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Abstract

This paper introduces new nonlinear heat approximation and L™ preserving homotopy
techniques to investigate regularity properties of bounded weak solutions of strongly cou-
pled p-Laplacian parabolic systems which consist of more than one equation defined
on a domain of any dimension. The main results imply everywhere Holder continuity
of bounded weak solutions and the global existence of strong solutions to nonlinear p-
Laplacian systems.
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1 Introduction

We study the Holder regularity of bounded weak solutions of nonlinear p-Laplacian parabolic sys-
tems of the form

u; = div(A(u, Du)) + F(u, Du), (1.1)

in a domain Q = Q x (0,7) ¢ R""!, with Q being an open subset of R", n > 1. The vector valued
functions u, F' take values in R™, m > 1. Du denotes the spatial derivative of u. Here, A(u,{) is a
nonlinear map from R” x R™ into IR™".

A weak solution u to (1.1) is a function u € WZI‘O(Q, R™) such that

f f K=tt, ) + (A, Du), DY)] dz = f f (F(u, Du). 9) d-
0 0
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for all ¢ € Cj(Q,R™). Here, we write dz = dxdt.

The time dependent p-Laplacian scalar equation has been one of most widely studied nonlinear
degenerate parabolic equations. The particular feature of (1.1) is its gradient-dependent diffusivity.
Such systems, and their stationary counterparts, appear in different models in non-Newtonian fluids,
turbulent flows in porous media, certain diffusion or heat transfer processes, and recently in image
processing.

A large body of literature on p-Laplacian systems has been devoted to the following system

u; = div(|Dul’~>Du) + F(u, Du)

which is a special case of (1.1) where A(u, Du) = |Du|P~>Du does not depend explicitly on u. In
this case, the regularity theory of bounded weak solutions was then almost settled and masterfully
presented in the text book [3] (see also [6] for the stationary counterpart). The techniques and results
also hold for systems where A depends smoothly on x,¢. In fact, under suitable assumptions on F,
we now know that bounded weak solutions to the above systems have Holder continuous spatial
derivatives. The theory was then based on a far-reaching combination of generalized DiGiorgi and
Moser’s methods for scalar equations.

However, this method breaks down in dealing with systems (1.1) allowing more general struc-
tural conditions and with the diffusivity A depending explicitly on the unkown u. First of all, the
dispersion of the eigenvalues of the derivative of A with respect to the second variable Du will pre-
vent the Moser type iteration techniques in [3, Chapter IX] from being applicable in order to show
that |Du] is locally bounded, a starting and crucial point in defining the scaled cylinders in the next
steps. Secondly, the presence of u in A will create extra terms when one differentiates the system in
order to obtain a new system satisfied by Du. These extra terms may not be well defined if « is not
yet known to be Holder continuous.

In this work, we choose a different approach. We will establish the Holder continuity of weak
solutions to (1.1) by using a homotopy argument. We assume that the system (1.1) can be imbedded
in a family of systems and at least one of which has the property that its bounded weak solutions
are Holder continuous and satisfy a scaling decay estimate. Under suitable assumptions, we show
that this property will be carried onto bounded weak solutions of the considered system. This type
of decay estimate with scaling was also used in [3] using the local supremum norm of |Du|. In our
case, [Dul is not yet known to be locally bounded and the best we can say is that [Du|? is locally
integrable for some g > p. The scaled cylinders in this work must then be defined differently. We
will use the average mean of |Du|? instead of its unavailable supremum norm.

Thus, we will consider a family of parabolic systems parameterized by v € [0, 1]

u, = div(A(v, u, Du)) + F(v,u, Du), in Q = Q x (0,T) ¢ R™". (1.2)

We assume that (1.1) is the above system when v = 1 and Holder continuity results are known for
the system when v = 0. Inspired by [3, Proposition 3.1], which gives Holder continuity for weak
solutions to scalar degenerate equations, we introduce here the so called scaling decay property D).
We then consider a subset 7 of parameters in [0, 1] where bounded weak solutions of the above
system satisfy this property. The main goal is then to prove that 7 is both open and closed in [0, 1]
so that 7 = [0, 1] and the desired Holder continuity for solutions to (1.1) is obtained. Our first two
main results concerning the open and closed properties of 7 will be presented under two sets of
conditions as they will be established by using different tools, and they may be independently of
interest in other applications.

The main vehicle in the proof of 7 being open is Proposition 4.3, which is the p-Laplacian
version of the nonlinear heat approximation result in our recent work [14]. Basically, it asserts that
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if a vector valued function u almost and weakly solves a system like (1.2), with v € 7, then it can be
approximated in certain controllable way by a solution v of the system. By this, property D) of v can
be carried over to u. The proof of this p-Laplacian approximation version is not a simple extension
of the result in [14] as our systems are degenerate (or singular) and many more technical tools are
needed. Among them is a measure theoretic result Lemma 3.8 in Section 3 establishing uniform
continuity of the integrals of the derivatives of approximated solutions. As a consequence of this,
in Lemma 3.11, we also present a result on higher integrability of the derivatives of “almost” weak
solutions to a p-Laplacian system. Similar results for weak solutions to p-Laplacian systems were
first reported in [10]. We should mention that the /inear approximation technique was used in [2]
(Lemma 4.1) to obtain partial regularity of weak solutions. Partial regularity up to the boundary
was also studied in [1, 2]. In this paper, we restrict ourself to the interior regularity property as the
boundary case can be studied as well but require additional technicalities.

On the other hand, the above argument is local by nature and cannot be used to prove that 1
is closed as it lacks certain uniform estimates in order to show that limits of a sequence of regular
solutions are also regular. To this end, we will use a different approach deriving uniform and global
estimates for the integrals of spatial derivatives of regular solutions with uniform bounded norms.

In this paper, our main results only concern the degenerate case, i.e. p > 2. The singular case,
p < 2, can be dealt with in a similar way but much more subtle and will be reported in a forthcoming
work. However, most of our main tools work for both cases and we report them here in Section 3
and Section 4 for future references. We will specifically state the range of p for which our results
hold.

The paper is organized as follows. In Section 2, we will introduce notations and discuss in
details our hypotheses and main theorems. Section 3 collects technical lemmas. Section 4 presents
our main vehicles - the p-Laplacian nonlinear approximation results. The proof that 7 is open will
be given in Section 5. Finally, Section 6 details the proof of 7 being closed and concludes our paper.

Acknowledgement: The author would like to express his gratitude to the anonymous referee’s
careful reading of the original manuscript and constructive comments which greatly impact the
presentation of this paper.

2 Main results

Throughout this paper, for some zp = (x, %) € R"! and R, p > 0, Qrp(z0) denotes the parabolic
cylinder centered at zg with radius R, p. That is, Qg ,(z0) = Br(xo) X [to — p,fo]. We also abbreviate
by Srp(z0) = Br(xo) X {to — p} U 0Br(x0) X [to — p, to], the parabolic boundary of Qr(zo). If the center
2o is understood, we simply write Qg ,, S g, for Or ,(z0) and S g ,(20), respectively.

For a given cylinder Q = B X [a,b] and p > 1, we consider the space V,(Q) = V,(Q,R™) of
vector valued functions u : Q — R” with norm || - llv, (o) defined by

leellv, @) = sup [lu(-, Dllz2m) + 1Dullzrg)-
t€la,b)

By VS(Q) we denote the closure of C(I)(Q) in V,(Q) with respect to the above norm.
Let zo = (xo,1%) and Qg (o) be any parabolic cylinder in R™! the following scaled norm will
also be used

1 1

2 »

lullvige,) = sup (R‘” f lu(x, 1) dx) +(Rp_"p_] f f |Dul? dz] )
t€[to—p,to] Br(xo) Oryp

Obviously, this norm is invariant by dilations.
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For any integrable function u : Q — IR™ and any measurable subset A of Q, we write

1
Uy = W Lu(z)dz =JS€ u(z) dz.

If A is a cylinder Qr, = Or,(20) and there is no possibility of ambiguity, we simply write ug, =
Ugy,- Furthermore, if p is defined in term of R and the relation between R, p is clear we also abbre-
viate ug, by ug for the sake of simplicity.

As our results are local in nature, without loss of generality, we will simply consider Q being the
unit parabolic cylinder B;(0) x [—1, 0] throughout this paper. We then consider a family of systems

u; = div(A(v, u, Du)) + F(v,u, Du), in Q = B; X (-=1,0) C R™! and v € [0, 1]. (2.3)

By a bounded weak solution u to this system we mean a bounded vector valued function u
satisfying

ff [—u¢, + {(A(v, u, Du), D$)] dz — ff (F(v,u,Du),¢y dz =0, Vo¢e C(l)(Q, R™).
0 0

For simplicity, we will mainly consider the case F' = 0 in our discussion. The presence of F' can
be treated with minor modifications and we will briefly discuss this case at the end of this section.
We will always consider matrices A(v, u, {) satisfying the following ellipticity condition

E) There are positive constants A, A such that for all /,n € R™,u € R™ and v € [0, 1]

A,u,0,0 = A7, KA, u, ), ml < AlZP [, (2.4)

In the study of the Holder regularity of a weak solution u, it is now well known that (see [5])
one needs to establish a mean oscillation decay estimate: For some 7, € (0,1) and any Qg =
Orp(x, 1) C Q, there are positive constant 7o, C(7o) such that

16( |t — thrp -pl* dz < C(To)TQﬂ lu — ug, I* dz Y1 € (0,70). (2.5)
Owrap

Oryp

However, due to the degeneracy/singularity of the diffusion matrix A, such decay estimates do
not hold in general for cylinders whose space-time configuration are not uniform for all solutions
and depend only on the parameters defining the systems. Roughly speaking, we can only obtain here
(2.5) when R, p are linked via an intrinsic scaling determined by the solution u itself. Yet this decay
property still gives the desired Holder continuity. The idea of using scaled cylinders was known in
literature (see [3]) where scalar equations were studied so that Harnack type inequalities could be
established and gave the Holder continuity. Here, such techniques are no longer available and we
have to scale the cylinders by using the average oscillations of weak solutions. Being inspired by
[3, Proposition 3.1], we introduce the following decay property. Note that the mean oscillation of
vector valued solutions is used here in place of the essential oscillation for scalar solutions in [3].

We say that a bounded vector valued function v : Q — IR" satisfies a scaling decay property if

D) Let M = supg [vl. For any Ry > 0,n € (0,1), and (xo,ty) € Q there are positive numbers
A, K, L, ap, wy depending on M, n (with K, A sufficiently large) such that there exist the follow-
ing sequences

Ry

Rk:ﬁ$

o w _
Wit = max(qop LR}, Sk = —F. 0k = By (x0) X [to = S "R{. 1], (2.6)



Regularity for fully nonlinear P-Laplacian parabolic systems 203

such that if

2 ff w-onrdn on=ff va
Qo o

then for any integer k = 1,...

a)f 2]6[ v—~lP dz, (W) =J6[ vdz. 2.7
Ok Ok

Our first main result shows that if (2.3), for some parameter v € [0, 1], is a "nice” system in the
sense that its bounded weak solutions satisfy the decay property D), then ’near-by” systems are also
nice. To be more precise, let us describe this result in details here. We first suppose that the family
of systems (2.3) contains at least a “nice” one (Examples may include diagonal systems or those
with no explicit dependence of u in the matrix A, see Chapters III and IX in [3]).

I) There is a nonempty set 7 C [0, 1] such that for any v in J the decay property D) holds for any
bounded weak solution to (2.3). The same assumption applies to the systems with u being
replaced by any constant vector C, i.e.

ﬂ [-u¢; + (A(v,C, Du), Dg)] dz — ff Fv,C,Du)pdz=0, V¢e Cé(Q, R™)
Q Q

We then consider the following structural assumptions on the matrices A(v, u, Du).

