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Abstract
In this paper, we investigate a Kirchhoff type elliptic problem,

{- (1+b [, IVuPdx) Au = Au+u’, u>0in Q, ®

u =0ondQ,

where Q C R? is an open ball, 1 € R and b > 0. We give an extension of the result by
Brezis-Nirenberg in 1983 to the case b > 0. In particular, we can observe several effects
of the nonlocal coefficient on the well known results related to the existence, nonexistence
and uniqueness.
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1 Introduction
We investigate the Kirchhoff type elliptic problem,

—(1+b [ IVuPdx)Au = du+ 1’ in Q,
u>0inQ, (P)
u=0o0nodQ,

here Q is a 3 dimensional open ball. We regard A € R as a given constant and b > 0 as a parameter.
In this paper we prove the existence of solutions of (P).

The characteristic principal term of the equation of (P) has its origin in the theory of nonlinear
vibrations. In [27], we can find the following equation which describes the free vibration of stretched
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strings,
Fu ( Ea f Ll ou
— - |1+ = —
or? 2ToL Jo |0x
where ¢? := Ty/m and u : [0,L] — R denotes the amplitude of the vibrating string. Moreover
m, Ty, E, a, L are several physical quantities which respectively denote the mass per unit length, base
tension, Young modulus, cross section and base length of the string. The nonlocal term appears as
a consequence of taking account the change of the tension on the vibrating string which is induced
by the change of its length. The equations of this type were first considered by Kirchhoff [16] and
several researchers on physics.
In addition, we can also find such Kirchhoff type wave equations on mathematics. In [7][8][11]
[15][21][30], we can observe the equations such as,

2 2
ou
dx|— =0, P
x)ax2 (Po)

62_“-Mf|V|2dA—(t) P1)
i , ul~dx|Au = f(x,t,u), 1

where M : Rt — R* is some continuous function. By their works the solvability of the equation
(P) under several boundary conditions, initial data and hypotheses on M is investigated. For the
details see the survey [6]. Our problem (P) can be regarded as a stationary problem of (Py).

After the work by Alves, Corréa and Ma [4], several Kirchhoff type elliptic problems have been
investigated extensively. We refer to [3]-[5][12][13][18]-[20][23]-[25][28][33][34][37][38] and so
on. They apply the variational or topological methods to their problems and successfully prove the
existence of their solutions. In this paper we also investigate the solvability of such a Kirchhoft type
problem (P).

Here we note that the right hand side of the equation of (P) has the critical term . Thus (P) has
the typical difficulty in proving the existence of solutions. In our problem this difficulty is caused by
the lack of the compactness of the Sobolev embedding H(I)(Q) — L5(Q). In view of this, the critical
problems of Kirchhoff type equations for three dimensional case have been already investigated in
[31[S1[13]11241[33][37]1[38]. See [25] for the four dimensional case and [12], [20] for the general
dimensional one. Here note that if we do not have the lower order perturbation term in the equation
of (P), that is, if A = 0 and further Q is strictly star-shaped, (P) has no solution (as proved in Section
2). Thus it is natural for us to try to get the solvability of (P) with 4 > 0 following the idea by
Brezis-Nirenberg [9]. In this point of view the problem (P) with Au? and 1 < g < 5 instead of Au
has already been investigated by [12], [24] and [38]. By their works a certain extension from the
result in [9] to the case b > 0 is accomplished. In [12], Figueiredo considers the case 1 < ¢ < 5
(we remark that he rather deals with more general dimension and the nonlocal coefficient). He gets
the existence if 4 > 0 is sufficiently large. In [38], Xie, Wu and Tang treat the case 3 < ¢ < 5
and conclude the existence for all A > 0. A similar problem is investigated in [24] with additional
existence and nonexistence results. But there is no work for the delicate case ¢ = 1. In this paper,
we deal with such a linear perturbation case. We emphasize that in this case we can find several
effects of the nonlocal coefficient on the well-known existence, nonexistence [9] and uniqueness
[11[2][17][26][31][39] results for the case b = 0.

1.1 Main result

Here we note a result by Brezis-Nirenberg. In [9], (P) with b = 0 is treated. Their result for the
three dimensional case can be read as, “If and only if 4;/4 < A < A; there exists a solution of (P)
if b = 07, here A; > 0 is the principal eigenvalue of —A on the open ball. In this paper, we extend
this result above to the case b > 0. To make the comparison between our result and the one by [9]
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clear, we fit our situation closely to the one in [9]. That is, we assume € is an open ball and further,
consider the coefficient of —Au in (P) as (1 +b fg |Vu|?) which is usually treated as (a+b fQ |Vul?) for
arbitrary a > 0. Moreover we regard A € R as a given constant and b > 0 as a parameter in contrast
to the treatments in [12], [24] and [38]. Then the existence for the case b = 0 is completely given by
[9]. Our interest is to find several effects of a Kirchhoff type perturbation on the result above. Our
main theorem is the following.

Theorem 1.1. Let Q be an open ball and A € R be a given constant. Then the following assertions
hold.

(i) If A < A,/4, (P) has no solution for all b > 0.

(ii) If 11/4 < A < Ay, there exists a constant By = By(1) > 0 such that (P) has a solution for all
0<b< B,

(iii) If A = Ay, there exists a constant By = B3(d;) > 0 such that (P) has a solution for all
0 < b < B3 and (P) has no solution for b = 0.

