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Abstract

Since the work of Hormander on linear pseudo-differential operators, the applications of
pseudo-differential operators have played an important role in partial differential equations,
harmonic analysis, theory of several complex variables and other branches of modern anal-
ysis (e.g., they are used to construct parametrices and establish the regularity of solutions to
PDEs such as the 8 problem, etc.). The work of Coifman and Meyer on multi-linear Fourier
multipliers and pseudo-differential operators has stimulated further such applications. In
[2], the authors developed a fairly satisfactory theory of symbolic calculus for multi-linear
pseudo-differential operators. Motivated by this work [2] and L? estimates of [34, 35] on
multi-parameter and multi-linear Fourier multipliers and of [12] on multi-parameter and
multi-linear pseudo-differential operators, we study and carry out the theory of symbolic
calculus for multi-parameter and multi-linear pseudo-differential operators. Our results
include the symbol estimates of the adjoints, asymptotic behavior, kernel estimates and
boundedness properties and extend those in [2] to the multi-parameter and multi-linear
setting. The estimates of the distributional kernel of associated multi-parameter and multi-
linear pseudo-differential operators can be found useful in establishing the boundedness of
such multi-parameter and multi-linear pseudo-differential operators.
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1 Introduction

It is well-known that linear pseudo-differential operators play an important role in partial differen-
tial equations, harmonic analysis, several complex variables, etc. Pseudo-differential operators are
also employed to construct parametrices and establish regularity properties of solutions to partial
differential equations, see, e. g., [15], [20], [21], [22], [25], [38], [24], [40], [41], [42], etc.

The Hormander class S;’)f s(R") of linear pseudo-differential operators are defined to consist of
operators in the form

0= [ [ pe-Fe-eae i

where x, &, € R” and the symbol p satisfies
1090 p(x, £)] < Cap(l + g0l

for all multi-indices a, 8 and some positive constants C, g depending on a, 8. The function f is taken
initially from the Schwartz class S(R") (see [20, 21]).

The continuity properties of such classes of pseudo-differential operators have been extensively
studied in the literature since the work of Hormander [20, 21] in which he proved the operators
with symbols in § 2’ 5 are L? bounded when 0 < 6 < p < 1. In a celebrated paper, Calderén and

Vaillancourt [6] established the L? boundedness when 0 < § = p < 1. C. Fefferman further extended

in [14] to the L? boundedness (1 < p < oo) for operators with symbols in S;”(’; with0<d<p<1
and m > nlé — 311 = p). The result of C. Fefferman is sharp in the sense that for m < n|+ - 1|(1 - p),
then the L” boundedness fails. The critical case of 6 = p was later established by Palvarinth and E.
Somersalo in [39] by establishing h” to h” boundedness for all 0 < p < co, where A” is the local
Hardy space of Goldberg [17] (and the classical Hardy space H” has the relation H” C h” C L? for
all0 < p < coand h” = L? for 1 < p < oo). The result of [39] strengthens the H' to L' boundedness
of Coifman and Meyer [9] when m = 5. We also refer to the more extensive treatment of pseudo-
differential operators and their applications in PDEs to [1], [15], [38], [24], [25], [40], [41], [42],
etc.

The bilinear analogue of such pseudo-differential operators are defined to be the class BS :’f 6(R2”)

consisting of operators of the form. Let fi, fo € S(R"). Then we can define

T,(fi. f2) = f f  pED T© - dedy
R2n XRZ!I
where x, &, € R" and p satisfies
102020 p(x, €, < gy (1 + [E] + ply+1e0 D (12)

for all multi-indices a, 8,y and some positive constants C, g, depending on a, 3, .

The first work of bilinear singular integrals and pseudo-differential operators is due to Coifman
and Meyer [10, 11] which originated from specific problems about Calderén’s commutators. Many
people became interested in the study of general boundedness properties of multilinear Fourier mul-
tipliers and pseudo-differential operators, see Christ and Journé [8], Lacey and Thiele [27, 28], Lacey
[26], Kenig and Stein [23], Grafakos and Torres [19], Gilbert and Nahmod [16], Grafakos and Li
[18, 29], Benyi and Torres [3], Benyi, Maldonado, Naibo and Torres [2], Bernicot [5] (see also [32],
[33], [30], [31]), etc.

The development of the symbolic calculus for bilinear pseudo-differential operators started in
the work of Bényi and Torres [3] and was continued in Bényi et al. [2]. As in the linear case, many
of the results obtained were motivated by the Calder6n-Zygmund theory and its bilinear counterpart
as developed in [19], [8], [23], [32]. See also e.g. Bényi et al. [2] for further references.
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In [2], the authors Bényi et al. developed a fairly satisfactory theory of symbolic calculus for
multi-linear pseudo-differential operators. Motivated by this work and L” estimates of Muscalu,
Pipher, Tao and Thiele [34, 35, 36, 37] on multi-parameter and multi-linear Fourier multipliers (see
also an alternative proof of these results by Chen and Lu [7] for multipliers with minimal smooth-
ness) and of Dai and Lu [12] on multi-parameter and multi-linear pseudo-differential operators, we
study and carry out the theory of symbolic calculus for multi-parameter and multi-linear pseudo-
differential operators. In this article, we want to understand the properties of all the multi-parameter
and multilinear analogs of the linear Hormander classes of pseudo-differential operators. Our results
and methods are motivated by the work in the linear and bilinear settings [25] and [2]. In particular,
our techniques are inspired by the work in bilinear setting [2] and our results extend those in [2] to
the multi-paramter and multi-linear setting.

For the simplicity of presentations, in this paper we will only consider the case of bi-parameter
and bilinear pseudo-differential operators. It is not hard to generalize them to any multi-parameter
and multi-linear setting. Our goal is to carry out the symbolic calculus for the bi-parameter and bi-
linear operators with symbols BBS o of all the possible values of p and 6. Though some of our com-
putations are reminiscent of those for the bilinear pseudo-differential operators or Fourier integral
operators, the symbolic calculus for bi-parameter and bilinear operators become more complicated.

In this article, we will first need to formulate the conditions that a symbol of multi-parameter
and multilinear pseudo-differential operators should satisfy.

Fix m = mY,m?®), p = (o, p?), 6 = (61V,6?) € R x R, we will study the following type of
bi-parameter and bilinear pseudo-differential operators defined for f;, f» € S(R?"):

Ty f2) = f fR oy PEET - i@ o) - € Py

where x = (x1, x2),& = (£1,62), 7 = (71,m2) € R" X R" and p satisfies
10310308, 0 05 OO €)1 < Cagy(1 111 + Iy s ek PGl

X1 T X2

(1 +16] + |,72|)m‘”+6<2>\az|fp(2)(lﬁzl+lyz\) (1.3)

for all multi-indices @ = (a1,@2),8 = (B1,52),y = (¥1,7¥2), and some positive constants C, g,
depending on «, (3, y.

We denote the class of such symbols by BBS” 6(R4") This is motivated by the terms “bi-
parameter” and “bilinear”. We often denote it by BBS ;” when the underlying space R?" is evident.

It is clear that the estimates in (1.3) that the bi-parameter and bilinear symbol p(x, &, i) satisfies
are weaker than those in (1.2) satisfied by the bilinear symbol. It is these estimates which make the
substantial difference between the bilinear pseudo-differential operators and the bi-parameter and bi-
linear pseudo-differential operators. Such different symbols also make the study of the bi-parameter
and bilinear pseudo-differential operators more difficult and considerably more complicated. In par-
ticular, the estimates for the kernels corresponding to the multi-parameter and multilinear pseudo-
differential operators are fairly involved and a very careful analysis is needed (Theorem 1.4). Such
kernel estimates will find useful in future applications of proving boundedness of multi-parameter
and multilinear pseudo-differential operators.

Given the above bi-parameter and bilinear operator 7 = T, we can define its adjoints 7*! and
T2 as follows:

(T(fi, o), 1) = (T (fs, o), fi) = (T2(fi, f3), fo) forall fi, fo € SR™).

We now collect several lemmas that will be needed in the proofs of our main theorems. The proofs
of these lemmas are fairly straightforward and we shall omit them.
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We first consider the first transpose 7*! of T. Then we have the following result.