0.1) (Uniform ellipticity) For any v € [0, 1], A(v, u, {) satisfies the ellipticity condition E) for some
positive constants 4, A.

0.2) (Monotonicity) For any w € R™ and U, V € R™, there holds
(Aw,U) = Aw, V), U = V) 2 o(U, V)|U - VI, (2.8)

where 2 2
_{ min{UPVIP2) U #00rV #0
AU, V) = Co{ 0 otherwise

for some positive constant cg.
0.3) (Continuity) A(v, u,{) is Holder in v € [0, 1] and Lipschitz in u. That is,
A u.0) = A, u, | < Clv — 1217, (2.9)

A0, 1,0) = A, v, ) < Clu = liZP! (2.10)
for some C > 0,6 € (0,1) and any v, u € [0, 1], u,v € R", £ € R™.

0.4) (Existence) For v € T and any cylinder Q' ¢ Q, and any vector valued function g € C'(Q"),
the system

{ fQR [—u¢: + (A(v,u, Du), D)l dz =0, V¢ € C(l)(Q', R™), @211

u=gonsy

has a bounded weak solution « (and thus satisfies the property D)).
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0.5) (Uniform maximum principle) For any v € [0,1] and Q' ¢ Q, if g € C'(Q’) then there is
a constant C(||gllz=(o)) such that any weak solution u to the system (2.11) is bounded and
satisfies the estimate [|ul|r~o) < C(lIgllr=(0))-

Remark 2.1 We should remark that if the argument u in A(v, u, Du) is replaced by a constant vector
and the data g is bounded then the existence of a weak solution in O.4) is granted by classical
approximation methods as in [11] or [18]. Otherwise, the existence condition O.4) can be satisfied
by using Galérkin’s method if g is sufficiently regular and the solution u is a-priori known to be
Holder continuous. Since 7 is the set of parameters for which the systems has bounded weak
solutions being Holder continuous, O.4) is justified.

Our first main result then asserts that the set 7, where the property D) holds, is open.

Theorem 2.2 Suppose that 1) and O.1)-0.5) hold and p > 2. Then I is open in the usual topology
of [0, 1]. Moreover, bounded weak solutions to the system (2.3) with v € I are Holder continuous in
the interior of Q.

The above theorem relies on a nontrivial generalization of the so called nonlinear heat approxi-
mation lemma which was introduced in our earlier work [14] concerning nondegenerate systems.

Next, we will give conditions for the set I to be closed in [0, 1]. To this end, we take a sequence
{vk} in 7 such that vy — u and we will show that 4 € 7. We first require that any bounded weak
solution u to (2.3), with v = 1, can be weakly approximated by “nice” solutions.

II) For each v € 7, the system (2.3) satisfies the existence condition O.4) and maximum principle
0.6). Moreover, if v, € I and vy — u then for any bounded weak solution u to (2.3) with
v = u there is a sequence {v;} of Holder continuous solutions to (2.3), with v = v, such that
Dvy, converges weakly to Du in LP(Q) and the L™ norms of vy are bounded uniformly in terms
of that of u.

Although it will be shown in Section 4 that the above assumption holds under O.1)-0.5) via
nonlinear heat approximation, we state II) here for our next result, which can be of interest in itself,
so that it is independent of Theorem 2.2. Of course, II) could also be verified by other means via
weaker assumptions than O.1)-0.5).

We then consider v € 7 and a C! solution v to

{ v, = div(A(v,v,Dv)) in Q,
y =

. on s, (2.12)

The boundary condition g is assumed to be smooth. By II), the above system satisfies the maxi-
mum principle and we can define
M,, = sup|v|.

03

1

For any bounded weak solution v to (2.12), we then impose the following assumptions on the
structure of the system.

M.1) The matrix (A ) = % (v v, {) is elliptic with the ellipticity constants A,,,, A,,. That is

m n

D D A = AP, Y O A S AP Ve R™.(2.13)

i,j=1kl=1 ik il
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Moreover, for some positive constants A,, A, we have
-2 -2
Ay 2 A5, Ay S AP (2.14)
If n > 2, we also assume that

AV v . .
~ : visabounded weak solution to (2.12)} < "

sup| (2.15)

v,V

M.2) For every v in 1 and any bounded weak solution v to (2.12), there exists a positive constant
ay,, such that

0A —
|a_(v’ v, f)' < av,vlﬂp_l with zav,va,v(p +n— 1) < O—O/l\/’ (216)
v
where o is a fixed number in (0, 1) and

n-2 Ay,

A, =(1-8)1,and 6 = sup{

: vis a bounded weak solution to (2.12)}.

Note that Z,,V > 0 due to (2.15). Meanwhile, (2.15) (when n > 2) requires that the principal
eigenvalues A,,, 4,,, of FYa are not too far apart and this condition also imposes some restriction on

the range of p. We are indebted for the latter remark to one of the referees. We should also remark
that the constants 4,, A, could be allowed to depend on v as long as there are fixed positive numbers
c1, ¢z such that quotient ¢; < 4,,,/A,, < ¢c,. We assume however that they are constants for the sake
of simplicity.

Our next main result reads

Theorem 2.3 Assume the conditions II) and M.1)- M.2) and that p > 2. The set I is closed in [0,1].

Combining with the results of the previous theorem, as we remarked that O.1)-0.5) are sufficient
for II), we then have

Theorem 2.4 Assuming I), O.1)-0.5) and M.1)- M.2) and p > 2, then I = [0, 1]. Thus, bounded
weak solutions of (2.3) are locally Holder continuous.

Finally, we remark that our proof continues to hold for systems like
u; = div(A(v, u, Du)) + F(v,u, Du), 2.17)

if the nonlinearity F satisfies

oF oF _
5,00l <C+ CI' + eolél?, |8—§<v, v,E)| < C+ Ch' + glél”™!

for some / > 0 and sufficiently small &y > 0. The presence of F would cause extra terms in our
arguments but they could be easily treated by invoking the Holder and Young inequalities.
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3 Technical lemmas

In this section, we present various estimates on a vector valued function u# weakly satisfying certain
differential inequalities. Although our main results in this work concern the degenerate situation
when p > 2 and the singular case (p < 2) will be treated in future works, several results in this
section hold for p < 1 and we will specify the range of p in each statement for future reference.

Throughout this paper, the constants C, Cy, ... can change line by line but they are all universal
constants as they depend only on the initially fixed parameters (such as n, m). For any two quantities
A, B, we write A ~ B if there are universal positive constants C, C, such that C1A < B < C,A.

First of all, we recall the following Sobolev inequalities in a ball of R" and the dependence of
the constants on the size of the ball. Let ¢ be a function in suitable Sobolev spaces on B; with zero
trace on the boundary. By scaling, with x = I%X and ¢(x) = ¢(%), we have the followings facts on the
kth spatial derivatives D®

IDPI, 5, ~ CRPIDL I, ) and 1D 7, 5 ) ~ CRPUDBIL, .

In particular, for ¢ = p. = pn/(n + p), we easily see that ||Dx¢)||’L’q(BI) ~ CR‘"||D;<Z)||’L’4(BR). Using this
in the Sobolev-Poincaré inequality on B, we get

- 1-2 -
617, 5, < CONDBIL, 5, = NI, 5,0 < COOR™PPIDBIT,

for all p such that g < p < g* = gn(n — q).
On the other hand, with ||y, 5 ) = f ID®y|P dx, we have
0 B,

1 C 1 o
gl - 5,y = Sup —||lﬁ|| k PYdx < sup ——— 7 PYdXx.
v P B ) B
Wr) (By) ! v R ||W||Wgz (Bg) R
: : : P ~ —pk+n—pn| z11P
This also implies ”(’b”W*’W”(B]) CR ”¢”W*"=P’(BR)'

We begin with the following lemma.

Lemma 3.1 Let Qr, = Br X (=p,0) and u : Qr, — R™ be in V,(Qg,) for some p > 1. Assume
that there is a function G € LI(QR,p) such that

I, v

Let g be such that p. = np/(n + p) < q < p. Then, for any € > 0 there exist positive constants
C, C(¢e) such that

JS[ | —uglP dz < sRP]S( |Dul? dz + (C + &)R? (ﬂ
Orp Orp » Or
+C(s)(%)p (JS[ |G| dz) .
Or

Proof. For s,r € (—p,0) and € > 0, take ¢ = Y(x)n(r) where y € C(l)(BR) andn = 1l in (s,7), 17 is
linear in (s — &, s) and (r,r + €), 17 is zero elsewhere. By the Young inequality, the estimate (3.1)

becomes )
1 S 1 r+&
f (—f udt — —f udt) Wwdx| < C(ff |G| dz) I llc -
Bgr & Js—e & Jr Oryp

<C f f IGID¢| dz Y € CH(Orp)- 3.1
Orp

4

|Dul|? dz)

»

(3.2)

P
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Let! >+ p)/pandm =1—-1 > n/p. By scaling, with x = ,1—?)? and ¢(x) = ¢(X), we have for

¢ € W,""(B)) that

pm-n

Ipllz=a,) < CEID™lIr5,) = 1BllL=se < CR 7 1DV @llir -

pl=p-n

Using this for ¢ = Dy, we obtain II;bIICé(BR) <CR > IIwIIW,.p(BR). Hence, letting € — 0, we obtain
0

the following estimate for s, r € (—p, 0)

u; (u(-, 8) = u(, r)Y(x)dx

pl-p-n
< CR™ [ Il |G|dz)||w||wgv<gk> e W' (Be).
Orp

Setting H(t, s, ) = u(-, s) — u(-, ), we just proved that

plpn
|H(, s, ‘)”W"»F'(BR) <CR 7 (ff |G| dz] Vs, t e (—p,0). (3.3)
Oryp

Let ¢ be such that p, = np/(n + p) < g < p. We have W4(B;) c L(B,) ¢ W™"7'(B,). Because
W'4(By) is compactly imbedded in L”(B)), a simple argument by contradiction gives the following
interpolation inequality

1Bllr,) < Ellllwracs,) + CENly-1r s, Yo € WH(BY).

Using the norm ||@|lw1a(p,) = ID@llr«B,) + ll¢llLr(8,) and choosing & small, we have

1Bllo8,) < ElDBlLacs,) + C@Nlly-1r sy, Y € WH(BY).
By a simple scaling argument, we derive from the above that

RN, 5,y < R IDGI ) + C@ORTPPGIE o Y€ WH(BR).

Applying this to H(t, s, -) and using (3.3), we have
., P
RIH(, 8,75, < eRYVPIDH(, 5,75, + C(E)RP " ( f f G dz) NG XO)
Orp
We now choose s such that
1
|Du(x, s)|7dx < — f |Du(x, )| dxdt.
Bg P J—p IBg

Then

14 4
q

1[0 ‘
[|Du(-, s)lliq(BR) < (— f |Du(x, 1)|? dxdt) =p Pl (ff |Dul|? dz] . (3.5)
P J-p IBy Orp

On the other hand, by Sobolev-Poincaré’s inequality, we also have

4
q

R"MluC, ) = uC, gll), 5y < CRUPUDUC, )], 5 < CR? (]6( |Dul? dz)

QR.p

Obviously,

||I/l(, t) - M(', t)R”i”(BR) < C”u(v t) - M(', S)HZ’(BR) + ”M(, S) - M('s S)RHZ”(BR)
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and |[DH(t, s, )| < |Du(-, )| + |Du(:, s)|. A simple use of Holder’s inequality gives

|1 Du-, 1) < CRVDu(., 1)

14 P
L4(Bg) LP(Bg)"

Therefore, when such s is fixed, the above yields

L

q
1) = u(., D&l g,y < ERPNDUC, DI, 5, + (C +E)CRP (ﬁ( |Dul dz]

Orp
P
+C(g)R™P7P" (ff |G| dz] .
Oryp

Integrating the above over 7 € [—p, 0] and dividing by p, we get (3.2) and the proof of the lemma
is then complete.