(iv) If 41 < A, there exists a constant By = B4(1) > 0 such that (P) has a solution for all b > By.

Remark 1.1. The conditions for » > 0 to be small in (ii) and (iii) are essential. In fact we can prove
that (P) has no solution if 0 < A < A; and b > 0 is large. See Section 3.2 below.

Remark 1.2. We can expect the multiplicity of solutions for (P) for the case 4 > A1;. We give a
remark on the multiplicity in Section 4.2.

We make a comment on Theorem 1.1 (iii) and (iv). As we stated before, in the case A > Ay, (P)
has no solution if » = 0. But our theorem says that even if 4 > A;, (P) does have a solution, thanks
to b > 0 in the appropriate region. In many works on Kirchhoff type elliptic problems, the authors
often seem to consider that the Kirchhoff type perturbation disturbs the existence of solutions of
their problem or prevent them from proving the existence. Consequently some of them put some
strong conditions on their nonlinear terms (for example, the 3-superlinear condition is assumed
to get the mountain pass solution which is observed in [34] etc.) and the others elaborate some
improvement for the proof to overcome such difficulties. But our result implies that the Kirchhoft
type perturbation can help the solvability of the problem. Furthermore as remarked above, the
Kirchhoff type perturbation permits the problem to have multiple solutions for the case 1 > A;.
This fact suggests that the nonlocal perturbation may break the uniqueness of solutions observed by
[11[2][17][26][31][39] for the case b = 0. A breaking uniqueness effect of the nonlocal coefficient
on the inhomogeneous problem has also found in an earlier work, see [10]. These existence and
breaking uniqueness phenomena induced by the nonlocal perturbation are new knowledges among
recent researches in Kirchhoff type nonlinear elliptic problems.

Finally we note that on Theorem 1.1 we still have a question, the existence or nonexistence for
the case 4 > A; with small b > 0. At least we can say that, from the variational point of view, we
clearly expect the condition b > 0 to be large in (iv) is essential.

1.2 Organization of this paper

This paper is organized as follows. In Section 2, we prove Theorem 1.1 (i). In Section 3, we
demonstrate Theorem 1.1 (ii), (iii) and the nonexistence for large b > 0. In Section 4, we conclude
Theorem 1.1 (iv) and make a remark on the multiplicity of solutions for the case 4 > A;. In the
proof, we use a same character C to denote several positive constants. Note also that we denote
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B(x,r) as a 3 dimensional open ball centered at x € R with radius » > 0 or an open ball in Hé Q)
topology centered at x € Hé(Q) with radius 7. In the followings we denote the usual Hé (€2) norm as

1= (f IVaPaz)

1.3 Weak solutions of (P)

Here we give the definition of the weak solutions of (P). We say u € Hé(Q) is a weak solution of
(P), if and only if u satisfies

(l+b||u||2)fVu-Vhdx—/lfu+hdx—fuihdx=0, (1.1)
Q Q Q

forall h € H(‘)(Q), where u, := max{0,u}. Applying the usual elliptic regularity argument and the
strong maximum principle, we can conclude that every weak solution of (P) is a classical solution
of (P)evenif b > 0.

1.4 A priori estimate

We can get a priori estimate for the solution u of (P) if b > 0 as follows. Let 1;/4 < A and b > 0 be
in the appropriate region. We have if 4 < 4,

401 1)°
0<”””<{Z(Z_Z)} , (1.2)

- ) w31

In fact, put C := (1 + b|ju||*)""/4. Then v := Cu satisfies

andif 4 > A4,

_Av:1++||u||2"+v5’ v>0in Q,
v = 0 on 0Q.

From [9], it follows that
A A

—<——<A
4 1 + bljul)?
This proves (1.2) and (1.3).

2 Thecase 1< A,/4

In this section, we prove Theorem 1.1 (i). The argument is strictly based on that in [9]. Firstly we
consider the case 4 < 0. In this case, we use the following Pohozaev type identity [29] (see also
[32]) for the solutions of (P).

Lemma 2.1. Let u be a solution of (P) and put g(t) := At + £. Then the following identity holds.

ou

1 2 1 2 2
A+ Slell) )f|vu|2dx—3fc;(u)dx+—( PO ("
2 Q Q 90 9

do=0 (2.4)

2 dv
where G(t) := fou g(8)ds, v and 0/0v denote the outer normal vector and the outer normal derivative
on 0Q respectively, and further do is the 2-dimensional surface measure on 0C.
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Proof. For every solution of (P), applying the well known procedure, the proof is straightforward.

We give the following theorem.
Theorem 2.1. Let Q be strictly star-shaped and A < 0. Then (P) has no solution for all b > 0.

Proof. Utilizing (2.4), we can clearly conclude the theorem by the usual argument.

Next we consider the case 0 < A < A, /4.
Theorem 2.2. If Q is an open ball and 0 < A < A1 /4, there exists no solution of (P) for all b > 0.
Proof. For simplicity we assume Q = B(0, 1). Then applying the similar argument to that in [14],

we can confirm that every solution of (P) is radially symmetric even if b > 0. Consequently every
solution of (P) satisfies
—AQP) (w” + 2u') = Au+u’ in 0, 1),
u>0in[0,1), (P))
u'(0) = u(1) =0,
where we put A(||ul|?) := 1 + b||u||> for simplicity. Now let 0 < A < A,/4 and u be a solution of (P,).

