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Abstract

This paper is a continuation of the work begun in [6] on superposition operators,
(Ngu) (x) = g(u(x)), between two arbitrary Sobolev spaces. Sufficient conditions which
ensure the well-definedness, the continuity and the validity of the higher-order chain rule
for such operators are given in the supercritical case (see Remark 1.1). As a consequence
of these properties, it is proved that N, (W’"’/’ Qn Wé’p (Q)) C Wé’q (Q).
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1 Introduction

Let g : R — R be a function, let n € N* and let Q c R" be a bounded open set. The superposition (or
Nemytskij) operator generated by the function g is, by definition, the operator denoted by N, that
associates to each function u : Q — R the function Nyu : Q — R defined by

(Neu) (0 = (gow) (x) = g (), x€Q.

Throughout this paper, we will denote by ; the weak derivative with respect to x;, and by £¥ the
k-dimensional Lebesgue measure (k > 1).
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The next result will be need in what follows. It is, in fact, Theorem 3.1 in [5] corresponding to
the supercritical case (see Remark 1.1 below).

Theorem 1.1 Let Q C R" be open and bounded, having the cone property, let m € N*, and let
g : R = R be a locally Lipschitz function.

) If - <p< 4, withn2m (1 < p <25 whenn =m), then Ng : W™ (Q) — W (Q) for

m—1’

alll1 <g < %. Moreover, N, is bounded and the chain rule
di(gou)y=(g" ou)du L'-ae inQ, foralli=1,...,n, (1.1)

holds for all u € WP (Q), where the product (g’ o u) O;u is to be interpreted in the sense of
de la Vallée Poussin, namely it is considered to be zero whenever 0;u (x) = 0, irrespective of
whether (g’ o u) (x) is defined.

() Ifp = ;245, withm > 2, andn > m — 1, then Ny : WP (Q) — W (Q) forall 1 < g < co.
Moreover, N, is bounded and (1.1) holds for all u € W™P (Q) (with the usual convention on
the product (g’ o u) 0;u).

(iil) If =5 < p < oo, withm 22 (1 < p <cowhenn <m~—1), then Ny : W"? (Q) — W4 (Q) for
all 1 < g < co. Moreover, N, is bounded and (1.1) holds for all u € W™ (Q) (with the usual
convention on the product (g’ o u) 0;u).

(iv) Ifg* : R — R is a Borel-measurable function such that g* = g’ L'-a.e. in R, then in all cases
(1)-(ii1) the chain rule (1.1) can be rewritten as

Oi(gou)=(g ou)du L'-aeinQ, foralli=1,...,n,
the convention on the product (g* o u) d;u being no longer necessary.

(v) The hypotheses which ensure the well-definedness of the operator N, from W™P (Q) into
WL (Q), with 1 < p,q < oo, are sufficient to ensure the continuity of Ng in each of the
cases (1)-(iii).

Remark 1.1 According to Bourdaud [3], the Sobolev space W7 (Q) is said to be supercritical if
the imbedding W™? (Q) — L™ (Q) is valid.

The following result is a consequence of Theorem 1.1 and describes the image under superposi-
tion operators of the functions in W (Q) vanishing on the boundary 9Q (see [5, Theorem 3.4]).

Theorem 1.2 Assume that the hypotheses of Theorem 1.1 are satisfied with the following modifica-
tion: the hypothesis ”Q has the cone property” is replaced with ”Q is of class C'”. If. in addition,
g(0) =0, then, N, (W’"”’ @n Wé’p (Q)) - Wé’q (Q), with 1 < p,q < oo, in each of the cases (1)-(iii)
of Theorem 1.1.

The aim of this paper is to generalize Theorems 1.1 and 1.2. The generalization of Theorem
1.1 consists in formulating sufficient conditions for a function g to generate a superposition operator
N, having the following properties: N, is well defined from a Sobolev space W"? (Q2) into another
Sobolev space Whe (Q), with 1 < q,p < oo,m,l € N, mp > n, | < m, Ny is bounded, continuous,
and satisfies in addition the higher-order chain rule

|

DY (gou) = Z Z Cakal,..ak (g(k) o u) D" u...D"u
k=1 o'+ +af=a (1.2)
o0
L"-a.e. in Q, forall @ € N" with 1 < |a| < [,
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Here and throughout this paper, ¢, ;1. o+ € N* designates a combinatorial constant and D desig-
nates the weak derivative with respect to the multi-index @ € N”.

Remark 1.2 Formula (1.2) is formally identical to the well-known higher-order chain rule used to
compute higher partial derivatives of the composite function gou wheng : R - Randu : Q - R
are sufficiently smooth (see e.g. [4, Corollary 2.10, formula (2.9)]). In its turn, the result given by
Corollary 2.10 in [4] is a multivariate version of the famous Faa di Bruno formula (see [8]).

2 Statements of the main results and comments
One of the main results of this article is contained in the following theorem.

Theorem 2.1 Let Q C R" be open and bounded, having the cone property, let m,l € N*, [ < m, and
let g : R — R be a function of class C'=" with g~V : R — R locally Lipschitz.

OIfL <p< 2y withn>2m—-1+1(1 < p< -5 whenne{m-I+1,..., m)), then

m—[
Ny : WP (Q) — wka Q) forall1l <q< n_(zlp_l)p. Moreover, N, is bounded and the higher-
order chain rule (1.2) holds for all u € WP (Q), where the product (g(l) ) u) Oju...0juisto
be interpreted in the sense of de la Vallée Poussin, namely it is considered to be zero whenever

one of the factors 0ju(x), ..., 0;u(x) is zero, irrespective of whether (g(l) o u) (x) is defined.

(i) If p = # withm > 1+ 1, andn > m -1, then N, : W™ (Q) — Wl’q(Q)forall 1 <g < oo
Moreover, N, is bounded and (1.2) holds for all u € W"™? (Q) (with the usual convention on
the product (g(l) o u) O0ju...0ju).

i) If &= <p<oo,withm>1+1(1 Sp<oowhenn§m—l),thenNg:W’”"’(Q)—>W’"’(Q)

m—l

forall 1 < g < co. Moreover, N, is bounded and (1.2) holds for all u € W™? (Q) (with the
usual convention on the product (g(l) ° u) Oju...0;u).

@iv) If g* : R = R is a Borel-measurable function such that g* = g L'-a.e. in R, then in all
cases (i)-(iii), the chain rule (1.2) can be rewritten with g* instead of g, the convention on
the product (g(” o u) 0ju...0;u being no longer necessary.

(v) The hypotheses which ensure that the operator Ny from W™? (Q) into W (Q) is well defined,
with 1 < p,q < oo, are sufficient to ensure the continuity of N, in each of the cases (1)-(iii).

