0 = 0 in the balanced case and c0 > 0 in the unbalanced case. We may assume that
g(0) = 0. The solution g is non-degenerate in the sense that the linearized operator has a
kernel spanned only by g′.

It is well-known that when F is balanced, g is a minimizer of the following energy
functional

E(v) :=
∫ ∞
−∞

[
1
2
|v′|2 + F(v)]dx

inH := {v ∈ H1
loc(R) : −1 ≤ v ≤ 1, lims→±∞ v(s) = ±1} and

e := E(g) =
∫ 1

−1

√
2F(u)du < ∞.

There is a significant difference between the balanced and the unbalanced Allen-Cahn
equation. The difference of zero speed and positive speed of one dimensional traveling
wave solution g for the balanced and unbalanced potential leads to a fundamental difference
of the structure of traveling fronts in higher dimensional spaces, see [22] and references
therein for detailed discussion.

Entire solutions for the unbalanced Allen-Cahn equation are studied in [13], motivated
by earlier papers on entire solutions of KPP equations ([28], [29]). The results may be
stated as follows.

Theorem A [Chen, Guo, 2005] Assume that F is an unbalanced double well potential
satisfying (1.2) and F(1) > F(−1) = 0. When n = 1, there exists a solution U(x, y) =
U(|x|, y) to (1.4), (1.5), (1.6) such that Ux(x, y) < 0 for x > 0 and U(0, 0) = 0. Furthermore,
if the 0-level set of U is denoted by Γ, then Γ is asymptotically linear,

lim
y→∞,U(x,y)=0

y/|x| = 1
c0
, (1.8)

where c0 > 0 is the speed of the traveling wave solution in (1.7).

Entire solutions for the balanced Allen-Cahn equation are studied in [14]. The result
may be restated as follows.

Theorem B [Chen, Guo, Ninomiya, 2006] Assume that F is a balanced double well
potential satisfying (1.2) and F(−1) = F(1) = 0. When n = 1, there exists a solution
U(x, y) = U(|x|, y) to (1.4), (1.5), (1.6) such that Ux(x, y) < 0 for x > 0 and U(0, 0) = 0.
Furthermore, if the 0-level set of U is denoted by Γ, then Γ is asymptotically a hyperbolic
cosine curve, i.e., for some A > 0

lim
y→∞,U(x,y)=0

cosh(2µx)
µy

= A, where µ =
√

F′′(1). (1.9)
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Under the condition that suitable asymptotical behavior of Γ at infinity is prescribed,
which may be regarded as “initial” condition at negative infinity of time, the uniqueness of
entire solution has also been proven for both the balanced and unbalanced cases in [13] and
[14] respectively. In this paper, we shall follow the framework of [22] and show symmetry
results and hence a classification of entire solutions of the Allen-Cahn equation without
prescribing the asymptotical behavior of Γ (i.e, without assuming the initial conditions at
negative infinity in time). To be more precise, we shall show the following main theorems.

Theorem 1.1 Assume that F is a balanced double well potential satisfying (1.2) and F(−1) =
F(1) = 0. Suppose n = 1 and u satisfies (1.4), (1.5) and (1.6). Then, u(x, y) = U(x, y) af-
ter a proper translation in (x, y), where U is the solution in Theorem B. In particular, u is
evenly symmetric with respect to x and ux(x, y) < 0 for x > 0.

Theorem 1.2 Assume that F is an unbalanced double well potential satisfying (1.2) and
F(1) > F(−1) = 0. Suppose n = 1 and u satisfies (1.4), (1.5) and (1.6). Then, either
u is the unique conical solution as in Theorem A, i.e., u(x, y) = U(x, y) after a proper
translation in (x, y), or u is the unique traveling wave solutions in one dimensional space,
i.e., u(x, y) = g(±x + c0y) after a proper translation, where g is defined in (1.7).

The paper is organized as follows. In Section 2, the main result Theorem 1.1 shall
be proved. Theorem 1.2., the classification result for entire solutions of the unbalanced
Allen-Cahn equation in R2, will be proved in Section 3.

2 Symmetry of entire solutions of the balanced Allen-Cahn
equation in R

Throughout this section, we assume that n = 1 and the double well potential F is balanced,
i.e., F(−1) = F(1) = 0. We shall prove Theorem 1.1 in three main steps, following the
structure of the proof of Theorem 1.1 in [22]. First we carry out a preliminary asymptotical
analysis of the level sets of the solution u and show that the slope of the 0-level curve
y = γ(x) must tend to ±∞ as x tends to ±∞. Second, we show that y = γ(x) is asymptotically
hyperbolic cosine and obtain a very detailed asymptotical formula. Lastly, we complete the
proof by using the asymptotical formula of the level curve and the moving plane method.

2.1 Preliminary analysis of the level set

We first show an important lemma which asserts the integrability of of uy.

Lemma 2.1 Suppose that u is a solution to (1.4), (1.5) and (1.6). Then
∫
R2

u2
ydxdy < ∞. (2.10)
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Proof. Define

h(x) =
∫
R

uxuydy, x ∈ R.

Since u is bounded in C3(R2) by the standard elliptic estimates and uy is positive, it is easy
to see that h(x) is well-defined and

|h(x)| < C, x ∈ R

for some constant C > 0.
Note that due to (1.6), we have

lim
y→±∞

ux = 0, lim
y→±∞

uy = 0, x ∈ R.

Differentiating h(x) with respect to x and using the equation, we obtain

h′(x) =
∫
R

(uxxuy + uxuxy)dy

=

∫
R

[
∂

∂y
(
F(u) +

1
2

u2
x
) − u2

y]dy

= −
∫
R

u2
ydy.

(2.11)

Then ∫ b

a

∫
R

u2
ydydx = h((a) − h(b). (2.12)

The bound of h(x) immediately leads to the integrability of u2
y in R2. �

Due to (1.5) and (1.6), the 0-level set of u is a C3 graph of a function defined in R. We
let y = γ(x), x ∈ R be such a function. The next lemma asserts that the slope of y = γ(x)
must tend to infinity as x goes to infinity.

Lemma 2.2 There holds
lim
|x|→∞

|γ′(x)| = ∞. (2.13)

Proof. Since u is bounded in C3(R2), Lemma 2.1 implies that

lim
|x|→∞

uy(x, y) = 0, uniformly in y ∈ R.

Now assume that (2.13) is not true. Then there exists a sequence {xm} such that |xm|
goes to infinity and

lim
m→∞
γ′(xm) = k0

for some constant k0.
We shall translate u along this sequence of xm. Define

um(x, y) = u(x + xm, y + γ(xm)), (x, y) ∈ R2.
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By the standard theory for parabolic equations, we know that um is bounded in C3,β(R2).
Then there is a subsequence, which we still denote by {xm}, such that um converges to a
function u∗ in C3

loc(R2). It is easy to see that u∗(0, 0) = 0, ∂
∂y u∗(x, y) = 0, (x, y) ∈ R2.

Then u∗(x, y) = g∗(x) for some C3 function g∗ which is a solution to the one dimensional
stationary Allen-Cahn equation

uxx − F′(u) = 0, x ∈ R. (2.14)

Furthermore, since u(x, γ(x)) = 0 and hence

ux(x, γ(x)) + uy(x, γ(x))γ′(x) = 0, x ∈ R,

we obtain
g′∗(0) = lim

m→∞
ux(xm, γ(xm)) = − lim

n→∞
uy(xm, γ(xm))γ′(xm) = 0.