We take a smooth function  such that (0) = 0. By a similar procedure to that on Lemma 1.4 in
[9], we have a variant of the Pohozaev type identity,

1 1
2A/// r\.2 2f 6 27 A/ 2
— A dr = = - dr+ —=u'(1 1). 2.5
[ (G s aw)rar=3 [ (o= P )ar+ Sucru 3)

For reader’s convenience, we show the proof of (2.5). Multiplying the equation in (P,) by r’yu’ and
integrating by parts, we have

1 2
A f P (rw— ﬂ)dw Wy
0

’ (2.6)
1 2,17 1 :
1
= Af(; u? (rw+ ’”2@1’ )dr+ 3 f(; ut (2rl//+ rzw’)dr.
On the other hand, multiplying the equation by (rzt/// 2 - rzﬁ) u, similarly we get
1 1 A 1
Af ' [? (—rzlp' - r(//) dr— — f wriy' dr
0 2 4 Jo
(2.7)

1 1
= /lf u? (lrzzﬂ’ - r(ﬁ) dr + f u® (lrzlp’ - rlﬁ) dr.
0 2 0 2
Combining (2.6) and (2.7) we obtain (2.5). Now we take
Y(r) = sin ((42/4)"r).

Observe that (0) = 0 and (1) > 0 since A; = x> (with the first eigenfunction |x|~" sin(zr|x])) and
A > 1. Then we have a similar contradiction to that in [9] by (2.5) and the facts that

A
Zw"' + Ay =0 and ry— 2y > 0in (0, 1].
This completes the proof.

Proof of Theorem 1.1 (i). Assume Q is an open ball. Then the proof is obvious by Theorem 2.1 and
Theorem 2.2.
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3 Thecase 1,/4 <A< 4

In this section, we deal with the case A4;/4 < A < A;. We show the existence for small » > 0 and
nonexistence for large b > 0.

3.1 Existence for small b > 0

As the main argument, we prove Theorem 1.1 (ii) and (iii). We suppose Q = B(0, 1) for simplicity
and fix 4;/4 < A < 4;. If b = 0, the conclusions are in [9]. Hence here, we give the proof for the
case b > 0. Butif b > 0, the minimizing argument in [9] does not seem to work. Thus we apply the
mountain pass theorem here. We define the energy functional associated to (P) so that

1 b A 1
Iy(w) = P + 2t - 5 fg - 2 fg WS,

Clearly I, is well-defined and continuously Fréchet differentiable on Hé (€2). We shall ensure the
existence of a nontrivial critical point of /. The one of the main arguments lies in ensuring the local
PS condition for 7. To this aim, we give the following lemma.

Lemma 3.1. Let b >0, A < Ay and {u;} C H(l)(Q) be a (PS). sequence with

1 b 1
—Cx+-C2 - —(C3
RS RCVRL T EN
where S > 0 is the usual Sobolev constant defined by
2
fQ |Vul|~dx

S:= inf =2
weHy@\O) ( [, ubdx)s

and Cx = Cg(b) := (bS3 + A/(bS3)? + 4S3) /2. Then there exists a function u € Hé (Q) such that
(uj)s — uyin LO(Q) up to subsequences.

Proof. We first claim that {u;} is bounded in Hé(Q). In fact, since /,(u;) — c and Ij(u;) — 0 in
H™'(Q), the Poincare inequality and our assumption A < A; imply

1 1
c+ 1> I(uy) - E(I;(uj), uj) + g(lg(uj), uj)

1 A b
: (1 _ Z) P+ = s

\%

b
Tl =l

for large j € N. As b > 0, this proves the claim. Hence by the weak compactness of Hé (Q2) and the
compactness of the Sobolev embedding, we have

u; — u weakly in Hé (Q),
u; — uin LA(Q),

uj — uae. ong,
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up to subsequences but still denoted {u;}. Furthermore by the second concentration compactness

lemma [22], we can assume that there exist an at most countable set J, points {xi}re; C 5, and
values {uehiess Velies C R with

Svi < (ke ) (3.8)

such that,

Vi = dpp = Vul + ) s,
keJ

6 6
@) = dv=ul + > vidy,
keJ

in the measure sense, here §, denotes the Dirac delta measure concentrated at x € R with mass
1. Now we claim J = (. To show this, we assume J # 0 on the contrary. Then fix k € J. For
€ > 0, define a smooth test function ¢, in R? such that ¢ = 1 on B(x, &), ¢ = 0 on B(xg,2¢)° and
0 < ¢ < 1 otherwise. We also assume |V¢,| < 2/e. Again since [;(u;) — 0in H™'(Q) and {u;} is
bounded, we have

0= }Lrg(lé(uj)a Uujge)

_ 1im{(l+b f |Vu,|2dx) f Vi, - Vubs)dx

—fwﬁ%w—fmﬁ%w} (3.9)
Q Q

Here note that

lim ’f(Vuj-ngE)ujdx =o(1) (3.10)
Jj—o0 o)
and
lim ‘f(uj)iqﬁgdx =o(1) 3.1D)
Jj—oo Q

where o(1) — 0 as & — 0. (3.11) is obvious by the L*(Q) convergence of {u ;1 and the assumption
on ¢.. We show (3.10). Using the boundedness and L2(Q) convergence of {u;} and utilizing the
well-known inequalities and the assumption on ¢., we calculate as