Roughly speaking, the following result shows that the assumptions of Theorem 2.1 allow the
superposition operator N, to preserve the homogeneous Dirichlet conditions.

Theorem 2.2 Assume that the hypotheses of Theorem 2.1 are satisfied with the following modifica-
tion: the hypothesis ”Q has the cone property” is replaced with ”Q is of class C'”. If. in addition,
g(0) = 0, then, N, (W"w @ N we? (Q)) C W' (Q), with1 < p,q < co, k€ N, [ < k < m, in each
of the cases (1)-(iii) of Theorem 2.1.

Theorem 2.1 generalizes some fundamental results of Marcus and Mizel. These results are
contained in Theorem 2.3 in [6] which gather together Theorem 1 in [9], Lemma 3 and Theorem 2
in [10] and Theorem 8.5 in [2].

Theorem 2.1 can also be related to some fundamental results obtained by Bourdaud dealing
with superposition operators N, : W™’ (R") — W™ (R"), with m > 2. Indeed, Theorems 2,
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3, and 4 in [3] (see also Subsection 5.2.4, Theorems 1 and 2 in [11]), via an extension theorem
for Sobolev functions (see e.g. Theorem 4.28 in Adams [1]), lead to Corollary 2.1 in [6] which
provides sufficient conditions on g such that N, : W™’ (Q) — W™ (Q) is well defined, with Q
open, bounded and smooth. In certain specific situations in which it is sufficient for the superposition
operator to act from W (Q) into W7 (Q) with [ < m, Theorem 2.1 can be more useful than this
corollary since the assumptions imposed on g by Theorem 2.1 which ensure the well-definedness of
N, : WP (Q) — Wh (Q) relaxes together with the decrease of / (the enlargement of the codomain
space Whe (Q)).

3 Proofs of Theorems 2.1 and 2.2

The next theorem will be needed in the proof of Theorem 2.1. More exactly, it will be used to prove
the well-definedness of N, and the validity of the higher-order chain rule. Its proof can be found in

[6].

Theorem 3.1 Let Q C R" be a bounded open set, let 1 < py,...,pr, p < oo, and let u; € Whri (Q),
i=1,...,k satisfy

up-...-u € L (Q),
(Bju1>u2-...-uk+...+u1'...-uk_l(ajuk)eLp(Q) forall j=1,...,n
Thenuy - ... u, € W (Q) and
c')j(ul-...-uk)=(6ju1)u2-...-uk+...+u1-...-uk,l((?juk), j=1,...,n.

Further on, we use the notation p; =
Now, we are able to give the

P kp, provided that k,n € N*, 1 < p < oo, and kp < n.

Proof of Theorem 2.1. Since for [ = 1, Theorem 2.1 reduces to Theorem 1.1, we can assume that
[>2.

Point (i) Throughout the proof of point (i), we will denote by C a positive constant which
depends at most on Q,n,m, 1, p, q.

Let u € W™ (Q). We first show that Nyu = gou € Wb (Q) and

Oi(gou)=(g"ou)du L'-ae.inQ,i=1,...,n (3.1)

To this end, we will use Theorem 1.1. Wehave ﬂ <p<-X ;(1<p< # forne{m—-1+1,...,m})
and 1 <g<p, <p, -2 <p<-(l < p<;h whenn = m), then Theorem 1.1(i) applies
and we deduce that goue Wl 4(Q) and (3.1) holds. In addition, N, : WP (Q) — Whe (Q) is
bounded. If -2 < p < %, then the same conclusions follows from Theorem 1.1(11,1i1).

It remains t0 be shown that if gou € W9 (Q), with 1 < s </, and

|

D (gou) = Z Z Cakal,..ak (g(k) o u) D" u...D"u
k=1 o'+ +af=a (3.2)
|(y’|¢0
L"-a.e. in Q, for all @ € N” with |a| < s,
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then D (g o u) € W4 (Q) for all @ € N" with |a| = s and

S

;D" (gou) = Z Z Cakal...ak [(g(k”) o u) (9juD"]u ..D%u
k=1 o'+ +aof=a

|of|%0 (3.3)
+ (g(k) o u) <8J-D"luD“2u .D"u+... +D%u... D“kiluﬂjD"ku)]
LM'ae. inQ, forall j=1,...,n

To this end, we will use Theorems 1.1 and 3.1.
By Theorem 1.1(i,ii,iii), we infer that foreach k = 1,..., s, g® o u € W' (Q) and

d; (g(k) o u) = (g(k”) o u) dju L'-ae.inQ, j=1,....n,

with the usual convention if k = [ — 1. In addition, Nyw : W™P () — W (Q) is bounded.
It follows from |ai| <la| = s <1< mthat

D% ue wrl'lr (@) c WP (Q) foralli=1,...,k.
In order to use Theorem 3.1, it remains to be shown that
(8 ou)D"u...D%u e L7(Q),

(%Y ou)auDu...D"u e L1(Q),
(g(k) o u) ade' uD”u... D ue L9 (Q),

(s ou)Du... D" ud ;D" u € L1(Q).

Let us fix @ € N* with || = 5. Fix k € {1,...,s} and fix &', ..., " € N" with Iai| # 0 and
a' + ...+ of = a. Further on, we split the proof into four cases:

1.—<p<m1,w1thn>m(1<p<  when n = m),

2. pzﬁ,withan—l,

3. L <p< withn >m—h,andh € {1,...,l-1} (1 < p < == whenn =m — h),

mhl’ h—1
4. p = ﬁ,withan—h,andhe{2,...,l—1}.
Casel. I < p < 2 withn>m(l < p <% whenn=m).

It follows from |a| # 0 that ( |a/ |) p < (m —1)p < n and thus the following Sobolev
imbedding holds

i i r i
D"u e wrl'lr (@) — Ll (). (3.4)
According to Theorem 1.1(i), we have g® o u € W!7n1 (Q) and
9;(e® ou) = (" Pou)ou Ll-aeinQ j=1,...n
with the usual convention if k = [ — 1. In addition, Ngw : W™ (Q) — WhPu-1 (Q) is bounded. We

have
a 1 np
+ <—-—9og< N
,Zp g "I PG D=+ Dmp—n)

m 1 m_|a,1|
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which is true, because 1 < ¢ < p» . Indeed

np
p(s+1)—(k+1)(mp—n)

Py < opl-s—-1)+k(mp—n)>0.