Then we conclude that g∗ ≡ 0. We claim that this will lead to a contradiction.
As in the proof of Lemma 2.1, we define

hm(x) =
∫ 0

−∞

∂um

∂x
∂um

∂y
dy.

It is easy to see that |hm(x)| < C for some constant independent of both x and m. We can
also derive

h′m(x) =
1
2

(
∂um

∂x
)2(x, 0) + F(um(x, 0)) −

∫ 0

−∞
(
∂um

∂y
)2dy, x ∈ R.

For any fix R > 0, in view of (2.10) and the boundedness of hm, we have

∫ R

−R

[1
2

(
∂um

∂x
)2(x, 0) + F(um(x, 0))]

]
dx < C

for some constant C independent of m,R.
Letting m go to infinity, we obtain 2F(0)R ≤ C, which is a contradiction. The proof of

the lemma is then complete. �

Indeed, we conclude that the level curve must be of one of the following four possibil-
ities:

(i) lim
x→∞
γ′(x) = +∞, lim

x→−∞
γ′(x) = −∞;

(ii) lim
x→∞
γ′(x) = +∞, lim

x→−∞
γ′(x) = +∞;

(iii) lim
x→∞
γ′(x) = −∞, lim

x→−∞
γ′(x) = −∞;

(iv) lim
x→∞
γ′(x) = −∞, lim

x→−∞
γ′(x) = +∞.
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Moreover, it can also be concluded by the arguments above that the profile of u along
the level curve must be approximately the one dimensional transition layer g(x) or g(−x).
To be more precise, we define

us(x, y) := u(x + s, y + γ(s)), (x, y) ∈ R2.

The following lemma holds.

Lemma 2.3 The translated solution us(x, y) converges in C3
loc(R2) to either g(x) or g(−x)

as |s| tends to infinity.

2.2 The exponential decay of u and a Hamiltonian identity

In this subsection, we shall show that solution u must decay exponentially to ±1 as the
distance from the the level set y = γ(x) tends to infinity. The exponential decay of u will be
used to prove a version of Hamiltonian identity for equation (1.4). This type of analysis was
first carried out in [12] for the axially symmetric traveling wave solutions. Their arguments
are slightly modified and presented here for the convenience of the reader.

Due to the double well potential condition of F, there exist two constants α+, α− such
that −1 < α− < 0 < α+ < 1 and

F′′(s) > µ0 > 0, s ∈ [−1, α−] ∪ [α+, 1].

for some constant µ0 > 0.
Define

Ω+ := {(x, y) ∈ R2 : u(x, y) ≥ α+}, Ω− := {(x, y) ∈ R2 : u(x, y) ≤ α−},
Ω0 := {(x, y) ∈ R2 : α− ≤ u(x, y) ≤ α+}, Ω0

y := {x ∈ R : α− ≤ u(x, y) ≤ α+},
γα := {(x, y) ∈ R2 : y = γα(x), u(x, γα(x)) = α}, α ∈ (−1, 1).

By Lemmas 2.2 and 2.3, it is easy to see that meas(Ω0
y) < K < ∞ for some constant

K independent of y. Indeed, there exists a positive constant Y0 > 0 and two C3 functions
x = ki(y), i = 1, 2 such that γ0 ∩ {(x, y) ∈ R2 : |y| > Y0} can be expressed as the graph of
ki(y), i.e.,

γ0 ∩ {(x, y) ∈ R2 : |y| > Y0} = {(x, y) : x = ki(y), |y| > Y0, i = 1, 2}.

In Case (i), both k1 and k2 are defined for Y > Y0, while in Case (iv), k1 and k2 are
defined for Y < −Y0. We may assume that k1(y) < k2(y) in these two cases.

In Case (ii) and (iii), k1 is defined for y > Y0 and k2 is defined for y < −Y0.
In all cases, we have

|x − k1(y)| < K, or |x − k2(y)| < K, ∀x ∈ Ω0
y , |y| > Y0. (2.15)

Now we can state the exponential decay of u as the following lemma.
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Lemma 2.4 There exist constants C and ν > 0 such that
|u2 − 1| + |∇u| + |∇2u| ≤ Ce−νd(x,y), |y| > Y0

|u2 − 1| + |∇u| + |∇2u| ≤ Ce−ν|x|, |y| ≤ Y0.
(2.16)

where d(x, y) := min{|x − k1(y)|, |x − k2(y)|} for |y| > Y0.

Proof. Let
w(x, y) = 1 ∓ u(x, y) > 0, (x, y) ∈ Ω±.

Then, by the definition of µ0 and Ω±, it is easy to see that

wxx + wy − µ0w = (
F′(±1) − F′(u)
±1 − u

− µ0) · w ≥ 0, (x, y) ∈ Ω±.

For any rectangular domain DR := {(x, y) : |x| <
√
µ0
2 R, |y| < R}, we consider the function

B(x, y) = e−µ0R/2 cosh(
µ0

2
y) cosh(

√
µ0

2
x), (x, y) ∈ DR.

Straight forward computations reveal that

Bxx + By − µ0B < 0 in DR, B ≥ 1 on ∂DR.

Now for any (x0, y0) ∈ Ω±, let R = cR(x0, y0), where R(x0, y0) is the distance from (x0, y0)
to Ω0 and c = c(µ0) is a constant so that DR remains in Ω±. Now compare w(x, y) with
B(x − x0, y − y0) in DR(x0, y0) := {(x, y) : (x − x0, y − y0) ∈ DR}. Then the maximum
principle implies that

w(x, y) ≤ B(x − x0, y − y0), (x, y) ∈ DR(x0, y0).

In particular, we have w(x0, y0) ≤ B(0, 0) = e−µ0R/2. In view of (2.13), (2.15) and the
definition of k1, k2, we know that, for R(x, y) ≥ K, there exists some constant µ3 ∈ (0, 1)
such that R(x, y) ≥ µ3d(x, y) when |y| > Y0 and R(x, y) ≥ µ3|x| when |y| ≤ Y0.

Hence we derive

|u2 − 1| ≤ C0e−νd(x,y), |y| > Y0; |u2 − 1| ≤ C0e−ν|x|, |y| ≤ Y0.

for ν = cµ0/2 and some constant C0 > 0. Then (2.16) follows from the standard estimates
for parabolic equations. �

With the exponential decay of u, we can define

ρ(y) = ρ(y; u) :=
∫
R

[
1
2

u2
x + F(u)]dx, y ∈ R.

The following Hamiltonian identity holds.

Lemma 2.5 For any y0, y ∈ R, there holds the following Hamiltonian identity

ρ(y) − ρ(y0) =
∫ y

y0

∫
R

u2
ydxdy. (2.17)
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2.3 Only Case (i) is valid

Using the exponential decay (2.16), the Hamiltonian identity (2.17) and Lemma 2.3, we
can exclude the Cases (ii)-(iv) in subsection 2.1.

Lemma 2.6 Assume that u is a solution to (1.4), (1.5) and (1.6), and the graph of y = γ(x)
is the 0-level set of u. Then

lim
x→∞
γ′(x) = ∞, lim

x→−∞
γ′(x) = −∞. (2.18)

Proof. In Case (ii), using the exponential decay (2.16) and Lemma 2.3, we can compute
straight forwardly

lim
y→∞
ρ(y) = lim

s→∞
ρ(0; us) =

∫ ∞
−∞

[
1
2

(|g′|2(x) + F(g(x))]dx = e

and

lim
y0→−∞

ρ(y0) = lim
s→−∞

ρ(0; us) =
∫ ∞
−∞

[
1
2

(|g′|2(x) + F(g(x))]dx = e.

