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Abstract

We consider the problem of attainability of the best constant C > 0 in the following critical
fractional Hardy-Sobolev inequality: For all u € H3 (R"),
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where 0 < s < a < 2,n > a, 2,(s) = and y € R. This allows us to establish the
existence of nontrivial weak solutions for the following doubly critical problem on R”,
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where 27 := % is the critical a-fractional Sobolev exponent, and y < yy := 2%

(-Miu-vy
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]atter being the best fraCtiOnal Hardy constant on R .
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1 Introduction

We consider the problem of existence of nontrivial weak solutions to the following doubly
critical problem on R” involving the Fractional Laplacian:

- [u+2y
(- A)2u—yw || “u + T in R", (L.1)
where 0 < s < @ < 2,n > @, 2}, := HZT”G, 2:(8) = % and y € R. The fractional

Laplacian (~A)? is defined on the Schwartz class (space of rapidly decaying C* functions
in R") through the Fourier transform,

(=A)2u=F (& (Fu) VéeR”,

where Fu denotes the Fourier transform of u, Fu(£) = k e Ey(x)dx. See [11] and
references therein for the basics on the fractional Laplacian.

Problems involving two non-linearities have been studied in the case of local operators
such as the Laplacian —A, the p-Laplacian —A, and the Biharmonic operator A” (See [4],
[17], [25] and [36]). Problem (1.1) above is the non-local counterpart of the one studied
by Filippucci-Pucci-Robert in [17], who treated the case of the p-Laplacian in an equation
involving both the Sobolev and the Hardy-Sobolev critical exponents.

Questions of existence and non-existence of solutions for fractional elliptic equations
with singular potentials were recently studied by several authors. All studies focus, how-
ever, on problems with only one critical exponent —mostly the non-linearity #%~'— and to
a lesser extent the critical Hardy-Sobolev singular term “~—— | (see [10], [16], [37] and the
references therein). These cases were also studied on smooth bounded domains (see for ex-
ample [2], [3], [5], [15], [34] and the references therein). In general, the case of two critical
exponents involve more subtleties and difficulties, even for local differential operators.

The variational approach that we adopt here, relies on the following fractional Hardy-
Sobolev type inequality:

Juf ) e luf®
C( o I dx)%w < f [(=A)#y dx—yfRn de for all u € H%(R"), (1.2)

()
(55
Hz(R") is defined as the completion of C’(R") under the norm

where y < ygy 1= 2% is the best fractional Hardy constant on R”. The fractional space

llull o f 27| |F u(é)Pdé = f (=A% ul*dx.
Rn Rﬂ

HT®"

The best constant in the above fractional Hardy-Sobolev inequality is defined as:

e delCDTPdx -y [ fdy
Hy,s(R") == inf . ;
ueH 3 (R\(0) (o, Mt dx) %o

[ox]*

(1.3)

One step towards addressing Problem (1.1) consists of proving the existence of extremals
for pt,,s(R™), when s € [0,a) and y € (—o0,yy). Note that the Euler-Lagrange equation
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corresponding to the minimization problem for u, ((R") is —up to a constant factor— the

following:
25 (s)-1
ue

(=A)2u —7# =5 in R"? (14)
u>0 in R”.

When @ = 2, i.e., in the case of the standard Laplacian, the above minimization problem
(1.3) has been extensively studied. See for example [8], [9], [17], [19], [21] and [22]. The
non-local case has also been the subject of several studies, but in the absence of the Hardy
term, i.e., when y = 0. In [16], Fall, Minlend and Thiam proved the existence of extremals
for p1p ¢(R™) in the case @ = 1. Recently, J. Yang in [37] proved that there exists a positive,
radially symmetric and non-increasing extremal for yg ((R") when @ € (0, 2). Asymptotic
properties of the positive solutions were given by Y. Lei [26], Lu and Zhu [31], and Yang
and Yu [38].

In section 3, we consider the remaining cases in the problem of deciding whether the
best constant in the fractional Hardy-Sobolev inequality u, ((R") is attained. We use Eke-
land’s variational principle to show the following.

()

Theorem 1.1. Suppose 0 < a <2, 0<s<a<nandy<yg:= 2"r2(ﬂ).
7

1. Ifeither {s > 0} or {s = 0 and y > 0}, then u, ((R") is attained.
2. If s =0andy <0, then there are no extremals for ji, ;(R").

3. Ifeither {0 <y <vyg}or{0 < s < aandy = 0}, then any non-negative minimizer for
Hy, s(R") is positive, radially symmetric, radially decreasing, and approaches zero as
x| — oo.

In section 4, we consider problem (1.1) and use the mountain pass lemma to establish
the following result.

Theorem 1.2. Let 0 < @ < 2,0 < s < @ < nand 0 <y < yy. Then, there exists a
nontrivial weak solution of (1.1).

Recall that u € H? (R") is a weak solution of (1.1), if we have for all ¢ € H2 (R"),

“ N u o |u|2fy(s)—2u
(=A)*u(=A)* pdx = f y—godx+f |u|™“updx + ——pdx.
R R X R R Xl
The standard strategy to construct weak solutions of (1.1) is to find critical points of the
corresponding functional on H Z(R"). However, (1.1) is invariant under the following con-
formal one parameter transformation group,

T,: H3(R") —» HZ(R"); u(x) = To[ul(x) = r'Fu(rx) r>0, (1.5)

which means that the convergence of Palais-Smale sequences is not a given. As it was
argued in [17], there is an asymptotic competition between the energy carried by the two
critical nonlinearities. Hence, the crucial step here is to balance the competition to avoid
the domination of one term over another. Otherwise, there is vanishing of the weakest one,
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leading to a solution for the same equation but with only one critical nonlinearity. In order
to deal with this issue, we choose a suitable minimax energy level, in such a way that after
a careful analysis of the concentration phenomena, we could eliminate the possibility of
a vanishing weak limit for these well chosen Palais-Smale sequences, while ensuring that
none of the two nonlinearities dominate the other.

2 Preliminaries and a description of the functional setting

We start by recalling and introducing suitable function spaces for the variational principles
that will be needed in the sequel. We first recall the following useful representation given
in [2] and [5] for the fractional Laplacian (—A)% as a trace class operator, as well as for the
space H Z(RM).

For a function u € H?(R"), let w = E,(u) be its a-harmonic extension to the upper
half-space, R"*!, that is the solution to the following problem:

div(y'*Vw) =0 in RTI
w=u onR"x{y=0}.

