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Abstract
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1 Introduction

This paper studies the dynamics of the parabolic problem

Ou =V - (DVu — auVm) + u(Am — au?™") in Q, t>0,
Do,u — aud,m =0 on 0Q, >0, (1.1)
u(-,0)=uy >0 in Q,

where ( is a smooth bounded domain (open and connected set) of RV N>1,D > 0,
a>0,1eR, p=>2,a¢ C(Q) satisfies a > 0, in the sense that @ > 0 and a # 0, v stands for
the outward unit normal along the boundary of Q, 9Q, and m € C*(Q) is a function such
that m(x,) > 0 for some x, € Q. Thus, either m > 0, m # 0, in Q, or else m changes sign in
Q. The initial data u, are in L*(€). In our analysis, A € R is regarded as a parameter. So,
the dynamics might depend on A.

Under these conditions, there exists 7 > 0 such that (1.1) admits a unique classical
solution, u,(x,t;up), in [0, T] (see, e.g., Henry [10], Daners and Koch [6] and Lunardi
[17]), and it is unique if it exists. According to the parabolic maximum principle (see
Nirenberg [18]), u, (-, #; up) > 0 in Q, in the sense that

w(x,t;u0) >0 forall xeQ and re(0,T].
Thus, since a > 0in Q,
A =V - (DVu — auVm) + u(dm — au’™") < V - (DVu — auVm) + Amu
and hence, thanks again to the parabolic maximum principle,
u (-, tug) < 7u(-, t;ug)  forall 1€ (0,T],

where z,(x, t; ug) stands for the unique solution of the linear parabolic problem

Do,z — azd,m =0 on 0Q, >0,

0,z =V -(DVz— azVm) + Amz in Q, t>0,
2(,0)=uy >0 in Q.

As z, is globally defined in time, u,(x, t; uy) cannot blow up in a finite time and hence, also
is defined for all # > 0. The main goal of this paper is to ascertain the limiting behavior of
uy(x,t;up) ast T oo.

The problem (1.1) is a generalized version of a former model, with 4 = 1, p = 2 and
a = 1, introduced by Belgacem and Cosner [5], which has been previously analyzed by the
authors in [1] and [2], where the effect of varying the advection term a > 0 on the classical
dynamics of the model was studied. So, this paper can be regarded as a natural continuation
of [1] and [2].

According to [1], if a(x) > 0 for all x € Q then the dynamics of (1.1) is governed by
its non-negative steady-states (see Theorem 2.2 in Section 2), which are the non-negative
solutions of the semilinear elliptic boundary value problem

{ V - (DVO — afVm) + 6(Am — af?~') = 0 in Q, (12)

DO,0 — aBd,m =0 on Q.
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In this paper we will focus our attention on the degenerate case where a~!(0) is the closure
of some smooth nonempty subdomain of Q,

Qy:=inta'(0) #0 with Qyc Q. (1.3)

According to [1], if 6 = O is a linearly stable steady state of (1.1), then it is a global attractor
with respect to (1.1). Similarly, if & = 0 is linearly unstable and (1.2) possesses a positive
solution, 8,, then 6, is unique and it attracts to all solutions of (1.1) as # T co. The main
result of this paper characterizes the limiting behavior of u,(x,; up) as ¢t T co when 6 = 0
is linearly unstable and (1.2) does not admit a positive solution. Essentially, this occurs for
sufficiently large A provided m(x,) > 0 for some x; € Qp, [1]. Under these circumstances,
the main result of this paper establishes that if a € C*(Q), then

111TI£ uy (-, t;up) = +00  uniformly in Q. (1.4)

whereas
L7 onay < iminf (. 15u0) < lim sup u, 1:u0) < L o\, in Q\Q,  (19)
where LB“;n O] and LB‘*}’; 2] stand for the minimal and maximal solutions, respectively,

of the singular boundary value problem

-V - (DVO — abVm) — 6(Am — a6’~') = 0 in Q\ Qo,
DJ,0 — aBd,m =0 on 0Q, (1.6)
0= +oo on 0Q,

whose existence will be shown in Section 5. This is the first result of this nature avail-
able for non-self-adjoint differential operators like the ones dealt with in this paper. One
of the most novel parts of the proof consists in establishing (1.4) for the case when m(x)
changes sign. All the previous available results for degenerate diffusive logistic bound-
ary value problems were established for the the Laplace operator without advection terms
(see Gémez-Refiasco and Lopez-Gomez [9], Gomez—Refiasco [8], Lépez-Gémez [12] and
Du and Huang [7]). In [13, Section 8] and [15] a rather complete account of historical
bibliographic details is given.

The distribution of this paper is as follows. In section 2 we give some extensions of
the previous findings of [1] which are going to be used in this paper. In Section 3 we
generalize the Hadamard formula of Lopez-Gomez and Sabina de Lis [16] to the non-self-
adjoint context of this paper. In Section 4 we will use that Hadamard formula to establish
that

/lllTI}l 0, = +c0 uniformly in Qy, (1.7)

where A* > 0 is the limiting value of A for which (1.2) admits a positive solution. These are
the main ingredients to get (1.4) in Section 6 when m > 0 in Q. In Section 5 we establish
the existence of the minimal and the maximal large solutions LI[‘A‘“:n 0\, A0 B‘J‘; YA
Finally, in Section 7 we get (1.4) in the general case when m changes of sign in Q by
perturbing the weight function m, instead of the parameter A, as it is usual in the available
literature. This technical device should have a huge number of applications to deal with
spatially heterogeneous Reaction Diffusion equations.
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2 Notations and preliminaries

In this section, instead of (1.1), we consider the following generalized parabolic problem

O =V - (DVu — auVm) + u(An — auP™) in Q, t>0,
Do,u — aud,m =0 on 0Q, >0, 2.1
u(-,0) =uy >0 in Q,

where n € C(Q) is arbitrary. Naturally, in the special case n = m, (2.1) provides us with

(1.1). Throughout this paper we denote by up.(x, t; up) the unique (positive) solution of

(2.1). Also, we set

u) (X, 1, up) = upam (X, f; up).

So, uy(x,t;up) stands for the unique (positive) solution of (1.1). The main goal of this
section is adapting the abstract theory of the authors in [1] to the problem (2.1). As the
proofs of these results are straightforward modifications of those of [1], they will be omitted
here.