Then the Hamiltonian identity (2.17) leads to
∫
R

∫
R

u2
ydxdy = 0.

This is a contradiction. Case (iii) can be excluded similarly.
In Case (iv), we have

lim
y→∞
ρ(y) = 0

and

lim
y0→−∞

ρ(y0) = lim
y0→−∞

∫ 0

−∞
[
1
2

u2
x + F(u)]dx

+ lim
y0→−∞

∫ ∞
0

[
1
2

u2
x + F(u)]dx

= 2
∫ ∞
−∞

[
1
2

(|g′|2(x) + F(g(x))]dx = 2e.

This leads to ∫
R

∫
R

|uy|2dxdy = −2e < 0.

This is a contradiction, and the lemma is proven. �
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2.4 The level set curve is asymptotically hyperbolic cosine

In this subsection, we shall show that the 0-level set y = γ(x) of u is asymptotically
hyperbolic cosine. It is more convenient to write the level set as the graph of functions
x = k1(y), x = k2(y) for y > Y0 and show that they are logarithmic. In the previous subsec-
tion, we have already derived properties for y = γ(x) which can be rewritten for x = ki(y)
as follows 

k′1(y) < 0, k′2(y) > 0, for y > y0

lim
y→∞

k1(y) = −∞, lim
y→∞

k2(y) = ∞

lim
y→∞

k′1(y) = lim
y→∞

k′2(y) = 0.

(2.19)

We shall prove the following asymptotical formulas for ki(y), i = 1, 2.

Lemma 2.7 There holds


k1(y) = − 1
2µ

ln(y) +C1 + o(1), as y→ ∞

k2(y) =
1

2µ
ln(y) +C2 + o(1), as y→ ∞

(2.20)

for some constants C1,C2, where µ =
√

F′′(1) > 0.

2.4.1 A standard profile with two transition layers

The proof of Lemma 2.7 follows the main ideas of [12] in the derivation of similar formula
for axially symmetric traveling wave solutions. Instead of only dealing with one unknown
function in [12], here we need to consider the coupled functions ki(y), i = 1, 2. We shall
approximate u(x, y) as functions of x by a family of standard profiles of two transition layers
for y sufficiently large. Namely, for l1 < l2 and 2l = l2 − l1 sufficiently large, we define a
continuous and piecewise smooth function ϕ = ϕ(l1, l2, x) so that it is the solution of one
dimensional Allen-Cahn equation in three segments of R:



ϕ′′ − F′(ϕ) = 0, x ∈ (−∞, l1) ∪ (l1, l2) ∪ (l2,∞)
ϕ(x) > 0, x ∈ (l1, l2); ϕ(x) < 0, x ∈ (−∞, l1) ∪ (l2,∞)
ϕ(l1) = ϕ(l2) = 0, lim

x→±∞
ϕ(x) = −1

(2.21)

Below we collect some basic facts about ϕ = ϕ(l1, l2, x) and related functions. Indeed,
ϕ(l1, l2, x) = g(l2 − x) for x > l2 and ϕ(l1, l2, x) = g(x − l1) for x < l1. For x ∈ (l1, l2),
ϕ(l1, l2, x) = g(l, x − (l1 + l2)/2) where g(l, x) = g(l,−x) can be solved explicitly by

g2
x(l, x) = 2F(g(l, x)) − 2F(g(l, 0)), x ∈ (−l, l)
∫ g(l,0)

g(l,x)

ds√
2(
(
F(s) − F(g(l, 0))

) = x, x ∈ (0, l)

where 0 < g(l, 0) < 1.
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Note that elementary computations can lead to liml→∞ g(l, 0) = 1 and

l =
∫ g(l,0)

0

ds√
2(F(s) − F(g(l, 0))

= − ln(1 − g(l, 0))
µ

+ A1 + o(1)

as l → ∞, where A1 is a constant depending only on F. It is also easy to see that g(l, x) is
the minimizer of

El(v) :=
∫ l

−l
[
1
2
|v′|2 + F(v)]dx

inHl := {v ∈ H1
0([−l, l]) : 0 ≤ v ≤ 1, v(−l) = v(l) = 0} when l is sufficiently large.

If we denote
E(l) := El(g(l, ·)) = E(ϕ(−l, l, ·)) − e,

then E(l) = e + o(1) and

El :=
∂E(l)
∂l
= |g′(0)|2 − g2

x(l, l) = 2F(g(l, 0)) = 2eAe−2µl+o(1) (2.22)

where A is a positive constant depending only on F (see [12]).
For a piecewise continuous function ψ(x) with possible jump discontinuities at x =

l1, l2, we define

ψ̂ = ψ(l1+) − ϕ(l1−), ψ̌ = ψ(l2+) − ϕ(l2−),

ψ̃ =
1
2
(
ψ(l1−) + ϕ(l1+)

)
, ψ̄ =

1
2
(
ψ(l2+) + ϕ(l2−)

)
.

Note that El = −ϕ̂2
l1
= −ϕ̂2

x = ϕ̌
2
l2
= ϕ̌2

x.
We also use the norm and inner product of L2(R), i.e.,

⟨ψ1, ψ2⟩ :=
∫
R

ψ1ψ2dx, ∥ψ∥2 := ⟨ψ, ψ⟩.

Now we state the following lemma, which follows from Lemma 6.1 in [12].

Lemma 2.8 For l = (l2 − l1)/2 > 0, ϕ(l1, l2, x) is smooth except at x = l1, l2 and

ϕl1 ≤ 0, ϕl2 ≥ 0, ∥ϕli∥2 = E(l) + o(1) = e + o(1), i = 1, 2.

Furthermore, there exists a constant C > 0 such that ∀l > 1
∑
i=1,2

∥ϕli∥L1(R) +
∑

i, j=1,2

∥ϕlil j∥L1(R) +
∑

i, j,k=1,2

∥ϕlil jlk∥L1(R) ≤ C;

∑
i=1,2

∥ϕli∥ +
∑

i, j=1,2

∥ϕlil j∥ +
∑

i, j,k=1,2

∥ϕlil jlk∥ ≤ C;

∑
i=1,2

(|ϕ̂li | + |ϕ̌li |) +
∑

i, j,k=1,2

(| ˆϕlil j | + | ˇϕlil j |) +
∑
i=1,2

(| ˆϕxli | + | ˇϕxli |) ≤ C · El;

| < ϕl1 , ϕl2 > | + |Ell| + |Elll|| ≤ C · El.
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2.4.2 Derivation of ordinary differential equations for li, i = 1, 2

Now, for y > Y1 sufficiently large, we can choose a unique pair l1(y) < l2(y) so that

||u(·, y) − ϕ(l1(y), l2(y), ·)||L2(R) = inf
l1<l2
{||u(·, y) − ϕ(l1, l2, ·)||}. (2.23)

As we shall show, the asymptotical behavior of u(x, y) near y = ∞ can be accurately de-
scribed by the dynamics of li(y), i = 1, 2. (See, e.g., [12] Section 6.1 for an intuitive expla-
nation for the case l1 = −l2 by using invariant manifold and center manifold terminology.)