(The last inequality holds thanks to the hypothesis mp > n and to the fact that | <k < s <I[1-1.)
Therefore, 1/p; | + Zf.‘zl 1/ p;—|ai| < 1/q, and thus we can apply Holder’s inequality and imbedding

(3.4) in order to obtain the following inequalities

H(g(k) o u) D" u...D"u

L1(Q)
1 k
< C”g(k) o ”‘”L/’;q(g) HD“ u“ " ...|D“ ul
L Wl*l(l |(Q) L m7|n |(Q)
k k
S C ”g( ) © u”WI“’:nfl(Q) ||u||me(Q) < 0, (35)
H(g(kﬂ) o) u)(') uD™ u...D"u
/ L9(Q)
1 k
SCH g(k“)ou daull . a X ...”D”u| ;
( ) Pl @ me_|”1|(Q) L,'"'|"k|(!2)
k k
< Cllg® o s, i Nillymncer) < o0, (3.6)

It follows easily from 2* < p < 2 that p; | > n. Hence, the following Sobolev imbedding holds

%
m—1

g® oue W (Q) — L*(Q). (3.7)

Also, by (m = |a’| = 1) p < (m = 1) p < n, the Sobolev imbedding

i i P ;
(9jDa ue Wm—|a|—l,p Q) — L m=|od|-1 Q) 3.8)
is valid. We have
R NI SRS B np
* " s - q= )
pm—|ai|—l i=2 pm_lai| q p(s+1)—k(mp—n)

which is true, because 1 < g < p* . Indeed, by mp > n, we infer that

) np np
min = =
Igkss<i-1 p(s+ 1) —k(mp—-n) n—-(m-Dp

the minimum being obtained for s = / — 1 and k = 1. Therefore, 1/ p:'—|a'|— LT Zf;z 1/ pjn_ ol S 1/q,

and Holder’s inequality can be applied together with imbeddings (3.4), (3.7), (3.8) in order to obtain
the following inequality

H(g(k) o u) HjD“] uD%u...D"u

<Clg® o u],.

LI(Q) ()
ool v Dl ] (391
PR L R Ll L@

<C “g(k) °© "‘le»"fm(g) ”””]‘(/V"'-P(Q) < oo
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An analogous argument allows us to derive other k — 1 formulas similar to (3.9.1), the last of them
being
”( ) ! k! ok
g ou)D u...DY ud;D*u

<l o,

L4(Q) ()
Y[ I ot PR (707, [ (3.9.K)
. L o |(Q) L m-|o |(Q) L m=|ok]-1 @
<Clg® o ul| ., @ Nlliynnqy < 0.

It follows from (3.2), (3.5), (3.6), (3.9.1), .. ., (3.9.k), and Theorem 3.1 that D® (g o u) € W9 (Q)
for all @ € N" with || = s, and formula (3.3) holds. Consequently, Nou € Whe (Q), and the
higher-order chain rule (1.2) is valid. The boundedness of the operator N, : W"? (Q) — W (Q)
is an immediate consequence of the boundedness of the operator N, : W™7 () — Wb (Q) and
inequalities (3.5), (3.6), (3.9.1), ..., (3.9.k). Point (i) is proved in the first case.

Case 2. p = ﬁ,withnkm— 1.

Denote /; = {i efl,....k}: |o/| = 1}, L = {i efl,....k}:2< Iai| < s}. We have (m— |o/|)p =

nifiel;, and (m - |ai |) p <nifie I, whence we deduce the following Sobolev imbeddings
D”ue WP (Q) < 17 (Q) forall 1 <r < oo, ifiel, (3.10)

i i P* i oo
D% ue wrldlr () — Ll @) ifieb. (3.11)
According to Theorem 1.1(ii), we have g o u = Nywu € W (Q) forall 1 < r < o0, and
d; (g(k) o u) = (g(k”) ) u) dju L'-ae.inQ, j=1,....n,

with the usual convention if k = / — 1. In addition, Nyw : W™ (Q) — WL (Q) is bounded for all
1<r<oo.
We have

aii —(mp —n) Yiep, 1

. n n
i€l pm—|a‘| i€l P P

1 n-= (m - |a’i|)P _ P Dier,

and this sum is to be interpreted as zero when I, = ¢. Thus, if I, = ¢, then

1 1
” =0< -,
i€l pm—|ai| 4q
and if I # ¢, then
1
- <—-©o¢g< - P )
ich, pm—|ai| q P Yier, |a'l| = (mp —n) Yiep, 1
which is true, because 1 < g < p;‘n_l. Indeed,
np

2 1 < -
" P Diel, |01" —(mp—n) Yiep, 1

@p[1—2|ai|]+(mp—n)[21—1]>O.

i€l ieh
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(The last inequality is justified by the hypothesis mp > n and by the obvious inequalities 1 <

el a/i| <s<1-1, Y, 1 2 1) Consequently, 3/, l/pfn—lrrf| < 1/q, and thus there is 1 < r4 < o
such that
1 1 1
- + —=-.
i€l pm—|ai| "4 q

Let k; = |I,] be the cardinality of ;. By applying Holder’s inequality and imbeddings (3.10), (3.11),
we obtain

||(g<") ou)D"u...D"u

L(Q)
<C “g(k) ou L’4(k1+1)(Q) l_[ ' D(t[l,{ ra(ky+1) 1_[ | Dalu LW
iel L © icl, L I(Q)
k k
<C “g( ) o u||W1,z4(kl+l)(Q) ”u”WW,p(Q) < 0o, (312)

H(g(k”) o u) ﬁjuD"lu . D“kuH

L9(Q)
SCH gV ou)ou l_HD"[u > l—HD”[u' .
( ) Lratki+) () i) Lalki+) Q) ieh) L n1—|(v‘|(Q)
k k
<C ||g( )o u||W1.r4(kl+1)(Q) ||u||W"lJI(Q) < 0o, (3.13)

where the products [];¢;, and [, are to be interpreted as 1 when I; = ¢ and I = ¢, respectively.
We have seen above that g® o u € W' (Q) for all 1 < r < co. It follows that the Sobolev
imbedding
gPoue W (@Q) — L(Q) foralln<r< oo, (3.14)

is valid. Since (m - |a1| - 1) p < (m—1) p = n, the Sobolev imbedding

9,0 u e wrle'-1r (@) < L (@) (3.15)
is also valid. We have
1 1
- * x
pm—|a1|—1 i€h\{1} pm—|af|
p(Zielz\{l} lai| + |0’1| + 1) = (mp —n) (Zielz\{l} 1+ 1)
= . (3.16)
np
We intend to show that
(k) o't ot 105) k
H(g o u)d;D" uD"u...D uHU(Q) < C g% 0ty Nty < . (3.17.1)

with r € (n,c0) arbitrarily fixed. To this end, we will study two situations: 1 € I, and 1 € [,
respectively.
Let us consider the situation 1 € I,. Then, in view of (3.16), we have