The dynamic of (2.1) is regulated by its non-negative steady-states, if they exist, which
are the non-negative solutions, 6, of the semi linear elliptic boundary value problem

-V . — — — p—1 = 1
{ V- (DVO — aVm) — 6(An —ab’~") =0 in Q, 2.2)

DO,6 — a80,m = 0 on 0Q.
Subsequently, given a linear second order uniformly elliptic operators in €,
L= —div(A(X)V") +(b(x), V) + ¢, A = (aiji<ij<n, b= Di<jn,

with g;; = aj; € Whe(Q), bj,c € L(Q), 1 < i,j < N, a smooth subdomain O C Q, two
nice disjoint pieces of the boundary of O, I'y and I'y, such that 00 = I'yUTI';, and a boundary
operator

B : CTpeC'(OUT)) - C@BO)

of the general mixed type

By :={ szww 22 ?]) ¥ eCTy®COUTY),
where v = An is the co-normal vector field and 8 € C(I'y), we will denote by o[£, B, O] the
principal eigenvalue of (£, B, 0), i.e., the unique value of 7 for which the linear eigenvalue
problem
Lo =19 in O,
{ By =0 on 00,

admits a positive eigenfunction ¢ > 0. Naturally, if I'; = 0, we will simply denote D := B
(Dirichlet), and if Ty = @ and 8 = 0, we will write 9t := B (Neumann).
The principal eigenvalue

o[-V - (DV - aVm) — An, D9, — ad,m, ], 2.3)
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plays a significant role to describe the dynamic of (2.1). Let denote by ¢ > 0 its associ-
ated principal eigenfunction normalized so that |||l = 1. By performing the change of
variable

do 1= e~ Py, (2.4)

differentiating and rearranging terms in the y-equation, it is easily seen that 9 > O pro-
vides us with a principal eigenfunction of

o[-DA —aVm -V — An, N, Q], 2.5)
and that, actually,
o[-V - (DV — aVm) — An, Do, — ad,m, Q] = o[-DA — aVm -V — An, N, Q] (2.6)

for all /} € R and @ > 0. The next result extends [1, Th. 2.1] to cover the general case when
n € C(Q) is arbitrary. For the sake of completeness we are including a short self-contained
proof of it.

Theorem 2.1 For every a > 0 the map
A= Z(A) :=0[-DA —aVm -V — An, N, Q]
is real analytic and strictly concave if n # 0. Moreover:
(a) Ifn =0, then, for any 1 € R,

() = o[-DA — aVm - V, %, Q] = 0.

®) Ifn>0(n>=0butn #0), then Z(A)A < 0 for all A € R\ {0}. Moreover, by Part (a),
2(0) =0.

(©) Iffgn > 0, there exists x_ € Q such that n(x_) < 0, n <mandn =mifn <0, then
there exists A_ := A_(a,n) < 0 such that

=0 if 1€{A_,0}, 2.7

<0 if 1€ (—00,4_)U (0, 0),
)
>0 if 1€ (4-,0).

(d Iffgn < 0 and n(xy) > 0 for some x, € Q, n <mandn = mifn < 0, then there
exists ag := ap(n) > 0 such that if 0 < @ < g there exists 1. := A.(a,n) > 0 such
that

=O lf/lE{O,/l.;.},
>0 if 1€(0,1),

if @ = ag then (1) < 0 for each A € R\ {0}, while 2(0) = 0, and if @ > g then there
exists A_ := A_(a, n) < 0 such that (2.7) holds.

<0 if 1€ (~00,0)U (1, 00),
Z(/l){
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Figure 1: Some possible graphs of X(1)

Figure 1 shows X(1) in each of the cases (b) and (d) of Theorem 2.1. In case (c), (1)
has the same graph as in case (d) for @ > .

Proof. According to [14, Th. 9.1], for every a € R the map 4 — X(A) is real analytic and
strictly concave if n # 0. In case n = 0, it is obvious that the constant 1 is an eigenfunc-
tion associated to the zero eigenvalue of —DA — aVm - V in Q under Neumann boundary
conditions. Hence, (1) = 0 and Part (a) holds.

Part (b) is a direct consequence from X(0) = 0 taking into account that 4 — X(A) is
decreasing in A, because n > 0.

In the remaining cases, (c) and (d), the function n changes sign in Q. Thus, by [14, Th.
9.1],

/llim 2() = —oo0.
Next we will show that
'(0) = — f n(x)e®™ P dx/ f e OID gy, (2.8)
Q Q

which is reminiscent from [1, (14)]. According to Kato [11, Th. 2.6 on p. 377] and
[11, Rem. 2.9 on p. 379], the perturbed eigenfunction ¢(1) from the constant ¢(0) = 1
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associated to the principal eigenvalue (1) as A perturbs from 0 is real analytic as a function
of A. Thus, differentiating with respect to A the identities

—DAp(A) — aVm - V() — Anp() = Z()e(A) in Q,
Oy =0 on 09,

yields
—DAY' (1) = aVm - V¢'(D) = np() — Ang' (1) = Z'(Dp(d) + Z(D¢' (D).
and particularizing at A = 0, we are driven to
Lo¢’(0) := =DAY’'(0) — aVm - V¢'(0) = n + Z'(0).

Consequently, as the adjoint operator of £ subject to Neumann boundary conditions admits
the following realization
Loy i= =V - (DVv — avVm)

for all v € C2(Q) such that
Do,v — avd,m =0 on 0Q,

am/D gatisfies

and ¢ = e
Lo =0in Q@ and Dd,¢; — apydym =0 on 0Q,
we conclude that
(n+Z'0), ¢5) = (Lo¢’(0), ) = (¢'(0), L) = 0
and therefore, (2.8) holds. As a byproduct, we find that
signX’(0) = —sign f(a@) forall @ >0,

where

fla) = f n(x)e® 9P dx.
Q

1
@)= —= f n(x)m(x)e™ P dx
D Ja
! f 2 (/D ! f /D
= — n-(x)e™" V' dx + — n(x)m(x)e®™™ " dx
D n<0 D n>0

1 f 12 (x)e® 9P dx + 1 f 1 (x)e® 9P dx
D J.<o D Jnso

1 <
D L nz(x)e”'"(x)/ Diax>0,

\%
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because n # 0, the function f is strictly increasing. Moreover, in the region where n > 0
we have that m > n > 0, whereas m = n if n < 0. Therefore,

lim f(a) = .

a—00

Lastly, note that f(0) = an Therefore, we have that f(a) > 0 for all @ > 0 if fQ n>0,

while in case an < 0, there exists a unique ap > 0 such that f(@) < 0 if @ < a¢ and
f(@) > 0if @ > . The proof is complete. O

According to Belgacem and Cosner [5], it is well known that in the special case when
a(x) > 0 for all x € Q, the dynamics of (2.1) is determined by the following theorem:

Theorem 2.2 Suppose & > 0 and a(x) > 0 for all x € Q. Then, (2.2) admits a positive
solution, O, if, and only if, 2(1) < 0. Moreover, it is unique if it exists and it is a global
attractor for (2.1). Furthermore,

i g1 15 )l lo = O
ifZ(A) > 0.
As this paper focuses attention in the more general degenerate case when
Q :=inta '(0) £ 0 is a smooth subdomain with Qg c Q, 2.9)
the principal eigenvalue,
20(d) ;= o[-DA —aVm -V — An, D, Q], a>0, A€eR,

will also play a significant role to characterize the dynamic of (2.1). The next theorem
collects some of the main properties of Xy(A).