Define the space X”(R’fl) as the closure of C’ (R for the norm

1

3
Wl xe ety 2= (kaf ]yla|VW|2dxdy) ,
R+

(%)
2T (1-2)

operator E,(u) : H iI(R") - X"(RTI) is an isometry, that is, for any u € H Z(R"), we have

where k, = is a normalization constant chosen in such a way that the extension

IEa@)llxeery = llull g gy = (=) 3 ull 2. 2.1)

Conversely, for a function w € X*(R"*!), we denote its trace on R" X {y = 0} as Tr(w) :=
w(., 0). This trace operator is also well defined and satisfies

IWCs Ol gy < Wllxo oty (2.2)

We shall frequently use the following useful fact: Since & € (0,2), the weight y'~@
belongs to the Muckenhoupt class A,; [32], which consists of all non-negative functions w
on R” satisfying for some constant C, the estimate

1 1
sup(— | wdx)(—= | wldx) <C, (2.3)
s 1Bl Js Bl
where the supremum is taken over all balls B in R".
If Q ¢ R"! is an open domain, we denote by L>(Q, [y|'~?) the space of all measurable
functions on Q such that ||w||iz(Q bli-ey = fQ ' wdxdy < oo, and by H'Y(Q, |y|'™) the
weighted Sobolev space

H' Q10" = fw e Z2Q,IyI"™) : Vw e L2(Q,I'™)}.
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It is remarkable that most of the properties of classical Sobolev spaces, including the em-
bedding theorems have a weighted counterpart as long as the weight is in the Muckenhoupt
class A,; see [14] and [23]. Note that H 1(Rﬁi”,y““) — up to a normalization factor— is also
isometric to X?(R™+).

In [7], Caffarelli and Silvestre showed that the extension function E,(u) is related to the
fractional Laplacian of the original function « in the following way:

o ow L g Ow
(=A)Zu(x) = e —kq )}Lr(r)l+y oy (x,y).

With this representation, the non-local problem (1.1) can then be written as the following
local problem:

—div(y'*Vw) = 0 in R+ o
(.0 . _ L0)2 (-1 .
o = y% +w(, 0% + % on R,

A function w € X"(RTI) is said to be a weak solution to (2.4), if for all ¢ € X"(R’fl),

’0 *
ke f YUV, Vgdxdy = y f Wl(xl Dodr+ [ (e, 0P 2w(x, O)pdx
RTI R" x|¥ R#

w(x, 0)2 " 2w(x, 0)
wdx.
R |x]*

Note that for any weak solution w in X*(R"*!) to (2.4), the function u = w(.,0) defined
in the sense of traces, is in H>(R") and is a weak solution to problem (1.1). The energy
functional corresponding to (2.4) is

1 lw(x, 0)[? 1 .
000 = 5, = % [ P L[ w0 dx

Xl o

1 f lw(x, 0)%)
- dx
2:(8) Jpo ||

Hence the associated trace of any critical point w of ® in X%(R"*!) is a weak solution for
(1.1).

The starting point of the study of existence of weak solutions of the above problems
is therefore the following fractional trace inequalities which will guarantee that the above
functionals are well defined and bounded below on the right function spaces. We start with
the fractional Sobolev inequality [10], which asserts that forn > ¢ and 0 < @ < 2, there
exists a constant C(n, &) > 0 such that

(L. uPdx)% < Cln, @) Jou l=A)5uPdx  forall u € H5(R"), (2.5)

where 2} = ﬁ—”a Another important inequality is the fractional Hardy inequality (see [18]
and [24]), which states that under the same conditions on n and a, we have

[ Mgy < [ 1(~A)5ulPdx  forall u e HS(R" 2.6
yu [, fdx < [, 1(=A)5uldx  forallu e HI(R"), (2.6)

‘xla
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where yp is the best constant in the above inequality on R", that is
S l=8)FulPdx
f IuI2
Rn |x|ry

r
It has also been shown there that yy(a) = 2¢ rz;,ﬁn; Note that yg (@) converges to the best
(n=2)>
4

yi = yu(@) =infd S————— e H>*(R")\ {0} } . (2.7)

classical Hardy constant yy(2) = when a — 2.
By interpolating these inequalities via Holder’s inequality, one gets the following frac-
tional Hardy-Sobolev inequalities.

Lemma 2.1 (Fractional Hardy-Sobolev Inequalities). Assume that0 < @« <2 and 0 < s <
a < n. Then, there exist positive constants ¢ and C, such that

2:(9) > . .
[ Mg <o [ 1cayiuldx foratiue HERD, (2.8)
re [ R"
2 nta
Moreover, if y < yy = 2"%, then
R ¢ Ju|?

C(f N dx)%a® < [(=A)*ul"dx —y de forallu € H2(R"). 2.9)

R x|* R”

Proof. Note that for s = 0 (resp., s = «) the first inequality is just the fractional Sobolev
(resp., the fractional Hardy) inequality. We therefore have to only consider the case where
0 < s < @ in which case 2 (s) > 2. By applying Holder’s inequality, then the fractional
Hardy and the fractional Sobolev inequalities, we have

2,(s)

ufe u s

f I|I B d":f I| I|s| P dx
n X| R»

12§

<( —dxM f %5 )

|(Y

2
iy e ME ot [ uian =
re XY Rn

s

< Ci( f (=A) S ulPdx)E Co( f (—A) uPdx) F 55
n RVI
<c( | I=D)iuPdxyr
R)!

=c(| I=A)iul
Ru

From the definition of yy, it follows that for all u € H B R"),

fo It uPdx =y f, M ax Lo Jor I=2) 3 uPPdx
(& \ullirlr; )d )z;zm h YH (fR" %dx)ﬁ

Hence (2.8) implies (2.9) whenever y < yg.
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Remark 2.1. One can use (2.1) to rewrite inequalities (2.6), (2.8) and (2.9) as the following
trace class inequalities:

lw(x, 0)*
- f P < ol (2.10)
w(x, 0
([ D a9 < iy @.11)
WO OB o o, 0P
o[ PR a0 < el -y [ MEPRan @)

The best constant u,, ((R") in inequality (2.9), can also be written as:

Ko oo YOIV wPdxdy —y [[, "0

[

Sn,a,y,s) = inf
’y WEX"(RTI)\{O} (jl‘g |W()( 0)|2 (s) )%

B
We shall therefore investigate whether there exist extremal functions where this best con-
stant is attained. Theorems 1.1 and 1.2 can therefore be stated in the following way:

Theorem 2.1. Suppose 0 < @ <2,0< s <a <nand?y <yy. Wethen have the following:
1. If{s >0} or {s = 0 and y > 0}, then S (n,a, 7, s) is attained in X*(R"*").
2. If s=0andy < 0, then there are no extremals for S (n, ,7, s) in X*(R"*1),

Theorem 2.2. Let 0 < @ < 2,0 < s < @ <nand 0 <y < yy. Then, there exists a
non-trivial weak solution to (2.4) in X"(R’}r”).