(1+b f IVujlzdx) f (Vu; - Vo u;dx
Q Q
%
< Clim {(f |Vuj|2dx) (f |MjV¢g|2dx)
J—e Q QNB(xy,2¢)

1

6 3

< C( f u6dx) ( f |V¢8|3dx)
QNB(x;,2¢) QNB(x;,2¢)

1
6
sc(f u"dx) —0ase— 0,
QNB(x;,2¢e)

where C > 0 is some constant. This shows (3.11). By (3.9)-(3.11) and the measure convergence

lim

J—o0

[STE
——
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above, we get

0= lim {(1 +b f |Vu,-|2dx) f IVu > pedx — f (uj)i(ﬁgdx} +o(1)
J— Q Q Q
= (l +bfdu)f¢gdu—f¢gdv+o(l)
Q Q Q

Taking € — 0, we conclude
0> (1 + b — -

Finally using (3.8) we obtain,

Hr = Ck (3.12)
and
Ck
Vi > 3 (3.13)

Then since /;,(u;) — ¢ and I} (u;) — 0 in H'(Q), we have

1
¢ = lim {Ib(l/lj) - ZUZ,(”,‘), Mj)}
Jjooo

. 11 I 1 1 1
= {5 =)= =3) [t (5 -5) [t
1

(LY (L) (!
Sl UYL VY Lo RS A

where for the second inequality we use the Poincare inequality and the assumption A < A; and for
the last inequality we use (3.12), (3.13) and the fact that Cx + bC% — C3/S?® = 0. This contradicts
our hypothesis on ¢. Thus J = 0. It follows that

f(uj)idx - fuidx as j — oo.
Q Q

Remark 3.1. We can easily confirm that u is nonnegative. In fact, since {u;} is bounded, we can
assume that ||u j||2 — B for some value B > 0. If B = 0, we finish the proof. If not, noting that we
can suppose u; — u weakly in Hé(Q) and (u;); — uy in LP(Q) forall 1 < p < 6, we have

(1+bB)fVu~Vhdx=Afu+hdx+fuihdx,
Q Q Q

forall h € Hé(Q). Taking 7 = —min{u, 0} =: u_, we ensure the claim.

This leads us to the proof.

Here as in [9], we shall prove a lemma which shows a mountain pass level of I, is below the
desired value. To the first, let us recall the argument by [9]. They choose the Talenti function [36]
to estimate their mountain pass level. Note that by an appropriate rescaling, the function can be
considered as a positive solution of the critical problem in whole space,

—AU = U’ inR3,
U(x) — 0 as |x| = oo,
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which is given by
C()S%
Ue() = ———
(82 + x = xoP)*

for some constant Cy > 0, every value & > 0 and point xo € R3. Actually if we rescale U, by an
appropriate constant,
1
C 2
V, = (—K) U,

2

we can easily check that V, satisfies the Kirchhoff type critical problem in whole space,

V(x) — 0 as |x| — oo.

{— (1+b [, IVVPdx)AV = V¥ in R?,
Furthermore the energy of V, is obtained by
1 1

1 b 1 b
SIVelli o + ZIVelli, - 2 fR Vidx=5Cx+ S Ci - o S3c;<

where [|-[]12 := ( j;@ [V-|?dx)"/?. Thus it is natural to use the Talenti function to estimate our mountain
pass level too.
Now recall our assumption, Q=B(0,1). For all £ > 0 we introduce the cut off Talenti function,

where 7(r) := cos(nr/2) is a cut off function which satisfies 7(0) = 1 and 7/(0) = 7(1) = 0. We
normalize u, as v, := ug/( fg ugdx)” 6. Then we estimate

J, IVvsPdx = S + Ze + O@?),
Jyvodx =1, (3.14)
fg Vidx = ag + O(?),

where a > 0 is some constant. We prove the next lemma.

Lemma 3.2. For every A, /4 < A, there exists a constant B = B(1) > 0 such that for all 0 < b < B,

S I(t)<1C +bc2 lc*
u Ve) < = —Cx — —=C;
o 2K T YK T gea K

if e > 0 is small enough.

Proof. Let v, be defined as above. Take ¢ > 0. Then we have after some calculation that

I bt* Al
Iyve) = 5 (Ilvgll2 N /lfgvgciX) vl - = fgvgdx

1 b, 1 A1 bA,Ck(D) s
ECK—'—ZCK_@CK_C(A_Z_T 8+0(8 ), (315)

IA
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for some constant C > 0. The calculation to obtain the last inequality is straightforward but a little
bit complicated. Thus we show the proof in Appendix A for reader’s convenience. Notice that since

A > A;/4, there exists a constant B = B(1) > 0 such that
A1 bACk(b)
_— >

4 4

for all 0 < b < B (itis enough if we take B(1) = 2(1/4; — 1/4) (/l]//l)% S’%). Fix such a b. Then we
can conclude that

0

1 1
I(1v,) < =Cx + -C2 — —C3
Sup 1o(ve) < 5Cx + 3 Ck ~ 553 Cx

for small & > 0. This completes the proof.