Lemma 1.1. We can rewrite T*' as a compound operator
0 = [ [ [ coem o) T - oraganay
yvnJé

where C(y,&,m) = p(y, —€—n,1) and we have used the notation fy to express the integral with respect
1o y.

By straightforward calculations, we can show that

Lemma 1.2. The function C in Lemma 1.1 satisfies the same differential inequalities as p does, i.e

30205 0O COn £, < Cogy(1 1]+ |+ D

X1 X2

(1 + |&] + oy +0P a2 Bl

By appropriately changing variables of integration, we can show

Lemma 1.3. The symbol of T*' is given in terms of C by the following expression:

a(x,&,m) = ffC(x +y, 2+ & e dydz.

We now state the first main theorem of this paper.

Theorem 1.1. Assume that 0 < 67 < p < 1,6” < 1,i = 1,2 and p € BBS”. Then for j = 1,2,
T;J T i, where p*/ € BBSYs

Before we state the next main theorem, we need to introduce the following notion of asymptotic
expansion of a bi-parameter and bilinear symbol.

Definition 1.1. We say p ~ }. pj, if there is a non-increasing sequence mx), mﬁ) Ny —co such that
j=0

u mN (2
p—Z‘OpJEBBS ,YN > 0,my = (my".my).

Then our next two main theorems are the following asymptotic expansions of symbols of the
bi-parameter and bilinear pseudo-differential operators.

Theorem 1.2. Assume that a; € BBSZIZS,' 0, and mj) m;z) N\, —o0 as j — oo. Then there

exist a € BBSZ% such that a ~ ]20 aj. Moreover, if b € BBSoo L”%BBSZ} and b ~ jgoaj, then
a-beBBS T = QBBSZ;;.

Theorem 1.3. Assume that a; € BBS ] > 0 and m m(z) N —0as j — oo. Leta € C*(R™ x
R?" x R?") be such that

9000 IR O alx.£)| S Capy - L+ 1]+ I - (1 + 1€l +

X1 7 X
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for some positive constants Cop and p = p(a,B,y) = (u'V, U, If there exist ”N ,/,tN — oo such
that

N-1
aeém = ¥ aj(x&m| < Cy - (1 + I+ D - (1 + 16l + )
J=

Then a € BBSZ%, and a ~ jgo aj.

The next theorem is about the estimate of the distributional kernel of associated bilinear and
bi-parameter pseudo-differential operators.

Theorem 1.4. Let p € BBS 5.0 < PP <1,0<69 <1,i=1,2, m=mY,m?)eRxR and let
K(x,y, z) denote the dzstrlbunonal kernel of associated bilinear and biparameter pseudo-differential
operators T,,. Let Z, denote the set of non-negative integers and for x = (x1,x2),y = (y1,¥2),2 =
(z1,22) € R" X R", set

Rx,y,2) =lx=yl+Ix—z+ly—zl~lx=yl+|y -zl
(1) Given a = (a1,@2),8 = (B1,62),y = (y1,¥2) € Z X Z!}, there exist Ny, N € Z, such that for
each N1 = No, N> > N

sup |D‘;D§DZK(x,y, Z)| < Cnwop - RO YL ZD™ - R(x2, 32, 22) ™
X3.2):R(xyy1.21)>0
( ‘R()—Yz(y,\‘zlﬁbzzl);n)
(2) Suppose that p has compact support in (¢,n) uniform in x. Then K is smooth, and given a =
(@1, @),8 = (B1,B2),y = (y1,72) € Z} X Z, and Ny, N € Z,, we have

sup  |DIDEDYK(x,y,2)| < Coyvep - (1 4+ ROy, 20) ™ - (1 4+ ROxa, y2, 22)) ™2
(xy.2):R(xq,y1,21)>0
R(x.y2.22)>0

(3 ) when mV + 2n < 0, we have that

_m@n
Kay.2)| < 4 Rooyez) @ . ifm®+2n>0
|108|R(X2,)’2,Z2)||, if m? +2n=0;

and K is a bounded continuous function when m® + 2n < 0
(4) when m™V + 2n = 0, we have that
m 2 +2n
|K(_x,y’z)| S |lOg|R(X1,y1,Z1)|| |R(x2,)’2,22)| e ) lf m(2) + 2n > O
|108|R(X1J1,Z1)|| |108|R(x2,y2,22)|| if m? +2n =0;

(5) when m™V + 2n > 0, m@® + 2n > 0, we have that

“)+ m® 12 “)+ m® 12

Ky, 2l S 1Xi =Yl A X, = Yol @ =I[R(x;,y1,z2)l #7 - |[R(x2,y2,22) # .

Now we give a definition of the bi-paramter Sobolev spaces on R” x R".
Definition 1.2. Let sy, 55 be two real numbers and let 1 < p < co. The inhomogeneous bi-parameter
Sobolev space LY, ,(R" x R") is defined as the space of all tempered distributions u in S'(R” x R™)

with the property that (1 +1&; |2)“71(1 + |§2|2)x72'd)/\is an element of LP (R" XR"). For such distributions
u we define

e, =l +ialy*a+ieh i,

where U1, &) = fR” fR” u(xy, xp)e 2NE1 o282 gy iy
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Note that the function (1 + |£*)7 (1 + |&[?)* has at most polynomial growth at infinity.
Definition 1.3. We say that f; € CS**(R" X R"), if fi(£1, ) € CO(R™) and fi(- &) € C2(RM,
Definition 1.4. L? | (R" X R") is defined to be the closure of C*(R" x R") in LY | (R" X R").

By freezing f>, T),(-, f2) can be regarded as a linear pseudo-differential operator (with a symbol
depending on f3), that is,

Tp(fir fo)(x) = f ) f PO E @ e dédn
= fR ( fR P(xé, n)ﬁ(n)e”'"dn)ﬁ (©)e™tde
= [ mnofi@e

where pa(x,€) = [, p(x,&,m) (e dn.

Moreover, the well-known L? boundedness of a linear pseudo-differential operator states that if
peES 2’ 50<0<p<1,0 <1, then there exist constants Cy and k € N (independent of p) such that

|

where |p| = max sup |(9§f(95p(x, §)|(1 + [&])Olat+olAl
ko lallpisk xg

1< Colp oo < S

In fact, k can be taken equal to [n/2] + 1, see [11].

Next result is the boundedness of the bi-parameter and bilinear pseudo-differential operators.
For simplicity of presentation, we just consider the case when 6" = §® = ¢ and pV = p® = p.

Theorem 1.5. [Boundedness of pseudo-differential operators] Let p € BBS 2’ $0<o<p<Lo<l
Then
T,:L*xXLY, —L*

where s1, 55 are any integers satisfying s; > % +n,s > % +n. Moreover, if f>» € Ci(R" X
n 0
R™), and define p, as before, then p, € S 06 and

|p2|[n/2]+l ”f2||L°° = sup ||D7‘D72f2||Lm

2 [yil<si,lyal<s2
with a constant depending only on the BBS 2’ s norm of p up to order n + 2.

Theorem 1.6. Let m > 0 andp € BBS’" 0<6<p<1,0 <1 Thenifsy,s, are any integers

ln/2]+1 [n/2]+1

+n,sy > +n, the following fractional Leibniz rule type inequality holds

o5 (Wl Iells Al D2l )

2m,0 51+2m,s9 51 +2m,sp 2m,0

satisfying s, >
true

|T,(A. f2)

We end up this section by mentioning some recent result of Lu and L. Zhang [30] on a Calder6n-
Vaillancourt type theorem for multi-parameter and multi-linear pseudo-differential operators with
minimal smoothness which extends the work of Miyachi and Tomita [33]. We state it in the bi-
parameter and bilinear setting.
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Theorem 1.7. Letm € R, 1 < p,q,r < oo, and % + :11 =

(a) All the operators of class Op(BBS (11)1,0) are bounded in L? X L9 — L" if
111 1
m<m(p,q) = —n{max(=,—,—,1——)p.
2 paq
(b) If the operators of class Op(BBS ) are bounded in L x LY — L', then we must have

111 1
m<m(p,q)=-nymax(z,—,—,1-=).
2'pgq r

The organization of the paper is as follows: Section 2 will give the proofs of Theorems 1.1,
1.2, 1.3, namely, the estimates for the symbols of the adjoint operators and asymptotic estimates
of the symbols. Section 3 will offer the proof of Theorem 1.4, i.e., the kernel estimates for the
bi-parameter and bilinear pseudo-differential operators. In Section 4, we will carry out the proof
of the boundedness of the multi-parameter and multilinear pseudo-differential operators, namely
Theorems 1.5 and 1.6.