Let
v(x, y) = u(x, y) − ϕ(l1(y), l2(y), x), x ∈ R, y ≥ Y1.

In view of Lemma 2.3, Lemma 2.4 and Lemma 2.6, we see that

k1(y) − l1(y)→ 0, k2(y) − l2(y)→ 0, ∥v(·, y)∥ → 0, as y→ ∞. (2.24)

Moreover, using the implicit function theorem, one can see that for y > Y1 sufficiently
large, the functions li(y), i = 1, 2 are smooth and satisfy

l′1(y) < 0, l′2(y) > 0, lim
y→∞

l′i(y) = 0, i = 1, 2. (2.25)

(See, e.g., [12] Lemma 6.2 for a similar statement for the case l1 = −l2.)
It is also obvious that

lim
y→∞
∥(|v| + |∇v|)∥L∞(R) = 0. (2.26)

From (2.23) it is easy to see that

⟨v(·, y), ϕli (l1(y), l2(y), ·)⟩ = 0, i = 1, 2, y ≥ Y1. (2.27)

Differentiating the above identities with respect to y and dropping the variables of functions
for the simplicity of notation, we obtain

⟨vy, ϕli⟩ +
∑
j=1,2

⟨v, ϕlil j⟩l′j − ˆvϕli l
′
1 +

ˇvϕli l
′
2 = 0, i = 1, 2. (2.28)

Differentiating (2.28) for i = 1 with respect to y, we have

⟨vyy, ϕl1⟩ + ⟨vy, ϕl1l1⟩l′1 + ⟨vy, ϕl1l2⟩l′2 − ˆvyϕl1 l′1 + ˇvyϕl1 l′2
+ ⟨vy, ϕl1l1⟩l′1 + [⟨v, ϕl1l1l1⟩l′1 + ⟨v, ϕl1l1l2⟩l′2 − ˆvϕl1l1 l′1 + ˇvϕl1l1 l′2]l′1 + ⟨v, ϕl1l1⟩l′′1
+ ⟨vy, ϕl1l2⟩l′2 + [⟨v, ϕl1l1l2⟩l′1 + ⟨v, ϕl1l2l2⟩l′2 − ˆvϕl1l2 l′1 + ˇvϕl1l2 l′2]l′2 + ⟨v, ϕl1l2⟩l′′2
− [ ˆvyϕl1 + ˆvϕl1l1 · l′1 + ˆvϕl1l2 · l′2] · l′1 − ˆvϕl1 l′′1
+ [ ˇvyϕl1 + ˇvϕl1l1 · l′1 + ˇvϕl1l2 · l′2]l′2 + ˇvϕl2l2 l′′2 = 0.

By Lemma 2.8, this leads to

|⟨vyy, ϕl1⟩| + |⟨vy, ϕl1⟩| = o(1)(|l′1| + |l′2| + |l′′1 | + |l′′2 |), as y→ ∞. (2.29)
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Similar computations can also be done for i = 2.
Now, using equation (1.4) we derive

vxx + vy −
(
(F′(v + ϕ) − F′(ϕ)

)
+ ϕy = 0, (x, y) ∈ R2 \ Γ, y > Y1, (2.30)

where

ϕy = ϕl1 · l′1 + ϕl2 · l′2.

Multiplying (2.30) by ϕl1 and integrating over R, we obtain

l′1∥ϕl1∥2 + ⟨ϕl1 , ϕl2⟩l′2 = J1,1 + J1,2 − J1,3

where

J1,1 = ⟨F′′(ϕ)v − vxx, ϕl1⟩;
J1,2 = ⟨F′(v + ϕ) − F′(ϕ) − F′′(ϕ)v, ϕl1⟩;
J1,3 = ⟨vy, ϕl1⟩.

Using El = −ϕ̂2
l1
= ϕ̌2

l1
, it can be computed that

J1,1 = ˆvxϕl1 − ˆvϕl1 x + ˇvxϕl1 − ˇvϕl1 x = −El
(
1 + O(|vx| + |v|)

)
= El(1 + o(1)). (2.31)

Here we have used (2.26), the fact

v̂x = −ϕ̂x = ϕ̂l1 , v̌x = −ϕ̌x = −ϕ̌l1

and

ˆvxϕl1 = v̂xϕ̃l1 + ṽxϕ̂l1 =
1
2
ϕ̂2

l1
+ ṽxϕ̂l1 ,

ˇvxϕl1 = v̌xϕ̄l1 + v̄xϕ̌l1 = −
1
2
ϕ̌2

l1
+ v̄xϕ̌l1 .

On the other hand, we have

J1,2 = O(1)⟨v2, ϕl1⟩. (2.32)

In view of (2.29), (2.31) and (2.32), we obtain

l′1 + o(1)l′2 = −
El

e
(
1 + o(1)

)
+ o(1)(|l′1| + |l′2|) + O(1)⟨v2, ϕl1⟩. (2.33)

Similarly we can obtain

l′2 + o(1)l′1 = −
El

e
(
1 + o(1)

)
+ o(1)(|l′1| + |l′2|) + O(1)⟨v2, ϕl2⟩. (2.34)

Next we shall estimate ∥v∥.
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Next we shall estimate ∥v∥.
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2.4.3 Estimate of ∥v∥.

Multiplying (2.30) by v and integrating on R, we get

0 =< vy, v > + < vxx + ϕxx − F′(v + ϕ), v > .

It is easy to see that

< vy, v >=
1
2

d||v||2
dy
, ϕxx = F′(ϕ),

< vxx, v >= v(ϕ̂x + ϕ̌x) − ||vx||2.

Due to the non-degeneracy and stability property of g in R, there holds

∥ψx∥2 + ⟨F′′(ϕ)ψ, ψ⟩ ≥ 2ν∥ψ∥2 + |ψ̃|2 + |ψ̄|2, ∀ψ ⊥ ϕli , i = 1, 2 (2.35)

for some constant ν > 0 when 2l = l2 − l1 is sufficiently large. (See also [12] Lemma 6.3.)
By the mean value theorem, we get

< F′′(ϕ)v − F′(v + ϕ) + F′(ϕ), v >= O(v)||v||2 = o(1)||v||2.

Hence, we derive
1
2

d||v||2
dy
− ν||v||2 ≥ −ME2

l (2.36)

for some positive constant M sufficiently large. Using initial condition ||v|| → 0, we derive

||v||2 ≤ M1E2
l

for some positive constant M1.

2.4.4 Derivation of asymptotic formula for 2l = l2 − l1.

Now we can write (2.33), (2.34) as


l′1 = −Ae−2µl(y)(1 + o(1)
)
+ o(1)

(
l′2 − l′1

)
,

l′2 = Ae−2µl(y)(1 + o(1)
)
+ o(1)(l′2 − l′1).

(2.37)

From (2.37) we can deduce
(
1 + o(1)

)
l′ =
(
A + o(1)

)
e−2µl(y). (2.38)

Hence we derive

l(y) =
1

2µ
ln(y) +

1
2µ

ln(2µA) + o(1);

l′(y) =
1 + o(1)

2µy
, El =

1 + o(1)
2µAy

, l′′(y) =
o(1)
2µy

;

0 > l′1(y) ≥ −2l′(y) = −1 + o(1)
µy

, 0 < l′2(y) ≤ 2l′(y) =
1 + o(1)
µy

.
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Thus, we obtain an explicit estimate for ∥v∥ in term of y

∥v∥2 ≤ O(1)
y2 . (2.39)

2.4.5 Derivation of asymptotical formulas for li, i = 1, 2.

By (2.37) and asymptotic formula for l, it is easy to get


l1(y) = − 1
2µ

ln(y) +C1 + o(1),

l2(y) =
1

2µ
ln(y) +C2 + o(1)

(2.40)

for some constants C1,C2. Lemma 2.7 then follows directly.