Proof of Theorem 1.1 (ii) and (iii). Fix A;/4 < A < A;. The conclusions for the case b = 0 are in
[9]. Let us consider the case b > 0. Take B = B(1) > 0 from Lemma 3.2. For all 0 < b < B, we
shall ensure the followings.

(a) There exist constants a, p > 0 such that (1) > a for all u € Hé(Q) with |lu]| = p.

(b) There exists a function v € H(l)(Q) such that [[vo|| > p and I,,(vy) < 0.

We confirm (a). Take p > 0 and u € H(l)(Q) with ||u|| = p. Then the Poincare inequality and the
Sobolev embedding imply

1 A b
I(w) 2 5 (1 - Z) lull* + Zuun“ — Cllull®

b 4 6
>-p"-C
2 4,0 P
for some constant C > 0. Thanks to b > 0, we obtain the conclusion. Next we show (b). Take any
nontrivial function v € Hé (Q) with v > 0. Then we have for all r > 0,

2 br* 1
Iy(tvo) < I + Il - = fQ vidx,

Then obviously we get I,(fv) — —oo as t — co. Thus we have a constant #y > 0 such that ||fyv]| > @
and I(tyv) < 0. Put vy := fov. This proves (b). Now recalling Lemma 3.2, we choose £ > 0 small
enough. With large 7, > 0, we take the function in (b) as vy := #pv,. Then we define

T}, := {y € C([0, 11, Hy(Q)) | y(0) = 0, ¥(1) = vo}

and

= inf 1 1)).
¢ = inf max »(y(1))

By our choice of b > 0, the definition of ¢;, and Lemma 3.2, we get

< 1C + bC2 !
b= REKT KT g3
Finally let us confirm the (PS),, condition for . Let {u;} C Hé(Q) be a (PS),, sequence. Then by
Lemma 3.1 and Remark 3.1 , we can assume that there exists a nonnegative function u € H(l)(Q)

such that

Cy.

u; — u weakly in Hy(Q),
uj — uin LX(Q),

(uj)s — uin L5(Q).
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Furthermore since /; () — 0 in H ~1(Q), we have
(y(uj), uj—uy = o(1)

where o(1) — 0 as j — oco. Then the L?(Q) convergence of {u ;) and the L5(Q) convergence of
{(uj)+} show

(1 + bllujlI» f Vu;-V(uj—u)dx =o(l)as j — oo.
Q
By the weak convergence, we obtain u; — u in H(I)(Q). This concludes the proof.

3.2 Nonexistence for large b > 0

To show the nonexistence result for the case 0 < A < A;, we use a priori estimate (1.2). We state the
following.

Theorem 3.1. Let 0 < A < Ay. Then there exists no solution of (P) if

4 (A 1\[A4\: . s
bz————(—)S .
\/5(/11 4) A 2

Proof. Let u be a solution for (P). Multiplying the equation of (P) by u, integrating by parts, we

have
0 = llulP + bllull* - 2 f WP - f Wi
Q Q

A 2 4 1 6
> (1 - /l—l)llull + bllll” = 5 lull”,

where we use the Poincare and the Sobolev inequalities for the last inequality. Solving this inequality

for ||lu|| # 0, we get
21 3 A
llul|” > = |bS° + [(bS3)? +4|1 - —|S3].
2 41

Combining this estimate with (1.2) we obtain

1 3 3\2 _i 3 ii_l
2[bS +\/(bS)+4(1 /ll)S <b/11 1)

Thus we must have

This completes the proof.

4 The case 1 > A,

In this section we consider the case 4 > A;. We can get the possibly multiple solutions with the aid
of the Kirchhoff type nonlocal perturbation.
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4.1 Existence for large b > 0

First we prove Theorem 1.1 (iv). We remark that for the conclusion, it is enough if we assume Q
is a bounded domain with smooth boundary. Fix 4 > A;. As in the previous section, we define the

energy functional,
1 b Pl 1
Ip(u) = §||u||2 + Z||u||4 -5 fguidx o fg ubdx.

We shall prove the existence of a nontrivial critical point, in particular a local minimum, of ,. To
this aim, inspired by [33], we apply the method of the Nehari manifold. We also refer to the original
work [36]. To the beginning, we define

A = (u € Hy(Q) | (T (w), u) = 0},
and split A into 3 parts,

A* = {ueA|blul* > 2fguidx}, (4.16)
A= {ueA|blul* = 2fuidx}, (4.17)
Q
A ={ueA|blul*< 2fuidx}. (4.18)
Q
Now we choose 1
P! 7,
b>2(——1) S73, (4.19)
A1

where S is the Sobolev constant as defined in the previous section. Since we fix b > 0 as above, we
denote [, as I for simplicity. Let us begin with the following lemmas.