Theorem 2.3 Suppose (2.9) and @ > 0. Then, Xy(d) is real analytic, strictly concave if
n % 0in Qy, and
2(A) <Zo(A) forall 1eR.

Moreover, the following assertions are true:

(a) There exists A1 := A1(a,n) < 0 such that y(1;) = 0 if, and only if, n(x_) < 0 for
some x_ € €.

(b) There exists 1y := Ax(a,n) > 0 such that £y(1,) = 0 if, and only if, n(x;) > 0 for
some x, € €.

Figure 2 shows each of the possible graphs of X((1) according to the sign of n(x) in Q.
In all cases, we have superimposed the graphs of (1), with a dashed line, and the graph of
Zo(42), with a continuous line. It should be noted that we have chosen a particular type of
2(A) for all cases.

The next theorem provides us with the dynamic of (2.1). It generalizes the theory of
[1] to cover the general case when n # m.
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Zo(A)
/

2N : 50

n changes sign in Qg n<0in

\ o(A)
D el

()

FRTEN s

n>0in Qg n=0in Qg
Figure 2: The four possible graphs of Zy(4)

Theorem 2.4 Suppose (2.9) and a > 0. Then, (2.2) admits a positive solution, 0, if and
only if Zo(A) > 0 and (1) < 0. Moreover, is unique if it exists and in such case 60} ) is
a global attractor for (2.1). Furthermore, u is driven to extinction in L*(Q) if (1) > 0,
whereas

tll)fg et 1,01 (5 85 up)lloo = 00 if Zo(d) <0.

One of the main goals of this paper is to show that, actually, in case Zo(1) < 0 the
solution upy (-, #; up) can approximate the minimal metasolution supported in Q \ Qg of
(2.2)ast T oo.

3 First variations of the principal eigenvalues (1)
Throughout this section the domain Q is assumed to be of class C !"and consider T[d] :

Qp — Qs, with 6 ~ 0 and Qs := T[6](€), an holomorphic family of C?-diffeormorphisms
that can be expressed in the form

T[6l(x) = x+ Z 8 Ti(x) forall x e Qy, 3.1
k=1
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where T € C*(Qo; RY) for each k > 1 and

. 1/k
lim sup {ITillw.g, + 1D:Tilleogy + 102 Tillogy} - < +o00. (3.2)

k—o0

According to T. Kato [11, Ch. VII], it is easily seen that the family of eigenvalue problems

—DA® — aVm - VO — 1n® = 70 in Qg,
{ ©=0 on 0Qs, (3.3)
is real holomorphic in ¢. Thus, setting
S(©) :=0[-DA —aVm -V — An, D, Q5]
for 4 € R and & > 0 fixed, S (6) admits the next expansion as ¢ | 0
S(6) = ié"Sk, S =590), (3.4)
k=0

where S(0) stands for the k—th derivative of S (§) with respect to § at 6 = 0. Similarly, the
associated perturbed eigenfunction, ¢[¢], admits the expansion

olo1= > e, = ¢"l0),
k=0

where ¢ if the principal eigenfunction associated to S (0) = X¢(1) normalized so that

f ed"gp = 1. (3.5)
Qo

The next result provides us with an extension of Theorem 2.1 of [16] which provides us
with the value of S in (3.4).

Theorem 3.1 Let Qg be a bounded domain of class C' and Qs, § ~ 0, a perturbed family of
domains from Qg given by a family of C*-diffeomorphisms T[5] satisfying (3.1) and (3.2).
Then, for every A € R and a > 0, the eigenvalue problem (3.3) is real holomorphic in § and
the first variation of the principal eigenvalue, S (9), is given by

2
S1:=80)=-D | e (%) (T1,v), (3.6)
0Q av

where ¢ is the principal eigenfunction associated with S (0) = 2y(1), normalized so that
(3.5) holds.

Proof. Subsequently, for each 6 ~ 0 we set

¢[6] := ep™[5] in Q.
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This function is positive and satisfies

—DAg[0] — Wel[d] = S (9)¢l6] in Qj, 3.7
wlol1 =0 on 0Q;s, ’
with o o
@ o 2
W= aAn 2(Am + 2DIVmI ).
By (3.5),
f¢m=L
Qo
Next, we consider
Ylo](x) = ¢[d](y), O[6](x) := W() with T[6](x) =
Then, setting
T[6)7' () = (X131 %29, -ver XN ()
and substituting in (3.7) yields
y[6) .
—D];fv e Vo) 5o l—D;A L O[616] = SGWIs]  in Qo, (3:8)
Ylol =0 on 8QY.