The following Poincaré type inequality is an immediate consequence of the above lemma.

Lemma 3.2 Under the assumption of Lemma 3.1, if p = S PR*> and |G| < |DulP~" then for any
e>0andnp/(n+ p) < q < p there exist positive constants C, C(g) such that

P
q
JS( lu—ugl’ dz < sR”JS[ |Dul? dz + (C + &)R? (JS[ |Dul|? dz)
Orp Orp Orp (3.6)

P
+C(e) (ST PR (JS[ |DulP~! dz) )
Orp

We now consider a weak solution u € V,(Qy,;) to
u, = div(A(u, Du) in Qy . (3.7

The matrix A is assumed to satisfy the ellipticity conditions E) for some positive constants A, A and
p>1.

Using Steklov’s average, we can formally test (3.7) with |u — c|¢?, with ¢ being a cutoff function
for O 1R 1p> Orp» to get the following Caccioppoli type inequality

Lemma 3.3 Let u satisfy (3.7). For any constant vector ¢ € R™ and any Qr, C Q1

1

A consequence of Lemma 3.1 and the above is the following reverse Holder inequality.

1 1
|Dul? dz < C— lu—c|” dz + C—:ﬁ( lu—cf? dz. (3.8)
RP Orp PIJ Oy,

r1p

=
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Lemma 3.4 Assume that p > 2 and u satisfies (3.7). If p = S*>"PR? for some
SP NJS( |Dul? dz then we have for any given positive € and np/(n+ p) < g < p
0,

Rp
q
36( |Dul’ dz < aﬂ‘ |Dul” dz + (C + ¢€) (36[ |Dul? dz)
Q1,1 Oryp Or

0 (3.9)

%
+C(g) (JS( |DuP! dz] .
Orp

Proof. Forp = 8§ 2PR? we have (3.6). By Holder inequality we estimate the last term in (3.6) as

follows:
(p-2)
» ]6[ |Dul|? dz
Oryp N Orp

If p > 2 then the Young inequality (1 — (p — 2)/p = 2/p) can apply to the last term in (3.8) to yield

L2
p-1

1 1
—36( lu — ugl* dz = S"’_ZR‘ZJS[ lu— ugl> dz < &SP + C(e)— lu — ugl|” dz.
pIJor, ks RPJ) o,

Thus, if §7 ~ ﬁ[ |Du|? dz, we can combine the above estimates with (3.8) and (3.6) to obtain
B9ifp>2.1

The above result also holds for 2n/(n + 2) < p < 2 but we have to treat the last term in (3.8)
differently.

Lemma 3.5 Assume that 2n/(n + 2) < p < 2 and u satisfies (3.7). If p = S>PR? for some S

satisfying
1
SP > c(n) (]6[ |Dul? dz + —ﬂ |t — uogl? dz). (3.10)
Or2p P Oar2p

Then we have, for g = 2n/(n + 2),

JSC |Dul? dz < C(ﬁ |Dul|? dz) + CS?P. 3.11)
Q1,1 Oar2p

iR dp

Proof. Let y(x) be a nonnegative smooth function in x with compact support in B 3 r(X0) such that
X = lin Bg, x(x) € [0, 1] and |Dy(x)| < ¢/R for all x. We define

1
uf (1) = —f u(x, t)dx with yg = f x(x)dx.
" B3(x0)

XR B3 (x0)

For any s, 7 such that —p < s < ¢ < 0, we test (3.7) with (w;ogR(t) - M;O‘R(s)))((x)n(r) (n is defined as
in Lemma 3.1), to get the following.

t—s t—s _
o D) = 1, () < Cos fQ A, DuPdz < C s fQ \DuP2dz.
2Rp 2Rp
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Thus, if |t — 5| < p = S?"PR? then

1
— [ (1) = 1!, p() < CS2‘pJ6( |Dul*"~2 dz. (3.12)
P Oy

Obviously, for any s € (—p, 0)

1 1
—ﬂ lu— ugl? dz < —]6[ u — W;) R(S)|2 dz
p QR,p ,0 QR ’

1
< lﬁ[ lu—u’ (D dz+ - sup | (1) —u* (s)].
P QR .)C(),R p ZE(—EO) Xn,R X(),R

(*)

We consider the first term on the right and estimate it by

1-4 g
f f lu - (O dz < (sup lu — u® R(t)|2dx) f ( f lu — R(t)lzdx) dt,
Orp o 4 Br o —p \VBg o

where g = 2n/(n + 2). The last factor can be bounded via Poincaré-Sobolev’s inequality (in the x

variable) by
0 H
f ( f |u—Lf;0R(z)|2dx) dr < f f |Dul? dz.
—p \JBg ’ Ooryp

In addition, because y = 1 in By and the integral fB.zR |u — c[>xdx is minimized at ¢ = ”{;U,R(t) and
2

x(x) € [0, 1], we have for any 7 € (—p, 0)

f lu— l/t’;) OPdx < f lu — uﬁo O ydx < f |t — urg*ydx < f lu — uag|*dx.
Bg ’ 3 ’ 3 B

B B3 3
3R 3R 3R

We estimate the last integral by testing the equation (3.7) for u with (u — upg)¢”, where ¢ is a cut-off
function for Q 3R3Rp and Qg ,. We easily obtain

1 1
sup f |u — upglPdx < —ff lu — usgl* dz + —pﬂ‘ | — uzgl” dz.
te(—p,0) JB P szyzp R Q2R,2p

We deduce from the above two estimates the following

1 1
sup f u— 1! p(OFdx < —ﬂ u — usgl? dz + —pff u — usgl? dz. (3.13)
1€(=p,0) J By ’ P IJ 0y R Qar2p

Applying Holder inequality to the right hand side of the Poincaré inequality (3.6), we have

1 r-l
— lu — uagl? dz < CJS( |DulP dz + CS®PP (]6( |Dul? dz)] )
RP Oxr2p Or2p O2r2p

By (3.10), the right hand side is bounded by CS?”. Thus,

1 S Z—pRn+2
—ff lu—uglP dz = —ﬂ lu— uglP dz < CR™2§2.
RP Oar2p RP Oar2p

3
>R
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(3.10) also gives
1
_ff |u - M2R|2 dz = % u — u2R|2 dz < C|QR,p|Sp — CR’HZSZ.
PII 0z P Oar2p

The above estimates and (3.13) yield

1-q/2
( sup | Ju—u R(t)|2dx] < C(R™2§2ym2 = CR2S .
1e(~p,0) J By o

Hence, the first term on the right of (*) is bounded by

ﬂ I — u);o R(t)|2 dz < C5p72+$36(
- | Or

Next, the last term on right of (¥) is estimated by (3.12) and Young’s inequality

|Dul? dz = CS,H]JS(‘ |Dul|? dz.
Orp

L

P W ()P < CSP + c[ﬁ[ |\Duf?P~2 dz) :

Oryp

Putting these in (*) and using the Young and Holder inequalities (2p — 2 < g), we obtain

1
A veureclf,
PIJ o, 0

From the assumption (3.10) on S and the Caccioppoli inequality (3.8) we derive the desired reverse
Holder inequality (3.11).

rlq
|Dul|? dz) + CS?.

R.p

Finally, in order to obtain certain uniform continuity for the integrals of gradients of weak solu-
tions, we will need the following measure theoretic result which could be of interest in its own right.
(Recall the convention: for any two quantities A, B, we write A ~ B if there are universal positive
constants Cy, C, such that C1A < B < C,A))

Lemma 3.6 Let F,Gy (k = 1,...,M) be nonnegative integrable functions defined on Q; and
a, 3, my. be real numbers with a + 1,8 > 0 and my € (0, 1). Assume that for any scaled cylinders

Orp C O2r2p C QO11, Withp = SR and S ~ F dz, the following holds.
Oryp
M 1/my
JS( FszsJS( Fdz+Z[J6( dez) : (3.14)
Oryp Oar2p =1 Qar2p

If € > 0 is sufficiently small (depending on ||F||pi g, > @, B, my) then for any subset A of Q
m € (0,1) and

11,
2°2

! 236( F dz, (3.15)
1,1

there is a positive constant C = C(n) such that

M
ff FszCtH”ff Fmdz+CZtl’mkff Gy dz,
: o =1 I

where ®;, ={z : z€ Aand F(2) > t} andl"’; ={z : z€ A and G(z) > "™}.
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Proof. For simplicity, we will consider the case when M = 1 since it is easy to extend the argument
to the case M > 1.

LetP = Q 11 and 1 = 1S, with 49 = Aop(n) being a constant to be determined later. We have
from (3.15)

Agttgatt zﬁ[ F dz. (3.16)

Define
J(r) = JS( Fdz, r>0. 3.17)

rsﬂ,ﬂ

Obviously, for r € [%, %] and Ay = Aop(n) sufficiently small we have

J(r) <87C(n) Fdz=5Cn)
Q11

1 1 11
Fdz<-S Vre[—, =] 1
SMIJS(QH i< 38 Vrelg.s) (3.18)

Consider a point z € P such that F(z) > §S. Lebesgue’s theorem yields limHo J(r) > S. Thus, by
the continuity of the integral and the above inequality, we can find r(z) € (0, ; O) such that J(r(z)) =
18 and J(p) < 1S for any p € [r(z), 3;]. This and (3.18) imply that J(2r(z)) and J(5r(z)) are
bounded by ;S Moreover there is a constant ¢y depending on n such that J(r(z)) < coJ(2r(z)) and
therefore J(2r(z)) > 1¢;'S. Hence, for p(z) = S*r#(z)

-4,
0

We apply the Calderon-Zygmund lemma to P to obtain a countable family of disjoint subcubes

{01} = {Qarz).se@rpizy) Such that {z = z € Pand F(z) > S} € U;Q;. Here, Qi = s,z se(sr9c)-
LetAbeasubseton1 1 and ®, ={z : zeAand F(z) >t} and I, = {z : z€ A and G(g) > '™}.

We will only consider subcubes Q;’s such that Q; N A # 0. For such a subcube, Oy, Se@rp) C

Ourizp.se@rpz) € Q11 and by (3.19) we see that (3.14) holds and we have two cases (with Q,,, =

Q2r,2p) ;
1/my
JS( FszZsjgf_ FdzorJS( FszZ(JS(_ Gdz) . (3.20)

If the second case of (3.20) holds then because S ~ JS( F dz we have the following

i

m
ci(n)™™mS™ < (JS[ F dz) < 2’”')6(_ Gdz < cz(n)Zm'JSC G dz.

i

1
F dz andﬁ( Fdz<=S. (3.19)
o 2

2r@).52 2P (2) 512,55 )

Hence, by splitting the integral on Qi into those on Qi NI, and Qi \ I';, we have for some ¢ = c(n)

SO, < 2e)™ f f G dz+ 20y f f G ds.
0T D\T,

S™I0) < 2oy ff G dz+ ey ™0
Aimrz

S™I0i < ea(n) f f G d-.
DinL,

This gives

and furthermore
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if 4p = t/S is sufficiently small (such that (2¢)™ ™ < %S " and (3.18) still holds). We then fix such
Ao.
Arguing similarly, with G, m; now being €F and 1, we see that if the first case of (3.20) holds

and ¢ is small then
S10i] s4sff F dz.
DiN®s

Combining the above estimates for |Q,~| in both cases, we have

S10i] S4sff Fdz+C3(n)S'_m'ff G dz.
Atm(DS A;ﬂr,

Since ®g c U;Q;, we now have, by (3.19) and the fact that Q;’s are disjoint,

ffd)SFdzs Z ffiFdzs%S Z IQA;|=C(n)SZ|Q[|:C(n)S|UQ,<|.