3 Proof of Theorem 1.1

‘We shall minimize the functional

Ko Joper ¥ 19WPdxdy — y L% W OF 7
(IR w(x,0)Pa WP 5y 356 55

[«

I s(w) =

on the space X“(Rﬁ”). Whenever S (n, @, 7, §) is attained at some w € X"(Rﬁ“), then it is

clear that u = Tr(w) := w(., 0) will be a function in H? (R"), where Hy,s(R™) is attained.
Note first that inequality (2.10) asserts that X?(R"*!) is embedded in the weighted space

L?(R",|x|~®) and that this embeding is continuous. If y < vy, it follows from (2.10) that

1

’0 2 2

lIwl| := (k(, f Y wldady —y [ WEOF dx)
RT]

re X

is well-defined on X*(R"*!). Set y, = max{y,0} and y_ = —max{y,0}. The following
inequalities then hold for any u € X*(R"*),
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P 2 < 1+ L
(1= 2R ety < I < (1 = 0, (3.1

Thus, || . || is equivalent to the norm || . [|yogs+1).

We start by considering the case when s > 0. Ekeland’s variational principle [12]
applied to the functional I(w) := I, ((w) yields the existence of a minimizing sequence
(Wi )ren for S (n, @, vy, s) such that as k — oo,

2;,(s)
f el O 32)
" [x]*
Iwp) — S, a,y, ), (3.3)
and
I'(wy) — 0in (XU(R™Y, (3.4)

where (X?(R"*!))" denotes the dual of X*(R"*!). Consider the functionals J, K : X*(R"*!)
— R by

1 ke )P
Jw) = S |wl? = = f Y Vwddy - £ f W OF
2 2 Jgo 2 Jen x|

and

L w00
K = d
=2 f T

Straightforward computations yield that as k — oo,
1
Twe) — 585 @., 9),

and
J' (W) - S, a,y,s)K’'(wy) — 0in (X"(RT'))’. (3.5)

. . . 2
Consider now the Levy concentration functions Q of % defined as

2(5)
o) = wx, P dx for r>0,

, |x|*
. . . . ) 26(5)

where B, is the ball of radius r in R". Since fRn %dx = 1 for all k£ € N, then by

continuity, and up to considering a subsequence, there exists r; > 0 such that

0)[% 1
O(ry) = f de =3 for all k € N.
B

" | x|

Define the rescaled sequence vi(x,y) := rk% wi(rex, ry) for k € N and (x,y) € Rﬁ”, in
such a way that (v;)rey is also a minimizing sequence for S (1, @, y, s). Indeed, it is easy to
check that v; € X*(R™*!) and that [jwi||* = [[vill?,
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,0)?
lim (ka f YV Pdxdy —y f de) =S(n,a,y,s) (3.6)
k— o0 RTI R® |x|a
and 2,(s) 25(s)
, 0 @ N 2 O @ S
[vi(x, 0)] dx = [wi(x, 0)| de=1.
R |x[* R |x]$
Moreover, we have that
, 0 2:(5) 1
f W O L v ke, (3.7)
B |x]* 2

In addition, |[w|[> = S (n, .7y, s) + o(1) as k — oo, so (3.1) yields that (v; )iy is bounded in
X(R"*1). Therefore, without loss of generality, there exists a subsequence -still denoted
vi- such that

vi = vin XY(R™!) and v(.,0) - v(.,0)in L (R") forevery 1 <gq < 2. 3.8)

loc

We shall show that the weak limit of the minimizing sequence is not identically zero,
that is v # 0. Indeed, suppose v = 0. It follows from (3.8) that

vp = 0in X*(R™1) and vi(.,0) — 0in L;’OC(R”) forevery 1 < g <2:. 3.9)

For 6 > 0, define Bg = {(x,y) € Rﬁ“ (x| < 8}, Bs := {x € R" : |x] < ¢} and let
ne Cg"(RTl) be a cut-off function such thatn = 1in BY and 0 <7 < 1in R,

We use nzvk as test function in (3.5) to get that

2
kaf yl_"Vvk.V(nzvk)dxdy—yf V(X 0)(7ve(x. 0))
! ' b 3.10
Vi (x, 0P« (P vi(x, 0)) 310
=S(n,a,y,s) B dx + o(1).
Rll

Simple computations yield |V(17vk)|2 = |ka77|2 + Vvk.V(nzvk), so that we have
ke fR YUV @vPdxdy — ks fR YV V(v ) dxdy
~k [ " TPy
= ka fE Y VP v dxdy,

where E := Supp(|V7]). Since @ € (0,2), y'~¢ is an A,-weight, and since E is bounded,
we have that the embedding H'(E,y'~%) < L*(E,y'~®) is compact (See [2] and [23]). It
follows from (3.9), that

ke fyl_“IVn|2|vk|2dxdy -0 ask —o oo.
E
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Therefore,
ka f Y Vv Pdxdy = ke f Y OV VO wi)dxdy + o(1).
RT—] RT—I

By plugging the above estimate into (3.10), and using (3.7), we get that

Ivi(x, 0)?
R | x|

vl = ke f 1 Y UV @vlFdxdy -y dx
R

,O 2;,(5)-2 ,O 2
— Sta.y.s) [vi(x, 0)] | |§Invk(x )l )dx+0(1)
R” X|

,0)[%®
<Sn,a,v,s) de+0(1)
By |x*
_S(n,a,y,s) ( Ve (x, 0) 2
B,

276 el

@3.11)

2
25,(5)
dx) +o(1).

By straightforward computations and Holder’s inequality, we get that

(e, O \%O (e, 0) + (1 — pve(x, )P+ \50
—_—dx = dx
B B

|x|* |x[*
1

1
2,(9) 20 — 2:(s) 30
< ( f [7vi(x, 0)] dx) N ( f (1 = pvie(x, 0)] dx)
By |x|5 B |x|S

1 1
vi(x, 0 25(5) PA0) N 0
< ( f pvi(x, 0) dx) . C( (e, Q) dx)
Rn B

|x]$

From (3.9),, and the fact that 2,(s) < 27, we obtain

ve(x, 0)*Pdx - 0 ask — oo.
By

Therefore,

2 2
,0 2,(s) PAD) ,0 2,(s) o)
f M O ) ) < f e O ) 4 o), (3.12)
B |x|5 R” |x|5

Plugging the above inequality into (3.11), we get that

e Ivi(x, 0)?
Il =k [ evaporasay -y [ PEE0a
R

R | x|

S(n.a.y. OO 56
LS a.y S)( Ivi(x ,)| dx) T o(D).
21_m R" |.?C|‘S

On the other hand, it follows from the definition of S (n, @, y, s) that
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e, O\ %0
S(nay.s) ( [ ] ™ < e
Rﬂ

|x[*
2
Sn,a,y, 0 25(5) 0
S0y (e OEY AET
zl_zzzm R” |x[*

Note that 229 < §(n, @, 7, 5) for s € (0,a), hence (3.12) yields that

2 24

- 0)2® L0)2e®)
o(l) = Invi(x, 0)] dx = vi(x )I dx +o(1),
Ry | x| B |x[*
This contradicts (3.7) and therefore v £ 0.
We now conclude by proving that v, converges weakly in R"*! to v, and that
v(x, 0)%
R A