2 Proofs of Theorem 1.1, Theorem 1.2, Theorem 1.3

We start with the proof of Theorem 1.1. As in the cases dealing with the linear or bilinear pseudo-
differential operators, the main techniques are using appropriate integration by parts (see e.g., [25],
[2]). Nevertheless, the bi-parameter nature makes these more involved and complicated.

Proof. From Lemmal.3, it suffices to show
a(x,&,1m) = ffC(x +y,2+ & e dydz € BBS,,

o0 O 0 (. &)

< Copy (1 +161] + |m|)m“)+f5“)|0/|\*p“)(WlHI)’I D . (1+15] + |772|)m(2)+5(2)Iﬂz|*p(2’(|[)’zl+|*/zl)

ie.

for all multi-indices a = (a1, @2),8 = (B1,52),Y = (¥1,V2)-
First we show the above inequality is true fora = 8 =y = 0. Fix & = (£1,&),n = (1, m2) €
R" x R" and set
E=1+&]+ml, F=1+1&]+ [l

We will prove that |a(x, &, 1) < E™" . F"” with a constant independent of the support of p.
Let/y e N, e N,2l; > n,2l, > n. We have

a(x,&,n) = f f C(x+y,z+&me “dydz

) f f Clx+y.z+&m+EX [y Py - (1+ B2V (=, ) (e7)

. (1 + FZ(S(Z) |y2|2)—12 . (1 + F26(2)(_Az2))12 (e—izz'yz)dydz

- f f (4 B o ) - (4 P C00) CO a6 oy
(1+ B2V i Y - (14 F2% )




1062 Q. Hong, G.Lu

= f f q(x,y, 2, & n)e " Vdydz,
(1) (2)

0 ey o) = (1+ EX (=, )0 - (1 + FP7 (=) - Clx +y, 2+ &,1)
where 9 Vs ks Gy (1 +E2(5(1)|y1|2)11 . (1 +F2§(2)|y2|2)[2 .

Now we want to estimate (—A,,)" - (=4,)"2 - g for Li,L, € N. Let @ = (o',0?,...,a"),8 =
B, B2, ....8"). We have

(_Ayl)L] . (_Ayz)L2 q

yioy2

Z Co g0, i

(1+EX" (—a, )" - (1 + F27 (=a, )2 - C(x +y, 2+ €,1p)
(1 + EXV |y )l - (1 + F22 |y, Py

lol=2L; B=2Ly

aleven  Pieven

(1 _ (2) —
D CapCayaCay pd (1 + B2y Py - 1+ F27 o)

lel=2Ly BI=2Ly B <
aleven  Pieven

.6;1:]—01652_.31 [(1 + E26(I)(_AZ1))11 1+ F26(2)(—AZZ))12 C(x+y,z+6&, ,7)]
Set P, ={y= (yl,yz, OV I y[ evenand |y| =2j,j=0,1,2,...,t},k = 1,2, then we have
(1 +E* (—a, )" - (1+ F27 (=,))C(x +y.2+ £.1)
_ Z Z C71,y2E6“"‘7‘| . F5(2)~b/2| (933’11 . aze’jc(x +y,2+E7).

Y1€P v2€P,

Using the estimate

—I

a0 (1 + X ly Py < Cop g BV (1 4 X"y P)

1

and

(2) _ ). @) -h
11+ 7 oy | < G P14 F2 o)

we can get

_ _ (1) 5(2)
P [+ X o) (14 P (o) - Clrv vz + £
= > D Oyl e
Y1EP v2€P,

(1), (2), (1) 4 5(1) _ —_H(D
< Z Z Cyt,ya B D1 FP I (1 gy + &) + g+ Gellanb—o VD
Y1€P) v2€P),

A+l +&E+ |n2|)m(2)+5(2)(lﬁlflﬁ|I)fp(z’(lyzl).

Ay - OLC(x 4y, T+ E, n)|

With the above estimates, we obtain

[(—ay)b - (=a,,)" - g)

. ) - Q.
<D Y Con B+ B Py Gy

\UI%ZL] <« \ﬁ\fZLz Li<B
aleven Bieven

A+ PPy CopCoaCarp ), ), CyipaB” M P
Y1€EP v2€P,
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(1 + [z + &+ gy el D=p VWD (] 4|z g ]+ [y 0T BB 2D

A+ B Py (e PRy 30 N N N I el

lal=2Ly a1 <@ BF2Ly Bi1<fB

aleven PBleven
Z Z EO ML FOl (g gz 4 & + [y 0 el D=V i
Y1€P y2€P,
(1 + 1z + &+ |,72|)m<2)+6‘2)(LBI—W1\)—pm(lyz\)'
Recall a(x,&,m) = ffq(x,y, z.&me " dydz.

Define the sets

N F§(2)
rl={Z=(Z1,Zz)€R"><R"1|Z1I<T,|Z2|<T},
o o
r2={Z=(Zl,Zz)€Rn><R"2|Z1|<T,T<|Zz|<F ,
E(;(l)
I3 = z=(Zn,zz)€R”><R”:|zll<T,IZ2I<F )
g Fo
1"4={Z=(Z1,Z2)€R"><R"I—2 <|21|<E,|z2|<—2 },
E(;(l) F§(2)
FSZ{Zz(Zl,Zz)GRnXRnZT<|Zl|<E,T<|Zz|<F},
o
r6={Z=(Z1,Z2)€R"><R":—2 <IZ1|<E,|Zz|2F},
el
1“7={Z=(Z1,Z2)€R"><R"2|21|ZE,|12|<T},
6(2)
rs={Z=(Z1,Zz)€R"XR"I|Z1|2E,TSIZZISF},
Iy ={z=(21,22) € R"XR" : |z1| > E,|z2| > F}.

Then we have

a(x,f’n)=ffq(X,y,z,f,n)e’iZ"’dydz

([ o [ [ [ f)otectmecrans
ry Jy I, Jy Iy Jy

=hL+DL+..+1.

We note

E 3E F 3F
InFIUFZUHUFs:§<1+|z1+§~‘1|+|m|<7,§<1+|Z2+§2|+|le|<7,
E 3E
InI“3UF6:E <l+n +§1|+|m|<7,1+|12+§2|+|772|<F+|12|<3|22|,

F 3F
InTUTg:1+|z +§1|+|m|<E+|z1|<3|zll,5 Sl + &+l < -

1063

(2.4)
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InTy: 1+ |z +&|+ml <E+ 2l <3lzil, 1+ |z + &)+ ol < F + |22] < 3|z2].

We start the estimation for /;. Using the estimation (2.4) with L; = L, = 0,0 —p < Oandz € I},
we have

|q|S (1 + E26(1)|y]|2)7l| . (1 + F25(2)|y2|2)*lz Z Z E5(1>'|71| . F‘;(z)'|)’2|
YV1€P, v2€P,
(1 Ly + &1+ )™ PO (4 4 2y + &) + gy 02D

260012y 26 12yl m+(6H—ph m® +(6@—p@
SUA+EY y ™l (1 +F |y2|)zz ZE ©V=pMinil , pm®+E>=plyal
Y1€P v2€P,

<1+ B2 Py - (1 + F% e - Y

f f q(x,y,2.E eV dydz
I Jy

2 1
set e [ f dyd:
by U BBy (1 P o)

(1) (2) —_s5D —_52 (1) (2)
<E" f . f o B gz < B P
lail< 55— eal< 22

2

So

5] =

< Em<1) . Fm(Z)f flq(x,y, z é:, r])|dydz
I Jy

To estimate /,, using integration by parts gives

. 1 iy —izi ey
f q(x.y. 2§, me”dy Py f q(x,y, 2. £ m)(= Ay,) e e dy
y 2172 Jy .