Lemma 4.1. A" # 0 and A° = {0).
Proof. We consider the principal eigenfunction ¢; > 0 of —A on Q with [|¢|| = 1. Then for # > 0,

we put a function
A
ft) === —1|+b* - f¢?dx .
4 Q

Noting our assumption 4 > A; and (4.19), we can find a constant 7y > 0 such that f(r9) = 0 and
f’(19) > 0. This implies To¢; € A*. Next we assume that there exists a nontrivial function u € Al
on the contrary. Firstly suppose llull> = A fQ uidx. Then as u € A°, considering (4.17), we obtain

0 = lulP + bilull* - 2 f 2dx - f i dx
Q Q
b

4
> —||ufl".
2|||I

This is impossible. Secondary we assume |jul*> < A fg u>dx. Then since u € A \ {0}, we have
~ A fyiddx =l [ uSdx
[l [Jull*
2 Jyuldx (A Joy w2 dx = lull?) . J, uSdx
blJull® uall*
2(A b
< —(——1)5—3+—

b\ 2
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where for the second equality, we use (4.17) and for the last inequality, we apply the Poincaré and
the Sobolev inequalities and again (4.17). Solving this inequality with respect to b > 0, we get

b< 2(i - 1) S73,
A

[STE

This contradicts (4.19). The proof is done.

RRER)

Proof. For any u € A", we have by the Poincare inequality and (4.16),

0 = [lulP + Bllf* - A f dx f £ dx
Q Q

b, 2(2A
> 2l {uun b(ll 1)}

Noting our assumption A > 1;, we get the conclusion.

Lemma 4.2. There holds

forallu € A*.

Lemma 4.3. For every u € A*, there exists a constant € > 0 and a C' functional t on B(0,€) C
Hé (Q) such that t(0) = 1, t(w) > 0, tw)(u — w) € A for all w € B(0, €), and further,

(1 +2bl[ul®) [, Vu - Vhdx = A [ u,hdx =3 [ ulhdx
bllull* -2 [, uldx

(t'(0), hy = , (4.20)

forall h € Hé(Q).

Proof. For every u € A*, we define a C' map,

gw, 1) = llu — wil* + bt flu — wil* - 2 f
Q

(u— w)idx - f(u - w)idx.

Q
Then by (4.16), we can easily verify that

g(0,1) =0and g,0,1) # 0,

where g,(w, ) is the first partial derivative of g(w, ) with respect to z. The implicit function theorem
concludes the proof.

Lemma 4.4. —co < inf,cp+yp0 < 0.

Proof. Forall u € A* U A, using the Poincare inequality we get
1 ’
1) = 1) = AT (W), u)

1({2 b
> —— = = 1|l + =lull*. 4.21
> 3(A| )Ilull + gzl (4.21)
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On the other hand, we fix a function u € A*. Then we have from (4.16),

1
I(u) = 1) = (1" (u), u)
(4.22)

b 4
< —EHM” .
(4.21) and (4.22) ensure the proof.

Now we put ¢ := inf,cp+ya0 I(1). From the Ekeland variational principle, there exists a sequence
{u,} € A* U A such that

I(u,) < % + co and I(w) > I(u,) — %Ilw — |l (w e ATUAY), (4.23)
Lemma 4.5. Let {u,} be given as above. Then
I'(u,) = 0in H'(Q), (4.24)
up to subsequences.

Proof. We first claim that {u,} is bounded in Hé(Q). Actually noting (4.23), we have similarly to
4.21),

o+ 12 ) = <0 ), )

1(a b
> —— [ = = 1|l + =l
> 3(/11 )Ilu | 12|Iu Il

for large n € N. Since b > 0, this inequality implies the claim. Then by the weak compactness of
Hé (©2) and the compactness of the Sobolev embeddings, there exists a function u € H(l) () such that

u, — u weakly in Hy(Q),
u, — uin L*(Q),

U, — ua.e.onf),

up to subsequences but still denoted {u,}. Since ¢y < 0 we can assume u, # 0 and thus {u,} C A™*.
Now let us conclude (4.24). To this end, we follow the argument in the proof of Theorem 1 in
[36]. We assume ||I’(u,)|| > O for large n € N. For such an € N and u, € A", we take a constant
€ > 0and a C' functional 7 on B(0,&) C Hy(€) from Lemma 4.3. For all 0 < § < &, we define
1x(6) := 1(S1" (un) /I’ (up)ll) and

ws = 1,(5) (u IPRACD) )

7 )l

Note that ws € A* for sufficiently small § > 0. Recalling (4.23), we have

1
~lws = unll > 1Gun) = 1(ws)

I'(u,)
7 (ua,)|

= (1 = 120X (), ) + 01, (S)T (un), ) + 0(6).
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Noting (I’ (u,), u,) = 0, dividing by 6 > 0 and taking § — 0, we get

ClnO+1D
— =Gl

for some constant C > 0, where [t,,(0)| := [/ (0), I’ (u,) /I’ (u,)I])]. Thus the proof is done once we
confirm that |£,(0)| is bounded. Let us show this. From (4.20) and the boundedness of {u,}, there
exists a constant C > 0 which is independent of n € N such that

C
blluall* =2 [, ()5 dx’

We claim that we can extract a subsequence so that

I, (0)] <

Bl -2 f (n)dx > C
Q
for some constant C > 0. To confirm this, it is enough to show that
lim (b||un||4 -2 f (u,,)idx) >C (4.25)
n—oo Q
for a value C > 0. Since {u,} C A*, obviously

lim (bllu,,||4 -2 f (u,,)idx) > 0.
n—oo Q

Now we suppose
lim (bnu,,n“ 2 fQ (unﬁdx) -0 (4.26)
on the contrary. Since {u,} is bounded, we can assume that there exists a constant B > 0 such that
> — B. 4.27)
Then by (4.26) and the Sobolev inequality, there holds

2 2
<7 lim |u,|*S > = 535-3. (4.28)

Now as {u,} € A\ {0}
A fpidx =l o ()

[l |* et
1 (/1 1)+f9(un)idx
Tl \ A (78]

where for the last inequality we use the Poincare inequality. Taking n — oo and noting (4.27), (4.28)
we get
2(A b
b<s=|——-1]57+=.
<3157
Solving this with respect to b > 0, we obtain a contradiction as in the proof of Lemma 4.1. Thus
(4.25) holds. This completes the proof.