2.5 The moving plane procedure

In this subsection, we shall use the moving plane method to finish the proof of Theorem
1.1. Due to the fact that the asymptotical behavior of u is not homogeneous near infinity,
in particular, there is a transition layer along Γ, the classic moving plane method has to be
carefully modified. Indeed, we have to use the exact asymptotical formulas of the 0-level
sets x = ki(y), i = 1, 2 near infinity as well the asymptotical behavior of u along these
curves.

Define uλ(x, y) := u(2λ − x, y) and wλ := uλ − u in Dλ := {(x, y) : x ≥ λ, y ∈ R}.

Lemma 2.9 When λ is sufficiently large, there holds wλ > 0 in Dλ.

Proof. When λ > λ0 is sufficiently large, by Lemma 2.7 we know that

kλ1(y) := 2λ − k1(y) ≥ k2(y), ∀y ≥ Y1.

By Lemma 2.3 and Lemma 2.4, we see that there exist constants K > 0,Y2 > Y1 and λ1
sufficiently large such that when λ > λ1, there hold wλ > 0 in DK,Y2,λ = {(x, y) ∈ Dλ : x <
kλ1(y) + K, y ≥ Y2} and u < α− in Dc

K,Y2,λ
:= {(x, y) ∈ Dλ : x > kλ1(y) + K, y ≥ Y2 or ∀x ≥

λ, y ≤ Y2}. Note that F′′(s) > µ0 > 0 for s ∈ (−1, α−] by the definition of α−.
We claim that wλ ≥ 0 in Dλ for λ > λ1. If it is not true, there exists a sequence of points

{(xm, ym)}∞m=1 ∈ Dc
K,Y2,λ

such that

lim
m→∞

wλ(xm, ym) = lim
m→∞

(
uλ(xm, ym) − u(xm, ym)

)
= inf

Dc
K,Y2 ,λ

wλ(x, y) < 0.

It can be seen that uλ(xm, ym) < α− when m is large enough. Then we can follow the
standard translating arguments to obtain a contradiction. Define wm

λ (x, y) := wλ(x + xm, y +
ym) in Dc

K,Y2,λ
− (xm, ym). Then wm

λ converges to w∞λ (x, y) in C3
loc(D∞) for some piecewise
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Lipschitz domain D∞ in R2 which contains a small ball centered at the origin. Furthermore,
w∞λ attains its negative minimum at the origin and satisfies a linearized equation

wxx + wy − F′′(ξ(x, y))w = 0, (x, y) ∈ D∞ (2.41)

where ξ(x, y) = su(x, y) + (1 − s)uλ(x, y) for some s ∈ (0, 1) and F′′(ξ(0, 0)) > µ0 > 0.
This is a contradiction, which leads to the claim. Then the lemma follows from the strong
maximum principle (or the Harnack inequality) applied to a parabolic equation similar to
(2.41) which is satisfied by wλ. �

Now we define

Λ = inf{λ : uλ(x, y) > u(x, y), (x, y) ∈ Dλ}.

Lemma 2.10 There holds

Λ = (C1 +C2)/2

where C1,C2 are as in Lemma 2.7.

Proof. We shall prove this lemma by contradiction. Suppose the lemma does not hold. By
Lemma 2.3 and Lemma 2.7, we can easily see that Λ > (C1 + C2)/2 and wΛ > 0,∀(x, y) ∈
DΛ. Then there exists a sequence of numbers {λm} such that λm < Λ, and limm→∞ λm = Λ

and the infimum of wλm in Dλm is negative. Using Lemma 2.3, Lemma exponetial1, Lemma
2.7 and the translating arguments in the proof of Lemma 2.9, we can show that the infimum
of wλm in Dλm is achieved at a point (xm, ym), i.e.,

wλm (xm, ym) = inf
Dλm

wλm < 0. (2.42)

Since wλm satisfies a parabolic equation similar to (2.41) with ξ(xm, ym) = su(xm, ym) +
(1 − s)uλm (xm, ym) for some s ∈ (0, 1), by the strong maximum principle we know that
u(xm, ym) > α− and hence ym > −K1 and xm − k1(ym) < K if ym > Y1 for some con-
stant K,K1 > 0 independent of m. By Lemma 2.3, Lemma 2.7 and the assumption
Λ > (C1 + C2)/2, we know ym < K2 for some constant K2 independent of m. Therefore
there exists a subsequence of {m} (still denoted by the same) such that (xm, ym) converges to
(x0, y0) ∈ DΛ and wλm converges to wΛ in C3

loc(DΛ) as well as in C3(B1(x0, y0) ∩ D̄Λ). It is
easy to see that ∂

∂x wΛ(x0, y0) = 0. Furthermore, wΛ satisfies a parabolic equation similar to
(2.41) in DΛ. Then by the Hopf Lemma, we have ∂

∂x wΛ(x0, y0) < 0. This is a contradiction,
which proves the lemma. �

We note that uΛ ≥ u in DΛ and ux(λ, y) = − 1
2
∂
∂x wλ(λ, y) > 0,∀y ∈ R when λ > Λ.

Similarly, we can use the moving plane method from the left, i.e., repeating the above
procedure for wλ in D−λ := {(x, y) : x < λ}, and conclude uΛ ≥ u in D−

Λ
. Therefore,

Theorem 1.1 is proven.
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3 Classification of the entire solutions for the unbalanced
Allen-Cahn equation in R

In this section, we assume that the double well potential F in the Allen-Cahn equation (1.1)
is unbalanced, i.e., F satisfies (1.2) and F(1) > F(−1) = 0. In this case, one dimensional
traveling wave solution g to (1.7) exists for a unique c0 > 0 which only depends on F, and
g is unique up to translation. It is easy to see that there is an entire solution of (1.4) from a
rotation of the trivial extension of g to two dimensional plane. Indeed, u(x, y) = g(c0y ± x)
is such a solution. In addition to the one dimensional traveling wave solutions, the so called
V-shaped two dimensional entire solutions are shown to exist in [26], [37]. These solutions
are monotone in y and even with respect to x after a proper translation. The 0-level set of
such solutions are asymptotically two straight rays forming a shape of V .

To prove the classification result Theorem 1.2 for unbalanced potentials, we shall first
show that 0-level set of u must be global Lipchitz, then follow the argument of [27] for the
classification of two dimensional traveling wave solutions to the Allen-Cahn equation.

3.1 Lipchitz 0-level set
Lemma 3.1 Assume that u is a solution to (1.4), (1.5) and (1.6), and the graph of y = k(x)
is the 0-level set of u. Then k(x) ∈ C3(R) and |k′(x)| ≤ C, x ∈ R for some constant C > 0.

Proof. By (1.5) and (1.6), the 0-level set y = k(x) is well defined. u is a C3(R2) function
from standard parabolic estimate, so k(x) is in C3(R) by the implicit function theorem.