1 1
+ — <

* *

pm—|(1‘|—1 ieh\{1} pm—l(til

np
p(Zieb |ai| + 1) —(mp —n) Yier, 1

& q <

| =
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which is true, because 1 < g < p’ . Indeed,
. n
min . P
kS p (Sier [o] + 1) = Gnp = 1) S, 1

the minimum being obtained only for I} = ¢, s = [ — 1, I, = {1}. Consequently,

— *
= Pm-1>

1 1 |
— + - < - if 11 = ¢,
pm—lall—l ieh\{1} pm—la'| q

1 1
— < ifL %0
pm—|a'|—1 ieh\{1} pm—|a’| q

If I} = ¢, then by applying Holder’s inequality and imbeddings (3.11), (3.14), (3.15), we obtain

“(g(k) o u) GjD“luD"zu .D"u

L9(Q)

|6,~D“] u| D u

[1]

”*_ll _
L @ ey

|

<C ”g(k) °© ”Hm(sz) |

Lp:”‘|""| ©
<C ”g(k) ° "‘”WW(Q) ”””]‘(’VW(Q) < oo

If I} # ¢, then there is 1 < r5 < oo such that

1 1 1 1
— —— + — = —.
Pt ievy Pocjer) 5 4

By applying Holder’s inequality and imbeddings (3.10), (3.11), (3.14), (3.15), we obtain

”(g(k) o u) 6]~D‘IluD“2u .. D"kuH

L9(Q)
1 i
<Cllg®ou,. H(’)-D“ ul| » l_”D“u
|| ||L Q) J lef|u] |7] ©@ e L5k I(®))
i k k
X l—[ ‘Da o I <C ”g( Yo “”ww(sz) lltllyymr () < o0
ieh\(1) L @

Consequently, (3.17.1) is proved in the situation 1 € I,.
Now, we consider the situation 1 € [;. Then, in view of (3.16), we have

1 1 1

-+ s

pm—lall—l ieh\{1} pm—|af’| q
&g < - P ,
p(ZieIZ a’| + |0l'| + 1) —(mp—n) (Zie]z 1+ 1)

which is true, because 1 < g < p* . Indeed,
np ;
= pm—l

min .
Isksssil p(Zielz |a’| + |al| + 1) — (mp —n) (Zielz 1+ 1)
the minimum being obtained only for I} = {1}, s = — 1, I, = ¢. Consequently,

1 1 1
+ < - ifn = {1},

* *

pm—|a‘|—l ieh\{1} pm—|oz"| 4q
1 1 1

” + ” < - if L 2{1}.
pm—lry‘l—l ieh\{1} pm—|(1i| q
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If 1) = {1}, then I, = {2,...,k} or I, = ¢, and thus, by applying Holder’s inequality and imbeddings
(3.11), (3.14), (3.15), we obtain

||(g(k) ° u) 6]'D"I uDu...D"u

Li(Q)
o L]
L m—|al|—l icly

<C ”g(k) °© ”||W1~"(Q) ”””];V"W’(Q) < 0.

<C ”g(k) o “”Lm(g) HBJ-DQIM D”u

| P
L m—la‘

)

If I 2 {1}, then there is 1 < r¢ < oo such that

1 1 1 1
—+ — + — = —.
Pt ieviy Pocfer) 76 4

By applying Holder’s inequality and imbeddings (3.10), (3.11), (3.14), (3.15), we obtain

(k) 6'Dal D(tz % ||
“(g ou) g u u u L)

< Cllg® o ufue Ha,-pa‘

<[ [l

i€l
Consequently, (3.17.1) is proved in the situation 1 € I; as well.
In conclusion, inequality (3.17.1) is valid in any situation of the second case. An analogous
argument allows us to derive other k — 1 formulas similar to (3.17.1), the last of them being

[] [l

<C ||g(k) ° u“W‘-’(Q) ”””WW(Q) < 0.

nlf|z( | ](Q) i\ Lyf,(k]—l)(Q)

D(I

Ll

(¥ o) D w0 wdp | < Clle® 0 ]y Nl < o, (3.17k)

Li(Q)

with r € (n, 00) arbitrarily fixed.

It follows from (3.2), (3.12), (3.13), (3.17.1), ..., (3.17.k), and Theorem 3.1 that D* (gou) €
W4 (Q) for all @ € N” with |a| = s, and formula (3.3) holds. Consequently, Nou € Wh (Q) and the
higher-order chain rule (1.2) is valid. The boundedness of the operator N, : W"™7 (Q) — W (Q)
is an immediate consequence of the boundedness of the operator N, : W™7 () — Wwha (Q) and
inequalities (3 12), (3.13), (3 17.1),..., (3.17.k). Point (i) is proved in the second case.

Case3. - < p < - l,W1thn>m hyandh e {l,....[ -1} (1 < p < .= whenn = m—h).

Denote 11 = {ze {1,....k}: 1< |a/| Sh}, L = {l ef{l,....k}:h+1< |ai| <s}. We have
(m - |ai|)p > nifi € I, and (m - |0/|)p < nifi € I, whence we deduce the following Sobolev
imbeddings

Due wrllr Q) 1) ifiel, (3.18)

D uc wrllr (@) — Ll (@) ifiel. (3.19)

According to Theorem 1.1(iii), we have g® o u = Nowu € Wb (Q) and
9; (g(k) o u) = (g(k”) o u) du L'-ae.inQ, j=1,...,n,

with the usual convention if k = [ — 1. In addition, Ngw : W™? (Q) — W (Q) is bounded.
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We have

aii —(mp —n) Yiep, 1

r11—|ai| np

1 P Dlich

p

i€l

and this sum is to be interpreted as zero when I, = ¢. Thus, if I, = ¢, then

1
- =0< -,
i€l pm—|(yi| 4q
and if I, # ¢, then
1
" <-<4g< - P >
iel pm—|ai| 4 P Xien, |a'l| —(mp —n) Yiep, 1
which is true, because 1 < g < p’ ;. Indeed,
np

Pt < -
" P Dicl, |a’| = (mp—n) Yiep, 1

@p[1—2|ai|]+(mp—n)[21—1]>O.

i€l i€l

(The last inequality is justified by the hypothesis mp > n and by the obvious inequalities 1 <
el ai| <s<1-1, Y1 2 1) Consequently, 3 ,c, 1/p” < 1/q, and thus we can apply

m—|(1i|

Holder’s inequality and imbeddings (3.18), (3.19) in order to obtain

H(g(k) o u) D u... DakuH

i

L9(Q)
<C ||g(k) o ”“Lw(g) I_l }D”’u ) I_l | D% u

P
m— ﬂ/'
iel icl, Ll @

< C g 0 ullyyr.c ) Mtlliymncery < o0, (3.20)

”(g(k“) o u) c')juD”IM .Du

L9(Q)
<C|s* o wasu] . g [ T i L1171,
L@ e L@ ey L@
k k
S C ”g( ) o u||W1~"°(Q) ||u||Wm,p(Q) < OO, (3.21)

where the products [];¢;, and [, are to be interpreted as 1 when I; = ¢ and I = ¢, respectively.
We intend to thow that

H(g“‘) ou)d,D" uD"u.. .D"ku”m(g) < C 8% 0 1y el < oo. (3.22.1)

In order to use the best possible Sobolev imbedding for the function 0 jD“l u € Wrle'l=1r (@), we
will study three situations: 1 € I, 1 € I and |a/'| =h,and 1 € I, and |a/'| < h — 1, respectively.