Now, arguing as in Section 2 of [16] and setting 7 = (1,1, T2, ..., T1 5) We can conclude
from (3.8) that

N N
0T 9*Y[6] oyl6]
—DAW[6] +2D6 . D6 > AT
ylol+ kZ:l 0x; Ox,0x; * ; 1 0x;

- QIs1y16] = S ()WI6] + O(S). (3.9

Setting
k
dy
yls] = %#w Ui = 2 10] (3.10)
and )
d“Q
0l6] = Z#% Qi = =101, 3.11)
with

Yo =yl0l=¢l0l, Qo=W and Q) =(VW,T1)=(VQ,T1), (3.12)
substituting (3.4), (3.10) and (3.11) in (3.9), dividing by ¢ and letting 6 — 0 gives

T & Yo
Bx, axkax,

—~DAW +2D Z

k=1

ZA le— - QoY1 — Q1o

= So¥1 + S1¥o, (3.13)
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where we have used that
=DA o — Qoo = Sovo. (3.14)

Hence, multiplying (3.13) by ¥, integrating by parts in the first factor and using (3.14), we
find that

N N

Ty 8o f Mo f 2
S, =2D , D AT ~ . i1
1 Zfo o, axkaxll//o+ ; o, MGy Yo o 01y, (3.15)

k=1 Y

A further integration by parts in the first two terms of (3.15), complete in the second term
and partial in the first one after a cancelation of its half, gives

N N ,
z: 6T1kal//0 oo f 0°Tx 6‘//0 f ,
= —2D - D s _ . 1
> LO 0x; Ox Ox ,;1 0, 0xc0x; Ox; Yo o, 01 (3.16)

k=1

=

A further integration by parts in the first term of (3.16) yields

01 v W
Qp (9x1 (3xk 6x,

N 2
+2DZ[ 1, 20 5o +zpf Ao(V o, Tr).
Qo

k
) Qo (9)(?] ﬁxlﬁxk

N
-2D
k=1

_ oD f (V. T XV o, v
090

Similarly, integrating by parts with respect to x; and then with respect to x;, the second
term of (3.16) can be expressed as

N

Ty 0
DY [ 5y =D [ W)
k=12 9

o (9xkc')x, (9)6[

S N

> o 0o f T
-2D T D N x,
k=1 Lo M ax dxdx kz:; Q Yo Oxy Yo

Consequently, substituting these identities into (3.16) we obtain that

Si=-2D [ (Vao. T1)(Votiov) + D f IV ol (T, )
(790 aQ(J

Y or
-2 [ Qo+ SuoXTat0. T = )" [ Qoo+ S 2w - [ 003
Q =l Y Xk Q

where we have used (3.14). Finally, thanks to (3.12) and

0T\
—Sto 6;}( vy =250 L(J(VX‘I’O’Tl)‘/’O’

> oTvy 5
> e=Fui=2 f 0oV o, T1 o + f (V0. T )3,
- Oxy Q Q
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and

V.l[0] = @v on 0Q,
%

2
S] = —Df (M) <T1,V>.
Q0 8V

Finally, taking into account that

we may infer that

¢[0] = e P[0] = e20™ ¢y,

(3.6) holds. O

A particular class of perturbations Qs of Qy is given by
Qs :=QU{xeRV\Q : dist(x,0Q) < 5}. (3.17)

The associated holomorphic family T[6] with ¢ =~ 0O can be defined through the next theo-
rem going back to [16, Th. 3.1],

Theorem 3.2 Assume that Q is a bounded domain of RN of class C*. If Qs is given by
(3.17), then for each § > 0 sufficiently small, there exists a mapping T[6] : Qo — RY, such
that

(i) TI6] € CX(Qo;RY) and T[6] : Qo — Qs is a bijection.
(i) T[6] is real holomorphic in & for 6 = 0, in the sense that (3.1) and (3.2) hold.
(iii) T'ilaq, = v where v is the outward unit normal along 0.

For (3.17), we obtain from (3.6) that

2
S :=80) = —Df e (%) <0. (3.18)
0Q a

v

In particular, the decay of the principal eigenvalue with respect to the domain is always
linear independently of the size of the advection, @ > 0, though the linear decay rate is
affected by the size of @ and the nodal behavior of m(x), of course.

4 Limiting behavior of the positive steady state solution
in Q()
Throughout this section we will assume that 4 > 0 and that
there exists x, € Qy suchthat m(x,)> 0. “.1)

Should it not be the case, i.e. m < 0 in Q, then Xp(1) > O for all > 0. Hence, by
Theorems 2.1 and 2.4, there exists A.(a) > 0 such that (1.2) admits a (unique) positive
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solution, 6, if and only if 4 > A,.(@). Moreover, thanks to Theorem 2.4, 6, is a global
attractor for the positive solutions of (1.1). Contrarily, under condition (4.1), owing to
Theorem 2.3, there exists a A",

0<A(a) < A" = (a,m),
such that (1.2) has a positive solution if and only if A € (4., 4"). Moreover, by Theorem
2.1, we already know that A, > 0 if and only if fg m < 0 and @ € (0, ap). The main goal of
this section is to establish the next result.

Theorem 4.1 Suppose (4.1) and a(x) is of class C' in a neighborhood of 3Q. Then,

%IAn 01(x) = oo uniformly in Q. “4.2)

Proof. For sufficiently small 6 > 0, we consider Qs as in (3.17). By Theorem 3.2, Qs is an
holomorphic perturbation from €. Now, consider the principal eigenvalues

S©6) :=0[-DA—aVm -V — A'm, D, Qs]
with associated principal eigenfunctions ¢[5] > 0. By (3.4) and (3.18),
S@)=816+0%) as 610 with §; <0. 4.3)

The function ¢[6] defined by
¢lo] := P gl5] > 0,

where ¢[d] stands for the (unique) principal eigenfunction of S (6) normalized so that

lleldllleo0s = 1,
satisfies
{ =V - (DVg[6] - ap[6]Vm) — X'me[d] = S(6)¢l6]  in Qs, 4.4
@[] =0 on 0Q.
Moreover, there exists A4 € (4, 4%) sufficiently close A* such that
S(0) <S6/2) < (- A")maxm < 0. 4.5)

Qs
Let 995 € C(Q) be the function defined by

_ [ Coldly)  for yeQy,
06(}))_{ 0 for y ¢ Q;,

where C > 0 is a constant to be chosen later. If we suppose that

a)CP P [61(y) < S(6/2) — S(6) forall ye Qs (4.6)
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then 5 is a subsolution of problem

V. _ _ - —ab i
{ V - (DVO - abVm) — Amb = —ah in Q, 4.7

DJ,0 — aBd,m =0 on Q.
Indeed, by (4.6) and (4.5), we have that
a)CP P [61(y) < (A = A)m(y) — S(8) foreach y e Q.
So, multiplying by C¢[d], we find that
S(&)Fs + (A" — Ymds < —atdy in Qs.
Hence, owing to (4.4), we find that
=V - (DVs — adsVm) — X'mds + (1" — Ymds < —ad} in Qs

which proves the previous assertion. Now, thanks to (4.3), it is apparent that (4.6) holds
provided

1 -S1/2+0@)\*"
C =C®):= ( i/ ( )) . (4.8)
Supga,¢L0] \ Supg,\q,a/6
According to (4.12) and (4.13) of [16], one can easily infer that
Supg,\q,#l6] = Cod + 0(6) with Cop >0 and lgﬁ)l Supgd\goa/d =0,
by the Hopf boundary lemma. Since S| < 0, we find that
lim(6C(6)) = +co. (4.9)
510
By (4.9),
lgg)l Ps5(y) = +co  forall y e Qy, (4.10)

uniformly on compact subsets of Qy. To complete the proof of the theorem it suffices to
show that
laiﬂ)l Ps5(y) = +c0  forall y € 9Q. 4.11)

We use the proof of [16, Th. 4.3] and we obtain that
Infsq,0[0] = C16 + 0(6) with C; >0
as ¢ | 0. Therefore, for every y € 0€,
Fs5(v) = C(0)¢l61(y) = C(6) Infaq,¢[6] = 6C(6)(Cy + o(1)).