Indeed, for k € N, let 6, = v, — v, and use the Brezis-Lieb Lemma (see [6] and [37]) to
deduce that

0 2,(s) ,0 2,(s) 0:(x,0 2,(s)
1:f [vi(x, 0)] dx=f [v(x, 0) dx+f O OF ),

| x| || | x|
which yields that both
Jo, PEOE g and [, BEOFY g are in the interval [0, 1]. (3.13)

The weak convergence 6; — 0 in X*(R"*!) implies that
ill> = (v + 6> = VP + 166l + o(1).
By using (3.5) and the definition of S (n, a, 7, s), we get that

0)[2()
o(1) = [P = S(n.ary,s) [ B O

Ry [ x|
[v(x, O)Izu(”
(uvu2 Stnavys) [ HERE
Ou(x, 0) )
v (nekn2 ~S(ay.s) %dx) +o(l)
R” X[

2
V x’o 2;,(s) 25,(5) v x,o 2;,(s)
( v(x, 0)] ax) v(x, 0)| dx
R R?

>Sm,a,y,s) T P

2

0.5, O ) 63, 0P
Rn

dx|+o(1).
|x[*

+Sn,a,y,s) {(

R |x[s
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Set now

. o 3
A= (f de)zm _f de
. R~ |X|S R? |x|5 ,
. 2 3
e ([ e - [
| N o Rr ||

Note that since 27 (s) > 2, we have azfrz“) > a for every a € [0, 1], and equality holds if and
only if a = 0 or @ = 1. It then follows from (3.13) that both A and B are non-negative. On
the other hand, the last inequality implies that A + B = o(1), which means that A = 0 and
B = 0o(1), that is

and

* * 2
Iy, 0)P) ( v, 0)P )
——dx = —dx s
Rn

R X |x|*
hence
) v(x, 0)%( v(x, 0)%(
either f &dx =0or f &dx =1.
TR P R Al

The fact that v # 0 yields [, P00 gy 5 0, and [ MO g - 1 which yields that

B Ix*

0
o [ ety -y [ PO g s,
Tl R2

Without loss of generality we may assume v > 0 (otherwise we take |v| instead of v), and
we then obtain a positive extremal for S (n, @, y, s) in the case s € (0, @).

Suppose now that s = 0 and ¥ > 0. By a result in [10], extremals exist for S (n, @, y, )
whenever s = 0 and v = 0. Hence, we only need to show that there exists an extremal for
S (n, @,vy,0) in the case y > 0. First note that in this case, we have that

S, a,7,0) <S7na,0,0). (3.14)

Indeed, if w € X“(R’i”) \ {0} is an extremal for S (n, @, 0, 0), then by estimating the func-
tional at w, and using the fact that y > 0, we obtain

2 |u(x,0)
| L A P

S, a,y,0) = inf x

ueXa R\ (0) (oo luaCx, )P dx) %

Iw(x,0)2
< I ey = ¥ oo M-

(f, w(x, 0)Pidx)

912, e

- = =S, a,0,0).
S oo WCx, 0P d) %
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Now we show that S (n, @, v, 0) is attained whenever S (n, @,y,0) < S(n, a, 0, 0). Indeed,
let (Wi)ken C X”(R’}r”) \ {0} be a minimizing sequence for S (n, @, y,0). Up to multiplying
by a positive constant, we assume that

0 2
lim (ka f YU VwPdxdy -y f de)zS(n,a,y,o) (3.15)
Rﬁ” n

k—o0 |x|a

and

f Iwi(x, 0)edx = 1. (3.16)

The sequence (Ilwkll X(y(RTI)) is therefore bounded, and there exists a subsequence - still

keN
denoted wy- such that wy, — w weakly in X?(R"*!). The weak convergence implies that

2 _ T 2
IR, g, = I = W1 e, + I, ) + 0(1)

and

2 _ 2 2
f o OF [ 1 = wos OF f M OF ) o),
n R"

|x* R | x| |x|*
The Brezis-Lieb Lemma ([6, Theorem 1]) and (3.16) yield that
Wi = w)(x, 0)Pedx < 1,
Rn
for large k, hence

Iwie(x, 0)*
S (n,@,7,0) = Wil s, = ¥ de +o(1)
+ Rn
lw(x, 0)
> |lwy — W”i"(RT') + ”W”if’(]R’f]) -y . de + 0(1)

> S, 0,00 | (we — w)(x, 0 dx)
R}I

+8(n,a,y,0) f w(x, 0)Pedx)% + o(1)
Rn
> S, a,0,0) f |(wi = w)(x, 0)*edx

+S(n,a,y,0) f Iw(x, 0)*dx + o(1).
Rn

Use the Brezis-Lieb Lemma again to get that

S(n,a,y,0) > (S(n,a,0,0) - S(n,a,vy,0) f (W = w)(x, 0)%=dx

n

+8(n,a,y,0) f wi(x, 0)*dx + o(1)
Rn

= (S(n,@,0,0) - S(n,a,y,0) f [(w = w)(x, 0)*edx
Rn

+S(n,a,y,0) + o(1).
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Since S (n, @,y,0) < S (n, @, 0,0), we get that wi(.,0) — w(.,0) in L% (R"), that is

f w(x, 0)%dx = 1.
Rn

The lower semi-continuity of / then implies that w is a minimizer for S (n, @, v, 0). Note that
[w| is also an extremal in X"(R’fl) for S (n,a,7,0), therefore there exists a non-negative
extremal for S (n, @, y, s) in the case y > 0 and s = 0, and this completes the proof of the
case when s = 0 and y > 0.

Now we consider the case when y < 0.

Claim 3.1. Ify < 0, then S(n,a,y,0) = S(n,a,0,0), hence, there are no extremals for
S (n, a,y,0) whenevery < 0.