Let us consider the situation 1 € ;. Then, (m - |a1| - l)p = (m - |a/1|)p —p<n-p<n,and
thus the Sobolev imbedding

9,0 u e wrle'l-lr (@) < L1 (@) (3.23)
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is valid. In view of (3.16), we have

1 1 1
_ + —— <-6e¢gx<
q

*
pm—|al|—l ieh\{1} pm—|af|

np
ail +1) = (mp—n) Tie, 1

p (Zielg
which is true, because 1 < g < pfn_l. Indeed,

min 5 e
Isksssi-1 p(ZiElz |0‘l| + 1) = mp =) Ve, 1

*
= Pm-r>

the minimum being obtained for I, = ¢, s = [ — 1, I, = {1}. Consequently, l/l’j,,, +

lo!|-1

ey 1/p* < 1/g; thus, we can apply Holder’s inequality and imbeddings (3.18), (3.19),

m—l(zf

(3.23) in order to obtain

”(g(k) o u) GjD“] uDu...D"u

L1(Q)
| i
<C g(k) oul,. HajD(t u' ” 1_[ D u
I ol 0l LTI
i k k
o N L T T N
ieb\(1) L Q)

Consequently, (3.22.1) is proved in the situation 1 € I,.
Now, we consider the situation 1 € I; and |a/1| = h. Then, 1 ¢ Db, (m — |a/1| -Dp =
(m —h —1) p < n, and thus the Sobolev imbedding (3.23) holds. In view of (3.16), we have

1 1 1
pm—lal|—l i€l pm—|ai| 4q
S q < P

P (Siers || + ]| + 1) = mp =) (Sie, 1 +1)°

which is true, because 1 < g < p,*n_l. Indeed,

. np «
min - = P>
tsksss=lp (Zie]z || + o' | + 1) = (mp —n) (Zielz 1+ 1)
the minimum being obtained for I, = ¢, s = [ — 1, I} = {1}. Consequently, 1/17,*,,, o1 +

Diien, 1/ p:‘n_|ai| < 1/q. Hence, we can apply Holder’s inequality and imbeddings (3.18), (3.19),
(3.23) in order to obtain

”(g(k) o u) (3_,-D”luD”2u ...D"u

Li(Q)
o

[T o7

Dol |1
L @ jen\y

i (k) k
x n HDa MHLI);*LJHQ) <Clg®o ”HW1~°°(Q> el gy < o

i€l

< C g ot gy 00" 4|

L=(Q)

Consequently, (3.22.1) is proved in the situation 1 € I; and |a1| =h.
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Finally, we consider the situation 1 € I; and |ozl| < h-1. Then, 1 ¢ I, (m— |al| - l)p >
(m — h) p > n, and thus the Sobolev imbedding

8;D" ue w11 (Q) — L2 (Q) (3.24)

. < 1/q. Hence, we can apply Holder’s inequality and imbeddings
(3.18), (3.19), (3.24) in order to obtain

is valid. We have ¥, 1/p" |

H(g(k) ° u) HjD"luD”zu ...D"y

Li(Q)

o 1
b )ieh\{l}

<C “g(k) ° MHW‘~°°(Q) ””“@w(m < 0.

< C[|g® o u] g, 050" D"

<[]

i€l

L2(Q)

D%u

.
bl

Consequently, (3.22.1) is proved in the situation 1 € I; and |(11| <h-1
In conclusion, inequality (3.22.1) is valid in any situation of the third case. An analogous argu-
ment allows us to derive other k — 1 formulas similar to (3.22.1), the last of them being

“(g(k) o u) D" u...D"" u(?jD“ku

(k) k
iy < ClY 0l Wllusey <. 32240

It follows from (3.2), (3.20), (3.21), (3.22.1),..., (3.22.k), and Theorem 3.1 that D* (g o u) €
W4 (Q) for all @ € N” with |a| = s, and formula (3.3) holds. Consequently, Nou € Whe (Q) and the
higher-order chain rule (1.2) is valid. The boundedness of the operator N, : W7 (Q) — Wk (Q)
is an immediate consequence of the boundedness of the operator N, : W"? (Q) — w4 (Q) and
inequalities (3.20), (3.21), (3.22.1), ..., (3.22.k). Point (i) is proved in the third case.

Case 4. p = ﬁ,withan—h, andhe{2,...,1-1}.

Denote Iy = {i € {1,....k}: 1 < |a'| <h}, b ={ie(l,....k} : o] = h),

I = {ie{l,...,k}:h< |ai| §s}. Wehave(m—|o/|)p >nifi 611,(m—|ai|)p =nifie I, and

(m - |ai |) p < nif i € I, whence we deduce the following Sobolev imbeddings

D% ue wrllr Q) — 1> @) ifiel, (3.25)
D”ue wnllr(Q) — 17(Q) foralll <r <o, ifie b, (3.26)
D% u e wlelr (@) Ll (@) ifiel. (3.27)

According to Theorem 1.1(iii), we have g% o u = Nywu € W' (Q) and
9; (g(k) o u) = (g(k”) ) u) du L'-ae.inQ, j=1,...,n,

with the usual convention if k = [ — 1. In addition, Ngw : W™ () — W (Q) is bounded.
We have _
I P Dier, |al| = (mp—n) Yiey, 1

s np >

ety Pinlor]

and this sum is to be interpreted as zero when I3 = ¢. Thus, if I3 = ¢, then
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and if I3 # ¢, then

. -—og< np

< " ]
Pm,|a[| q P Dier, ‘a’l| = (mp—n) Yiep, 1

i€ls
which is true, because 1 < g < p,,_;- Indeed,

np
p Zielg |ai| — (mp —n) Zielg 1

@p[l—2|ail]+(mp—n)[21—1]>0.

iels iels

*
P <

(The last inequality is justified by the hypothesis mp > n and by the obvious inequalities 1 <
Dl |ozi| <s<1-1, Y, 1 2 1)) Consequently, 3/, l/pl*m| < 1/q, and thus there is 1 < r; < oo
such that

a’|
1 1 1

+ — = —.
rrq

ety P :n—|a"|
Let ky = |I,| be the cardinality of I,. By applying Holder’s inequality and imbeddings (3.25), (3.26),
(3.27), we obtain