Lastly, by (4.9), (4.11) holds.
Finally, since (1.2) admits a unique positive solution 6, for each 4 € (1, 1"), we find
that
95(y) < 0;(y) forall yeQ

for A sufficiently close to A* and for sufficiently small § > O satisfying (4.6). Therefore, the
growth to infinity of s leads to the corresponding behavior for 6, and (4.2) holds. O
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5 Existence of large solutions

Throughout this section we consider a smooth subdomain O c Q \ € such that, for some
n>0,
{xeQ : dist(x,0Q) <n}cO. (GR))

Note that this entails
dist (0©2, Q2 N 00) > 0. 5.2)

Also, for every M € (0, c0), we consider the next family of parabolic problems

O =V - (DVu — auVm) + u(An — au’™") in O, t>0,

Do, u — aud,m =0 on 0Q, t>0,
u=M on 90\ 9dQ, t >0,
u(-,0) =uy >0 in O,

(5.3)

whose unique (positive) solution is denoted by u := upy,m01(x, t; up). The dynamics of
(5.3) is regulated by the non-negative solutions, 6.0, of the semilinear elliptic bound-
ary value problem

-V - (DVO — aVm) — 0(An — adP~') = 0 in O,
DO,0 — ab0,m =0 on 0Q, 54
0=M on 00 \ 0Q.

The following result characterizes the existence of positive solutions of (5.4).

Theorem 5.1 Suppose O c Q\ Qy is sufficiently smooth, n € C(Q), 1 € R and M >
0. Then, (5.4) has a unique positive solution, Oynmo). Moreover, for every x € O,
H[A,n,M,O](x) > 0 and

Oanm.01(%) < Onm0/(x)  if My < M. (5.5
Furthermore, 0,,,m,0) is a global attractor for (5.3).
Proof. First, we introduce the change of variable
6 = e™Py
in order to transform the problem (5.4) in

dw=0 on 0Q), (5.6)

—DAw — aVm - Vw — Anw = —ae®P~Dm/Dy,p in O,
w = Me—m/D on 90\ 9Q.

To establish the existence of arbitrarily large supersolutions of (5.6) we proceed as follows.
For sufficiently large k € N, we will set

Ap = (60\69)‘?3%(0) = {xe Q : dist(x, 00 \ Q) < %}
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Figure 3: The neighborhoods Ay around 00 \ 6Q2

Figure 3 shows an scheme of their construction in the special case when Q\Qj is connected.
In such case also Ay, is connected.
As the Lebesgue measure of A; goes to zero as k T oo, there exists ky € N such that

o[-DA—aVm -V — An,D,A;] >0 forall k> k. (5.7
Let ¢y, be any a principal eigenfunction associated to
o [-DA—aVm -V — an, D, A, ]
and consider any smooth function ¢ : O — R defined by
X in Ay, NO,
#0) = { Zé;() : in 0_2<0A2k0»
where g is any smooth function such that
Infa\AZkOg >0 and d,g=0 on 0Q.
In the general case when A; is not connected, it must possess finitely many components,
because € is smooth. In such case, one should take the corresponding principal eigen-

function on each of these components.
Subsequently, we consider w := C¢, where C > 0 is sufficiently large so that

CPlae™P=UmDeP 5 DAg + aVm-Vg+ Ang in O\ Ay, (5.8)
and
M —am/D
> forall xed0\dQ. (5.9)
min @y,

00\0Q
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We claim that w = C¢ is a supersolution of (5.6). Indeed, let x € Ay, N O. Then, by (5.7),
we have that

—0 [-DA = aVm - V = An, D, Ay, ] < 0 < C7a(x)e" P00l (x).
Hence, multiplying by Cyy, yields
—0 [-DA = aVm -V = An, D, A, | Cepr, (%) < C”a(x)e”(”_l)m(x)/Dgofo(x)
or, equivalently,
~DAW — aVm - Vv — Anw > —ae™P""PgPin Ay, N O. (5.10)
Moreover, thanks to (5.8), (5.10) also holds in O \ Ay, and, due to (5.9),
Ww(x) > Me~™P for all x € 90 \ 0Q.

Note that, by the choice of g, w satisfies the boundary condition on Q. Finally, we choose
w = 0 as subsolution of (5.6). As w < w, the existence of a positive solution, wi,m0] can
be inferred from the main theorem of Amann [3]. Necessarily,

0< WianMO] < w.

Moreover, w0 # 0 because wi,mo; = Me P > 0 in 60 \ dQ. Therefore, the

function

/

. D
Onmol = e Wi mo

provides us with a positive solution of (5.4). The remaining assertions of the theorem are
a direct consequence from the maximum principle, arguing as in the proof of [1, Th. 4.1].
The global attractiveness is a consequence from the uniqueness of the positive solution, by
the abstract theory of D. Sattinger [19]. So, we will omit the technical details here. O

As a consequence from Theorem 5.1, the following limit is well defined
O n.c0.0)(X) = }}%n Oianmo)(x) foreach xeO (5.11)
though it might be everywhere infinity. If we can show that 6}, , »,0;(x) is bounded above
by some function U}, 0)(x), uniformly bounded on compact subsets of O U dQ and inde-

pendent of M, then, by a simple regularity and compactness argument, ;4,07 should be
a solution of

-V - (DVO — afVm) — (An — adP~') = 0 in O,
DJ,0 — afd,m =0 on 0Q, (5.12)
0 = +c0 on 90 \ 0Q.

The existence of Up,,,0)(x) is guaranteed by the next theorem.