0:NDs£0 0:NDs£0 i

By Vitali’s covering lemma, we can find a subsequence of disjoint subcubes {I1;} of { Qi} such that
UQ; c UIT; and therefore

VO < |Ull] < 3" I < Ci(m) ) 1T,

Thus, as IT’s are disjoint, we have from the above estimates for I1; = Qi that

ff F dz C,(n)S 3 |IL| < C3(n)2(4sff Fdz+Sl’"“ff Gdz)
Dy I;Nds ILNI,
Cs(n)de f f F dz + C3(m)S'™™ f f G dz.

Oy T,

On the other hand, as A is small, ¢ < § and therefore ®g C ®,. We then have

ff Fdz < S‘—mff F"dz < 2C4(n)tl_mff F™ dz.
D\ Dy [0} O,

Hence, by choosing ¢ sufficiently small, we get

ff FdzsCtl""ff F" dz+Ct"'"'ff G dz.
D, O, I

This completes the proof.

IN

IA

Remark 3.7 Note that the number S in the proof is fixed and needs only satisfy (3.16).
We now have the following result on the uniform continuity of integrals.

Lemma 3.8 Let {F®} and {Gf{i)}, k = 1,...,M, be bounded sequences of functions in Ll(Ql,l)

satisfying (3.14) of Lemma 3.6. Assume that the sequences {G,({i)} are weakly convergent in L'(Q1.1).
If is sufficiently small then there is a subsequence {F")} such that the integrals of F® are uniformly
continuous in the following sense: for any given ¢ > 0 there is p(6) > 0 such that

f f FU dz < 6 forall iy if A C Q11 and |A| < p(6).
A
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Proof. We can again consider the case M = 1. Fix a ¢ satisfying (3.15) of Lemma 3.6. We have
shown that if & is small enough then we have for F = F and G = G?.

fdez ff Fdz+ff Fszt|A|+Ct"’”ff F’"dz+Ct‘—'"1ff Gdz
A A\D, D, D, I

t|A|+Ct"’”ff F" dz+Ct"’"‘ff G dz.
A A

Since m < 1, |[F?|" is bounded in L? for some g > 1 so that there is a subsequence {F)}
converges weakly in L'. By assumption, G/ is also weakly convergent in L'(Q;.1). We can apply
[4, Corollary IV.11] on the uniform continuity of integrals to see that the last two integrals in the
above estimate are uniformly small if |A| is small. The assertion then follows easily. ll

IA

Another consequence of Lemma 3.6 is the following higher integrability result.

Lemma 3.9 Let {FD} and {Gg)}, k = 1,...,M, be bounded sequences of functions in Ll(Ql,l)
satisfying (3.14) of Lemma 3.6 (with p = S°RP). If € is sufficiently small then there is some r > 1
such that if G; € L""*1(Qy.1) then the following estimate holds:

=l
ff Frdz < C(ff F dz) + csz G dz. (3.21)
0 O11 011

Proof. Form € (0,1) and r > 1, we define

(1) = ff F"dz, wi(r) = ff G, dz,
¢ I;
I.(t) = ff F' dz.

ForA =0 11 the assertion in Lemma 3.6 can be written as

-

1
i,
and

_ f g < CIT0 + S ] Ve = (76[ : dz)m '
01

t

A simple modification of the Gehring lemma in [6, Lemma 6.3, p.200] provides some r > 1 such
that

- f W "d(u) < —Ca™! f u ™"d(u) — CZ f W " dew;(u).
a a a
This gives (see [6])

[ raccr ([ ravaf] o
9 O1 011

11
2°2
The definition of a then gives the desired (3.21). ll

We now consider a sequence of vector functions u; which almost solve (3.7) in the following

sense:
‘ ﬂ —u¢; + {Ax(u, Du), Do) dz
Ory

for all ¢ € VI(Qr,), Qrp C Q1.1-

-1
< 81Dul; . DGy, (3.22)
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Lemma 3.10 Assume that p > 2n/(n + 2) and p # 2. Let {uy} be a sequence of vector functions
satisfying (3.22) and and assume that the norms ||Dug|rr(g, ) are uniformly bounded. Furthermore,
the sequence of matrices Ay is assumed to satisfy the ellipticity condition E) of Section 2. If § is
sufficiently small then the integrals of |Duy,, |P*® are uniformly continuous for some subsequence {k,,}
and € > 0.

Proof. We will apply Lemma 3.8 here by taking F = [Du;|” and G\ (k = 1,2) to be either |Du;l?
or [Du;|P~! with q = np/(n + p). Consider first the case p > 2. It is easy to see that u; satisfies the
Poincaré and Caccioppoli type inequalities of Lemma 3.1 and Lemma 3.3. Hence the reverse Holder
inequality (3.9) of Lemma 3.4 holds for Du; with &€ = 26 and

p=S8*PR*and S Nﬁ |Dul? dz.
[¢)

Rp
Hence, the assumption (3.14) of Lemma 3.6 is verified with @, S there being (2 — p)/p, S? respec-
tively, p = S?RP and B = 2.
As the norms ||Dug||zr(g, ) are uniformly bounded, G;’s are uniformly bounded in L" for some
r > 1 and they are weakly convergent in L!. Lemma 3.8 then applies here to give our lemma if &, or
0, is sufficiently small.
If p < 2, as in the proof of Lemma 3.6, we fix a number S such that (see (3.16))

2 1
/l(’;SZ > (ﬁ |Duy|? dz + SZI’JS(Q lug — (U)o, , |2 dz).
11 1.1

Define (see (3.17))

1
J(r) = JS( [Dul? dz + _—JS( lux — (U)o, I* dz.
Q §2rr? 0, 52p2 N

We will be interested in the set where |Duy|” > SP. At each point z of this set, the argument
leading to (3.19) in the proof allows us to find a cylinder Qg s2-»x2(2) and a positive constant c;(n)

such that
1
Dul’ dz + ———
q(n)(ﬂg 1Du Z+Ssz2J5[Q

Therefore, the condition (3.10) on S is verified and a reverse Holder inequality (3.14) for F*® =
|Du,|P is available again. Noting that S is fixed so that the functions G,(:) are now constant, we see
that the proof can continue as before. il

rs2r,2

lu — ugl? dz) <87

RS2-PR2 RS2PR2

We should remark that the above result also holds for p = 2 and this case is just a simple
consequence of higher integrability of gradients (see [5]).
We also have the following L7 estimates for Du as a result of Lemma 3.9.

Lemma 3.11 Assume that p > 2n/(n + 2). Consider a vector functions u satisfying (3.22) where Ay
is assumed to satisfy the ellipticity condition E) of Section 2. If ¢ is sufficiently small then there is
& > 0 such that

R’”sﬁ |DulP*® dz < C (3.23)
Qipler

for some constant C depending on RPJS( |Dul? dz. If 2n/(n + 2) < p < 2, the above constant C
Orrp

also depends on lu — ugl* dz.

RP
Or rr
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Proof. We make the scaling x — x/R, t — t/R” in the equation for u and need only show (3.23)
when R = 1. We now set F = |Du|” and let G; be either |DulP~! or [Dul? with q = np/(n + p).
Accordingly, m; will be either (p—1)/p or g/ p = n/(n+ p) respectively. Thus, G; = F™ and belongs
to L'+ if (r —m; + 1)m; < 1. We can find such r > 1 if (2 — m;)m; < 1 but this requirement is just
one of the followings

n

1p-1
-2 P" e p-1<pPand2- ) <1 enm+2p)<@n+pl.

P P n+p n+p

Thus, Lemma 3.9 applies here with @ = (2 — p)/pand r = 1 + &/p to give (3.23) when R = 1.

The dependence of the constant C on 1% |u — uRI2 dz comes from the choice of § in the proof
QR,R[I
of Lemma 3.10. il

Remark 3.12 When p > 2, from the estimate (3.21) and the above proof it is easy to see that the
quantity

i

pte
R]J+€ﬂ |Du|p+s dZ
Q%R.%Rl’

can be bounded by

p2+e)

2(p+e)
Co max{(RPJS( |Dul? dz) , RPJS( |Dul? dz}
OR gy Orrr

p(2+e)
2(p+e)

for some constant Cp independent of Du. We also remark that the exponent > 1 when p > 2.

4 The approximation lemmas

In this section, we establish one of the main tools of our work - the nonlinear approximation lem-
mas for p-Laplacian systems. To begin, let us fix a cylinder Qg = B X [-R”,0] and consider
two collections A of matrix-valued functions A and 8 of vector valued functions B satisfying the

following:

a.1) There are positive constants A, A such that the ellipticity condition (2.4) in E) holds for each
AeA.

a.2) Forany B € B, B(u, () is Lipschitz in u and there is a positive constant Cg such that

|B(u,{)| < Cg + Cald P~ (4.1)
a.3) Foreach A € A, B € B and any given function g € Cl(Qp), where Q, C Ok, the system
ff —u¢, + (A(u, Du), Do) — (B(u, Du), ¢) dz = 0, V¢ € C(l)(Qp), u=gons,
Q9

has a bounded weak solution u, with |lul|z=g,) < C(llgllz=(g,))-
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a.4) (Monotonicity) There is a positive constant 4y such that

ff (A(u, Du) — A(v, Dv), Du — Dv) dz > /loff |Du — Dv|? dz
O 73

for any u,v € V,(Q,).

The monotonicity condition a.4) has been frequently assumed in literature concerning the unique-
ness of weak solutions to the systems described in a.3). We will state the first version of our non-
linear approximation results under this condition in order to streamline our presentation and ideas.
Later, we will replace a.4) by more practical assumptions and the proof will be similar modulo some
technical modifications.

We will first prove

Proposition 4.1 Assume a.1)- a.4) and p > 2n/(n+2). For any given M, & > O there exists 6 € (0, 1]
that depends only on A, A, M, & and Cg such that if A € A, B € B and u € V,(Qr) satisfying

]6[ lul> dz + RPJS[ |DulP dz < M, (4.2)
R R

‘ﬂ — u¢p; + (A(u, Du), Do) — (B(u, Du), ¢) dz

and

2
< 81Dull}, o IDBllro  (43)

for q = p’ and for all ¢ € Vg(QR), then either

R”]S[ |Dul? dz < &, 4.4)

or there exists v € V,(Qgj2) such that

36( WV dz + RPJS( IDvIP dz < C(A, A\, Ao, M)
Or/2 Or/2

and

ff — v, + (A(v, Dv), Dp) — (B(v, Dv), ¢) dz =0 4.5)
Ory2

forall ¢ € C(lJ(QR/z), and

]6[ lv—ul*dz + JS( v —ulP dz < sR”JS( \Dul? dz. (4.6)
Or)2 Or)2 R

Moreover, there is 8 > 0 that depends only on A, A, M and Cg such that

0 o ieslf e
Orp2 Or)2

Proof. For simplicity we will present the proof when B is identically zero. It is not difficult to see
that the presence of B, satisfying our assumptions, will introduce some extra terms which can be
easily treated by the same argument and a simple use of Young’s inequality.
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The proof is by contradiction. We then assume that there exist &y > 0 and sequences {A}, {ur}, {ex}
and cylinders Qg, (X, ;) such that for Qg, = QRk,Rf (xx, tr) we have

]| -+ st Du. D) it < Dl g, 1DG 7
Or,
for all ¢ € Vg(QRk) but
lim sup RfJS[ |Du|P dz > 0, (4.8)
k—00 QRk

and

]6[ v — wl* dz + ]6( v —ul” dz > eOR;jﬂ |Duy|P dz 4.9)
Ory /2 Ory 2 O,

for all v satisfying
ff — v, + (Ar(v,Dv), D¢y dz =0 forall ¢ € VS(QRk/Z)-
O,

We then make a change of variables
w(x, 1) = w(x + Rex, i + RY),  (x,1) € Q.