1 —i7y
m f(— Ayz)ZZq(x’ v, z2,& 1n)e lz)dy.
y

Using the estimate (2.4) with L} =0, L, = I, 89 — p(i) <0,i=1,2andz € I',, we have

[~ g s 1+ B Py (1 PRy YN R R

Bi=2l By <p Y1€P v2€P,

Bleven

ES Il pe® il (1+1]z1 + &+ ImDm“’*p(”(IM D. (1+]m+ 6|+ |772|)m(2’+5(2’(|ﬁ\*W1I)*pm(\yzl)

S U+ By Py (4 Py ) e 33 3

Y€l BI=2 B1<By2€Ps,

/Rir’\’an

F<5(2)'|51| . Fé(z)'b’zl . Fm(2)+5(2)(|ﬁ\—|ﬂ1I)—p(z)(b’zl)

= (L Bl (1 POy S e
Yi€P),

(1) (2) (2)

DD I SR E" PR
~ (1) (2) :
(L4 BTy Py (14 F27 P

Bi=2ly B1<pB y2€Pr,

Bleven

Recalling that 21; > n,2l, > n, we get

f f q(x.y,z.£.m)e”Vdydz
Iy Jy

|| =
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|Z2|212

1 iz
f —f(— Ayz)’zq(x,y,z,f,n)e “Ydydz
I y

Em(l) . Fm(2)+2126(2)

1 f
<
frz 2P Jy (1 ROy - (1 + P o)
T f ool dzy s BT F

o)
2>

dydz|

We now give the estimation for /5.
Let [ € N be chosen later, using again the integration by parts gives

—izy 1 o
IQ(X,y,Z,f, U)e lZ)dy = _|Z2|21 f(_ Ayz)lq(-x,y, Z’f, n)e lzydy.
y

y
Using the estimation (2.4), defining m, = max(0, m), then for z € I'5, we get
’(_A)‘z)l : 61| S+ EX |y Py (1 4+ PR ) h Z Z FO0B Z Z

Bi=2l B <B YV1€EPY y2€P,

ﬁit’vm
ES Il pe® il (1+z1 + &+ |m|)m“)*p(“(|7|l) (L4 +6|+ |n2|)m(2)+6(2)(|ﬁ|’|ﬁl|)’P(2)(|72|)
S+ Py PPy S e S S

Y1€P), [f‘:i: Bi1<By2€Pr,

SO B I+l |Z2|m9)+6<2>~<|ﬁ|—w.|)

|zl
(1) _ (2) _ (1) (), 5(2),
S L+ B i)™ - (L P2 o) RE™ - g #0702,

Recalling that 2/; > n,2l, > n, we can derive

—izy 1 —izy
=] [ [awyzeme i =] [ =5 [ s fanzene
3y 3 y

@), 50,
o #0220

l Eln(]) |
< 5 d
'fr |zo[?2 .[ (1 + E2Vy ) - (1 + F207 |y, )k g
(1)

(1) —5M —5@ 2 (2) (2)_
< g potn . o nf ) dz; f |z +20,6P+21(5 1)dZ2
Ez |Zz|2§

Ly l< B

M 5@ D 120,62 4215 -1
SE" -F nf gl EROTHAOT DGy,
)

-
27

4

For 0 < § < 1, we can choose [ € N so that m? + 20,6@ + 21(6® - 1) < —n and -6@n + m? +

21,6@ +21(6@ = 1) + n < m®.
Finally, we can conclude that |I5] g E™" - ~0®mtml+2650+2060~1yin < g | pm®
Similarly, we can establish the same estimate for /4, I, ..., Io, i.e. we have |[;| < EmV . F ’"(2), Vi=
1,2,...,9. Therefore,
< Emm _Fm<2> - mh 1 e
la(x, &)l < =+ &1+ D™ - (T + 16+ D™ .

Combining all the above estimates, we obtain that when

A0 EmI S (L+1E]+ DM - (1 + & + )™, VM1, M, € R,
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we have
IG(x.& )l = |fffz(x +y,2+&, n)e"'z‘ydydz| S +1al+ mD™ - (1 + &l + )™,

Note

030200, 0\ 0 O alx. &) = f f R NPk + v,z + £ e dydz.

Let
flxém) = 00000 050203 Cx + y, 2+ €,1);
G(x,&,m) = %070, 9920 alx, &, 1);
My =+ 6Vlan| = pV(B1] + D). Mo = m® + 8Pl = pP (12l + .

From the estimate

AxEm) = 1000285 0 070 Clx+y,2+ &)l

X1 T X2 € m

< +1&]+ |m|)m(”+5(”la1I—p(”(lﬁllH)/]I) (1 + &) + |772|)m(2)+5(2)I<Iz\—p<2)(Wz\+I)’zI)

S L+ lal+ImD™ - (1 +1él + D™,

we have
(001005 a1 0 O alx,£,m)| = IG(x, &l S (1 + &1+ D™ - (1 + &2l + 2™
S (L+1&| + gy 0 leal=pPBID L (1 g 15|+ ) 07 azl=p P ol
This shows a(x, &, 1) € BBS :’f s- Similarly, we can show T,’;2 = T2 with p*? € BBS /’;’ 5 O

We now prove Theorem 1.2.

Proof. First we will construct the symbol a(x, &, 7). Let (£,17) € R x R?, & = (£1,&),1 = (71.12).
Set

Enlal+ml<1 ,
& lal+Iml < L 1< &+l <2},
& s lal+ Il < L&l + Il > 23,

& n):L<El+ Iml <2, 08] + Il < 1}

{ &l + Imal < 13
{
{
{ < ,
{EnI<El+ml <2, 1 <&+ ml <23,
{ < <
{
{
{

& L<IEl+Iml < 2,1&] + Il = 2},

&m 1l + Iml = 2,161 + Il < 1,

Em sl +Iml 22,1 <&+l <24,

& Hél+ il = 2,16 + 2l > 2}

Let ¢y € C2(R* x R*") be such that 0 < ¢ < 1,y(£,7) = 0on Ty UT, UT3 UTy, and ¥(£,17) = 1 on

I'e U7 UTg UT.
For

Iy
I,
I3
[y
I's
Is
I;
s
Ty

IHTul,ulz3uly
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={E&mn &l +ml < BUAEn) &l + Il < BAE ) 6]+ ml = 2)

and
TeUIUIgUIY

={&m &6l +Iml = 20U (&) 2 1l + Il 2 28\ A& m) < 11l + Il < 1D,

we define

a(x£m) = ) Ulet, gmajx,£,1), (2.5)
=0

where €; = (ej”, ej?)) €(0,1)x (0, 1), ej” \, 0, e;” \, 0 as j — oo which we will choose later, and
6i¢ = (€61, €78, em = (€"m, €7m),¥j = 0,1,2, ...

Fix € = (eI, €?), we have
Yl en) =0on Ep = {En) &) +Iml < m}U
((em e+ mi< )\ [Em 1+l = )
et =Ton Eyi={En: el +iml = )
({&m el + el = (2)}\{(6 n Il + Il < (11)})-

For all 8,y such that |8 + |y| > | and for (£,17) € E; or (€,17) € E,, we have
A,ouet, en) = 0 02y O (e Ve, €28y, ey, ePy) =
Furthermore, for any (£, 77) we have
|3§637,!//(€§, en)l < (D) B+ (@ yBal+ral,
Thus, when (¢,7n) € E; U E; and (8, y) # (0,0), we have
0 0nues, en) = 0 < (1 + & ]+ )P0 - (1 4 £ + )y~ P2102D,
and for (8,y) = (0,0), we have

Og0nueg.em < 15 1+l + D™D (14 1] + )=,

Moreover, vg,n)e(EIUEz)fg{(f,n):E% 6+ il < 2, < 6l + ol < } we have

|a§azw(6§:’ en)l < (E(l))lﬁlI+\71I(E(2))Iﬁzl+l72l < (1 +1&]+ |m|)—(W1\+|71I) (1416 + |772|)—(|Bz|+|72\)'
Combining the above estimates, we have that for V3, v, &, 7,

cdues, eml < (1+ ] + Im D™ PHD - (14 j&] + o))~ P10, (2.6)

So the family {y/(€€, €n)}o<e<1 represents a bounded set in BBS (1)’0.
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Based on this estimate and a; € BBSZ':;’ we have

0% 0280 823) 32a;(x, &, 1)l

X1 X2 TE T E T T

D4 sy [— (D 2) L @) yn|— D)
< (1L+&]+ |7]l|)mf +6 o [=p ™ (Brl+yiD) | (1 + 6] + |n2|)mj +0Paal=p@ (Bal+yal)

We will control each of the terms in the sum that defines a(x, &, n).