We shall prove the global Lipschitz property by contradiction. Suppose that there ex-
ists a sequence {xm} such that k′(xm) → ∞ as m tends to infinity. Since ux(x, k(x)) +
uy(x, k(x))k′(x) = 0,∀x ∈ R and ∇u is bounded in R2, we derive uy(xm, k(xm)) → 0 as
m goes to infinity. We shall investigate the translation of u along

(
xm, k(xm)

)
. Define

um(x, y) := u(x + xm, y + ym). Since u is bounded in C3,β(R2) for some β ∈ (0, 1), it is
easy to see that um (up to a subsequence ) converges to u∗ in C3

loc(R2), and u∗ satisfies (1.4).
Hence u∗y(x, y) satisfies the linearized equation

wxx + wy − F′′(u∗)w = 0, (x, y) ∈ R2. (3.43)

By (1.5), we know that u∗y(x, y) ≥ 0,∀(x, y) ∈ R2. Since

u∗y(0, 0) = lim
m→∞

uy(xm, k(xm)) = 0,

by the strong maximum principle for parabolic equations we obtain u∗y ≡ 0 in R2. There-
fore, u∗(x, y) = u∗(x) satisfies the one dimensional stationary Allen-Cahn equation (2.14)
with |u∗(x)| ≤ 1, x ∈ R and u∗(0) = 0. Then we have u∗(x) = gα(x ± Kα), x ∈ R, where gα is
a periodic solution of the one dimensional Allen-Cahn equation


g′′α (x) − F′(gα(x)) = 0, x ∈ R,
g′α(0) = 0, gα(0) = α,

(3.44)

with α = maxR u∗(x) ≥ 0 and Kα is the smallest positive zero of gα if α > 0. However, the
periodicity of u∗ obviously contradicts with monotonicity condition (1.5) of u. The lemma
is proved. �
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3.2 Proof of Theorem 1.2
We will prove a classification theorem for entire solutions with Lipchitz level sets here, then
Theorem 1.2 will follow naturally from Lemma 3.1. We state the classification theorem as
follows:

Theorem 3.1 Let u be a bounded non-constant solution of (1.4) that satisfies


lim
A→+∞

inf
y≥A+ϕ(x)

u > 0,

lim
A→−∞

sup
y≤A+ϕ(x)

u < 0
(3.45)

for some globly Lipchitz continous function ϕ. Then u is either planar, i.e. u(x, y) = g(c0y±
x), or the unique V-shaped solution up to translation.

To prove Theorem 3.1, we need the following comparison theorem and proposition.

Theorem 3.2 (Comparison principle in R2) Let ϕ : R2 → R be the Lipchitz continuous
function in (3.45) and set 

Ω+(y0) = {y > y0 + ϕ(x)},
Ω+(y0) = {y > y0 + ϕ(x)},
Γ(y0) = {y = y0 + ϕ(x)}.

Let ū and u be two Lipchitz-continuous functions, respectively super- and subsolution for
(1.4), (3.45), namely:



S (ū) ≤ 0 in R2 and lim
y0→+∞

inf
Ω+(y0)

ū = 1,

S (u) ≥ 0 in R2 and lim
y0→−∞

sup
Ω−(y0)

u = −1,

the inequalities S (ū) ≤ 0 ≤ S (u) holding in the distribution sense. For any t ∈ R, set
wt(x, y) = w(x, y + t). Then the set I = {t ∈ R,∀s ≥ t, ūs ≥ u in R2} is not empty. Let
t∗ := inf I. If t∗ > −∞, we have ūt∗ ≥ u in R2 and infΓ(y0)(ūt∗ − u) = 0 for any y0 ∈ R.

Proposition 3.1 Let v be a bounded non-constant solution of (1.4) and (3.45). Then −1 <
v < 1 in R2 and each level set {v = λ} is a globally Lipchitz function ϕλ whose Lipchitz
norm is 1

c0
. Moreover v is increasing in any unit direction (τx, τy) such that τy >

1√
1+c2

0

,

and 

lim
A→+∞

inf
y≥A+ϕ(x)

u(x, y) − 1 = 0,

lim
A→−∞

sup
y≤A+ϕ(x)

u(x, y) + 1 = 0.

Next we shall use Theorem 3.2 and Proposition 3.1 to prove Theorem 3.1 first, and
leave Theorem 3.2 and Proposition 3.1 to be proven later.

Proof of Theorem 3.1. Let v be a bounded non-constant solution of (1.4) and (3.45).
Then Proposition 3.1 applies. Let u(x, y) = u(−x, y) be the unique V-shaped solution. The

Symmetry of entire solutions to the Allen-Cahn equation 605

comparison principle Theorem 3.2 can then be applied to ū = u and u = v. Therefore, there
exists t0 ∈ R such that u(x, y + t0) ≥ v(x, y) for all (x, y) ∈ R2 and

inf
y=B+ 1

c0
|x|

(u(x, y + t0) − v(x, y)) = 0 (3.46)

for all B ∈ R. By the properties of u and v, we know


u(x, B +
1
c0
|x| + t0)→ g(

c0√
1 + c2

0

(B + t0)) < 1,

v(x, B +
1
c0
|x|)→ v±(B),

(3.47)

as x → ±∞. We note that v±(B) exist because v is non-decreasing in both directions
(± c0√

1+c2
0

, 1√
1+c2

0

) and v±(B) ∈ (−1, 1]. From now on, let us fix B ∈ R, and define v± = v±(B).

According to the values of v±, four cases may occur:
Case 1: v− = v+ = 1. It follows from (3.46) and (3.47) that u(x0, y0 + t0) = v(x0, y0)

for some (x0, y0) ∈ R2. Since both functions ut0 and v satisfy the same equation, the strong
maximun principle yields ut0 ≡ v. This is impossible due to (3.47).

Case 2: −1 < v− < 1 and v+ = 1. Choose any real number ρ0 and call w(x, y) =
u(x + ρ0, y + 1

c0
ρ0). By the comparison theorem, there exists a real number t = t(ρ0) such

that v(x, y) ≤ w(x, y + t) for all (x, y) ∈ R2 and such that (3.46) holds, with w instead of u.
Since v(x, y) � w(x, y + t) and because of the different asymptotic behaviors as x → ∞, it
follows that

v(x, B +
1
c0
|x|) − w(x, B +

1
c0
|x| + t)→ 0 as x→ −∞,

whence g( c0√
1+c2

0

(B + t)) = v− = g( c0√
1+c2

0

(B + t0)), i.e. t = t0.

As a consequence, t = t0 does not depend on ρ0 and

v(x, y) ≤ u(x + ρ0, y +
1
c0
ρ0 + t0) (3.48)

for all (x, y) ∈ R2 and ρ0 ∈ R. Passing to the limit as ρ0 → −∞ implies that v(x, y) ≤
g(−x 1√

1+c2
0

+ (y + t0) c0√
1+c2

0

) for all (x, y) ∈ R2.

On the other hand, since v is non-decreasing in the direction (− c0√
1+c2

0

, 1√
1+c2

0

), we have

v(x, y) ≤ lim
rn→−∞

v(x + c0rn, y − rn) = V(x + c0y).