By the boundedness assumption (4.2), the norms ||’4k||Vp(QRA.) are uniformly bounded by M and so are
Wk”V,y(Ql% Thus, by scaling and translation, we can assume R = 1 in (4.7)-(4.9) and note that (4.2)
and (4.3) continue to hold. This also proves that ¢ is independent of R.

For any nonzero real number / and any vector valued function f in L'(Q;), we denote by f; =
Jy * f the standard mollifier of f. That is, for some smooth nonnegative function J with compact
support in the unit ball Q; of R"*! and Il g1y = 1, we write

1 Z —
fh<Z>=Jh*f(Z>=Wfo J(| hz|)f(z)dz, Zer™,

Let {h;} be some sequence of positive reals converging to 0 and g; = (), which is in C'(Qy).
We then define Uy, to be the solutions of

f f ~ Uidy + (AU DU, D dz =0 V€ C(Q3)
2 : 4.10)

Ui = g onS;.

Note that, by a.3), ||Uillec < C(/Igklleo)-
The following claims provide a contradiction to (4.8) and (4.9) and prove our proposition.

Claim I: There is a constant C such that [DUllzr0,) < ClIDugllzrg,)-
3 3
Claim II: u;, — Uy — Oin LZ(Q%) and L”(Q%).

Proof of Claim I: Let (a)r = Ax(ux, Duy)p, and replace ¢ in the inequality for u; by ¢_p,, whose
support is in Qs if || is sufficiently small. From (4.7), the following holds

L r
—eullDugl g IDBlr01) < ff [~k 80) + (@ DA dz < &xlI Dl o DD,
0
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forall ¢ € Cé(Ql). For any 7 € (—(%)"7 ,0) and sufficiently small positive A, let 5(s) be a C' function
such that (s) = 1 if s < 7, n(s) = 0 if s > 7+ h and n is linear in (7, T + h).

Subtracting each side of the equation of Uy, from the corresponding side of the above inequalities
and testing the result with (U (x, s)—gx(x, $))n%(s), which vanishes on the boundary of Q:, we easily
obtain the following for ¢ = U} — g, when we send / to 0: ’

sup f 6 dx + f f (A(Ug, DUR) - @) D) dz < &l Dl IDG15i0, -
B "

sel-5.71V B2

Here, for any cylinder Q, we denote Q' =0n{(x,s) : s <t}. The above then implies

sup f g dx"‘f (Ar(Uy, DUy), DUy) dz <
By Qz

sE[—— ,7] 2

f f (Ax(U, DUR). Dgi) + (@) (DU — Dgo)) dz + elIDuely . 1D

Since || D( Uk)hk ”LP(QZ) < C”DUk”Lﬂ(QZ )» a simple use of the Young inequality with g sufficiently
small and the ellipticity of Ay ina.l) glve

sup f |Uy — gil* dx + ff IDUP dz <
SG[—%,T] B

3
@11
c| f D8l + Kl 1Dl dz+ eDuslfy g 100 i

Because ||ng||Lp(QT ) < C”Dl/lk”Lp(QT yand ||(a/)k||Lq(Q, = ||Ax(ug, Dug)p, which can be bounded

”L‘I(Q’ y
by C|[Duyl? L Q, for some constant C, we obtain from the above and the Young inequality the fol-

lowing estlmate

2
IDUKII, e , < CIDUKll} e, + &xllDUl, o, VT E [—(g)”, 0]. (4.12)
3

©5) ©5)
3 3

This established our first claim if we take 7 = 0.
Proof of Claim II: Now, for any p,r € (0, %), we write Q] = Q% N{x,s) : s < —(%)P + p?,
o, = Qz N{(x, 1) : |x| > 3 —r}and @} = Q] N Q). These sets are the thin layers at the base and the
lateral sides of the cyhnder Qz

Let ¢(x, 1) = y(x)n(t), where W, n are respectively cut-off functlons in x, ¢. That is, ¥ is a cut-off
function for Bz ~and Bz and 7 is a cut-off function for [— ( W+ p 0] and [— ( )7, 0]. We can assume

that |Dy/| < 1/r and 7, < 1/0%.
Denote Hy = uy — Uy and ® = H¢>. Testing the equations for Uy with @ and replacing ¢ in
(4.7) by @, we get by subtracting the two results

r/q
o < Sk”Duk”Lp(Q%)”Dq)”LI’(Q%)-

oD
Il [Hk— + (A, D) = AUy, DU, Dd»] dz
2
3
We now write A = Ax(uy, Duy) — Ax(Uy, DU}) and derive from the above the following

sup f H2¢ dx-i—f (A,D®D) dz <
se[-(3)7,0] Qz

(4.13)

rlq
2 ae £lDlf 1DVl
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We consider the second term on the left and note that D® = ¢>DH; +2H;¢D¢. By the monotonicity
assumption a.4) with u = uy and v = Uy, we have

ADH,¢* > Ag¢*|DH,|".

On the other hand, because D¢ = 0in Q\ 05, |[D¢| < 1/r and |A| < C[|Dug|P~" + |DU|P~"], we also
have via the Young inequality

ff AHk¢D¢ dz
Q2

IA

c f (D’ + IDUPHHlIgI Dl dz
Q;

c[[ uowripvipazs e f HY dz.
2

IA

Also, because ¢, = 0in Q \ Q] and |¢;| < 1/p?, we have
0 1
f —¢' dz < C—sz |Hl dz.
0 ot P Mo,

1
DO o, < CIDEI, ., +C || e
2

In addition, as

a simple use of the Young inequality and the above estimates allow us to deduce from (4.13) that

sel-(5)7.

_— ff (D’ + \DULP) dz + C ff (IDul? + DU dz+
ff H} dz+C— f H} dz.

For any given € > 0 we will show that if r, p are sufficiently small and k is large then
1 1 )
— || e = [P dz <, (4.16)
" IJg, p-Ho,

f (|1Duy|” + |DUIP) dz < e. 4.17)
0

sup f H}¢* dx + f f Ao|DH|P¢P dz < Fy, (4.14)
0] %

where

(4.15)

and

The above estimates yield

sup f H} dx + ff A|DH PP dz < Cey + 2,

se[=(5)r,01

and thus ||H|| Lz(QZ) < &. By Sobolev’s imbedding inequality (see [3, Proposition 3.1, p.7]), we also

have ||Hy|| 1(03) < &. This will establish Claim II and we obtain the desired contradiction.
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Concerning (4.16), when r, p have been fixed, because Hy = (ur — gx) + (gx — Ux) and uy — g
converge to 0 in L? and L?, we need only to prove that

1 1
S w-vra s ] le-vid<e (4.18)
mJJg, pmIJg;

if k is large and r, p are sufficiently small (uniformly in k).
For the integral on Q’, from (4.11), we find that

ff |Uy — gil* dz < Cp? sup f |Ur — gil* dx <
0 sel=(3).~()r+p?] VB35
¢ [[| 1Dal + @ dz + DU o
04 3

On the other hand, because U, = g; on the lateral part of S 2, We can use the Poincaré inequality

in x to get
1
- f f Uy - gul? dz < ff DU, - D dz < f f Dgil? + DU dz.
'z 0, A

By (4.11) again,
ff IDUP dz ff |DUP dz + ff IDUP dz
; 0 0
f f DU dz + f f (Dgel” + (@) 1] dz.
2\0; 0

ff (IDgl? + (@[] dz < € f f \Dugl? d-.
[ 0]

Therefore, the left hand side of (4.18) can be estimated by

C[ﬂ |Duk|p dz + ff |Duk|p dz + ﬂ |DUk|p dz + g
f > 5\0)

Obviously, the left hand side of (4.17) is also bounded by the above. Thus, we need only prove
that the integrals in (4.19) can be arbitrarily small (uniformly in k) if r, p are sufficiently small. By
the uniform continuity of integrals (see Lemma 3.10), the integral of |Du|? over Q] is small if the
measure |Q)], or p, is sufficiently small (but independent of k). Hence, the first term of (4.19) is
small. Fixing such a p, we then repeat the argument to see that if r is small then so is the second
integral in (4.19). Similarly, the integral of [DU|? over Q) \ Q] is small. Therefore, the right hand
side F of (4.14) can be arbitrarily small if r, p are sufficiently small and k& is large (¢, — 0). As we
mentioned earlier this gives the proof of the second claim and completes our proof. B

IA

IA

But

: (4.19)

We now consider the following alternative of the monotonicity condition a.4).
a.4’) Forany w € R" and U, V € R™, there holds

min{]UPP2,[VIP2} U#0orV #0

0 otherwise. (4.20)

(Aw,U) = Aw, V), U = V) > A|U - VI2{

Moreover, A(u, {) is Lipschitz in u in the following sense

A, ) = AW, Ol < Clu = vIIZ1P™
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Concerning the condition (4.20), if A(u, U) is differentiable in U then we note that

1
0A
(Aw,U) - Aw, V), U -V) = f <6_§(W’ sU+ (1 -sV)ds(U-V),U-V).
0
. . . O0A . .. .
Therefore, (4.20) can be verified if the matrix 6_4," is positive definite and

%\(w, SU+ (1= )V 2 AU + (1= V)il Vs € (0.1, 7€ R™

for some A(sU + (1 — s)V) > |sU + (1 = s)V|P~2.

Proposition 4.2 The conclusion of Proposition 4.1 holds if the monotonicity condition a.4) is re-
placed by a.4’).

Proof. We revisit the proof of Proposition 4.1 and point out necessary modifications under a.4’). As
before, for Hy = u;, — Uy and ¢(x, 1) = Y(x)n(t) with ¢, n being respectively cut-off functions in x, ¢
for Qg. That is, ¢ is a cut-off function for B%_r and B% and 7 is a cut-off function for [—(%)” + pz, 7]
and [—(%)”, 7], where 7 is any number in [—(%)”, 0].

Again, the proof is by contradiction and we can see that the proof of claim I in the proof of
Proposition 4.1 is still applicable here. We need only consider claim II. First of all, the assumptions

(4.8) and (4.9) give that
ff \H[> dz > & >0
2
3

for some fixed &;. So that, if r > 2,5 > | then Holder inequality, the boundedness of Hj and the
above inequality yield

[ff |Hk|’dz] sC(M)[ff |Hy? dz

Since a.4) was not used until we obtained (4.13), we now need only look at the integral of
(A, DH;¢?) in (4.13), which reads

1

s

<C(M,r,s, &) f f |Hy|? dz. 4.21)
02

sup H¢” dx + f (A, DH¢*) dz < Fy, (4.22)
se[—(3)7,0] By Q3

where A = Ay(uy, Duy) — Ap(Uy, DUy), and Fy, = Fy(h,r,p) which is defined by (4.15) and can be
arbitrarily small if k is large and h, r, p small (uniformly in k), thanks to the argument in the proof of
Proposition 4.1 without using a.4).