By using Leibniz’ rule, we immediately obtain

P9 T eV, €8, eV, ) -y, £ )|

X1 X2
1 By Y1 aYs 1 2 1 2
- | Z Cﬁ’»ﬁ»y’»ya?a?;an:anilﬂ(f( )&, €26, eVny, €Pmy)
B<By'<y

daedy ol P T

S Clagy - L+ 61+ D™ P (Lt (5] + oy~ PFD2D

D 4 5Dy |—pD @ 45Dy |—p@
(A + &+ lp™ a1 |=p(B1 1+ D) (A + & + )™ lazl=p2 (B2l +y2D)

Let us now select ej,l),

Ciapy <27 (€0 @) <27 (L4161 + ) - (1 + Il + o).
Thus  |0%070; 0200 O u(e V1, €P&, €01, €Pm) - aj(x, £,m)

X100 T8 TS
<27 (A +1&]+ |m|)m31>+§(|)|m|,p(l)(w,|+|«/l D, (1+1&) + |n2|)m(j2)+5<2>\az|,p(2)(|ﬁz|+|y2\)
Sforallla+ B+ vyl < j, 2.7

ej,z) such that Cj, g, - e;l) ‘ 6;2) <27/ forall |a + B + | < j, then

Fix x, &, n, if the sum defining a(x, &, ) is infinite, then there exist {€;, } € {¢;} such that Yk, y(¢€; &, €, 1)
a;,(x,&,n) # 0. When

EmeEr c{en:al+m> ) {en: e+ nl> 5}

k k
we have |&|+(|n| > E% —> 00, |&|+|n2] = E% — 00, as k — oo, this is a contradiction to that x, &, n

were fixed. Thus the skum defining a(x, &, 1) iks finite. In particular, we also have a € C*(R"XR"XR").
Fix a triple of multi-indices (@, 3,y) and let J € N be such that |o + 8 + y| < J. We split

a =" wlet emai(x.£m) = S1(a) + $2(),
j=0

J-1 oo
where S(a) = ‘Zo Y(eig, emaj(x, &,m), S 2(a) = Zjlﬂ(fjf, eimaj(x,&,m).
J= J=

Since Vj € 0,1,2,....J — Ly(e;é, €) - aj(x,é,n) € BBS::(’; C BBSZ”‘;, it is clear to have that
S1(a) € BBS™.

To estimate S»(a), for all j > J,m; + 1 <my + 1 < my, using (2.7) we have

x17x Vg X7 g

R LS| = | Y anan ) oI a ek, emasx, £,m)
=

[eS)

< Z 27/ . (1 + |§]| + |n1I)m(l_l)+6<1)|(yl|_p(1>(|l[31|+\y1|) . (1 + |52| + |]72|)m§2)+5(2)|0/2\—p(2)(W2‘+|72|)
=
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<( 2—./‘)_ (1 +1&1] + [ [y +oVa=p VB (1 4 1] 4 oy +0 Pl Babelyad

I
~

J
<L+ J] + Iy +0 e B (4 o] 4y Ol sl

This implies S,(a) € BBS ::(:s Thus, we conclude that a € BBS Zl‘(;

Next, we consider the asymptotic expansion of a. We first have

N-1 N-1 )
a=Yla;= ) W em)— ) aj+ ) wlet em-a;

j=0 Jj=0 J=N
For the first term, we just need to care about when
B 2 2
Em e B {En :1al+bnl < <— 1l + il < 5|
EN-1 En-1
From (2.7), we get the desired estimate of this term.

When we consider the second term, as discussed about S, (a), we can show that

> wleié. em) - a; € BBST.

Jj=N

N-1 o

. my ~ .

Therefore, a — Zo aj € BBSM, i.e. a ‘Zo aj.
J= J=

Finally, when b € BBS °; = U,BBS'; and b ~ Zoaj, we have that for all N > 0,a - b =
j=

N-1 N-1
(a - Zo aj) - (b - Zo aj) € BBSZ’(‘S’. Recall that my N\, —co as N — oo, we then have a — b €
= J=
BBS |5 = NwBBS];. O
We will now prove Theorem 1.3.

Proof. From Theorem 1.2, a; € BBS ::g, and m; \, —co as j — oo, we have that 3 b € BBS:Z‘(; such

that b ~ Zo aj, so we just need to show thata — b € BBS;,‘(’;’.
=
From py N\ oo, and my N\, —oo as N — oo, we get

N-1 N-1
a(x, &) = bOo & )| < [aCr &,m) = 3 @ &)+ pCo &) = Y ajx£,m)
Jj=0 Jj=0

_.m _,2
S Cy - (L+ &+ ImD) v (1 + &)+ o)) Ham
, D m?
+Cpy - (L+ 1]+ D)™ - (1 + & + Ipal)™
<SCy-A+ I+ D™ - A + &l + mh™

Now we employ the interpolation result which can be found in many standard books, e.g., in [41] to
estimate the derivatives of a — b.
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Choosing compact sets Ki, K> such that K; € K§ € K> and u € CS(R"), then

Z sup |D"u(z)| < sup |u(z)| Z sup |D u(Z)l

lal=1 zek; lal<2 z€K>
In particular,
Jowsas . < ol - [ e

Let K be a compact set such that x € K, set K; = K x (0,0) x (0,0) and let K, be a compact
neighborhood of K. Fix & = (£1,&2) € R" XR", np = (71,m2) € R" XR", { = ({1,8),{" = (£, 45), and
define

F_‘q*,r](x’g’éw) = a(x,f"'{,’?"‘{/) _b(x»é:'i' {’TI +{/)~

Then we have

2 2
sup |Vx,g‘,7(a -b)(x,¢, 17)| = . sup |V(x,§,(/)F§‘,,(x, e )|
xeK X0,

< sup |Ff,](x§§)| Z sup |Dx“,(a
(x.£.")EK: \a\<2(“\§{/)€’(2

<Cysup A+ + 4l +m + DN (A +1é+ ol + I+ 4D7Y

x4,

sup |DY sup |D$,p }
{;uzmeml o |%:2(X(§)€z| “

<Cysup L+ +al+m+ D)™V -+ + Ll + I+ 4D
x40

(e ar+m+ap” +ig+al+im+ g

, (1) () _ (1) , (2) 2)_,(2)
A+ IE O+ I+ D D (L 16+ Ll + g+ )™ PO >}
<Cysup 1+ & + 4l +m + DN (A +1é+ ol + I+ 5D7Y
(x4,

(1)
L+ 16+ Q|+ Iy + £y my +200 =)

(2)
.(1 + |§2 +§2| + |772 + ézél)max(pm’mo +2(5<2>_p(2)));

Choosing K, such that || < 1/3,]{’| < 1/3, then by the triangle inequality we have

L+lE+al+m+4l = 1+1El=1al+ Iml =14
2 1
> 1—§+|§1|+|771|Z3(1+|§1|+|771|);
L+lE +al+m+ 4l < T+ET+HIG]+ Il + 1]
2
< 1+g+|§1|+|’71|<2(1+|§1|+|7]1|);
. 1 ,
ie. 5(1+|§1|+|771|) < L+ + 4l + I+ 40 <200+ [E] + s

Similarly, $(1 + & + In2l) < 1+ |& + &l + 72 + 431 < 2(1 + 2] + |2). Thus

sup |V, ¢,(a = b)(x, &)
xeK
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1+ 181 ] 4+ 6 200500 (] ] 4 gl e 4202~

(
Cy sup 3" .3V . p2maxtkimol 200D (1 o jy | 4 g DN - (1 + 1€ + ) 7.
(4.0

<
<

So, forall N > 0,

|axa§3n(a - b)(x, ¢, ,7)| < Cy sup 3V . 3N . p2max(ulmol+2(ol+oD)
(4.8

L+ &L+ D™ - (1 + &l + ) 7.