Indeed, we first note that for vy < 0, we have S (n, @,y,0) = S(n,a,0,0). On the other
hand, if we consider w € X“(Rﬁ”) \ {0} to be an extremal for S (n, @, 0,0) and define for
0 € R, and x € R", the function ws := w(x — dX,y) for x € R" and y € R,, then by a change
of variable, we get

2 ws (0P
Wl ey = ¥ Jo M- dx

(f, o, O)Pidx)

S, a,y,0)<I5: =

> w(x.0)
”W”X" ®h - f]Rn |x+(55€|“ d

([, Wi, 0)Pidn) %

so that

I,

S, a,y,0) < lim Iy = =5, a,0,0).

70 ([ W(x, 0)Pid)

2
2

Therefore, S (n, @,y,0) = S (n, @, 0, 0). Since there are extremals for S (n, @, 0, 0) (see [10]),
there is none for S (n, @, y, 0) whenever y < 0. This establishes (2) and completes the proof
of Theorem 2.1.

Back to Theorem 1.1, since the non-negative @-harmonic function w is a minimizer for
S(n,a,y,s)in X"(Rﬁ”) \ {0}, which exists from Theorem 2.1, then u := Tr(w) = w(.,0) €
H7(R") \ {0} and by (2.1), u is a minimizer for My s(R") in HI(R")\ {0}. Therefore, (1)
and (2) of Theorem 1.1 hold. For (3), let u* be the Schwarz symmetrization of u#. By the
fractional Polya-Szego inequality [33], we have

[, )
||(—A)2u ||L2(R”) < ||(_A)ZMI|L2(Rn)~

Furthermore, it is clear (Theorem 3.4. of [28]) that

[ f |2 f 5 7 f |u* \Zw“)
&n leLl d-x Rn |,C|rr dx and ]R” |X|J Rn ‘xls
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Combining the above inequalities and the fact that y > 0, we get that

AR - [T
=22 s ) = ¥ fo T
|M*|2;(‘Y) ﬁ
(f]R" |xfs dx)%
AR - luf?
NS ullle ~ Y o i

2% (s) %
(. i

My s(R") <

= ﬂy,s(Rn)-

This implies that u* is also a minimizer and achieves the infimum of u, ((R"). Therefore the
equality sign holds in all the inequalities above, that is

(26 [ 265)

¥ Joo %d’f =7 f %d’c and [, Mgmdx = f, Mde

From Theorem 3.4. of [28], in the case of equality, it follows that u = |u| = u* if either
v # 0orif s # 0. In particular, u is positive, radially symmetric and decreasing about
origin. Hence u must approach a limit as |x| — oo, which must be zero.

4 Proof of Theorem 1.2

We shall now use the existence of extremals for the fractional Hardy-Sobolev type inequal-
ities, established in Section 3, to prove that there exists a nontrivial weak solution for (2.4).
The energy functional ¥ associated to (2.4) is defined as follows:

1 |2

2:(8) Jpr |l

Y(w) = %uwn2 - zi f |u > dx — dx forwe X“(R"), 4.1)
a JR”

where again u := Tr(w) = w(.,0). Fractional trace Hardy, Sobolev and Hardy-Sobolev
inequalities yield that ¥ € C 1(X”(R’}fl)). Note that a weak solution to (2.4) is a nontrivial
critical point of ¥.

Throughout this section, we use the following notation for any sequence (Wy)ren €
XO(R*:

uy .= Tr(wy) = wi(.,,0) forall k € N.

We split the proof in three parts:

4.1 Existence of a suitable Palais-Smale sequence

We first verify that the energy functional V¥ satisfies the conditions of the Mountain Pass
Lemma leading to a minimax energy level that is below a suitable threshold. The following
is standard.

Lemma 4.1 (Ambrosetti and Rabinowitz [1]). Let (V,||||) be a Banach space and ¥ :
V — R a C'—functional satisfying the following conditions:

(a) ¥(0) =0,

(b) There exist p, R > 0 such that Y(u) > p for all u € V, with |lu|| = R,
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(c) There exists vy € V such that lim sup ¥(#vy) < 0.
t—o0
Let ty > 0 be such that |[tovol| > R and Y(tyvo) < 0, and define

¢y (P) :=inf sup ¥(o (1)),
o€l 1ef0,1]

where
I':={ceC(0,1,V):0(0) =0and o(1) = tgvy}.

Then, c,,(¥) > p > 0, and there exists a Palais-Smale sequence at level c,,(‘Y), that is there
exists a sequence (Wi)ren € V such that

I}im P(wy) = ¢,,(¥) and klim Y (wi) =0 stronglyinV’.

We now prove the following.

Proposition 4.1. Suppose 0 <y < yg and 0 < s < @, and consider ¥ defined in (4.1) on
the Banach space X*(R"*1). Then, there exists w € X®*(R™*1) \ {0} such that w > 0 and
0 < ¢, (P) < c*, where

a —

s
2(n—s)

¢* = min {;S(n, @,y,0)%, S(n,a,v, s)} (4.2)
n

and a Palais-Smale sequence (Wi)ien in X"(R’f’l) at energy level c,,(‘W), that is,

klim Y(wy) = ¢, (V) and klim W (wp) =0  strongly in (X*(R™1)Y. 4.3)

Proof. [Proof of Proposition 4.1] In the sequel, we will use freely the following elementary
identities involving 2 (s):
1 a-=s

TG T 29 and (2 — a=s’

@ % _n 1
2n° 2,2 a’ 2

-1
24

=

First, we note that the functional W satisfies the hypotheses of Lemma 4.1, and that
condition (c) is satisfied for any w € X?(R™!)\ {0}. Indeed, it is standard to show that
¥ e CH(X*(R™")) and clearly W(0) = 0, so that (a) of Lemma 4.1 is satisfied. For (b) note
that by the definition of S (n, @, v, s), we have that

|| %)

||

_2
dx)%o < |wl.

S, a,vy, O)(f Iulzzdx)% < ||w||2 and S(n,a,y, s)(f
R" R

Hence,

1 1 : . 1 (s .
TWOZ?MV—iSmamﬁY%MW—zﬂ”ﬂmmmwi¥wmm

1
23(s)

a

(4.4)

11 o
- (" = 5o S (na,y, 07w -

2k (s)

-2 25 (5)-2 2
. S, a,y, )77 [wlPe72 ) wl.
2 2
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Since s € [0, @), we have that 2), —2 > 0 and 2(s) — 2 > 0. Thus, by (3.1), we can find
R > 0 such that ¥(w) > p for all w € X*(R""!) with [Wllxe@s+1y = R. Regarding (c), note
that

2 2% 2:(s) 2,(9)
toe toe |ee| %
W(w) = —||w||2 - > | luPedx - ,
2* R? 2;(5‘) R? |X|S
hence lim Y(tw) = —oo for any w € X“(R’f'l) \ {0}, which means that there exists #,, > 0
t—oo

such that IIIWWIIXu(RTl) > Rand Y(rw) < 0, fort > t,,,.
Now we show that there exists w € X*(R"*!) \ {0} such that w > 0 and

() < LS (n,a,y,0)%. (4.5)
2n

From Theorem 2.1, we know that there exists a non-negative extremal w in X%(R"*!) for
S (n, a,y,0) whenever y > 0. By the definition of ¢,,, and the fact that c,,(‘¥) > 0, we obtain

2, .
e (P) < sup WP(rw) < sup f(©), where f(t) = —||w||2 ; f lul*dx Vit > 0.