We now consider the following two cases.
The case p > 2: We write Q% = E, U E, where

E,={z : IDu)| < |DU@I}, Ey = {z 1 IDU(2)] < |Dur(2)|}.

f (A, DH¢?) dz = f f (A, DH¢*) dz + f f (A, DH¢?) dz.
0> E, E,

We also write
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On E,, we have
(A, DHy) = (Ax(Ux, DUy) — Ax(Ur, Duy) + Ar(Uy, Dug) — Ay (ux, Dug), D(Uy — uy))-
By (4.20), as |Duy(z)| < |DUk(2)| and p > 2, it follows that
(Ai(Uy, DU) = AUy, Dug), DUy = Dug) = o\ Dugl”*| DUy — Duyf, (4.23)
and this term will be kept on the left of (4.22). On the other hand, as Ax(u, {) is Lipschitz in u,

[{Ax(Uk, Duy) — Ak(ukz, Duy), DH,)| < C|Hyl|Duy |~ |DH|
L Pz —
= C|Hi||Dug|?|1Duy| = |IDH| < 2| Dug|P~2\DH* + ClHy || Dugl?.

The first term on the right can be absorbed into that of (4.23).

Interchange the roles of uy, Uy and apply a similar treatment for the integral of (A, DH;$*) over
E, in the above argument to see that (4.22) gives

sup HI¢* dx + f f |Duy|P~2|DH*¢? dz + f f IDUP~2|DH[*¢* dz
E, E,

se[-(3)7.01 VB
< C ff |Duw|P|Hy*¢* dz + C ff IDULIP|Hi*¢? dz + F.
E, E,

Since |Duy| < |DUy| on E,, the above yields

2
3

sup Hi¢*dx < C f f |DULIP|H > ¢? dz + F
sel-(3)r.01V B2 3

Now, using the higher integrability of Du; of Lemma 3.11 we also have the L? estimate, with g > p,
for DU} on Q% by extending Uy = u; beyond the boundary of Q%. In fact, this comes from (4.12)
(for cylinders centered on the boundary of Qg ) to obtain a reverse Holder inequality for DU and
then use the fact that Duy is in L?. Thus, by Holder’s inequality and (4.21)

1

f f |DUk|f’|Hk|2¢2dzsc<M>{ f f |Hk|’¢’dz] < Cler, M) f f P de.
() Q2 ;)

Again, it is easy to see that the above argument still holds if Q% isreplace by Q% = Q% N{(x,2) 1 t < 7}
, 2 ,

for any 7 < 0. Sending p, r to zero to obtain

se[-(3).7]

sup H} dx < C(e1, M) ff |Hy* dz + F. (4.24)
B> Y
3 3

Setting

yi(t) = sup H,f dx

sel-(3)r.71 VB2

the above (4.24) becomes y;, < Cy; + F; with y(—(%)p ) and F} can be arbitrarily small. By the
Gronwall inequality, we see that H; — 0 in L*(Q %) as well as in LP(Q %) because p > 2 and H; is
bounded. Our desired contradiction is obtained and the proof is complete for the case p > 2.
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The case 2n/(n + 2) < p < 2: For each z € Q, let us denote by u(z), v(z) which are either u;
or Uy such that, with a slight abuse of notation here, Du(z) = max{Du(z), DUy(z)} and Dv(z) =
min{Duy(z), DU (z)}. We write Q% = E, UE, where

E,={z: %IDM(Z)I < |Du(z) = Dv(@)l}, Ev = {z : [Du(z) — Dv(z)| < %IDM(Z)I}-

Again, we consider the integral of (A, DHk¢2) in (4.22). On E,,, we write H = u—v, DH = Du— Dv
and
(A, DH}) = (Ay(u, Du) — Ar(u, Dv) + Ar(u, Dv) — Ai(v, Dv), DH).

Because p < 2, min{|Duy|P~2, |DU;|P~2} = |DulP~2. By (4.20) and the fact that [Du|P~> > 2P~2|Dy —
DulP~2, we have

(Ar(u, Du) — Ai(u, Dv), Du — Dv) > CAo|Dv — Du|’ = CA9|DH|?, (4.25)
and the last term will be kept on the left of (4.22). On the other hand, as Ax(v, {) is Lipschitz in v

[{Ax(u, Dv) = Ai(v, Dv), DH)| C|H|IDvIP~'|DH| < S2|DHI? + CIH|7T||Dv)?

So|DHIP + C(M)|HPIDVIP.

INIA

Here, we have used the fact that H is bounded in the last inequality. The first term on the rightmost
hand side can be absorbed into that of (4.25).

On E, we note that |[Dv — Du| < %IDuI and this implies |Dv| > %IDuI (otherwise, |Dv — Du| >
|Du| — |Dv| > %IDuI, contradicting the definition of E,). We now write H = v —u, DH = Dv — Du
and

(A, DHy) = (Ax(v, Dv) = Ax(v, Du) + A(v, Du) — Ay(u, Du), DH).

We have by (4.20)
(Ax(v, Du) — Ay(v, Dv), Dv — Du) > CAo|Du|’~?|Dv — Dul*.
Again, this term will stay on the left of (4.22). Meanwhile, as |Dv| ~ |Du| on E,, we have

KAk(v, Du) = A(u, Du), DH)| < C|H||Dul”™'|DH| <

C|H|\Dv|%|Du|= |DH| < S2|DulP~2|DHI* + C|H*|Dv}P.

Combining the above estimates and noting that [Dv| < |[DUy|, we derive from (4.22)

supself(%)p’o]f Hl¢* dx  + ff IDH|P¢* dz + ff |Du|P~|DH;*¢* dz
B E, E,
3

(4.26)
< C(M) ﬂ IDULIP|H*¢? dz + F.

As in the case p > 2, because 2n/(n + 2) < p < 2 the higher integrability of DUj is available,
we can derive a Gronwall inequality and see that H; — 0 in LZ(Q; ). Since Hj is bounded and DUj,
is L1(Q %) for some ¢ > p, an application of Holder’s inequality shows that the right hand side of the
above inequality tends to zero as k — co. Hence,

f f \DH|P¢* dz + f f |DulP2|DH;|*¢* dz — 0 as k — oo. 4.27)
E, E,
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Concerning the L” norm of DH;, we observe that

ff IDH,P¢* dz = ff \Dul |\ DH,?\Dul - & dz
E, E,
g
( ﬂ |DulP~2|DH,|*¢* dz) ( f f |Dul? ¢? dz)
E, E,

Because the integral of |Du|? = max{|Du|?, |DU|"} over Q% is bounded, the above and (4.27) show
that the integral of |DH|? over E, and E,, and therefore Q%; tends to zero. By Sobolev’s imbedding

2-p
p)

IA

inequality, we see that Hy — 0 in L? (Q%). Our proof is then complete.

The first alternative (4.4) in the above propositions is not as useful as (4.6) for our later proof
of the Holder continuity for weak solutions. To this end, we will show that (4.4) allows us to
approximate the considered u by solutions to nice systems whose coefficients A(v, Dv) do not involve
the solutions v. The proof of this fact for the singular case (p < 2) is much more involved and will
be reported in a forthcoming work. Here, we only present the result when p > 2.

Proposition 4.3 Assume that p > 2 and a.1)-a.3) and a.4) or a.4’) hold. For any given M,& > 0
exists 6 € (0, 1] that depends only on A, A, Ay, € and Cg such that if A € A, B € Band u € V(Qg)

satisfying
JS( lu — ugl* dz + RPJS[ |DulP dz < M, (4.28)
R R

1DPllLr(0r) (4.29)

and

|ij - u¢t + <A(Ma DM), D¢> - <B(Ma DM), ¢> dZ| < 6|IDMI|L§ (Or)

forany Qr C Q, ¢ € VS(Q), then there exists v in V,(Qr2) such that ||V||lL=(gg,, < C(4, A, Ao, M)

and
]6( v —ul* dz +]6( v—ulf dz < sR”JS( |Du|? dz,
Ory2 Orp2 R

(4.30)
|Dv|P dz < B |Dul? dz.
Or/2 Or/2
Here, B > 0 depends only on A, A, Ay, Cg. Moreover, v satisfies
f f = V¢, + (A(v,Dv), Dg) — (F(v,Dv),$) dz = 0, V¢ € C)(Qry2) (4.31)
Orp2

where either X(v, Dv) = A(v, Dv) and E(v, Dv) = B(v,Dv) or Z(v, Dv) = A(c, Dv) and E(v, Dy) =
B(c, Dv) for some constant vector ¢ € R™.

Proof. Again, we will only discuss the case B = 0 here. As in the proof of Proposition 4.2, by
scaling we can assume that R = 1 and need only consider the case when

lim supJS( |Du|? dz = 0. (4.32)
1

k—oo

We now look at the solution of

[ 1=+ Axcr, Dwonsiaz =0 s e vicoy). (433)
02
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and vy =y on § 2. By testing (4.33) with v; — 1 we easily see that

ﬂ‘ |Dvl? dz < C]S( |Duy P dz. (4.34)
Q% Qi

As before, by subtracting the equations for uy, v; and testing the result with (v; — uy), we have
for Hy = v — uy the following

sup i H,f dx + ff (Ar((uk) o, » Dvi) — Ax(uy, Duy), DHy) dz < 0. (4.35)
2 2
3 3

t

We now write

Ar((up) g, » Dvi) — A(ug, Dug) = Ar((ux)o,, Dvi) — Ax((ux) g, » Duy)
+Ar((ur) g, » Duy) — Ay (ug, Duy)

and keep the first difference on the left of (4.35). Using the ellipticity and Lipschitz property of Ay,
we obtain

t

sup | Hidx<C f f |Dul?lux — (up)o, I* dz. (4.36)
B 2
3 3

We now make use of the L? estimate for Duy, see (3.23) of Lemma 3.11 and Remark 3.12, to
find some ¢ > p and o > 1 such that

#

Hence, for r = (p/q)’ (4.36) gives

P

g -
[Duy |7 dz] <C (]6[ | Duy|? dz) )
1

2
3

sup f |Hy|? deC( f f |Dul? dz) [ ﬂ lug — (u)o, I dz] . (4.37)
t B; 1 2

Since u; is bounded,

( f fQ |uk—<uk>Q,|2’dz] scam( f fQ |uk—<uk)g,|2dz].

By (4.32) and an application of the Poincaré inequality, we see that the above quantities tend to 0 as
k — oo. Therefore, using the uniform boundedness of the integral of |Duy|?, we derive from (4.37)

the following
sup f |Hi* dx < & f f |Duy | dz (4.38)
t B 1
3

for any given & > 0 when £ is sufficiently large. Integrating the above in ¢, we obtain

ff i — vil* dz < 8ff [Duyl” dz.
Q% 1
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Finally, by applying the interpolation inequality in x to (u; — vx), one has the following

f lug — vil? dx < sf |Duy — Dvi|? dx + C(g) f
B% B% B>

2
3

P
2

lug — vi* dx]

Integrating with respect to ¢ and using (4.34) to get

[ v dz<ce [ ipwp descefsip [ - as
% 1 t B%
By (4.38), we see that
ff [ty = vilP dz < Csff |Duy | dz.
2 1

__ If we choose & small then the above gives (4.30) with v, being a solution to (4.31), where
A(v, Dv) = Ai(c, Dv) for some constant vector ¢ € R™. The proof is now complete by rescaling. Il

RIS

S Decay estimates and the proof of Theorem 2.2

We will prove in this section that the set J of parameters with which the scaling decay property D)
holds for bounded weak solutions to our systems is open. Let us recall the property D): For a given
bounded function vin V,(Q; 1) we say that v satisfies a scaling decay property if the following holds

D) Let M = supy, | [v|. For any Ry > 0 and n € (0, 1), there are positive numbers A, K, L, &g, wo
depending on M, np (with K, A sufficiently large) such that there exist the following sequences
= X0

Wi

Ry Wit = max{oy, LR}, Sp= ==, Ok = Bg, X [-S} "RV, 0] (5.1)

such that Q; c Q; for any integer k > 0 and

a)Z Zﬂ v—0hlP dz, () :ﬂ v dz. 5.2)
Ok «

We now consider a family of systems of the form (7 € [0, 1])

{ v; = div(A(r,v,Dv)) in Qy4,

v=g onSl,l. (53)

We defined I to be the collection of 7 € [0, 1] such that every bounded weak solutions of the
above system verifies D). Theorem 2.2 asserts that 7 is open and bounded weak solutions to (5.3)
with 7 € I are Holder continuous. Its proof goes as follows.