Because V satisfies V ′′ + c0V ′ − F′(V) = 0,V(+∞) = 1,V(−∞) = −1, we deduce that
V(x + c0y) = g(x + c0y + t1) for some t1 ∈ R. We then redefine the coordinates Y =
x cosα + y sinα and X = −x sinα + y cosα, where tanα = − 1

c0
, and denote v(x, y) by

v(X, Y)(with a slight abuse of notations), we remark that by (3.48), v satisfies


lim
A→+∞

sup
Y>A
|v(X, Y) − 1| = 0,

lim
A→−∞

sup
Y<A
|v(X, Y) + 1| = 0.
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|x| + t)→ 0 as x→ −∞,

whence g( c0√
1+c2

0

(B + t)) = v− = g( c0√
1+c2

0

(B + t0)), i.e. t = t0.

As a consequence, t = t0 does not depend on ρ0 and

v(x, y) ≤ u(x + ρ0, y +
1
c0
ρ0 + t0) (3.48)

for all (x, y) ∈ R2 and ρ0 ∈ R. Passing to the limit as ρ0 → −∞ implies that v(x, y) ≤
g(−x 1√

1+c2
0

+ (y + t0) c0√
1+c2

0

) for all (x, y) ∈ R2.

On the other hand, since v is non-decreasing in the direction (− c0√
1+c2

0

, 1√
1+c2

0

), we have

v(x, y) ≤ lim
rn→−∞

v(x + c0rn, y − rn) = V(x + c0y).

Because V satisfies V ′′ + c0V ′ − F′(V) = 0,V(+∞) = 1,V(−∞) = −1, we deduce that
V(x + c0y) = g(x + c0y + t1) for some t1 ∈ R. We then redefine the coordinates Y =
x cosα + y sinα and X = −x sinα + y cosα, where tanα = − 1

c0
, and denote v(x, y) by

v(X, Y)(with a slight abuse of notations), we remark that by (3.48), v satisfies


lim
A→+∞

sup
Y>A
|v(X, Y) − 1| = 0,

lim
A→−∞

sup
Y<A
|v(X, Y) + 1| = 0.
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Then by the virtue of Theorem 2 in [8], we get that v(X, Y) only depends on Y , and then
conclude that

v(x, y) = g(x + c0y + t1), ∀(x, y) ∈ R2.

Case 3: v− = 1,−1 < v+ < 1. The same argument as in Case 2 yields the existence of
t2 ∈ R such that v(x, y) = g(−x + c0y + t2) for all (x, y) ∈ R2.

Case 4: −1 < v± < 1. It then follows that

sup
x∈R
|ϕλ(x) − 1

c0
|x|| < ∞

for all λ ∈ (0, 1). Hence ϕλ(x)/|x| → 1
c0

. By Theorem 2 of [13], v is unique, and then equals
(up to a shift) to the solution u. �

3.3 Proof of Theorem 3.2
Instead of the whole space R2, we consider first a subsetΩ ⊂ R2. Assume −1 < a′ < b′ < 1
such f (u) = −F′(u) is nonincreasing in u for u in [−1, a′] or [b′, 1]. We have the following
lemmas.

Lemma 3.2 Under the same setting of Theorem 3.2, let Ω = Ω−(y1) for some y1 ∈ R and
assume that 

u ≤ a′ in Ω−(y1) and lim
y→−∞

sup
Ω−(y)

u = −1,

u ≤ ū on Γ(y1).
(3.49)

Let I1 = {t ∈ R−,∀s ∈ [t, 0], ūs ≥ u on Γ(y1)}. We have 0 ∈ I1 and ∀t ∈ I1, ūt ≥ u in
Ω−. Let t∗ = inf I1. It is the case that ūt∗ ≥ u in Ω−(y1). Furthermore, if t∗ � −∞, then
infΓ(y1)(ūt∗ − u) = 0.

Lemma 3.3 Let Ω = Ω+(y2) for some y2 ∈ R and assume that


ū ≥ b′ in Ω+(y2) and lim
y→∞

inf
Ω+(y)

ū = 1,

ū ≥ u on Γ(y2).
(3.50)

Let I2 = {t ∈ R+,∀s ∈ [t, 0], ū ≥ us on Γ(y2)}. We have 0 ∈ I2 and ∀t ∈ I2, ūt ≥ u in
Ω+. Let t∗ = sup I2. It is the case that ū ≥ ut∗ in Ω+(y2). Furthermore, if t∗ � ∞, then
infΓ(y2)(ūt∗ − u) = 0.

Proof. We only prove Lemma 3.3. Noticing that infΓ(y2)(ūt∗ −u) = 0 by Lipchitz-continuity,
the question reduces to proving 0 ∈ I2, or ū ≥ u in Ω+(y2).

Let us set ϵ = sup{u− ū} and suppose that ϵ > 0. We can then find a sequence of points
(xk, yk) such that u(xk, yk) − ū(xk, yk)→ ϵ. For each index k, we define

Ωk = Ω − (xk, yk),
ϕk(x) = ϕ(x + xk) − yk,

Γk = {(x, y) : y = ϕk(x)},
ūk(x, y) = ū(x + xk, y + yk),
uk(x, y) = u(x + xk, y + yk).
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Then we have 
ūk ≥ b′ in Ωk and lim

y→∞
inf
Ωk(y)

ūk = 1,

ūk ≥ uk on Γk.
(3.51)

By the Lipchitz-continuity of ϕ and Ascoli-Arzela theorem, up to a subsequence, ϕk con-
verges uniformly on compact subsets of R to a Lipchitz-continuous function ϕ∞. In this
sense, we assume Ωk → Ω∞. Similarly, we can assume ūk → ū∞, uk → u∞ locally in Ω∞
for two Lipchitz-continuous functions ū∞, u∞. We can also assume S (ūk) → S (ū∞) ≤ 0,
S (uk)→ S (u∞) ≥ 0 in the distribution sense. Combining these results, we have

S (ū∞) − S (u∞) ≤ 0 in Ω∞,

i.e.
(ū∞ − u∞)xx + (ū∞ − u∞)y ≤ f (u∞) − f (ū∞).

We study the above inequality at (0, 0). Notice (0, 0) ∈ Ω∞ but � Γ∞, by the facts u(xk, yk)−
ū(xk, yk)→ ϵ > 0 and ū ≥ u on Γ(y2). So (0, 0) is an interior point of Ω∞. ū∞ − u∞ achieves
its absolute minimum at (0, 0), which gives

[(ū∞ − u∞)xx + (ū∞ − u∞)y]|(0,0) ≥ 0.

On the other hand, u∞(0, 0) > ū∞(0, 0) ≥ b′ and f (u) is strictly decreasing on [b′, b], so

[ f (u∞) − f (ū∞)](0,0) < 0.

This is a contradiction. So ϵ ≤ 0, i.e. ū ≥ u in Ω+(y2). �

Proof of Theorem 3.2 By the asymptotic conditions of the theorem, there exist y1 ≤ y2 ∈
R such that

ū ≥ b′ in Ω+(y2),
u ≤ a′ in Ω−(y1).

Let t0 = y2 − y1. For any t ≥ t0, we have ūt ≥ b′ > a′ ≥ u on Γ(y1). From Lemmas 3.2 and
3.3, we get ūt > u in R2. So the set I is not empty.

Define t∗ = inf I. It comes that ūt∗ ≥ u in R2. We consider the case t∗ > −∞. Suppose
that

∃y0 ∈ R, inf
Γ(y0)

(ūt∗ − u) ≥ δ > 0.

On the other hand, there exist y∗1 < y0 < y∗2 such that


ūt∗ ≥ (1 + b′)/2 in Ω+(y∗2),
u ≤ a′ in Ω−(y∗1).