H(g(k) o u) D" u...D"u )
<C ||8(k) ° “Hm(m 1_[ ‘ D"u
i€l

]

icly

i
D%u

Lkar7 Q)

L>(Q) L_h[ |

< Cl[g® o 1y Ntlymncer) < o0, (3.28)

Py
L m7|a/| (Q)

H(g(k”) o u) ajuD"lu ...D"u

La(Q)
L2(Q) I I L2(Q) I I
iel) iel,

< C e o ullyy 1o Ntlliymoiry < o, (3.29)

<C “(g(k“) o u) dju

Tl

o
el L o |(Q)

Lkz r (Q)

where the products [;es,» [Tier,» and [ ], are to be interpreted as 1 when I} = ¢, I, = ¢, and I3 = ¢,
respectively.
We intend to show that

”(g(k) o u) &,-D"luD”Zu ...D"u

(k) k
L9(Q) <C ||g °© u||W'~°°(Q) lllliynr () < o0 (3.30.1)
In order to use the best possible Sobolev imbedding for the function d jD"l u e wrla'l=-p (Q), we
will study three situations: 1 € I5, 1 € I, and 1 € I}, respectively
Let us consider the situation 1 € /3. Then, (m - |cx1| - 1)p = (m - |a1|)p —p<n-p<n,and
thus the Sobolev imbedding

9,0 u e wrle'l-lr (@) < L1 (@) (3.31)
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is valid. In view of (3.16), we have

1 1 1 np
—_—+ - <-©¢g=< ;
Poor-1 iy Po-for] 4 P(Ziel3 || + 1) —(mp —n) Yjery 1

which is true, because 1 < g < p* . Indeed,
np

min : =P
1<k<s<i-1 P(Zieh |a’| + 1) = (mp —n) Yier, 1 "

the minimum being obtained only for I} = I, = ¢, s = — 1, I3 = {1}. Consequently,

1 1 1 .
—_—+ - < - ifL #¢,
pm—lwll—l iel;\{1} pm—lai| q

1 1 1 .
I E— + " < - lf 12 = ¢
pm—|al|—l i€l \{1} pm—|<)zi| q

If I, # ¢, then there is 1 < rg < oo such that
1 1 1 1
- + - +—=-.
Poorf-r vy Pcjer) 8 4

By applying Holder’s inequality and imbeddings (3.25), (3.26), (3.27), (3.31), we obtain

<C ”g(k) ° u||L°"(Q)

“(g(k) ° u) ajD“luDazu ...D"u

L9(Q)
x|jo;0"u|
‘ Lo} @ o) - 278 (Q)
2
k k
< | |Da ol SC“g(’°M||W1»o<sz>“””Ww«»<°"'
iel;\(1 @

If I, = ¢, then we can apply Holder’s inequality and imbeddings (3.25), (3.27), (3.31) in order to
obtain

(k) . a! a2 o H
”(g ou)ajD uD® u...D qu(Q)

) e’
SC“g OMHL“’(Q) Ha_,D” “ m_|p,| @ Niw@
SR PR iy < o0
L Q)

ielz\{1}

Consequently, (3.30.1) is proved in the situation 1 € I5.
Now, we consider the situation 1 € I,. Then, (m — |a1| — l)p = (m — |a1|)p —-p=n-p<n,
and thus the Sobolev imbedding (3.31) holds. In view of (3.16), we have

1 1 1
pm—|(11|—l icl; pm—|ai| q
&g < P

p(Zielg |ai| + |al| + 1) — (mp —n) (Ziel3 1+ 1)’
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which is true, because 1 < g < p* . Indeed,

min P
1kssSiol p (B, |od] + @ | + 1) = (mp = ) (Siep, 1+ 1

) = P>

the minimum being obtained only for I} =I5 = ¢, s = — 1, I = {1}. Consequently,

1 1

1
- + ” < - if L 2 {1},
pm—lall—l i€l pm—l1ﬂ| q
1 1 1
- +Y —— <= ifhL={1).
pm—lall—l i€ls pm—laf| q
If I 2 {1}, there is 1 < r9 < oo such that
1 1 1 1
- + — + — = —.
pm—lall—l i€ly pm—|ai| "o q

By applying Holder’s inequality and imbeddings (3.25), (3.26), (3.27), (3.31), we obtain
H(g(k) ) u) BjD"luD"zu ..D"u
1
X ||0;D% ul|
H ! “L el |1 g D
<[]

ielz

@) <C || g®

S AT

<C ”g(k) °© M”W‘«‘”(Q) ”“”]‘(V”""’(Q) < 0.

° u”L‘”(Q)

i i
D%u D%u

Lka=Dro ()

i
D%u

o
L m-|o |(Q)

If I, = {1}, then we can apply Holder’s inequality and imbeddings (3.25), (3.27), (3.31) in order to
obtain

”(g(k) o u) OJ-D"I uD”u...D" u

L9(Q)
S T
< . .
<Cle °“”L‘“(Q)“31D u Lol L D)),
icl)
i *) k
x l_[ ' D% u | el C® 0 ulyr.e e Wligmogy < -
iel L ©

Consequently, (3.30.1) is proved in the situation 1 € I, as well.
Finally, we consider the situation 1 € I;. If |a'| = h — 1, then (m - |a'| - l)p =m-hp=n
and thus the following Sobolev imbedding holds

8;D" ue W' (Q) s 17(Q)  forall 1 < r < oo, (3.32)

We have )/, 1/17:1, < 1/q. Hence, there is 1 < rjy < oo such that

o]

1 1 1
+ — = - (3.33)
ro ¢

m
i€ly pm—|(1i|
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By applying Holder’s inequality and imbeddings (3.25), (3.26), (3.27), (3.32), we obtain

H(g(k) o u) (9jD“] uD”u...D"u

< Cllg® o uf,.

L1(Q) ((®)
D |
X Ha/D u L(’<2+1)’10(Q), L@ | u Lo Do)
I, i€l
o (k) k
x n ’ D ‘ < Clls® o u”W“”(Q) lltllyym ) < ©-
iely

If|al| < h -2, then (m—|a'|— l)p >m—-h+1)p=@m-hp+p=n+p > n,and thus the
Sobolev imbedding
8;D" ue wl'1r Q) — 12 (Q) (3.34)

holds. By using (3.33), Holder’s inequality, and imbeddings (3.25), (3.26), (3.27), (3.34), we obtain

” Mo u) 0 -D"luD"Zu ...D"y

1]

el \{1

<C ||g(k) o u“W‘~°°(Q) ||u||Wm,p(Q) < oo.

