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1 Introduction

We study the existence of solitary waves, that is solutions with localized energy and charge, for equa-
tions modelling interactions between matter and a gauge field in R* equipped with the Minkowski
metric. When matter is given by the fundamental representation of a field with only one internal
symmetry, that is ¢ : R* — C is the fundamental representation of U(1), then one speaks of Abelian
gauge theories. The existence of solitary waves in Abelian gauge theories, and in particular for the
nonlinear Klein-Gordon-Maxwell equations, has been studied in [5] under the name of charged or
gauged Q-balls, and more recently in [2], [4] and [7]. In particular in [4] the authors proved the
existence of spinning Q-balls, that is solitary waves with non-vanishing angular momentum, also
called vortices. In all the cited papers the solitary waves are found by using a particular ansatz for
the solution, namely
W(t, x) = u(x)e 9 e C.

In this paper we prove existence of solitary waves and vortices for non-Abelian gauge theories, in
particular in the case of a matter field with three internal symmetries, namely with ¢ : R* — C?
being the fundamental representation of the gauge group S U(2). The part of the Lagrangian density
relative to ¢ is the Lagrangian of the nonlinear wave equation with covariant derivatives and it
models a bosonic field.

In our model the nonlinear term W(s), which models the self-interaction of the matter field, is
not of Higgs-type, but it is non-negative and vanishes only at the origin. This choice is justified by
the fact that in the Abelian case the following holds ([3] and Theorem 3.2 below, and [4]):

o if W(0) > 0 there are not finite energy solutions;

e even in the case in which W(s) is convex there is a symmetry breaking in the sense that
there are solutions, not invariant under the action of the full gauge group, which minimize the
energy constrained by some other conserved quantity.

In Section 3, we recall the basic notions of gauge theories in the Minkowski space. Then, in
Section 4, we develop the theory in the S U(2) case, writing the matter field in polar form using the
exponential map and we give our existence result.

2 Main results

By definition, the Yang-Mills equations with matter are the critical points of the following functional:

Sy,I) = f.E(v,lr, I') dxdt, L=Ly+ L - W), (2.1
where
1 RN 2
Lo@.1) = 5 Dovly — 5 JZ; Dy, (2.2)
and ;
L=y Zl IFoP = 5 ];1 IF 11 23)
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Here we have used the following notation (see section 3):

e D; =0;+ gl;is the covariant derivative;

o R* — CZ is the matter field;

e ['is a connection with curvature {F A j} (which depends on ¢, see (3.2));

e W is a SU(2)-invariant function, (namely W(gy) = W(y¥)) which satisfies the following as-
sumptions: there exists a C? real function f : R* — R such that

W) = f(yD, W @) = () % (2.4)

and f satisfies

(W1) f(s)>0forall s >0;
(W2) f(0) = f"(0) =0and f(0) = m? > 0;
(W3) there exists sy € R* such that f(so) < '”72 52

(W4) there exists s; > 5o € R* such that f/(s1) > s1.

Main Theorem Let W satisfy (W1),..,(W4). Then there exists qo > 0 such that for every q € (0, qp),
the Euler-Lagrange equation related to the action (2.1) admits finite energy solutions (i, ") with

Y(t,0) = u(x)e>"

I'=T(x)
where S(t, x) € su(2).

3 Gauge theories in R*

Let G be a subgroup of U(N), the unitary group in CV, and denote by A*(R?, g) the set of k-forms
defined in R* with values in the Lie algebra g of the group G. A 1-form

r= i [dx’ e 'R, g)
J=0
is called connection form. The matter field y is a smooth CV-valued function
YR >V
and by using a connection I we consider the operator

dr = A°R*, CV) - AR, CV)
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called covariant differential and defined by
3 .
dr=d+ql' = Z(al +qF.,-)dx’
j=0
where ¢ is a real positive parameter. The operators
Dj=0d;+ql;:C' (R, CY) - C"(R%,CY),  j=0.....3

are called covariant derivatives. Hence

3 3
drl// = Z Djz,bdxj = Z (611,0 + ql"jz,b) dxj (31)

j=0 Jj=0

where by I' iy we denote the action of an element of g on ¢ by the usual matrix representation. The
parameter g plays the role of the coupling constant between the matter field and the connection I'.
The covariant differential can be extended to k-forms A¥(R*, CV) by letting

dr(y @ w) = dry @ w + ¥ @ drw € AR, CV)
for all y € C! (R4, cN ) and w € AF1(R*, CV), but in general the operator
dr odr : A°R*,CN) - A2R*,CM)
does not vanish, in fact

3

(dr o dr) i = g Z (0T = 9Tk + q [T Ty|) w do A dic?
J.k=0
and the 2-form
3 .
Fr = %1 Z Fiydd ndx) e NX(RY,9),  Fiji= il - 0,Tk+q[TiT;] € q (3.2)
k=0

is called curvature. We now extend the covariant differential dr to k-forms with values in g. For two
1-forms in A'(R*, g)