Theorem 5.% Suppose O C Q\Qy is a smooth subdomain satisfying (5.1),n € C(®), 1eR
and a € C*(Q). Then, there exists a function Upy 01 € C*(O U 0Q) such that

Oanmo)(x) < Upno)(x) foreach xe OUOQ and forall M > 0.
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Proof. The change of variable
0 =e»"y (5.13)

transforms the problem (5.4) in

a(p-1)

—DAv = W(A,n)v — ae 0 "™yP in O,
2Dd,v — avd,m = 0 on 0Q, (5.14)
v=e "M on 90\ 69,

where

a a
= n-—=[A |V 2).
W, n) :=An 2( m [Vim|

By Theorem 5.1, for each M > 0

Vi mo1(X) i= e~ ™0, p.01(X).

is the unique positive solution of (5.14).
As a € C%(Q), there exists b € C%(Q) such that

b=0 in Q\02Qy and O0<bhb<a in OUIQ. (5.15)

In case O = Q \ Q, we can choose b(x) = a(x), of course.
Now, we fix a My > 0 and consider the function V;;,,0; € C*(O U Q) defined by

(1) Viano1(®) = vianm,.0(x) for x € Q and near 0.
(i) Vino)(x) = PP(x) with 8 = 3/(1 — p) < 0 for x € O near 90 \ 6Q.
(iii) Vian0(x) > 0 for x € O U 9Q.
We claim that, for any sufficiently large positive constant C > 0,
Vianor := CViano)

is a supersolution of (5.14) for all M > M. Therefore,

Ounanm0(X) = €Dy 4 01(x) < "DV, 01(x) =t Upinoy(x)

for each x € OUJQ, which ends the proof of the theorem. Indeed, since \7[ 401 = VM0l
near 02, we have that

ZD(‘)VV[/L,[,()] - aV[M,O]&,m = 0 on 69,

and

a(p-1)

_DAV[/l,n,O] = —CDAV[,L,[,O] = CW(/L n)VM,n,o] —aCe ™ mV[]jl,n,O]

a(p-1)
2D

= WA, n)Viuno —aC P Ve

a(p-1)

> WA, n)Vino —ae @ "VP
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in a neighborhood of 9Q, provided C > 1.
On the other hand, for each M > M, if x € O is sufficiently close to d0 \ dQ, we have
that
Viano)(x) = CH(x) > e"™D M,

because b = 0 on 90 \ 9Q and B < 0. Using (5.15), a direct calculation shows that in a
neighborhood of 60 \ 0Q,

a(p-1)

—DAV[/L,,,O] -Wa, I’l)V[,Ln,()] + aeTmV[’ijo]

a(p=1)

= ChPB] [—DﬁbAb — DB — DIVBP = W, n)b> + ge & mcp-']

a(p-1)

> ChP*! [—D,BbAb — DB - DIVBP = WL m)b? + ™5 '”cp—l] ,

since a/b > 1 in O. Thus, there exists Cp > 1 such that

a(p-1)

~DAViis01 2 WA, mVigno) —ae @ "V)

in a neighborhood of 90 \ 9Q, for all C > Cy.
Finally, for any x € O separated away from 0O, we have that

a(p=1)

=0,
~DAV}3,01(x) = WA, m)(x)Viap0)(x) +ae 2 "V] o (x)
= C |-DAVin01(0) = Wm0 Viano) () + ae™ 5 "Cr7 70 (0] >0

for sufficiently large C > Cy. Therefore, V1,0 is a supersolution of (5.14) and the proof
is complete. O

In the previous proof we have used a technical device of Y. Du and Q. Huang [7]. Owing
to Theorem 5.2, the limit (5.11) is finite in O U 9Q and 6, « o) is a solution of (5.12). The
following result characterizes the existence of solutions of the singular problem (5.12).

Theorem 5.3 Under the same conditions of Theorem 5.2, (5.12) possesses a minimal and

. . . min max . .
a maximal positive solution, denoted by L[ im0l and L[ nOp respectively, in the sense that

any other positive solution L of (5.12) must’satisfy

L o LI, in OUQ. (5.16)

Proof. Subsequently, for each k € N, we consider
O :={xe0 : dist(x,00\ 0Q) > 1/k}.

For k large, Oy, satisfies (5.1) and we can consider (5.12) in each of these Oy s, instead of O.
By our previous analysis, (5.12) in Oy admits a positive solution, 6}, 0,]. for sufficiently
large k. Then, the minimal and maximal solutions of (5.12) in O are given by

Lino = Ouneor and - Ly, o = 1M 6j1p0.0,-
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Indeed, let L be a positive solution of (5.12). By the maximum principle
Onmo) <L forall M >0
and letting M — oo yields
LY o) = Oanco0) = Jim Ganmor < L.
Similarly, for sufficiently large k > 0,
L <Onwo, 1n OpUOQ
and letting k — oo shows that
L< kll_)rg Oanc00 =t Loy in OUOQ.

This ends the proof. O

6 Dynamics of (1.1) whenm > 0

In this section, we suppose (2.9) and m > 0, in the sense that m > 0 but m # 0. Our main
goal is to ascertain the dynamics of (1.1) in this particular case.

As in the special case when m = 0 in Qg, the dynamics of (1.1) it has been already
described by Theorem 2.4, throughout this section we will assume that m(x,) > 0 for some
X+ € Q. Then, according to Theorems 2.1 and 2.3, there exists A* := A(a,m) > 0 such
that

>0 if 1<0,
YA =0[-DA-aVm -V - am,N, Q4 =0 if =0,
<0 if 1>0.

and
>0 if A<A4%,
20(1) = o[-DA —aVm -V — am, D, Q] =0 if A=24%,
<0 if 1> A%

Then, thanks to Theorem 2.4, for every 4 € (0, 1*) the problem (1.2) possesses a unique
positive solution, 8, := 6,,. Moreover, owing to Theorem 4.1, if, in addition, a is of class
C' in a neighborhood of 9Q, then

/lllTr}l 6, = oo uniformly in Q. 6.1)

The next resulE provides us the convergence to co of the solution of (1.1), u,(x, t; 1), as
t T oo, forall x € Qpand 1 > A*.

Theorem 6.1 Suppose m > 0, m(x,) > O for some x, € Q, and a(x) is of class C' in a
neighborhood of 9. Then, for every A > A%,

tlim u (-, t;up) = oo uniformly in €. (6.2)
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Proof. As m > 0, by the parabolic maximum principle, for each € > O and ¢ > 0,
up(, tu0) = up—g(, 1;up) in Q
since 1 > A" — &. Hence, thanks to Theorem 2.4,
lifﬂi?f u (-, t;ug) = tlgg Up_e(, tug) = Qe in Q.
Consequently, by Theorem 4.1,

liminf u, (-, t; up) > liE)l 0y_s = 0o uniformly in Q.
t—o0 E.
The proof is complete. O

The next result provides us with the dynamics of (1.1).