Proof of Theorem 2.2: Fix au € 7. We will show that if |y — | is sufficiently small then v € 7. That
is, every bounded weak solution u of (5.3) with 7 = v will satisfy D). Now, let u be such a solution
and M = supg |ua].

Let n be in (0, 1). The new set of constants A, K, L, @y, Ry, {w} in D) for u will be determined in
the course of our calculation and depend from that of the reference system (5.3) when 7 = p.
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By induction, let us start with a positive wy, say k = 0, such that

wf ZJS( lu— (u)il? dz. (5.4)
Ok

In the sequel, for any ¢ > 0 we will denote by tQy the cylinder with radius 7R; and being concentric
with Q. From the Caccioppoli inequality, see Lemma 3.3 with p = Si_p Ry,

rff owrazsoff w-ww e off spu- b a
30k Ok Ok

By an application of Young’s inequality to the integrand in the second term on the right and (5.4) we
can find a constant C; such that

1
RZJS[ |Dul? dz < Cﬂ lu — (yl” dz + CS? < C;(1 + —)wf (5.5)
10k Ok AP

For any given € > 0, if |u — v| is sufficiently small (depending only on M, &) we apply the
approximation result, Proposition 4.3, in %Qk to obtain a "nice” solution v satisfying (5.3) with
7 = por a similar system with v being replaced by a constant vector such that I [v| < C(M) and
(in combination with (5.4) and (5.5))

36( v = el? dz ﬂ v = (WP dz

10k 10k

ﬁ |v—u|sz+J6f = ()l dz
10 10k

s

1
sRZﬂQ [Dul? dz + Crw; < C3(1 + E)wf < Cyuf.
50k

IA

IA

IA

Here, C4 = 2C3 if A > 1. We then take &y = Cswy (k = 0) and apply the assumption D) on any
solution v of (5.3) with sufficiently small 7 (in place of 77 in D)) to find AR, L depending to supg v,
and therefore M, and construct a sequence {&y} such that the relations in (5.1) hold and

ﬂ V-l dz <@ Vk.
k

The new constants for u will be chosen such that K = K ,C4A = A, with A being large and
A > 1. The constants L, oy will be determined later (using the constant C4, A) so that Oy, C Qk+1
and wyy1 = max{nwy, LR}*}.
Choose K large (or equivalently K), depending on 7, such that, as wy,; > nwy, we have
4r

R \/ R \’ 1
p=2 p-2 2-p 2-p
Y% =Y S Sk (W) <S8y (4Kn) = Ok CZQ’"

Noting that %Qk is scaled by Rf in the ¢ direction, we then deduce

p-2

D ‘”Klz n+p D Wit n+p .pP. P
lu—vPdz < F(ZK) lu —v|P dz < ?(ZK) eR, |Du|? dz
Okr1 K 10 w 3O

k
5
< CseQK)"Pwl ;.

A

Here, we have used the approximation and (5.5). Since Q4+ C Qk+1, it follows that
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ﬂ |u—<u>k+1|szsc6ﬁ |u—v|sz+c6J9[ v = el dz
k+1 k+1 ~ k+1

< céﬂ lu — v|P dz + Cg 1Ok v = (Wat|? dz.
k+1 |Qk+l| Qk+l

(5.6)

The first term on the right is estimated as follows. We choose & small, depending on K and thus
M, such that for any given & > 0 we have via Young’s inequality

1 1
2
CseQK)"™* Pl Jwp < 2wf+1 + C7(eK™ 7)ol < 2wk+] +&wh.

For the second term, since v verifies (5.2) in D) and C4A = A we can have

2
S _ 1
Cor [5] v = il dz = Co—25 V= P dz = Csal 702, < ~wl
|Q l| . S A k+1 7 k+1 4 k+1
k+ O+ k+1 1
if Cg = CﬁCi_p and 2 VCglr+1 < wie1- Recall that we also require Qpy C Qk+1. To this end,
as K = K, we need Sy, = Al > % = Sie1 OF w1 > Culoper. This and the requirement

Wit = 2V Csdyy are possible by choosing L sufficiently large or Ry small, with @y < &g and 7
small, so that

Wiy = max{nwk,LRl‘fO} > max{2+/C ,C4}max{ﬁ&)k,ﬁRf°} = max{2 yCg, C4}@p,1.

We should note that once this requirement is fulfilled for £k = O then # is fixed and the above
relations continue to hold for all K > 1. By this way, we then inductively define the sequence {wy}
for u. Hence, from (5.6) and the above estimates we derive

1 1
JS( lu — WP dz < 2a)k +&w] +4(uk+l <w,,, forallkz>0.
k+1

This shows that u satisfies the same properties D) and 7 is open. In addition, an algebraic argument
similar to [3, Proposition 3.1, p.44] applies to the sequence {w;} to get

JS( lu — (uil” dz < w; < CRY™.
Ok

Moreover, since wy < wp when k is large and p > 2, we have QRk g>rpr C Oy and the above gives
0 k

2-p

S
= ()P dz < =% i — ()P dz < Cr SP2R2™, (5.7)
0 SZ—p 0 k

2-p pp Ok
RSy PRY 0

By the Campanato imbedding [6, Theorem 2.9], (5.7) implies that u is Holder continuous. Our proof
is then complete. ll

6 [ isclosed

In this section, we will show that the set J is closed in [0, 1] under suitable assumptions. To proceed,
we take a sequence {v} in 7 such that vy — u and show that i € 7. Thus, let us consider a bounded
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weak solution to (2.3) with v = p. By the assumption II), there is a sequence of Holder continuous
weak solutions v to
v, = div(A(vg, v, Dv)) in Qq, 6.1)

such that Dv; converges weakly in L'(Q;) to Du. Moreover, the L™ norms of v;’s are bounded
uniformly in terms of that of u. We will derive uniform estimates for various integral norms of Dvy
in terms of the L® norm of u. Once this is established, we obtain estimates for the derivatives of the
limiting « and its Holder continuity to conclude that u is in 7.

Let v be any bounded weak solution to (6.1). We recall our assumptions here.

Let A,,, A, be the ellipticity constants for the matrix (A}}) = g—?(v, v, &), that is

m n
D Al = A, YO A < ALInP (62)
ij=1ki=1 ik gl
for any n € R™. Moreover, for some positive constants 4,, A, we have
Ay 2 LIDVIP2, Ay < A DV

If n > 2, we also assume that
Ay n

< . 6.3
A,y n-=2 6.3)
We also assume that there exists a positive constant a,,,, such that
0A 1. -
|(9_(y’ v, §)| < av,vlﬂp with 2Clv,va,v(P +n— 1) < O_O/lv’ (64)
v

where M, = supg, [v| and o is a fixed number in (0, 1) and
3

" . vis a bounded solution}.
v,V

T, = -6, and 5 = =

Note that A > 0 thanks to (6.3).

Fixing v in 7 and a solution v to (6.1), we will denote a(v,{) = A(v,v,{) and also omit the
parameter v in the subscripts for 4,,, A, a,,, in the sequel.

The proof of Theorem 2.3 relies mainly on the following two lemmas which establish uniform
bounds for the L7 norms of Dv. First of all, we need the following simple consequence of Sobolev’s
inequality. For any ¢, r > 0 such that g + r% = 2qnz”2 ”n2 + r%, assuming n > 2 as the case n = 2 is
easy, we have by Holder and Sobolev’s inequalities the following for V, ¢ in suitable Sobolev spaces

and ¢ = 0 on the boundary of B;.

n=2

( [[V]29g]7 dx) ( VI dx)"
B B

c f ID(VIHg)1 dx( f Ve dx)".
By B,

Therefore, if Q; is the cylinder with base B; then by integrating in ¢

2
f f VI de < C sup ( f |V|"¢2dx) f f DAVIH)P dz. (6.5)
. te(-1,0) \JB, 0

|V|q+r% ¢2+% dx

IA

By

IA
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In the sequel, we will make use of difference quotients. For any vector valued function f,
i=1,...,nand real number i # 0, we denote

i 1
6;1’)f(x, 1= Z(f(x + he;, t) — f(x,1)), e;is the unit vector in the i direction of IR”.

If an argument holds for any i, we will simply omit the superscript (i) in the above notation.
For any v being a weak solution to a nice system, v is Holder continuous and the difference 6,v
weakly solves
(Opv); = div(dpa(v, Dv)). (6.6)

We first have the following estimate for such “nice” solutions.

Lemma 6.1 Letv be a Holder continuous weak solution to (6.1). For any ¢ € C(l)(Q%) there exists a
constant C depending on M = sup, , |v| such that
3

sup IDV2$? dx + A f f IDVIP2| D> ? dz and f f DVt ¥ dz < C. 6.7)
By [ 1

te(-1,0)

Proof. Let ¢ be in C(l)(Q%). For any function f in (x,¢), h # Oand e = ¢; (i = 1,...,n), we will
write 6; f(x,1) = (f(x+ he, 1) — f(x,1))/h and 0, f(x, 1) = (f(x,1) = f(x+ he, 1))/ h. Testing (6.6) with
oy v¢? and integrating by parts in x, we get

sup |67 vI*¢? dx + f f (67 a(v, Dv), D(5;vep?)) dz < ff 67 vI* ¢, dz. (6.8)
te(-1,0) J B, O [

We then set
Eo ={(x,0) € Q1 : |Dv(x,)| < [Dv(x + h, DI}, Ei; = 01\ Ep.

We now split the integral of (6;a(v, Dv), D(6;v¢2)) on Q; into those on Ey, E;. On E;, we have
(67a(v, D), D(5;ve?)) = (8, a(v, Dv), D(5,v?)) = (5, a(v, Dv), D(6;,v)$* + 6, vD(¢?)).
Concerning the term o, a(v, Dv), we write

6, a(v, Dv) %[a(v(x, 1), Dv(x, 1)) —a(v(x,t), Dv(x + h,1))]+

%[a(v(x, 1), Dv(x + h, 1)) —a(v(x + h, 1), Dv(x + h, 1))]

1

= f g—g(v, sDv(x,t) + (1 = s)Dv(x + h, 1))D6,, vd s+
0

1

f %(Sv(x, 0+ (1 = s)v(x + h, 1), Dv(x + h,1))5, vds.
0

Using the fact that [sDv(x, 1) + (1 — s)Dv(x + h, )| > |Dv(x + h,t)| on E; and the ellipticity condition
of da/d¢ we get

0

<a—Z(V’ sDv(x, 1) + (1 = $)Dv(x + h, )D&}, vds, DS, vy > ADv(x + h, 1)|P~*|D6; v[*.

The last term will stay on the left of (6.8). On the other hand, bty (6.4), we have

0
6—3(sv(x, D+ —=sv(x+h, 1), Dv(x + h,1))0,v| < la,||Dv(x + h, NPt 6, V1.
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Thus, by Young’s inequality, we have for any positive ¢ the following

0
(a—z(sv(x, D)+ (1 = s)v(x + h, 1), Dv(x + h,1))o, v, D(6,v))| <
< glDv(x + h, t)I'U‘ZID((S;lv)I2 + C(&)|a,|"|Dv(x + h, t)IPI(S,;vIZ.

The last term will be kept on the right hand side of (6.8).
Similar argument will apply to the set Ey. We then choose & sufficiently small and derive from
(6.8) and the above estimates the following.