If m := infΩ−(y∗2)∩Ω+(y∗1)(ut∗ − u) = 0, then there exists a sequence (xk, yk) in Ω−(y∗2) ∩Ω+(y∗1)
such that ut∗(xk, yk)− u(xk, yk)→ 0. By the same argument and notation of Lemma 3.3, we
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[(ū∞ − u∞)xx + (ū∞ − u∞)y]|(0,0) ≥ 0.
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have ū(x + xk, y + yk) → ū∞, u(x + xk, y + yk) → u∞ locally for some functions ū∞, u∞,
which satisfy 

S (ū∞) ≤ 0,
S (u∞) ≥ 0

in distribution sense. Let u∞ = ū∞ − u∞. Then


Lu∞ + du∞ ≤ 0 in R2,

u ≥ 0 in R2, u(0, 0) = 0,

where

d =
f (ū∞) − f (u)∞

u∞
is a bounded function. The strong maximum principle implies u∞ ≡ 0. Note that on Γ(y0),
ūt∗ − u ≥ δ > 0, so uk(0, ϕ(xk)+ y0 − yk) ≥ δ > 0. Note also that ϕ(xk)− yk is bounded, there
exists a y′ such that u∞(0, y′) ≥ δ. This is impossible.
Consequently m > 0, that is to say:

inf
Ω−(y∗2)∩Ω−(y∗1)

(ūt∗ − u) > 0.

Since both ū and u are Lipchitz-continuous, it is still true with t∗ − η replacing t∗ for any
η ∈ [0, η0], η0 > 0 small enough. From our choice of y∗2, we can also choose η0 such that
ūt∗−η ≥ b′ inΩ+(y∗2) for any η ∈ [0, η0]. By Lemma 3.2 and 3.3, we deduce that ūt∗−η−u ≥ 0
for any η ∈ [0, η0]. This contradicts the definition of t∗. �

Theorem 3.3 Under the assumptions of Theorem 3.2, if u is a solution of (1.4) and (3.45),
then u is increasing in y.

Proof. Let u be such a solution. By the standard parabolic estimates, u is C1 in R2.
Applying Theorem 3.2, there exists a t∗ > −∞, such that for any fixed y0 ∈ R,

infΓ(y0)(ut∗ − u) = 0. There exists then a sequence (xk, yk) ∈ Γ(y0) such that ut∗(xk, yk) −
u(xk, yk) → 0. As in the proof of Theorem 3.2, the functions ϕ(xk + x) − yk → ϕ∞(x),
u(xk + x, yk + y) → u∞(x, y) locally in R and R2. We have ut∗

∞(0, 0) ≥ u∞ in R2 and
ut∗
∞(0, 0) = u∞(0, 0). We conclude similarly that ut∗

∞ ≡ u∞ in R2. This implies t∗ is a period
of u∞. By the uniform limiting behavior of u, u∞ is not a periodic function, so t∗ has to be
0. By the definition of t∗, for any t > 0, ut ≥ u in R2. With the strong maximum principle,
we conclude that ut > u in R2. In other words, u is increasing in y. �

3.4 Proof of Proposition 3.1
We shall prove this propostion with several lemmas.

Lemma 3.4 Under the assumptions of Proposition 3.1, the function u satisfies −1 < u < 1
in R2 and for some global Lipchitz function ϕ : R→ R,



lim
A→+∞

inf
y>A+ϕ(x)

u(x, y) = 1,

lim
A→−∞

sup
y<A+ϕ(x)

u(x, y) = −1.
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Proof. Let M = supR2 u. By the asymptotic conditions, M ≥ 0. Let (xk, yk) be a sequence
in R2 such that u(xk, yk) → M as k → ∞. Denote uk(x, y) := u(xk, yk). Up to extraction
of a subsequence, the functions uk converge in C2

loc(R2) to a classical solution u∞ of (1.4),
namely

(u∞)xx + c0(u∞)y + f (u∞) = 0 in R2,

and u∞(0, 0) = M = maxR2 u∞. Therefore, f (M) ≥ 0. Note that one may extend F(u)
outside [−1, 1] so that f (u) = −F′(u) is negative in (1,∞). It follows that M ≤ 1.

Similarly, one can prove that m := infR2 u ≥ −1. Hence, −1 ≤ u ≤ 1 in R2. The strong
maximun principle then yields −1 < u < 1 in R2.

Now let limA→+∞ infy>A+ϕ(x) u(x, y) = ϵ for some ϵ > θ. Then there exists a sequence
(xn, yn) ∈ R2 such that yn − ϕ(xn) → +∞ and u(xn, yn) → ϵ. Up to extraction of a
subsequence, the functions un(x, y) := u(x + xn, y + yn) converge in C2

loc(R2) to a solu-
tion ũ∞ of (1.4). Notice (0, 0) is a minimum point of ũ∞(x, y), f (ũ∞(0, 0)) has to be 0.
Consequently ũ∞(0, 0) has to be 1 and limA→+∞ infy>A+ϕ(x) u(x, y) = 1. Similarly we have
limA→−∞ supy<A+ϕ(x) u(x, y) = −1. �

Lemma 3.5 Under the assumptions of Proposition 3.1, the function u is increasing in any
unit direction τ = (τx, τy) such that τy > cosα0, where α0 ∈ (0, π/2) is an angle with cotα0
being the Lipchitz norm of ϕ.

Proof. By Theorem 3.3, u is increasing in direction (0,1).
If τ satisfies the condition of the lemma, we introduce the rotated coordinates:

X = −τyx + τxy; Y = −τxx − τyy.

In the new system (X, Y), the function v(X, Y) = u(x, y) satisfies

τ2
yvXX + τ

2
xvYY + 2τxτyvXY − c0τxvX + c0τyvY + f (v) = −1.

The second order operator is not positive definite, but we can still use similar arguments for
parabolic equations to get the same results. Noticing that the curve y = cot |x| is a globally
Lipchitz graph in frame (X, Y), it follows that

lim
A→+∞

inf
Y≥A+ψ(X)

v(X, Y) = 1, lim
A→−∞

sup
Y≤A+ψ(X)

v(X, Y) = 0

for some Lipchitz function ψ(X). Once again, we get uY > 0 in R2. In other words,
τ · ∇u < 0. �

Lemma 3.6 Under the assumptions of the Proposition 3.1, there are two real numbers t±
such that u(x + xk, y + 1

c0
|xk |)→ g(±x + c0y + t±) in C2

loc(R2) for any sequence xk → ±∞.

Proof. By Lemma 3.5 and continuity, u is non-increasing in directions (± sinα, cosα).
Thus for any sequence xk → ±∞, there exist the following limits

lim
k→∞

u(x + xk, y + cotα|xk |) = v±(x, y)
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for some functions v±(x, y). Noticing that v±(x, y) just depend on ±x + c0y, we can write

v±(x, y) = U±(±x + c0y)

for some functions U±. It follows that U± satisfy one-dimensional traveling wave equation

U′′± + c0U′± + f (U±) = 0.

Furthermore, by the asymptotic conditions, U±(−∞) = 0,U±(∞) = 1. From the uniqueness
result of traveling wave solutions, there exist two real numbers t± such that U±(s) = g(s+t±)
for all s ∈ R. �

Proposition 3.1 then follows from Lemma 3.4-3.6. This proves Theorem 3.1 and there-
fore Theorem 1.2.
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