Theorem 6.2 Suppose m > 0, m(x,) > 0 for some x, € Qq, and a € C*(Q). Then, the
following assertions are true:

(@) limy_eo (-, 13 10) = 0in C(Q) if 1 < 0.
(b) limy_e up (-, t;up) = 6, in C(Q) if 0 < A < A%,
(c) In case A > A%, we have that:

() lim_,e uy(-, t; up) = oo uniformly in .

(i) In Q\ Qg the next estimates hold
max

min CI . : . 4
L < llmglf up(-, t;up) < limsup uy (-, t5 up) < L[ﬂ e O\Gol”

[AmQ\Qo] = .

(iii) If, in addition, uy is a subsolution of (1.2), then
tllglo uy (-, tyup) = LE]’:’LQ\QM in Q\ Q.
Proof. Parts (a) and (b) follow as a direct consequence from Theorem 2.4 in case n = m >
0. Part (c)(i) is given by Theorem 6.1. So, it remains to prove Parts (c)(ii) and (c)(iii).
Suppose A > A*. By Theorem 6.1, for each M > 0 there exists a constant Ty, > 0 such that
u (x, t;ug) = M foreach (x,1) € 0Qy X [Ty, o).
By the parabolic maximum principle, for each (x,7) € Q \ €y X (0, o), we find that
up(x, 1+ Tors thg) 2 Upp g pr,00G0) (X 15 UAC T o).

Therefore, for each x € Q \ Qy,

Lim inf u(x, £310) 2 0 11,1100 0) (X 15 420> Tog 40)) = 011,010 (X)- (6.3)
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Hence, owing to Theorem 5.3 and letting M — oo in (6.3) yields
li?li?f uy (-, by ug) = LB‘"‘;”’Q\QO] in Q\ Qq,

which ends the proof of one of the inequalities.

Next, we will asume that u is a subsolution of (1.2). Then, for each ¢ > 0 the function
uy (-, t; up) is a subsolution of (1.2) in €, since t — u, (-, t; up) is increasing. Fix # > 0 and
set

M, := max u,(-, t; up).
Qg

Then, for every M > M,,
a5 1510) < O mmargy 10 2\ Qo,
because u,(-, t; 1) is a subsolution of the problem (5.4). Therefore,
. : _ _ gymin : A A
u/l(~’ t; M[)) < A}IE(L, e[ﬂ,m,M,Q\QQ] = L[Lm,Q\QO] in Q \ QO,

and letting t — oo,

lim sup uy (-, t; ug) < L

n . M M
me gy 2N\ Qo

Therefore, Part (c)(iii) get proven.

To conclude the proof, it remains to obtain the upper estimates for an arbitrary uy > 0.
The strategy adopted here to get these estimates consists in obtaining bounds in Q \ Q; for
u, (-, t; up). Those bounds can be derived as follows. Fix 4 > A%, set my, := maxgm > 0,
and let ¢, denote the principal eigenfunction associated with the eigenvalue problem

=V - (DVY — ayyVm) — Amppp = o in Q,
Doy — ayd,m =0 on 09,

normalized so that ||¢;]|. = 1. Since @;(x) > 0 for all x € Q, there exists x > 1 such that
Uy < K, (6.4)
Subsequently, we denote
2y D) = o[-V - (DV = aVm) — Amy, DO, — ad,m, Q].
Thanks to (2.6), Z,,,, (1) < 0 because my; > 0and 1 > A" > 0. Let A > A be such that
llallook? ™" + Ty, (D) < (A = Dy
For this choice, we find that for each x € Q
Sy (DK + (A = Nymykpy < —a(0kP @y < —a(X)c" ¢,
because ¢, < 1. Equivalently,

=V - [DV(kg,) — akp,Vm] — Amykg, < —a(x)kP¢h.
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Moreover, kg, satisfies
Do, (kp,) — akpd,m =0 on 0Q.
Therefore, kp, provides us with a subsolution of the problem

—V - (DVO — afVm) — 0(Amy — a6’y =0 in Q,
DO,6 — a80,m =0 on 0Q.

Thus, by the parabolic maximum principle, it follows from (6.4) that
ua(x, 15 up) < up(X, 15,kp,) (6.5)

for all (x,1) € Q X (0, o). Similarly, since Am < Amyy,

up(x, t;k0,) < Uam,1(x, t; k@)  foreach (x,1) € Q X (0, 00). (6.6)
Therefore, by (6.5) and (6.6), for each (x,1) € Q X (0, c0), we have that

Lim ua(x, 25 u0) < 1im uga (X, 15 Kp2)-
Lastly, since m < myy,
(a,my) < bla,m) =" <A< A

and, according to Part (c)(iii), we find that

. . . . _ rmin . . =
}gg u(x, t; up) < }32 UAm ) 1 Kp) = LIS 6, 0 QN Qo. (6.7

Consequently, u,(x, t; up) is uniformly bounded above in any compact subset of Q \ Q; for
each ¢ > 0, which provides us with the necessary a priori bounds to complete the proof of
the theorem.

Subsequently, for sufficiently large k € N we consider

Q= {xeQ\Qp : d(x, Q) < 1/k}.
Fix one of these values of k. Since 8 ¢ Q \ Qq, it follows from (6.7) that there exists a
constant My > 0 such that, for each M > M, and ¢ > 0,
u (-, t;ug) <M on 0L,
and hence, the parabolic maximum principle shows that
(s 13 10) < gy pronay (5 ig) i Q\ (6.8)

for all 7 > 0. By Theorem 5.1, (5.4) has a unique positive solution, 6}, ,, y.o\a,1> Which is a
global attractor of (5.3). Letting t — co in (6.8) yields

lim sup ua(-, 13 10) < 6 pmongy 10 2\ Q.

t—00

Consequently, taking limits as M — oo gives

lim sup uy(-, £; ug) < L0 in Q\ Q. (6.9)

. [Am, O\ ]
Finally, thanks to the proof of Theorem 5.3, letting k — oo in (6.9) yields

: . max : ® ®
hrtrlsollp u (-, tug) < L[/l,m,ﬂ\ﬁo] in Q\ Qg

and the upper estimate is proven. O
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7 Dynamics of (1.1) when m changes sign

Throughout this section, we suppose that m changes sign in €, i.e., there are x_ € Q and
X4 € Q such that
m(x-) <0 and m(x;)>0.