Similarly, we can get the following estimate for all the derivatives of a — b
(0230 (a - b)(x.£m)| < Oyl Boy) - (L+ &L+ I ™ - (1 + & + )™
where @ = (@1, @2),8 = (B1.2).y = (1,72),0% = 851 - 032, 0 = O} - 0.0y = 0y - Oy
Soa—be€BBS Y. ’ S
P
Next, we will show thata € BBSZ%, anda ~ Y, a;.

Jj=0
From b € BBSZ‘%, we have

o 0220 a7 2072 b(x, &, )|

X1 X2

< CA +1&] + ]y +Vla=pPBHD L (1 4 (g5 + o) 0% lazl=p P BalraD

So
|05 0528 1 o2 A, £,m)
< |omandl oy 2oy @ - bx..p)| + |00 02 0 RO b(x £,
< Cy(a, B +1E]+ D™ - (L + 1]+ Imh™
L+ Ja] + 700 B (1 ] oyl Pk
< Cn@,B,y) - (1 + 1€ + [y 0"t il+nD
(14 |&] + Jpa])ymo 0P leat-p 2 Babelad
Combining with b ~ }, a;, we obtain a € BBSZ“(JS, anda ~ 3 a;. O
Jj=0 ’ Jj=0

3 Proof of Theorem 1.4: The kernel estimates

Now we will prove Theorem 1.4. It is more difficult to carry out the kernel estimates in our
bi-parameter and bilinear setting than that in the one-parameter and bilinear setting. In the one-
parameter and bilinear case, it can be reduced to the linear case and then use the known estimates in
the linear case as outlined in [2]. However, in our bi-parameter case, such reduction is not available.
Therefore, we will carry out a different argument with a careful analysis here.

Proof. We first note

T,(fis f)(x) = f PO B € didn

R2nxR2n
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= f p(x.€, n){ f fl(y)e‘”“fdy} { f fz(z)e‘iz'fdz} e E D dgdny
R2nxR2n R2n R2n

= f4 {f4 p(x,&,m) - YD | ila=y)Er | Gila=z)m ei(xz—Zz)'Uzd‘,;:dn} FO) f(2)dydz.
R R

Thus the kernel of the operator 7', is

K(x,v,7) = &) - i=y€r | pin=y2)& | pin=z0)m | Hin=22)1 gedn

() = [ Pl G gy
Set
X = (x1,x1), X0 = (X2, %2), Y1 = (y1,21), Y2 = (02, 22), &1 = (€1.m1), § = (&2, m0).
Then
K(x, Y, 7) = f p(x’ £, 7]) . ei(Xl-Y])'§1 . ei(Xz—Yz)-,(zdé/ldé/z.
R4n

First, we prove (1) of Theorem 1.4. Note

K(x, y, 2= 1X; — Y1|—N1 Xy — Y2|—N2 . f4 p(x’ f, n) . Z az (el'(Xl—Yl)'_(l) . ai(ei(X2—Y2)'(2)dé’ldé’2.
R lal=N,
1BI=N

Thus

X1 = iV 1% - Yo K (x, y, 2)|

‘ f Cpega) Y 9 NI 9] (T g,
R n h h

lal=Ny
V"‘:NZ

f D O pn gy - NI ST L g dg,
" lol=Ny

1B=N

[L|35 dtpeemfacide
Rén lal=N; 2

1BI=N

N

N

f | Dm0 ] g desdmans < 1
R¥ 1 o2y,

1B1=No

when Ny, N, are sufficiently large.
Since [X; —Y1| = [(x1, x0) =1, 20| = [x1 =y1l+|x1—z1] = R(x1, y1,21) and | X3 = Y2| = R(x2, 2, 22),
we have
sup  R(xi,y12)™ - R, 32, 22)™ - K (x,y,2)] < o0,

(y.2):R(x.y1.21)>0
R(xp,y2,22)>0

-N —N.
sup |K(x’y,Z)| SR(xl’)’l,Zl) ! 'R(XZ’YZ»ZZ) °.
(xy.2):R(x1y1,21)>0
R(x2.:y2.22)>0

Similarly, we can get

sup  [DYDEDYK(x,y,2)| < R(x1,y1,20™ - R(x2, 2, 22) ™.

(0y.2:R(xy y1.21)>0
R(x9.y7.20)>0
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Next, we prove (2) of Theorem 1.4. Note that
(1+1X; = Yil) - € 7570 = (1 4 Nog (' & 57,

The we can rewrite

n

Ky, =1 +1X =)™ - (1 + X - ¥o) ™™ f4 p(x.&m)

TRCARAN i2 -\ |
-[(1 + NOg (€™ )] : [(1 + NO)(e'™ )] dgydes.

Thus,
|1 +1X1 =DM - (1 + X, = YD - K(x,y. 2)|
TRCARON i2 - |
= N p(x,&n) - [(l +NOg)(eM )] . [(I +NOg,)(e™ )] didé,
i x| i2 - |
= N p(x,&n) - [(I +NOg)(eM )] . [(I +NOg,)(e™ )] didé,
= fR4 p(X, é‘-‘, 77) . Z C|<¥|a|,3\,W1,Nzagl (eifl-(X]*Y]))&?z(ei{z»(Xz*Yz))dgl d(Z
s
- f 4 Z Clal,w,lzvl,zvza?ﬁiﬁ(x,5, n) - @C IO gy qr,
R™ N -
o
< CNI N> f Z |6((yl aip(x’ ‘f’ 77)|d§1d§2
supp(p) jajen,
BI<N,
< Cww, f DA+l + )™ o]+ Il W ag g,
supp(p) jafen,
|BI<N
< Cny.n, - Isupp(p)l < Cwy v, p-
Therefore,

sup |K(x,)’>Z)| < (1 + R(xl,h, Zl))_Nl : (1 + R(XZ»YZ,Z2))_N2~

(x,y,2):R(x1.y1,21)>0
R(xp.y2.,22)>0

Similarly, we can get

~ Sup IDYDIDYK(x,y,2)| < (1 +R(x1,y1,20) ™ - (1 + R(xz, 2, 22) ™.
s
.

Now we prove the estimates (3), (4) and (5) of Theorem 1.4. Let ¢ € C
[1/2,11, [ (t)dr = 1, and set

o >0, supp ¢ €

ottt = o5 —101") o3 - 127,

for &1 = (§1,m1),{ = (&2,m2) € R" X R,
According to (1) and (2), it is enough to estimate K(x,y,z) for |[X; — V|| < 1, |X, — Y»| < 1.
Assume that p(x, &, n) vanishes identically for || < 1,]{2| < 1. Note

f f o(1, 0,1, 8)dtds
1 1
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f f 2 -1a1") o3 - 16" aras
o -
=4. {Ljal‘ﬂ‘” t,o(u)du} . {j:gzpp(” o(v)dv } pac 242 (‘f(,D(t)dt)2 =4,

Keuna) = [ plugan - 500 00195 dg g,

and

Thus
K(x,y,2) = f1 ) f1 ) fR | POs g - TG LOTE o0y, (o, 1, $)d ddpdidss.
Set
K(x,y,2,1,5) = 4- fR plx,ém) - XTIV ST oy 1 1, $)dEd.