>0

1

- 2 =
Simple computations yield that f(¢) attains its maximum at the point 7 = [ —L— i LIt
p p y p T

ol dx
then follows that

A%

1 lIwll? o wl> |
Squ(f)—(——z—*) —0] =2— —Q =2 | -
120 o \(f, luPdx)™ "L lulPedx)%

Since w is an extremal for S (n, @, 7, 0), we get that

Cw(\ll) < Sllpf(t) - —S(I’l a,?y, 0)“

>0

We now need to show that equality does not hold in (4.5). Indeed, otherwise we would
have that 0 < ¢,(¥) = sup Y(w) = sup f(@). Consider t; > 0 (resp. t, > 0) where

sup W(tw) (resp., sup f (t)) is attalned We get that

>0

[2 (s)

L)
fw - f e O g = fit),
220 Ju W

which means that f(#;) > f(t,) since #; > 0. This contradicts the fact that #, is a maximum
point of f(z), hence the strict inequality in (4.5) holds.
To finish the proof of Proposition 4.1, we can assume without loss that

a —
2(n—s)

S(n a, y,s)w < —S(n a, y,O)w
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Let now w in X*(R"*!) \ {0} be a positive minimizer for S (n, @, 7y, s), whose existence was
established in Section 3, and set

2 27 (s) 27 (s)

_ t 2 s |u| @

o =Siwie - 5 [ M
2 2:(5) Ju Al

As above, we have

25,(s)
()2

1 1 2
cw(P) <sup f(1) = (5 — = [Iwll
>0 2 26(s) ([ lul amdx)w(‘)
i
= s Y=
201 - )(”“79

Again, if equality holds, then 0 < ¢,(¥) < sup ¥(rw) = sup f(¢), and if ;, 1, > 0 are points
120 0
where the respective suprema are attained, then a contradiction is reached since
o

fe v
f(ll) - lu|“edx = f(lg).

2* RIX

Therefore,

O<CW(lP)<c*:mil’l{ S(nay,())f 2( )S(nafy’s):;s\}
Finally, the existence of a Palais-Smale sequence at that level follows immediately from
Lemma 4.1.

4.2 Analysis of the Palais-Smale sequences

We now study the concentration properties of weakly null Palais-Smale sequences. For
0 > 0, we shall write B; := {x € R" : |x| < ¢} .

Proposition 4.2. Let 0 <y < ygand 0 < s < a. Assume that (Wy)ew is a Palais-Smale
sequence of ¥ at energy level ¢ € (0,c*). If wy — 0 in X*(R™") as k — oo, then there
exists a positive constant €y = €n,a,vy,c,s) > 0 such that for every 6 > 0, one of the
following holds:

: 2 g T e 5 .
1. lim sup fgﬁ |ug|7*dx = lim sup fgﬁ dx =0;
k—o0 k—o0

|x*

g P

T dx > g.

2. limsup fgﬁ lup«dx and lim supr
k—o00 k—o0

The proof of Proposition 4.2 requires the following two lemmas.

Lemma 4.2. Let (Wy)ren be a Palais-Smale sequence as in Proposition 4.2. If w, — 0 in
X"(RTI), then for any D cc R" \ {0}, there exists a subsequence of (Wi )ren, Still denoted
by (Wi)ken, such that
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2 2:(s)
1imf@dx= 1imf|uk| dx=0 (4.6)
k—o0 D |x|af k— o0 D |_x|5
and
lim f lug>*dx = lim f [(=A)3 u|Pdx = 0, 4.7)
k—oo Jp k—o Jp

where uy := wi(.,0) for all k € N.

Proof. [Proof of Lemma 4.2] Fix D cc R" \ {0}, and note that the following fractional
Sobolev embedding is compact:

Hi[R") — LY(D) for every 1 < g <2;.
Using the trace inequality (2.2), and the assumption that w; — 0 in X*(R"*!), we get that
ur — 0 strongly forevery 1 < g < 2;.

On the other hand, the fact that |x|~" is bounded on D cc R” \ {0} implies that there exist
constants Cy, C, > 0 such that
2
0 < lim f bael” o < Cylim | |ul*dx
k—oo Jp |x|a k—oo Jp

and
| uk|2é(s)

0 < lim dx < C, lim f e dx.
k— o0 D |_x|s k—o00 D

Since s € (0, @), we have that 1 < 2,2 (s) < 27. Thus, (4.6) holds.
To show (4.7), we let n € CS"(RT‘) be a cut-off function such that n. := 7(.,0) €
Cyr®R*"\{0}),n.=1inDand0 <n < 1in R"*!, We first note that

b [ vemoPddy =k, [y O Pdsdy o) @)
R R
Indeed, apply the following elementary inequality for vectors X, Y in R**!,
X + Y7 = IXP| < CXIIY] + (Y1),
with X = yl’Ta nVwiand Y = yFTd wi Vn, to get for all k € N, that

V@Ol =y Vwel| < C (3" I Vwellwi Yl + ' wiVl)

By Holder’s inequality, we get

f YV @wP dxdy - f Y Vi dxdy
RA*

n+
R+

— 1 -
< Calwillern ( Y " wildxdy)? + Cs f Y wildxdy  (4.9)
Supp(Vn) Supp(Vn)

<Gy [( f Y "y Pdxdy)? + f y"‘*|wk|2dxdy].
Supp(Vn) Supp(Vn)
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Since the embedding H' (Supp(Vn), y'~*) < L*(Supp(Vn), y'~*) is compact, and w; — 0

in X*(R™1), we get that
f Y wilfdxdy = o(1),
Supp(Vny)

which gives

f YV OwPdxdy = f T VP dxdy + o(1).
R+ RY*

Thus, (4.8) holds.
Now recall that the sequence (wy)ren has the following property:

kh_)rgo W (w;) =0  strongly in (X*(R™")Y. (4.10)
Since 7wy € X*(R™) for all k € N, we can use it as a test function in (4.10) to get that
o(1) = (¥ (wi), m*wi)