The main goal of this section is to obtain the dynamics of (1.1) for all A > 0. In the special
case when that m < 0 in €, according to Theorems 2.1 and 2.4, the existence of 6, is
guaranteed for 4 > A, > 0 and it is a global attractor for (1.1). So, we suppose that

x4 € Q.
By Theorem 2.3, there exists A* := Ay(a, m) > 0 such that

>0 if 1€ [0,1%),
Yo(A) ;= o[-DA —aVm -V — Am, D, Qp]{ =0 if A=24%,
<0 if 1> A%

Subsequently, for sufficiently small £ > 0, we introduce the truncated functions

& if m(x) > ¢,
m(x) if m(x) < e.

mg(x) 1= {

By Theorem 2.4, the limiting behavior of uym, (X, t; ug) as t — oo is regulated by the
positive solution 6y, ,,,; whenever

0 < Ai(a,my) < A < L(a,mg) = A- (7.1)

where 1, (o, m,) := A (a,my) if A,.(a, m,) exists, while it equals zero if not. It should be
remembered that A, (a, m,) is the unique positive zero of the principal eigenvalue

2(A,mg) = o[-DA —aVm -V — Am, N, Q]

if it exists. Note that
lim A, (@, m;) = im A, (@, m;) = .
-0 -0

Fix A > A*. By the continuity of the principal eigenvalue with respect to &, there exists
&0 := £o(1) > 0 such that
(@, mg) = A

Similarly, since
lim A(a,m,) = 0o and A> X,

there exists ] := 51(;1) > &g such that A7 = A. Note that &, = maxm, or, equivalently,
mg, = m, if A=, According to (7.1), for each & € (&9, £1), the problem (2.2) possesses
a unique positive solution, 6,3, |. Figure 4 shows the graphs of (1, m.) and Zo(4, m.) for
£ = 0 and some ¢ € (&g, &1).

The next result provides us with the limiting behavior of O2m.) inQpase e
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3o(A, mo)

/E(A’ mo)
//\ N
\\

z]O(A’ '”Le)

7

X(A,me)

Casee =0 Case € € (g9,€1)

Figure 4: The graphs of X(4, m,) and Zo(4, m,)

Theorem 7.1 Suppose a(x) is of class C' in a neighborhood of 0. Then

llTrgrll O3 m,1(X) = +o0  uniformly in x € Q.

Proof. We will argue as in the proof of the Theorem 4.1. For 6 > 0 with ¢ ~ 0, consider the
holomorphic perturbation from €, s, defined in (3.17), as well as the principal eigenvalue
S(6) := o[-DA — aVm -V — Am,,, D, Qs]
= o[-V - (DV - aVm) — Am,,, D, Qs].

Let ¢[6] > 0 be the unique positive solution of

~V - (DVg[5] - ag[5]Vm) — Im,,¢[5] = S@)¢ls]  in Q. 72)
elo] =0 on 09, ’
satisfying
llelo]llco.2; = 1.
Applying (3.4) and (3.18) to the weight function n = m,, yields
5(8) =816+0(5%) with §; <0.
Let € € (g, £1) such that
S() < S(6/2) < Ae—&) <0 (7.3)

and consider the function 95 € C(Q) defined by

Celol(y)  for yeQy,
0

Ps(y) = { for y ¢ Q.

where C > 0 is a constant to be chosen later. If we suppose that

a)CP 1P [61(y) < S(6/2) — S(6) forall ye Qs (7.4)
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then 5 is a subsolution of problem

DO, — abd,m = 0 on Q. (7.5)

{ -V - (DVO - aVm) — Im.0 = —ab® in Q,
Indeed, by (7.3), for every y € Qs
a(y)CP P 61(y) < A(e — &1) — S (6).
Hence, since € — &) < m; — myg,,

a(y)CP ' P 61(y) < Ame — mg,) = S (6).

Multiplying by C¢[6], it follows from (7.2) that J; is a subsolution of problem (7.5).
As in the proof of Theorem 4.1, (7.4) holds if C = C(9) is given by (4.8). Therefore,

15%] 95(y) = +00  forall y e Q. (7.6)

Finally, by the maximum principle, for each 6 > 0, ¢ =~ 0, satisfying (7.3), we have that
D5(y) < g, () forall yeQ.

Consequently, (7.6) ends the proof. O

The next result, provides us the behavior of u;(x, £; up) in Qpast T co. Itis a counterpart
of Theorem 6.1 for the case dealt with in this section.

Theorem 7.2 If a(x) is of class C' in a neighborhood of 0, then

lim uy(x, t;up) = +o0  uniformly in Q.
f—oo

Proof. Lete € (&), &1). Since A>0andm > m,inQ, by the parabolic maximum principle,
we find that
uy(, tu0) = upy (5t ug)  in Q

for all # > 0. Thus, letting t — oo yields
ligglfuﬁ(', tup) > }Lrg Upgm G tu0) = O3, in Q.
As this holds for all € € (g, 1), from Theorem 7.1 it becomes apparent that
liminf uy (-, £ u9) > llTrsrll Oam,) = uniformly in Qg
and the proof of the theorem is complete. O

Finally, the next theorem provides us with the dynamics of (1.1) for the class of m’s
dealt with in this section. As the proof follows the general patterns of the proof of Theorem
6.2, we will omit the technical details here. It should be emphasized that Theorem 7.2 holds
true for all A > A*.
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Theorem 7.3 If a € C*(Q), then:
(@) limy_eo 2 (-, 15 u0) = 0in C(Q) if 0 < A < A, (e, m).
() limy_ye0 ua(-, 1 u0) = 6, in C(Q) if (e, m) < A < A*.
(c) In case A > A%, the following assertions are true:
(i) iMoo 1 (-, 5 1g) = +00 uniformly in Q.
(i) In Q\ Qg the following estimate holds

min < Tlimi L g <1 L g < Jmax ~
L[A,m,Q\Qo] < h{gglf u (-, t;up) < hrzrli?p u (-, t;up) < L[A,m,Q\Qo]'

(iii) If, in addition, uy is a subsolution of (1.2), then

: . _ rmin .
t]gglo u (-, t;ug) = L[/l,m,Q\S_)o] in Q\ Q.
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