Finally we ensure the existence of a nontrivial critical point of I.
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Lemma 4.6. There exists a nontrivial critical point u € A* of I.

Proof. Our argument is based on that in [33]. Let {«,} be a minimizing sequence of ¢y as in the
paragraph above Lemma 4.5. Similarly to the argument on Lemma 4.5, we have that {u,,} is bounded
in Hé(Q). Then by the second concentration compactness lemma, there exist a nonnegative function
u € H(')(Q), an at most countable set J, points {x;}re; C ﬁ, and values {uybies, (Vitkes € RY with
S v,lc/ 3 < . for all k € J such that up to subsequences,

Vi = dpp > |Vl + ) judi,
kedJ

() = dv=ub+ Z Vil
keJ

in the measure sense. Similarly to the proof of Lemma 3.1, we shall show J = 0. To do this, we
assume J # 0. Since we can assume I’(u,) — 0 in H~'(Q) by Lemma 4.5, we estimate similarly to
(3.12),

i > Cx(b) > bS>.

But since {1,} € A", noting Lemma 4.2 and the inequality above, we have

2(A

- (Z - 1) > lim [y |
= [k
> bS°.

This is impossible because of (4.19). It follows that
(tn)+ — uin Lo(Q).
Then by the same argument with the proof of Theorem 1.1, we have
U, — uin Hé(Q).

As a consequence, u is a critical point of I and clearly u € A* U A°. Furthermore since /() < 0,
u # 0. Thus Lemma 4.1 concludes u € A*. This finishes the proof.

Proof of Theorem 1.1 (iv). Let 1 > A;. We put
PEEY
3
By:=2——-1] S72.
! (/11 )

Then from Lemma 4.6, (P) has a nontrivial weak solution for all » > By4. This completes the proof.

4.2 Remark on the multiplicity

It is natural for us to expect the existence of a second solution in A~ defined as (4.18). But by the
similar reason to the concluding remarks in [33], it seems to be hard to prove that. Instead of that,
we can get a mountain pass solution as follows.
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Theorem 4.1. For any A > Ay, if b > 0 satisfies

1 1

4 (A 2 3 A 1 2 3

—|— -1 T2 2l— - - |{— T2 4.2
\/g(/h ) Sebs (/ll 4)(/1) S (4.29)

which is possible if and only if

5 V7
/11</l<ﬂl(z+7),

(P) admits a solution u with I(u) > 0.

Remark 4.1. The condition on b > 0 not to be too large in Theorem 4.1 is essential for the existence
of the solutions with positive energies. We can check that with a similar argument to that in Section

3.2. In fact, take

1

4 (A 2

b>—(——1) S” (4.30)
V3 \4

and let u be a solution of (P) with /(x) > 0. Then using the Sobolev inequality, we have

[N

0<I(u)— %(1’(14), u)

1

@nun"’.

b
< —Znun“ -

It follows that 3

4

In addition, since u is a solution of (P), we obtain by the Poincare and the Sobolev inequalities,

0 = [lulP + bllull* - 2 f P - f Wi
Q Q

A 2 4 1 6
> _(/1_1 - l)llull + blll” = S5l

llull> > =bS3. 4.31)

Noting (4.30) and (4.31), we deduce

L P _alA
| >§[bS + \/(bS3)2 4(/11 1)53].

Combining this with (1.3), we get

Lo A y)es|< (AL
o oson-a)se) <324

Again we must have

This concludes the remark.
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Now recall that, from the argument in the previous subsection, for every 4 > A, we can get a
solution with negative energy if
1
A 3
b>2l—-1] S
(/11 )
Thus combining this fact and Theorem 4.1, we conclude that (P) has two solutions if
5 V7
A <A< |-+ ——
1 <A< A (4 2 )

and

1 1
i i_l .S_% <b<?2 i_l (ﬂ)zs_%
V3 \4 A1 4\ A

The organization of the proof for Theorem 4.1 is similar to that for Theorem 1.1 (ii) and (iii). All
we should check here is the appropriate local PS condition for the case 4 > A;. Define I as in the
previous subsection. We show the following.

Lemma 4.7. Let A > A, take

1

1 1
b>2l— -1 S72,
g (/11 )

(NI

and suppose {u;} is a (PS). sequence for I with

1 1 1
c< EcK(b) + ZcK(b)2 - @CK(W.

Then {u,} converges in Hé(Q) up to subsequences.