3 3
A:Z(;Ajdxf Bzz(;Bjde (3.3)
J= J=

one can define X
AAB:= Z AiBjdx' Adx! e NX(RY, q)
i,j=0

and ,
[A, B] := Z [A;, Bjldx' Adx' € AX(R%,q). (3.4)

i,j=0
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Notice that [A, B] = A A B+ B A A, hence in particular [A, A] = 2A A A. By using these operators,
the covariant differential can be extended to an operator acting on O-forms with values in g

dr = A°(R*, g) = A'(RY, g)

by the same definition
3 .
dra = Z (0ja+qITal)dx’  VaeC'®' g
J=0

letting
D;:C' (R g) > C*(R%9),  Dje=d+qllyal, j=0,...,3. 3.5)
Then dr can be extended to A*(R?, g) as above. For example if A € A'(R*, g) then

3
drA =dA +qIT,A1 = > (9:A; + qlTi, Aj)) dx' A dx/
i,j=0

Using this notation we have
Fr=dl' +T AT.

Now we need to define a scalar product on AK(R*, g). First we recall the definition of the Hilbert
product on g given by
(U,V)=TrU"v),  IUIP = (U, U) (3.6)

where U* denote the adjoint of U. Next, we equip R* with the Minkowski quadratic form given by

3
2 2
<V, v>y=—|vl” + Z |vj|

J=1

where v = (vg, V1, V2, v3) is a 4-vector. The Minkowski quadratic form can be extended to the space
of the differential forms o € AK(R*), and it will be denoted by

<a,a >y . 3.7
For future reference we recall the relations
<dx,dx) >y=0, i#J,
<dx®,dx® > = -1, (3.8)
<dx,dx' >y=1, i=1,2,3

<dxX" Adx,dx® Adx >y=—1, i=1,2,3,
) S . (3.9)
<dx' ANdx!,dx* Ndx! >y=1, i,j=1,2,3

and the products vanish in the other cases.
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Now, since AX(R*, CV) = CN ® AY(R*) and AF(R?, g) = g ® AF(R?), let us define the Minkowski
product on A¥(R*, CV) as

<VOW,W®V >p:= (V,W)ev < W,V >y (3.10)

and on AF(R%, ) as
<UQw,Vv>y:=(UV)<w,v>y. (3.11)

In particular, given two 1-forms as in (3.3), we have that

3

<AB>M=§]qup<dfﬁﬂ>M (3.12)
i,j=0
and using (3.6) and (3.8)
3
2
<A A>y= =140l + > [lA)] (3.13)

j=1
We are now ready to define the Lagrangian density of a gauge theory depending on the matter

field ¢ and on the connection I'. Recall that the parameter ¢ introduced in the definition of the
covariant derivatives play the role of the coupling constant between the two fields. Set

3
1 1 1 2
LoW.1) = —5 <drydrgy >y= 5 1Dovln = 5 ) Dl (3.14)
=1
where we have used (3.8), (3.10) and the definition (3.1) and

1 1
LD = e <Fr,Fr>y=— <dll'+T AT, dl +T AT >y, (3.15)
2q 24

which using (3.2) and (3.9) becomes

3 3
: |
LiM =5 Y Il =5 ) IFgI. (3.16)
=1

k.j=1

N =

A pure gauge field " € AR, g) by definition (see e.g. [8], [9]) is a critical point of the action
functional

&m=f&mww

whereas the action

&wn=f&wnwm

formalises the reaction of the matter field ¢ to the gauge field I'. A gauge theory “with matter” is
then concerned with the functional

Sor(W,T) = f (Lo + L1 dudr.



Solitary waves and vortices in non-Abelian gauge theories 723

Since we are interested in the existence of solitary waves and solitons, we add to the above lagrangian
Lo + L; anonlinear term W and so we are concerned with the action

Sw.T) = fL(w, I') dxdt, L=Ly+ L - W), (3.17)

where W : CV — R satisfies the assumptions of Section 2.

Proposition 3.1 The Euler-Lagrange equations relative to (3.17) have the following form:
Dy~ 33, D+ W'(y) = 0 (E)
R (A, 23, DiFoj+qDo-4')=0 YAeg (ET0)
R (A, DoFo; = Xrs; DeFrj+ gDy -w') =0 VAeg (ETj), j=1.23

where Dy - denotes the matrix multiplication between the column vector Dy and the row vector
U, and we recall the definitions of the covariant derivatives (3.1) for the matter field ¥ and (3.5) for
g-valued functions.