12y |

= ke f Y VWi, Varrwe))dxdy — y f dx
R R X

20, 125(8)
- Uk~
_f le|uk|2“d)€—f udx
R” n |x|3

Regarding the first term, we have

Rﬁ“ Riﬂ
+ka f WY@, Yy
R

From Hoélder’s inequality, and the fact that w; — 0 in Lz(Supp(anD, y'79), it follows that

as k — oo,

ke f Y Vg, Varwo))ddy — ke f Vi Rdxdy
RT] RTI

e f Y WV (), Vwidxdy
RTI
< ke f Y WV IV wildxdy
RT—]

<C f Y Wil Vwgldxdy
Supp([Vnl)

1

2
- 2
< C||Wk||xu(R1+')(f Y il dXdY)
Supp(|V))

= o(1).
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Thus, we have proved that

ke f YV, VawoYdady = ke f Vi 2dxdy + o(1).
RT—I 1

R
Using the above estimate coupled with (4.8), we obtain

o(1) = (¥ (wi), 7w

1 2 2l
= kaf Yy ¥ nVwy|“dxdy — yf dx
R+ kX

21 125(5)
. uy |
_f n§|uk|2udx_fwdx+0(1)
n k  xlf

= ko f Y UV Gwi)Fdxdy — f niluw*dx + o(1)
RTI Rn

> [lpwill> - fRn P lugl>dx + o(1)  ask — oo,
where K = Supp(77..). Therefore,
lIpwil* < i e Pl 2dx + 0o(1)  as k — oo.
By Holder’s inequality, and using the definition of S (n, @, y, 0), we then get that

2 252
2;, 25,
2 o+ @ o+ @
llgwil|” < ( |ty "dx) ( et | wdx) +o(l)
R”

Rn

2% 2
252
£

2a
ssm,a,y,orlnnwknz( f |uk|2wdx) +o(1).
Rn

Thus,

242
ll - S(n,a,,00" ( f |uk|2fvdx) ‘nnwknz < o(l).

In addition, it follows from (4.3) that
Lo
W(wg) - 5(‘*’ (W), wi) = ¢ +o(1),

that is,

11 5 1 1 [ |7
- - vdx + (= — dx = c+o(1),
G 22)1}; il dix + (5 2;;(s))fn hp e o(1)

from which follows that

. 2
f Iuk|2wdx < Enc +o(l) ask — co.

547

.11

4.12)

(4.13)

4.14)

(4.15)

(4.16)
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Plugging (4.16) into (4.14), we obtain that
120 e 2
1 =S8, .7, 00 ()" | lImwill” < o(1) as k — co.
On the other hand, by the upper bound (4.2) on ¢, we have that
c< LS a,y,00%.
2n

This yields that 1 — S (n,,y,0)'(2¢)" > 0, and therefore, I}im lpwil> = 0.
Using (2.1) and (3.1), we obtain that

gmﬂleAﬁmmme=ymha[ YV @wlPdxdy = 0.
— JRn —00 RT]

It also follows from the definition of S (n, @, 7y, 0) that klim fRn |77*uk|23dx = 0, hence,

lim | |[(=A) (gup)lPdx = lim | [pagl*edx = 0.
k—oo Jpn k—oo Jpn

Since 77, = 1, the last equality yields (4.7).

Lemma 4.3. Let (Wi)ren be Palais-Smale sequence as in Proposition 4.2. For any 6 > 0,
set

2;(s)
0:= hmsupf luage| > dx; { :=lim sup | —dx and
k—o0 Bs k—o0 B; |x|

4.17)

2
= lim supf (I(—A)Zuklzdx - 7|ukL )dx,
k—oo Bs |.X|
where w, = Tr(wy) = wi(.,0) for all k € N. If wy — 0 in X*(R™") as k — oo, then the
following hold:

2 2
1. 0% <Sn,a,y,0) 'y and (%0 <SS, a,y,s)
2. p<L6+¢.

Proof. [Proof of Lemma 4.3] First note that it follows from Lemma 4.2 that 6, and u are
well-defined and are independent of the choice of 6 > 0. Let now 17 € C’ (R™1) be a cut-off
function such that 7, :=1(.,0) = 1 in Bs, and 0 < 5 < 1 in R?*1,

1. Since nwy € X*(R™*!), we get from the definition of S (n, @, y, s) that

2
* 2 5
S@m%m<|mm%m%smf fﬂWWM%erfwﬂﬁdx 19
R® R" +1 R? x|¢
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On the other hand, from the definition of i and (2.1), it follows that

o i
il = ke f Y N Gwi)Pdxdy —y f 12 dx
R+ re 1A
2
- f (|<—A)i<n*uk>|2—y'”*”k' )dx
R |x|"‘

_ . luag |* o 2 |77*’4k|2
= I(=A)*uel” —y— | dx + |(=A)* (un)l” — y——— | d~x,
By |x| Supp(7.)\Bs |x|

and

* 2 * 2
(| lufrdn® < f o)
B(; R»

Note that Supp(n.) \ Bs cc R" \ {0}. Therefore, taking the upper limits at both sides of
(4.18), and using Lemma 4.2, we get that

2 a 2
S, 7,0 | |wldx)% < f (|(—A)4uk|2dx - YM)dx +o(l) ask— oo,
Bs

Bs | x|
which gives

0% <S(n,a,vy, O)_l,u.
Similarly, we can prove that
2
{50 <S(na.y,9) '

2. Since 7wy € X*(R™1) and (¥’ (wy), n*wy) = o(1) as k — oo, we have

o(1) = (¥’ (wi), 1 wi)

2
=k, f Y (V. VarPwe)dxdy — y f UL
R+ R X

21, 125(s)
_ 2002 g 75|
fR,,"*m' dx f BTt (4.19)
2
z(ka f Y InVwiPdxdy —y f -t dx)
i+ R Xl

: o
- [ pubrax [P avak, [ 3w Seodsdy.
R n X[ RTI

By Holder’s inequality, and the fact that w; — 0 in L>(Supp(|V7]), y'~), we obtain that
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ke f Y WKV @), Vwddxdy
RTI

<ka f Y WV IV wildxdy
R

<C f Y Wil Vwildxdy
Supp([Vnl)

< Clwllxe e Wellz2suppwah.y-o)
<o(l) ask — oo.

Plugging the above estimate into (4.19), and using (2.1), we get that

o(1) = (¥ (wy), 1w

_ I-a 2 TR
=k, y YV wp)|“dxdy — vy dx
erl n |X|a

2|M |2(*,(x)

* k

: f PlPedr— | T gy
n n |.x|s

2
= f , (|<—A>3<n*uk)|2 —VM)dx

| x|
2 25 (s)
22 ;g
- ugl“edx — ———dx
fﬂ 17k fn P
2 25 (s)
a 5 [k 2+ g |
> f (|(—A)4uk| —y )dx— lug P dx v
B |x] Bs Bs BY}

2 20, 125(8)
U . g |
—f (yudx+nf|uk|2ddx+ w)dx+o(l).
Supp(17.)\Bs

|| |x[*

Noting that Supp(#.) \ Bs cC R" \ {0}, and taking the upper limits on both sides, we get
thatuy <6+ ¢.