Proof. The first part of the proof is similar to that for Lemma 3.1. That is, we can show {u;} is
bounded and hence, assume that there exist a nonnegative function u € Hé(Q), an at most countable
set J, points {x}res C 5, and values {t}res, (Vitkes € RT with Sv,l{/3 < i for all k € J such that up
to subsequences,

Vi = dp 2 [Vul* + 3 s,
keJ

(u_,-)i —dv=u’+ Z ViOx, »
keJ

in the measure sense. If J # 0, we can estimate as before,

Ck(b)?
§3

i = Cg(b) and v; >

for some k € J. We obtain

. L,
c= }LI?Q {Ib(l/tj) - Z(Ib(uj)’ uj)}
S(EoL) (L) 2 (L),
=13 4 Mk 4 4 l’lk 4 6 k

1({2 1
— = =1l + = | ubdx, 4.32
4(11 )IIuII +12f9” x (4.32)
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where for the last inequality we use the measure convergence above and the Poincar¢ inequality.
Now notice that we are considering the case 4 > A;. To obtain a contradiction as in the proof of
Lemma 3.1, we recall that u € HA(Q) satisfies

(1 +bB)fVu-Vhdx=/lfu+hdx+fuihdx, (4.33)
o) Q Q

for all 1 € H)(Q) where
B := lim ||u;|
n—oo

as in Remark 3.1. Notice that
B> |lull® + e > llull® + bS°>.

From (4.33) and the estimate above, we deduce that

A
f ubdx > {b253 - (— - 1)} el + bllad*
Q A
Consequently we have

L{a 1 1 A b
I L 2, + 65 — Ip2g3_alt 2, bDa
4(11 )nun + 12f9“ > 2{ §% 4= 1l + Sl

1
07

Y

since b > 0 is large enough. Combining this inequality together with (4.32) we get

b

1 , 1
> — — _—
C_ZCK+4CK

3
e Cxk.
This is a desired contradiction. This leads us to the proof.

Proof of Theorem 4.1. Take any A > A; and fix b as in (4.29). To the first we confirm the moun-
tain pass geometry. For all u € Hé(Q) with [|u]| = p, we have by the Poincare and the Sobolev
inequalities,

1/ L b, 1
I(w) = ) (/1_1 - 1)||M|| + leull - @llull
1/ b 1
- (= 2+_ 4 - 6.
2(41 )p 4P " es3

Considering the lower bound for b in (4.29), we obtain constants a, p > 0 such that I(u) > « for all
u € H(l)(Q) with ||u|| = p. In addition it is clear that for any nonnegative function u € Hé(Q) \ {0},
I(tu) — —oco as t — oo. Then noting Lemma 4.7 and the argument for the proof of Theorem 1.1 (ii)
and (iii), we get the conclusion.

5 Final remark

In contrast to previous arguments, let us regard b > 0 as a given constant and A € R as a parameter
as the treatments in [12], [24] and [38]. Then we can trivially modify the previous arguments and
get the following.
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Theorem 5.1. Let Q be an open ball. Then for all b > 0, there hold the followings.
(i) If (A1 /4) (1 +bCk(b)) < A< A4 (1 + 3b2S3/16), (P) has a solution with positive energy.

(ii) If 11 < A< A4 (l + b2S3/4), (P) has a solution with negative energy.

Remark 5.1. Surely, we can show corresponding nonexistence results to those in Section 2, 3-2 and
4-2 for small 4 > 0. In addition note that if » > 0 is too large the constant 2 > 0 satisfying the
condition in (i) is empty.

As long as we observe from Theorem 5.1, the interval for A > 0 in which (P) admits a mountain
pass solution seems to shift from (1,/4, 4;) by a mount depending on b > 0 and vanish for large
b > 0. Instead of that, there occurs a local minimum of the corresponding energy functional in some
interval for A > A; and it becomes wider and wider as b > 0 increases. Certainly we can conclude the
existence of multiple solutions in the appropriate region for small » > 0 and 4 > A;. This behavior
of the structure of solutions set of (P) seems to come from the combined effect of the special nature
of the 3-dimensional critical problem and the nonlocal coefficient.

A Verification for (3.15)

In this appendix we prove (3.15) in Lemma 3.2. To the first fix £ > 0 and put
Je(0) = Lp(tve)

1 b 1
= AP+ =Bt = =1°
2 4 6
where we define A, := |[v.||* — /lfg v2dx and B, := |[v||*. We compute
fult) = 1Ac +bB c? 1C3 (A.34)
T /o) = g fete T g Pete gt '

where C,, := (bB, + /(bB,)? + 4A,)/2. Here notice that from (3.14),

2
A, =S —a(/l— Z‘)a+0(52),

a'/llS

B.=S%+ e+ 0,
Cr(b Lb2S3 —4(A-4
c, = SO el b (- %) &+ 0.
N 4 Vp2S4 + 48

Then we estimate the right hand side of (A.34) by the order of £ > 0 and get

max fa() < %CK(b) + ZCK(b)Z - LCk(b)3

653
_ aCk(b) /l_ﬂ_/lleK(b) .
28 4 4
LbS3 -4 (-4
a 1 4 3 3 2
— | 0,bS S3 + bS3Cx(b) — Cx(b
+SS2[1 e ]( +bS*Cx(b) - Cx(b)’)
+0(&%).

Since S3 + bS3Cx(b) — Ck(b)* = 0, we obtain (3.15).
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