1
sup 6,V ¢% dx + 2 f f alP2(ID(S; V)P + DS, vIM@* dz <
1e(-1,0) JB, 0 (6.9)

|av|2 _
f f o IVag? + ol + Alvol? DG + 1) ds,
1

where vp = max{|Dv(x, t)|, |Dv(x+h, 1)|}, vy = min{|Dv(x, )|, |[Dv(x+h,t)|} and V), = max{|6;v|, o), v}
Sending % to zero, we get

Pl
sup f |Dv?¢* dx + = f f |DVIP~2 DV ¢? dz <
te(-1,0) JB,; 2 (o)

| * p+2 12 2 p-2 2 (6-10)
TIDVI ¢ + |DvI*(Ig:| + AIDvI"™"|DgI” + 1) dz.
0

Of course the above argument is justified if Dv € Lﬁ; 422. This fact will be established in Lemma 6.2
following this proof.
We now estimate the integral of |Dv|

f f DV dz = f f VDADVP 62) dz < M f (DIDVPS? + |DvP 6\Dg) d-,
1 1 [

|P*2 in (6.10). By integrating by parts in x

where M = M,,, = sup,, |v|. Young’s inequality applying to the right then gives
i

f f IDvPH2¢? dz < f f \Dv|P2¢? dz + C(e)M? f f (ID*vP|DvIP~2¢* + |DVIP|D@I?) dz.
1 1 (9}

Thus, for € = %, we obtain

a? a>M?
7” ff IDv|P*2¢% dz < 4 ‘ﬂ f f \DVIP~2|D?v* ¢ + |DVIP| DI dz.
1 0O

Using this in (6.10) and the assumption on the smallness of a, M in (6.4), we obtain

sup |DV|*¢* dx + A ff |Dv|P2| D> dz <
te(-1,0) VB, 01 (6.11)
C f f IDV*(I¢,] + IDVIP A + D)|Dg* + 1) dz.

01

By Caccioppoli’s inequality we note that

f f DV, + IDVP2IDIP) dz < C(6. IDG]) f f Wi dz < C(M). 6.12)
0 0
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The above and (6.11) then imply

sup |Dv*¢? dx + ff |Dv|P2| D> ¢* dz < C(M).
te(-1,0) I By 1

We now make use of (6.5), with V = Dv and ¢ = p,r = 2, and combine with the above to get the
second estimate in (6.7) and complete the proof. ll

To justify the calculation leading to (6.10), we now show
Lemma 6.2 Spatial derivatives of Holder continuous weak solutions v to (6.1) are in LZ; +62.
Proof. Let v be a Holder continuous weak solution to (6.1). We will show that at almost every point

z0 = (x0,%9) € Q1, with Dv(zg) # 0 and R is sufficiently small, there is a constant C, which may
depend on zy, such that

Rﬂ”ﬁ[ 6,07+ dzscﬂ |Dv|? dz for h € (0,1). (6.13)
Or Qur

Here, Qg = Bg(xp) X (fo—RP, ty) and Qg C Qug C Q. If this is not true then there will be a sequence
R — 0 such that

Rf”ﬂ [6pvIP*? dz > kﬁ[ |Dv|P dz  for some positive small /.
R Qur,

k

We then use the scaling v (X, T) = v(xo + Ri X, o + Rf T) and get a sequence of functions v, on O

such that '
f f 16, vilP*? dz > =7 f f |Dv [P dz. (6.14)
1 k 1
I

Since v is Holder continuous and Ry — 0 we see that v; can be arbitrarily close to (vx)g, on Q.
Thus, v, approximately solves the following system

U, = div(a((v)g,. DU)). (6.15)

For such system, which does not explicitly depend on U and has the same ellipticity constants A, A,
we can find (see Remark 6.4 at the end of this section) a function C(x) which is bounded if x is

bounded such that
ff IDUIP*? dz < C[ff DU dz|. (6.16)
1 1
4 2

For sufficiently small 2 > 0, the above yields

ff 16,UIP*? dz < c{ f f DU dz].
Q1 1
3 2

Our approximation results then give a sequence {U;} of weak solutions to (6.15) satisfying

ff IDUIP dz < cﬂ |Dwi|P dz,
1 1
2 2
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and Uy — vy — 0 in L"(Q%) (as well as in Lq(Q%) for any ¢ > 1 because Uy, v are bounded).
Moreover, DU — Dv; — 0 weakly in L"(Q%).
Combining the above estimates, we obtain

k
=7 f f |Dv|P dz < f f [6pvilP*? dz, f f 16, U P*? dz < c( f f |Dv, | dz].
kO : : }

With /4 being fixed and Uy, v being bounded, we have 6,(Uy) — 6,(vi) — 0 in L? for all ¢ > 1 as

k — oo. Moreover, since R,;" |Dvi|P dz = |Dv|P dz — |Dv(zp)|” # 0, the above gives a
Q1 Ok,

contradiction when k — oo because its left most term becomes arbitrarily large, the right most one

stays finite and the middle ones are getting close to each other. Thus, (6.13) holds almost everywhere

on the set where Dv # 0. Finally, by sending & to 0 it is easy to see that (6.13) implies Dv € L” 2 1

loc

To get estimates for higher powers of |Dv|, we need the following lemma.

Lemma 6.3 Letv be a Holder continuous weak solution to (6.1) and a be a positive number. Assume
that 5= = 6w%f0r some 64, € (0, 1) and

2a,M(p+a+1) <ood, withd, = (1-62 )4, e (0,1). (6.17)

If¢ € C}(Q1) and supp(¢) € Qy then

f f |Dy|Pre+ @ g 245 g < c( f f DV (1| + IDVIP DG + 1) dz|. (6.18)
0 0

Proof. To proceed, we recall the following facts from [9]. From the ellipticity condition of g—“; = (AZ)
we have for k, = 4,/A? and v, = A,/A, that

Dk = kAL < (1= 200, + RADIP = (1= V)il
ik

Lemma [9, p.677] then gives D{D(Z)L|Y) > u%(a)|D§||D(§|§|")| for any ¢ : R" —» R" and u(a) =
1- (ﬁa)z. Therefore, with = Dv, we have

K, 3. §¢ D*vD(DV|DVI") 3k, §D*v — D*v)D(DVIDVI*) + D(Dv)D(DvIDv|*)

(12 (@) = (1 =v3) )| DDV D(DVIDV)|.

v

Thus, if ﬁ = 6,Y,vﬁ—: for some d,,, € (0, 1) then the constant in the right hand side is

2 _a?
v (2+a)?

(u(@)? + (1 =2)7)

1 1 4
@)t = (1= =

> (1-62,)v; = k(1 = 52 )A,.

Hence, by the assumption on A, and the definition of A, we get

S EDVDDUDYY) = (i (@) = (1= v))IDDV)IDDVIDY")

— 6.19
(1= 82 DAIDVIEIDPE = T 1DV D22, O

[\
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The following calculation could be rigorously justified by using difference quotient operator 6y,
as in the previous lemmas, in place of the differentiation D below. However, in order to be more
suggestive, we will write (6.6) formally as

(Dv), = div( g(v ,Dv)D*v + —(v Dv)Dv). (6.20)

Testing (6.20) with Dv|Dv|?¢?* to obtain (compare with (6.9))
p)
sup f |Dv|**¢* dx + f (a—;(v, Dv)D?v, D(Dv|Dv|*)¢?) dz < f f |Dv|**|¢,| dz
t B O 1
da da
N f f (G DVIDPs. DD Do) + ‘5] (IDv* ¢ + DV (6D .
1

Using (6.19) and Young’s inequality, we deduce

S N e ff ID2PIDYP 2 dr <
6.21)
i ff IDV[P*** ¢ dz + C ff IDVI** (¢l + 1DVIP2 DI + 1) dz.

Again, since v is Holder continuous, similar argument as that of Lemma 6.2 shows that Dv €
L’; "2+ and justifies our calculation. We now estimate the integral of |Dv|"*?*?¢?. By integrating by
parts in x, we have

f f DY d = f f VD(DVDV &) d

<M f f (p + @+ DIDVIDW ¢ + DV ¢|Dg| dz,
0

where M = sup,,, |v|. Young’s inequality applying to the right then gives
3

1
ﬂ |Dy|PH2 g2 dz < (E +&) f f |Dv|P+2 2 dz+
1 1

2M(p +a+ D]? f f \D>v|*|Dv|P~2¢* dz + C(e)M? f f |Dv|P*| D¢ dz.
01

0

We choose € < 1/2 in the above to obtain an f,:\stimate.- for the integral of |Dv|P+2reg?. Using this
in (6.21) and the assumption (6.17) on |a, M| and A,,, we obtain

sup | IDVP ¢ dx + (1 - 02)A, f f ID*VPIDVP2g? dz <
i+ Js, 0 6.22)
C f f IDVI** (|| + AIDVP 2D + 1) dz.

01

The above also gives similar estimate for [|Dv|P+e) 2¢||V(Q1)- Applying (6.5), with V = Dv and
q=p+a,r=2+a, we get the lemma. [ |

We are now ready to give
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Proof of Theorem 2.3. By M.2) (see (6.4)), we can choose a number 8 > n—2 and some ¢ € (0, 1)
such that for M = sup,, |v|
I

Ay -2
Y ey

a,M(p+B+1) < ’/fv, d
a,M(p+p+1) <oy an[),Jr2 A .

Clearly, starting with ap < 2 (thus p + @y < p + 2), we can find finitely many numbers ay, ..., g
such that N
@k k k
B <y
g+ 2 A,

for any integer k < K. Moreover, it is easy to see that we can also choose 6&12 such that @ < @y <

ay + (2 + ap)? and ag = B. We also define g = p + ay + (2 + ay) .
Since Q; C Q%, by the Caccioppoli inequality we obtain ||Dul|z»o,) < C(M). Using the estimate
7

2a,M(p +ay+1) <ood and

for |Dv|P*? in Lemma 6.1 and a cut-off function ¢ for Q% ,0 5 as in Lemma 6.3, we see that

f f |Dv|P™? dz < C(M).
o

Let the function ¢ in Lemma 6.3 be the cut-off functions for Qg, and Qg, , with Ry = % - kﬁi,(,
k=1,...,K. Itis clear that the above choice of a; and the fact that p + @+ < g, allow us to apply

(6.18) inductively in finite steps to obtain the following

ff |Dv|%% dz < C(K, M). (6.23)

Note that gx = p + ag + (2 + ag)% > n + p because ax = > n— 2.

Now, let u be a weak solution which is, by II), approximated by a sequence {v;} of weak solutions
to nice systems and Dv;, — Du weakly in L' (Q%). By the semicontinuity of seminorms and (6.23),
we have for any Qg C Q1 that )

ff |Dul?% dz < li]r(n inf ff |Dvi | dz < C(M).
R —® R
Hence, with g = gx/p,

1
f f \DulP dz < ( f f |Dul% dz) 10RI'"7 < C(MYR™P~"*P)5 = C(M)R™®.
R Or

Here,a =p-(n+ p)é = q%(qk —n — p) is positive. Holder continuity for u then follows from the
above estimate and the Poincaré inequality in Lemma 3.1. Thus, # can be approximated by solutions
to systems that do not explicitly depend on u and satisfy the property D). This implies that u satisfies
D) and 7 is closed. il

Remark 6.4 We should note that the estimate (6.16) for a solution U to systems with coefficients
independent of their solutions could be derived directly from our proof. Indeed, for such systems,
g—l‘j = 0. Therefore, in this case, our arguments which lead to (6.10) and (6.21) would not yield
the integral of |DU|P***® on the right hand sides of our estimates. Therefore, our proof provides a
similar bound as in (6.16) for the integral of |DU|?* for some gx > n + p. Hence, the calculation in

our lemmas is justified.
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