Thus Vg1, 6, € Z7, we have
|X1 - Y1|_ﬁl . |X2 - Y2|_'82K(X,y92, 1, S)

= Z Z Cop [yw PSR OIIPLC S O -0 97 p(x,€,m) - 65' mﬁiz_azSO({l,fz,t, $)d1dds.

a1<B) @ <Br
1 1
We note that in the support of ¢, we have {; ~ t™,{, =~ s™. Thus
aB] alaﬁz 02‘70(4’17(27[’ S)'

O
< C|§l|—p“)(LBn\—I<I|D . |§2|—P(2)(|ﬂz|—|llz\)

(1) (2)
<  crimBHa | —Em @)

For p € BBS;”’ 5» we have
102102 plx, £, = 102" 92 92 px, £

a1y
< (1 + 1™ mlq 4 g TPl < m L T

2 2 _
Note the volume of the support of ¢({1, {», 1, s) can be controlled by #1-»" I Therefore, we
have

“Xl - Yll_ﬁl : |X2 - YZl_ﬁzK(-x’y’Z’ [v S)|

mD—pMia,| oD m-play| »(2)
- — 2 - — 2 2 _
< Ct l—p(l) .t l—p(l) (w1| |(Y]|) R e lip(z) (lB2| |(12‘) . tlfp(” 1 Slfp(z)
m(l)*ﬂ(l)wl\_'_ 2 _q "1(2)*/7(2)sz|+ 2 _q m“’+2n—p“’w1\_1 mD+2n-pDigy| 1
=Ct 1-p(D 1-p(D .5 1-p@ 1-p@ =Ct 1-p(D .5 1-p2)

Choosing 8 = 0 and B = (N,N) = [(m® +2n)/p®] + 1,i = 1,2, and using a < —+ < b, if 0 <
< b, we can get

mMon m® o
t 1-pD s 1-p2

IK(x,y,z,8,0) < C

14 20N ’ LON

- .
£ X =N s T X - DY
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This leads to

K(ry, )| < f f IK(x,y, 2, 5, Dldrds
1 1

mD 2 m®om

00 00 t 1—p(D s 1 1
< f f — P drds.
1 1 tl 1

i N o) N
=X =Y s Xy = Yl

Thus we have the following estimates.
(a) When m" + 2n < 0, we have that

IK(x, y,2)|

A

_m<2)+2n
[Xo = Yo 2, if m®+2n>0
|108|X2 - Y2||, if m? +2n=0;

_m@
R(x2,y2.22) @,  ifm®+2n>0
|108|R(X2,)’2,Z2)||, if m? +2n=0;

and K is a bounded continuous function when m® + 2n < 0
(b) When mV + 25 = 0, we have

7rn(2)+2n
K(x,y,2) < lloglXi - 1il| - X2 = Yol @, ifm®+2n>0
|loglX, — Y1l - |loglXa = Yal|,  if m® +2n =0;
m® 42n
= |log|R(x1,)’1, Zl)|| : |R(X2, Y2, Z2)| o2 N lf m(z) + 27’l > O
llogIR(x1,y1 2| - [loglR(xa, y2u 2)l|, if m@ + 20 = 0;

(c) When m™® + 2n > 0,m® + 2n > 0, we have

(D42, m @12 mM 12 m@ 120

Ky, Dl S1Xi =Yl »7 - 1Xo = Yol @ =|R(xi,y1,z0)l #7 - |[R(x2,y2,22)] #2 .

Using the same techniques, we can prove (3), (4) and (5) of Theorem 1.4 when M > 0. m|

4 Proofs of Theorem 1.5 and Theorem 1.6

The main purpose of this section is to prove Theorem 1.5 and Theorem 1.6. We first give the proof
of Theorem 1.5.

Proof. Let f € C)P2(R" x R") and p € BBSg’(S,O <6 <p < 1,6 < 1. Assume p has compact
support, we can prove the result with constants independent of the support of p. Thus, the result can
be extended to the case that p does not have compact support.

Fix a, B satistying ||, || < [n/2] + 1,1}, e N, define E = 1 + |£|, F = 1 +|&;| and
P, ={y=0" %%,y yisevenand [y| = 2j,j=0,1,2,...;},i = 1,2.

i

Then

p2(x, &) = jﬂ; Aty DhR)edz = f p(x. &, z)( f fz(x—y)eiz"’dy)dZ-
. g )
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Note that
eiz~y — eiZl')’l _eizz~y2 — (1 +E26|y1|2)—11 (1 +F26|y2|2)—12 (1 +E25(_AZ] )2)11 (ei21')'1 )(1+F2§(_A22)2)lz(ei12‘y2)'
We then have

D1 pa(x. &) = 30020 I palxr, x2. 61, 62)

R}

6“‘6;”;62 o [ f p(x. &, z) f fz(x—y)eiz'ydy)dZ]

Cra fmlaga?l a,BZP(X 3 Z){fagf G T Al =y, —y2)eiZ.Ydy} @

m I<ay
lyal<ay

- Z yafﬁiiﬁiiafiﬁﬁzp(x '3 Z){fam AT fr(xy =y x —yz)eiz'yd)’}dz

[yil<eq
lyal<ay

— Z yafaga)’zaﬁ aﬁzp(x 'f Z) {ffZ(x y)aal—)’](elzl yl)aaz 72(etzzwz)dy}

lril<eg
lral<ay

Cya f f BT 6, €250 o= (L + By Y

m I<ay
lyal<ay

(1 + F2§|y2|2)lz(1 + E25| _ A |2)l|(ei21'yl )(1 + F25| _ Az2|2)lz(8i22'y2)dydz

3 ff<1+E25| B )1+ )= APy

ly1l<e;
lyal<ay
= hx—y)
(oot ) ¢ P dyd
( ' PSR T T i+ e P
= ffE(?IGlIFé\Gz\aé)]692(@71@7285 aﬁzp(x &, Z)Zal Vlzgz 72)
\71I<f¥1 [yal<ay

16 \eP,] \HzIEPlz

) eV fr(x—y)
(1 + EXly 2)i(1 + F2ly, )2

ffEfs\@l\Fﬁl@zla% 67263 66269' —w1 gh-w
2 21 22

dydz

lyil<ay lyzl<as, \91|€P1] 1021ePy,
w| <min{f) .|~y }wy <min{6y .y yz)

(p(x £, Z)Z“l “Vimwr e Vz—wz) elzny(x -y)
2

d
(1 + E¥[y PYi(1 + FBy,) ™

Fix [y1] < ay, Iyl < @z, |61] € Py, 162] € Py, w1 < min{0y, a1 — y1}, wy < min{6,, s — y»} and set

p(x1, x2,€1,62)
LLE(S‘GI‘F(SWZ'@I}&Q&?: a?zlagll—wlagzz—wz(p(x &, Z)ZGI 71—0)121212 72—012) e fr(x=y) dydz.

(Bl Y (PP

Define the sets I'y, - - - , 'y in the same way as done in Theorem 2.1. We have

p(x, &) = (f f+f f+...+f f)q(x,y,z,f,n)e’iz'ydydz ==0L+L+..+10.
I, Jy I, Jy Iy Jy
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Note

InTHUTL,UT U5 ES 1+ &+ |z1]l K2E,F < 1 + & + |z2] < 2F,
<1+

Inl3UlG: E<1+[&]+ |z < 2E, 2] |&2] + 22| < 2lzal,

In[7 UTg @z < T+ €] + |zl < 20zl F < 1+ 6] + 22| < 2F,

InTy : |z < 1+ &1+ lz1l < 2zil, z2] < 1T+ 1E] + |22] < 2]z2l.
We now estimate the integrals.

Estimate for /;:
Choose [y, I, such that 2[; > n,2l, > n. Then

| = fr f ETFO G 000 0,08 o pln £,
1 vy
L ¢ folx ~y) vdz
2 (1 + E2y ) (1 + F29)y,[»)2

< E6|0'|F6|92|||f2||Lm f f(l + &1+ |z |)5'b’1 [=p(B11+161 —wil)
I Jy

1 |ImIflwIf\w|I|Z2|IwzlfIyzlf\sz
(1 + EZy )i (1 + F2ly,|?):
< E9I6 'F‘5|92|||f2||Lm ESl=pBi+1011=wi) 6-1y2l=p(B2+16:1-lw2])

1

(1 +1&l+ |zz|)6'|72|*P(|ﬁ2|+\627m2\)

E5(I<YlI—I71I—\wlI)Fﬁ(\azl—ln\—lwzl)f f dvd
by Jy (L% BBy )R (1 + F2py,)e %

< Eolon |F6|02|||f2||L°° EO il=p(Bil+101=lwi]) po-1y2l=p(IB2l+021-lwl)
. E§(|01|—|71\—le|)F5(|02|—\72|—|w2\)
= E©G=-p)(6i1=lwiD) polail=plBi |F(d_P)'(wz|_|‘U2|)F5|0’2|_Pw2|||f2||Lw

< E5Ia1I—pl,BlIFé\tlzI—pI,leufz”Lm .
The last inequality holds for 6 — p < 0,16;| — |wi| > 0, 62| — |wz| > 0. So we obtain