<Cllg® ot ||a D

|L‘I(Q) L>(Q)

o

Da/

L@ 1 L"z’lo(Q) ' o] @

Consequently, (3.30.1) is proved in the situation 1 € I; as well.
In conclusion, inequality (3.30.1) is valid in any situation of the fourth case. An analogous
argument allows us to derive other k — 1 formulas similar to (3.30.1), the last of them being

H(g(k) o u) D”u...D""ud;D% u

ey =€ g © ull 1. ) Matllymncery < oo (3.30.k)

It follows from (3.2), (3.28), (3.29), (3.30.1),..., (3.30.k), and Theorem 3.1 that D* (g ou) €
W4 (Q) for all @ € N” with |a| = s, and formula (3.3) holds. Consequently, Nou € Whe (Q) and the
higher-order chain rule (1.2) is valid. The boundedness of the operator N, : W"? (Q) — W (Q)
is an immediate consequence of the boundedness of the operator N, : W™7 () — Wb (Q) and
inequalities (3.28), (3.29), (3.30.1),..., (3.30.k). Point (i) is proved in the fourth case, and thus it is
completely proved.

Point (ii) Throughout the proof of point (ii), we will denote by C a positive constant which
depends at most on Q, n,m, 1, q.
Letu € W™ (Q). We first show that Nyu = gou € W4 (Q) and

di(gou)= (g ou)du L'ae. inQ, i=1,....n (3.35)

To this end, we will use Theorem 1.1. We have p = - > %= and 1 < g < co. Therefore, Theorem
1.1(iii) applies and we deduce that g o u € W' (Q) C W1 9(€) and (3.35) holds. In addition,
Ny : WP (Q) — W4 (Q) is bounded.

It remains to be shown that if gou € W57 (Q), with 1 < s </, and

|

DY (gou) = Z Z Cakal,..ak (g(k) o u) D" u...D"u
k=1 o'+ +of=a (3.36)
|ai|¢0
L"-a.e. in Q, for all @ € N" with |a] < s,
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then D (g o u) € W' (Q) for all @ € N" with |a| = s, and

S

;DY (gou) = Z Z Catat...at [(g(k“) o u) c')juD"]u .Du
k=1 o'+. +of=a
|o'|0 (3.37)
+ (g(k) o u) (ﬁjD“luDazu D%+ . +D"u.. D u(?jD"ku)]
LMae. inQ, forall j=1,...,n.
To this end, we will use Theorems 1.1 and 3.1.
By Theorem 1.1(iii), we infer that for each k = 1,..., s, Nyou = g% o u € W (Q) c W (Q)
and
9;(e® ou)= (" ou)ou Ll-aeinQ j=1,...n

with the usual convention if k = [ — 1. In addition, Nyw : WP (Q) — Wb (Q) is bounded.
It follows from |ai| <la| = s << mthat

D%ue wrl'lr (@) c WP (Q) foralli=1,....,k
In order to use Theorem 3.1, it remains to be shown that

(e ou)D'u...D'ue L7(Q),
(Y ou)auDu...D"u e L1(Q),
(8% ou)d;D" uD"u...D"u e L1(Q),

(€% ou)Du... D" "ud; D" u € L1(Q).

Let us fix @ € N" with o] = s. Fix k € {1,...,s} and fix ',..., " € N" with || # 0 and
' +.. . +adf=a.
Since
(m—|cxi|)p2(m—s)p>(m—l)p=n,

the following Sobolev imbedding holds
D% ue Wl (@) — 17 (Q). (3.38)
By using this imbedding, the following inequalities can be derived

H(g(") ou) D" u...D"u

L1(Q)
(k) a' ok
< Clg® o i |27 27 ]
k k
<C ”g( ) o u||W‘~°°(Q) ||u||Wm.p(Q) < 09, (339)
(k) D ok
”(g o u)ﬁjuD u...D%u @)
1 k
SC” ® 5 u)d:u ' @ | (e
(g ) / L2(Q) L>(Q) Lo(Q)

<C ”g(k) © ””WLW(Q) ”u”]‘ivm,p(g) < . (3.40)
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Denote /; = {i€{l,....k}: 1 <|e| <1-2}and I, = [ie(l,....k} :|o'| = [-1}. We intend
to show that

H(g(k) o u) GjD”] uDu...D" u

k) k
L9(Q) < C”g ° ””wtw(g) lltllyymr () < o0 (411

In order to use the best possible Sobolev imbedding for the function jD“l u € Wrle'l=1r (Q), we
will study two situations: 1 € I} and 1 € I, respectively.
Ifle Il,then(m— la'| - 1)p >m-1l+1)p=m-1)p+p=n+ p>n,and thus the Sobolev
imbedding
8;D" ue w17 Q) — 12 (Q) (3.42)

is valid. By using imbeddings (3.38) and (3.42), we get

H(g(k) o u) 6jD“] uD” u...D"u

L9(Q)

o? oF

<C “g(k) o u“Lm(Q) HajD"Iu

L>(Q) | Q) ‘ L>(Q)

< C g o ull 1. ) Mtlymniery < oo

Consequently, (3.41.1) is valid in the first situation.
If 1 € I, then (m - |oz1| - 1) p = (m—1) p = n, and thus the following Sobolev imbedding holds

9;D" ue WP (Q) s 17 (Q)  forall 1 < r < oo. (3.43)
By using imbeddings (3.38) and (3.43), we get

”(g(k) o u) BjDaluDazu ..Du

Li(Q)

o’ ar

<C ”g(k) o u”Loo |(9jD“]uH

() ' L9(Q) ‘ IO |

L=(Q)

<C ”g(k) © M”W‘«‘”(Q) ”””]‘(’V’"*’(Q) < ©o.

Consequently, (3.41.1) is valid in the second situation.
In conclusion, inequality (3.41.1) is valid in any situation of the fourth point. An analogous
argument allows us to derive other k — 1 formulas similar to (3.41.1), the last of them being

H(g(k) o u) D" u... D"kfluajD"ku

iy =€ I8 o u] .. @ 1l < . (3.41k)

It follows from (3.36), (3.39), (3.40), (3.41.1),..., (3.41.k), and Theorem 3.1 that D* (g o u) €
W4 (Q) for all @ € N with || = s, and formula (3.37) holds. Consequently, Nou € W7 (Q) and the
higher-order chain rule (1.2) is valid. The boundedness of the operator N, : W"? (Q) — W (Q)
is an immediate consequence of the boundedness of the operator N, : W™? (Q) — W4 (Q) and
inequalities (3.39), (3.40), (3.41.1), ... (3.41.k). Point (ii) is proved.