Proof. [Proof of Proposition 4.2] It follows from Lemma 4.3 that

0% < S(na,y,0)0 ' u< S ay,070+Smay,00'z,

which gives

2%-2
Gé(l -S(n,a,y,007'07% ) < Sn,a,y,0)'¢. (4.20)
On the other hand, by (4.15), we have
2n
6< —c.
a

Substituting the last inequality into (4.20), we get that

2

2 o
(1-Sma.y. 0)“(;”@%)02: < S(ma.y,0)7'¢.

Recall that the upper bounded (4.2) on ¢ implies that
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2 [°3
1- S a,y, 0)*1(;’%); > 0.

2
Therefore, there exists 6; = d;(n,a,y,c) > 0 such that 6% < §;{. Similarly, there exists
2

6, = 62(n, a,y, ¢, s) > 0 such that /%® < §,0. These two inequalities yield that there exists
€ = €(n,a,vy,c,s) > 0 such that

either  6=¢=0 or {0>¢and{ > ¢}. 4.21)

It follows from the definition of 6 and £ that

. e
either lim supf ltg|“*dx = lim supf dx =0;
B(s Bri

k—o0 k—oo0 |x|S
. R
or lim sup |ug|dx > € and limsup —dx > €.
k—oo  JBs koo JB; X

4.3 End of proof of Theorem 2.2

We shall first eliminate the possibility of a zero weak limit for the Palais-Smale sequence of
Y, then we prove that the nontrivial weak limit is indeed a weak solution of Problem (2.4).
In the sequel (wi)ren Will denote the Palais-Smale sequence for ¥ obtained in Proposition
4.2.

First we show that
lim sup f |ty | > dx > 0. (4.22)

k—o0
Indeed, otherwise klim fRn |ug|**dx = 0, which once combined with the fact that (¥’ (wy), wi)

— 0 yields that
5 [ug |2
[lwell* = ———dx+o(l) ask — oo.
re X0

By combining this estimate with the definition of S (n, , v, s), we obtain

2

|”k|2r’(s) %0 -1 2

( *E dx <Sma,y, ) |wll
Rn

P9

<S(n,a,v, s)_1 dx + o(1),

R? |x|s

which implies that

200 \%w O
™V = saany o[ M 05| < o).
re |l R [l
It follows from (4.2) and (4.15) that as k — oo,
Juag |5 n—s 1y T S e
dx =2c +o0o(1) and (1-Sna,y,5) (2c )ms) > 0.

re XIS a-—s a-—=s
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Hence,

2,(5)
lim f ™ 0, (4.23)
RU

k—o0 |x|s

Using that l}im L{ lugl?dx = 0, in conjunction with (4.23) and (4.15), we get that c+o(1) =
0, which contradicts the fact that ¢ > 0. This completes the proof of (4.22).
Now, we show that for small enough € > 0, there exists another Palais-Smale sequence

(Vi)ren for W satisfying the properties of Proposition 4.2, which is also bounded in X¢(R"*!)
and satisfies

f lve(x,0)**dx = € forall k € N. (4.24)

B
For that, consider € as given in Proposition 4.2. Let 8 = lim sup J]‘Rn lug|**dx, which is
k— o0

positive by (4.22). Set € := min{f, %0} and fix € € (0, ;). Up to a subsequence, there exists
by continuity a sequence of radii (7 )ren such that fB lug|**dx = € for each k € N. Let now
Tk

na

ve(x,y) := rkzn wi(riex, ry)  forx e R"and y € R,.

It is clear that
f [vi(x, 0) %o dx = f lugl*dx = € forall k € N. (4.25)

By B’k

It is easy to check that (vi)rey is also a Palais-Smale sequence for W that satisfies the
properties of Proposition 4.2.

We now show that (vi)ien is bounded in X"(Rﬁ“). Indeed, since (vi)ren is a Palais-
Smale sequence, there exist positive constants Cy, C; > 0 such that

1
Ci+ Cof il =2 ¥(wi) - 2*—(s)<‘1"(Vk), Vi)

> (2 e+ (o - 5

27 2;0)"™ T\ T 2
11 5

=3 5

The last inequality holds since 2 < 27(s) < 2;,. Combining (4.26) with (3.1), we obtain that
(Viker is bounded in X@(R™H).

It follows that there exists a subsequence — still denoted by v, — such that vy —
vin X“(R™!) as k — co. We claim that v is a nontrivial weak solution of (2.4). Indeed,
if v = 0, then Proposition 4.2 yields that

) f v (x, 0)**dx (4.26)
RIX

either lim sup f [ve(x, 0)*dx = 0 or limsup f Ve(x, 0)*dx > &.
B

k—o00 k—oc0 By

Since € € (0, 2), this is in contradiction with (4.25), thus, v # 0.
To show that v € X*(R"*!) is a weak solution of (2.4), consider any ¢ € Cy (R™1), and
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write
o(1) = (' (), @)

,0
— kﬂff yl—(y(vvk, Veddxdy — ,yf de
R+ R? |.X|a’/

: L0+ 2y,(x, 0
e, O vy, Oyt — [ Lo O 7okl D)
R R |x|*

4.27)

Since vx — v in X?(R"*!) as k — oo, we have that
f YV, Voddxdy — YUYy, Vo)dxdy, Yo e Cy R,
RTI RTI
In addition, the boundedness of v; in X*(R"*!) ylelds that v(., 0), [ve(., 0)]%2v(., 0) and
24,(5)
[vi(., 0)[% 2y, (.,0) are bounded in L*(R", |x|™), LZ* T(R™) and L% (R", |x|™*), respec-
tively. Therefore, we have the following weak convergence:

ve(.,0) = v(,,0) in L2(R", |x|™®)

e O 20 0) — (L O 20(,0)  in LET(RY)

G O 20, 0) = (. OP (. 0) i LEOT (R, |af™).
Thus, taking limits as k — oo in (4.27), we obtain that

=(¥Y'(), )
0
= k”f Y= (Vy, V(p)dxdy—yf v, )(pdx
n+l n

|x|01
; 029 2(x. 0
v(x, 0)%~2v(x, 0)pdx — [v(x, 0)] | v(x, 0)p
R? - |x|b
Hence v is a weak solution of (2.4).

dx.
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