TARS EdlmI—plﬁllFé\azl—pLBzI”fz”

J] 52

Estimate for I»:
Let / € N be chosen later. Then

‘(_A”)l((l f%yﬁzw )

| Y Cunan 1+ PR ()

=21
pleven iy <p

D0 Cun |5 o] FIC1+ F21ya )

=2
wleven iy <p

N

Then we have

|| =

&

dydz

f fE‘S‘("‘F‘ﬂeZ'c')y‘a”ﬁB 63269‘_“"662 W) p(x, &, Z)Zm —Yi—w) az Y2—w>
0
L Jy

1077
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Z
- Sl01] ol6a] | o1 —yi—wi| 172
= f ETVF |Z1 ' o

N

N

N

N

Q. Hong,

: e frlx—y)
(1+ EX[yi P (1 + F2y )

jr‘ fA‘WF‘S'OZ't?Z}aﬁ(??:3’;22851‘_‘“‘62—“217()6 &, Z)Zm —Y1- anztzlz Y2—w2
2 VY

dydz

. eiZ[-y]fz(x _ y) ' (_Ayz)l(eizz)”z)
(1 + EXy (1 + F2|yy|?)- |z2/*

@2—Y2—Wy
Z
0161 6|92| al —Y1—wi ~2 Y1 qY2 2 a0 —w) qbh—ws
j;E i |22/ 6X16Xzagla§zazn 05 p(x.6.2)
2

(_A)z

@2 —Y2—W2

dydz

)z( S(x—y)

1+ Py Jorava:

1
'£(1+E2§|y1|2)l'

l . |azll 672613 332681 mlaﬁo anp(x, ‘f’ Z)|

|2 NEETEHE T

T, |22

1
C DA M Foll d
f(l + E26|y1 |2)Zl Z Mo 12” fz”Loo 1+ F2‘5|y |2)12 dydz

lul=21
il evenpiy <

X —Yy2—W2

Z CII,MJZHDgz_mfZ“L‘”ﬁ EO0 ool potar=yi—w) | —IZ
2

=21 |Zz|2[

pleven gy <
(1 + &+ |Z1|)6-I71I—p(l,31I+I91—w1I) (1 + 16|+ |Zz|)6-I72\—/>(Iﬁzl+\92—wz\)
1
Folal f dvd
, (T ERly (T + FolyPe

f E6|9| \FEI(%
I

1
f(1+E26|y1|2)ll Z || )’2H1f||Lm 6'”‘|Wdydz

@2=y2=wW)

@ —-w Z2 |
1 -1 1| . |22|21 . |a§: 67265 agzagll wlaé}z wzp(x,éf, Z)|

=21
p’cwngl<}4
Z“z-)’z—m'
Z CH#IJZHD;I;”]fZ“Lw f EO poloa] polar—yi-w1) | 2—2]
ul=21 I |z2]
wleven iy <u
. E5'|71|—P(|/31|+|91—w1|)(F + |Z2|)5-|72\-P(I/f2|+\92—w2\)F§\ﬂl|
! dyd
yaz
L+ ESl P (L + POy,
Z Cprpn || P o] BP0 pr=1=00) oot i1
SH1 502 2 L®
=]
uieven.;zl <u
ol [ |y petalnl2 o pstl-pBatsiton g,
I
: d
y
y (1+ EZ[y )1 + F2[y,[?)k
Z Cprn || P o EC 00D ol t=plol itk
WH1582 2 e

lul=21
wleven iy <p

G. Lu
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f |Z2|azlflyzlf\wz|72/(F+ |Z2|)6<‘y2|—p(v32‘+|92*w2|)dz2
B <lal<F

2

< Z Cp,u ; ||D§_”]f2|| ESl@i=plBi] o(0a1+ |1 |=nl) 6-1y21=p(B2|+02~w2])
il 2 L
=2t

yie\wn,;q <p

—yal—lwal-21
.fé |Z2|a2‘ [yal=lw| dz
E<l<F

< “szLDo ESlil=plBil po6a1+lur|=nl) p6-ly2l=p(B21+162~w2)) péllazi=lyal-lw2|=2])
021

If [ is chosen so that |as| — |ya| — |w2| — 21 + n < n, we have

|2

A

E(5|0/1|—P|/31|“szLDo Folazl=plBa] f(6=p)(6:]-|w2])
0,21

A

Edlml_pw”Fé\azl—plﬁzl||f2”Lm .

0,21

Choosing / = s5,/2, we can get

Pl

L < Erslm\—PLB]\Fﬁldzl—PWz\”sz . < EOlail=plBil polazl-pla|
S iy, S

Estimate for I5:
As in the estimate of I,, we have

L] < Z Cpagn |7 o] ECYIOeD el il

Y2
=21
pleven iy <p

f |Z2|(Yz|—|72\—|w2|—21(F + |Z2|)5'|72|—p(|ﬁzl+|9z—wzl)dZ2
|z2|>F

< Z Cﬂ»ﬂl b

=2
ulevenuy <p

DL || BRI ko -plfi| a2
2 L®

—lyal-lwal =21+ 8-y2l-p(1Bal+l02
f |Zz|012| [y2l=lw>| [y2l=p(|B2]+162 wZDde-
lz2|>F

Now, let us choose [ = s,/2, we can get

|13| < E(FIOM—PLIi’l|F(5|0/z|—PWz\”fz“Loo )

51552

Similarly, we can obtain the same estimation for Iy, ..., Iy, i.e.

|Ii| < E(S‘(ll|‘p|ﬁl|F(5|a/2|—p|ﬁz|||f2||Lw i=1.2...0

S1:52

So |p(x’ é:)‘ < Etfllll\—lo\ﬁl\F(5|0/z|—P|/32|“f‘znbx1 _Then
51.92

|p2()€, §)| < E(WH|—;U|ﬁl|I:‘5|(12|—/J|,32|“fz“Lm i
.
S A+ DRI g
S
So T, map L* x LY  into L?, where 5, > % +n, 52> —[nﬁ];l +n. =

Finally, we give the proof of Theorem 1.6.
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Proof. If p € BBS}'; and ¢ is a C* function on R such that 0 < ¢ < 1,supp(p) < [-2,2] and
o) + go(%) =1 on [0, o), then we define the symbols p; and p, by

(1 +1aD +m)) o o
— (1 1 ;
(1+|§2|>(1+|n2|>)( FIED 2 + i)

(A +1£DA + Il
(I + 16D + i)

pi(x, & n) = p(x,é, n)so(

pan. ) = g, n)so( )(1 1D+ I

where x = (x1, x2),& = (£1,€2), 1 = (71,12). We then get that

IpCe &l - (L+ 16D (L + m ™"

(I + &)+ D™ (A + &+ Imal)™ (4 +1ED 72" + )"

(L + D™+ )™ (4 + 1ED™ (L + )™ (1 + & D" (L + g )"
I+ D™ + )" A+ ED" A + ™A +1ED " + ™" = 1,

c

NN NN

where the last inequality is true because (1 + [£1]) - (1 + |r71]) is equivalent to (1 + |&]) - (1 + |r72]) on
the support of ¢. Similarly, we can get p,(x,&,717) < 1 and the same estimation for any derivatives of

p1(x,Em), pa(x,E,1). So pi(x, &, 1), pa(x,&,n) € BBSgﬁ. Note

T = [ [ ptxefi@Rome g
B (18D + )
= fR fR P& [*"((1 +1ED( + |n2|>)

A+ DA+ ImD\I = 2 e geg
el g s [ @Rme ey

(+ DA+ i) o .
= Em) g ————2 |1 1
fwﬂ fnwp R (e ARGl

A+ EDP A+ ImD¥ [E) frpe™E N dgdn

. M —2m —2m
*Jo Lo g ) e

(A + ED7 A + )" F1(€) frpe™ € dgdn
= fR ) fR ) - (L DAL E)( + I falnr e € P dédy

+f f Pa(x, &) - (1 + 16D Y F1 (&, )1 + Il falq, m)e™ €D dédn,.
RZ" RZn

By Theorem 1.5, we obtain that

Il

A

la+ D> Al i+ Al
Hla+ i Al A+ mh Al
WAlls, N2l + Al Al -

A

Hence, the proof is complete. O
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