Point (iii) Throughout the proof of point (iii), we will denote by C a positive constant which
depends at most on Q,n,m, [, p, q.
Let u € W™ (Q). We first show that Nou = gou € wh* (Q) and

di(gou)=(g ou)du L'ae.inQ, i=1,...,n (3.44)
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To this end, we will use Theorem 1.1. We have p > -~ > ~&-. Therefore, Theorem 1.1(iii) applies
and we deduce that gou € Wh* (Q) and (3.44) holds. In addition, Ny : WP (Q) — Wb (Q) is
bounded.

It remains to be shown that if gou € W (Q), with 1 < s < [, and

]

D*(gou) = Z Z Cakal,..ak (g(k) ° u) D" u...D"u
k=1 o'+ +of=a (345)
|ai|¢0
L"-a.e. in Q, for all @ € N” with |a| < s,
then D? (g o u) € WH* (Q) for all @ € N with |a| = s, and

S

;D" (gou) = Z Z Cakal...ak [(g(k”) o u) 6juD”1u ..D%u

k=1 o'+ +af=a

|o[0 (3.46)
+ (g(k) o u) (GJ-D"IuDa2u .D"u+... +D%u... D"kiluajD“ku)]
LMae. inQ, forall j=1,...,n.

To this end, we will use Theorems 1.1 and 3.1.
By Theorem 1.1(iii), we infer that foreach k = 1,..., s, Nywu = g(k) oue W (Q)and

d; (g(k) o u) = (g(k”) o u) dju L'-ae.inQ, j=1,....n,

with the usual convention if k = [ — 1. In addition, Nyw : W™P (Q) — Wb (Q) is bounded.
It follows from |ai| <la| = s <[ < mthat

D”ue wrl'lr (@) c W' (Q) foralli=1,...,k.
In order to use Theorem 3.1, it remains to be shown that

(g(k) o M) DYu...D¥ue L® (),
(g<k+1> o u) duDu...D%u e L~ (Q),
(8(") o u) ;D" uD”u...D"u e L (Q),

(8 ou)Du... D" "ud ;D" u € L (Q).

Let us fix @ € N" with o] = s. Fix k € {1,...,s} and fix o',..., % € N" with || # 0 and
4. +adf=a.
Since

(m—|cxi|)p2(m—s)p>(m—l)p>n,
the following Sobolev imbedding holds

D e wrle'lr (@) s L2 Q). (3.47)
By using this imbedding, the following inequalities can be derived

H(g(k) o u) D" u...D"u

L=(Q)

< ”g(k) D u ot

o u||mm\ e .j

Lo(Q)
< C “g(k) o M”wl,oo(Q) ”u”]‘jvrnﬂ(ﬂ) < 00, (348)
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H(g(k) o u) ajqu" u...D"u

L=(Q)
(k) a' o
SRR N I
“<g ) J L>(Q) L>(Q) L*(Q)
k k
S C ”g( ) o u”wl,m(ﬂ) ”M”me(Q) < 0. (349)

Since
(m—|al|—1)p2(m—s—1)p2(m—l)p>n,

the following Sobolev imbedding holds
8;D" ue w1 Q) — 12 (Q). (3.50)
By using imbeddings (3.47) and (3.50), we get

||(g(k) ° u) 6‘,»D“luD“2u ...D"u

1 Lm(Q) 2
< ¢ o iy 8,0 ]y [ ] g - |

<Cllg® M”W‘«‘”(Q) llfinn gy < oo-

ak

(3.51.1)

u

L2(Q)

An analogous argument allows us to derive other k — 1 formulas similar to (3.51.1), the last of
them being

(@ 0 u) D7D ud D | < C 18 0 g Nl < o (3.51.k)

L2()

It follows from (3.45), (3.48), (3.49), (3.51.1),..., (3.51.k), and Theorem 3.1 that D* (g o u) €
W' (Q) for all @ € N" with |a| = s, and formula (3.46) holds. Consequently, Nyu € Whe (Q)
and the higher-order chain rule (1.2) is valid. The boundedness of the operator N, : W7 (Q) —
W (Q) is an immediate consequence of the boundedness of the operator N, : W7 () — Wwhe (Q)
and inequalities (3.48), (3.49), (3.51.1),..., (3.51.k). Point (iii) is proved.

Point (iv) It is a consequence of Theorem 1.1(iv) and of the first three points.

Point (v) The continuity of N, : W"7(Q) — W (Q), with 1 < p,gq < oo, can be proved in
each of the cases (i)-(iii) by using a similar reasoning to that used in order to prove the continuity of
N, : WP (Q) — Whe (Q), with 1 < p,q < oo, in the subcritical case (just adapt the proof of point
(@iv) of Theorem 2.1 in [6] to the particularities of the supercritical case). Besides, a detailed proof
of point (v) can be found in [7].

Theorem 2.1 is completely proved. O

Remark 3.1 Theorem 2.1 remains valid provided that the hypothesis ”Q has the cone property” is
replaced with the hypothesis ”Q is of class C'” since this replacement does not affect the validity of
the Sobolev imbedding theorem used in the proof of Theorem 2.1.

The proof of Theorem 2.2 relies on Theorem 2.1, Remark 3.1, and the following lemma whose
proof can be found in [6].

Lemma 3.1 If the superposition operator N, is well defined and continuous from W™ (Q) into
W (Q), with m,1 € N*, 1 < p,q < oo, and, in addition, g (0) = 0, then Ny (Wy"" (Q)) € Wy (Q).
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Proof of Theorem 2.2. Letu € W™’ (Q) N Wg’p (Q). By Theorem 2.1 and Remark 3.1, we have
Nyu € Whe (). We will only show that N,u € W(l)’q (Q) under the hypotheses of point (i) of Theorem

2.1, namely % <p< # withn >m-[I+1( <p< ﬁ whenn € {m—1+1,...,m}), and
1 < g < —"Z— . The proof for the cases (ii) and (iii) is similar.

n—(m-1)
By using apSobolev imbedding and (m — k) p < (m — 1) p < n, we get

ue W (Q) — Wrrut (Q).

On the other hand, u € W,” (Q) = W*”(Q) N Wy' (Q), and thus u € W,' (Q). Therefore, u €

WhPiec (Q) 0 WEL (Q) = Wit (Q).
Simple computations show that

. n
< Pk <

T op< el
—<p = ,
k—1

n
m m—1 k

np _ np,, i
n—(m-Dp n—(k=-0Op:

Pk
n—(k—[)p/*”_k
and we deduce that N, is well defined and continuous from W*7:- (Q) into W7 (Q). By combining

this fact with u € W, (Q), we infer by Lemma 3.1 that Nou € W2? (Q). o

Therefore, we have 7 < p’ <5 and1 < g < . Consequently, Theorem 2.1(i,v) apply
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