Proof. To write the Euler-Lagrange equations relative to (3.17) we first consider the variation with
respect to ¢, which gives

dS W, D) [(6.0)] = —R f < i, drp >y dxdt =

3
‘Rf (Doyr, Do)y — Z(Djl//, Djp)ey — (W), SO)CN] dxdt =
j=1
3
=R f (-Dgy + Z Doy — W (), @)cv dxdt
j=1
where we have used the fact that matrices in g are anti-Hermitian. We now consider the variations
with respect to I separately for each I'; with j = 0, 1,2, 3. For j = 0 we have

3

dS .1 [(0, Bo)l = R f ((613090, Dow)er = " (8B + Il Bo],F0j>] duxdi =

=1

3
= (Rf<BO»qDO‘/’ Y+ Z DjF0j> dxdt
=1
where we have also used Tr(ABC) = Tr(BCA) for any triple of square matrices A, B, C. The cases
j =1,2,3 are similar with

dS .1 |(0.8))] =

=R f( — (gBjw. Djr)er + (00B, + qlTo, Bl Fo;) —
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_% Z <8[Bf +4qlle, Bjl, Fej = Fjg>)dxdt =

t£j

_‘Kf< gDy -y D0F0]+ZD(’F[]>d.xdt

t#j

This is the end of the proof.

Of fundamental importance in Lagrangian dynamics is the existence of conservation laws, ob-
tained for example by Noether’s Theorem under the existence of group actions which leave invariant
the Lagrangian density. The Lagrangian density (3.17) is invariant for the action of the Poincaré
group of Lorentz transformations of the Minkowski space R*, and for gauge transformations of the
fields (¢, I'). A gauge transformation t defined by a section

R43x»—>t(x)EG

acts as
(tyY)(x) =t y(x) e CV (3.18)
on the matter field ¢, and by
3
tr = Z [idx/ e 'R, 9) (3.19)
j=0
on the gauge field I, where
. 1
[0 =t Tt (x) - . (0t0) () € a. (3.20)

By Noether’s Theorem, if a Lagrangian density L(t, x, u, 0,u, Vu) is invariant for the action of a
one-parameter group H = {h,}, 1 € R, then the function

_ ) o0 00r)
1= [ [ ("% - o — S ) +

(3.21)

(1)
+L oz ]A:O dx

is an integral of motion if all the fields fall off at infinity “sufficiently rapid” (see e.g. [6]). The
integral of motions obtained from the invariance under Lorentz transformations are energy, momen-
tum, angular momentum and velocity of the ergocenter. The invariance under gauge transformations
yields instead the integrals of motions known as (Noether’s) charges.

3.1 The Abelian case G = U(1)

We briefly consider the case N = 1 and G = U(1), obtaining Klein-Gordon-Maxwell equations as
a simple case of the framework developed in the previous section. In this case the real Lie algebra
g = u(1) = :R. We write the connection form I" € A!(R?, g) as

= Z I dx’ = —l(,Dde +1A, dx' + 14, dx* + 1A3 dx®
=0
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and with abuse of notation, we introduce also the notation of I as a four-vector with components
I'=(-¢,A) where A =(A,A A3). (3.22)

We also introduce the notation for the partial derivatives in the space-time components in R*, as
0y = —=0,, 01 = 0y, 0, = 0,, 03 = 0., with Viy = (0., 0y, 0.). The covariant derivatives then take
the form

Doy := (=0, —1q9)y Dy :=(9;+1qA;)y, j=1,2.3. (3.23)
Using this notation we rewrite Ly(, ) of (3.14) and L (T') of (3.16) as follows. For £, we get

1 1
LoW, @, A) = 5 100 + 1999 = 5 VY +1q Ay’ (3.24)
In this case the components Fy; defined in (3.2) are complex numbers given by
Fojz—zﬁtAj+16j<p j=1,2,3

ij=l(3kAj—lajAk k,j=1,2,3
for which ||Fyjl|* = |Fg;|*. It follows that

3 3
SUIEIE =Y (34, - d10) = 10:A ~ Ve
=1

J=1

3
DUNFGE =2 (1F0P +1Fxf + [F3l) =2 [V x AP
k,j=1

and

1 1
L, A) = 5 10A - Vol* - 5 IV x AP, (3.25)

To obtain the Klein-Gordon-Maxwell system of equations one can make the variations of S
with respect to ¢, ¢ and A, or simply substitute the expressions for the covariant derivatives and
the components Fy; into the system (Ey), (ET), (ET ;) by taking into account that for g = iR these
equations become

Dy = 23, D3+ W) =0
()1 DiFoj + g Doy -4) = 0
I (DoFoj = Yoz DeFej+ gDy - ") = 0.
Hence we obtain
Diy =30, Dy + Wy =0 (3.26)
V- (0A=Vp) + g Ry o) + ¢ WP ¢ =0 (3.27)
0, (A = V) + V X (VX A) + g Ry Vi) + ¢* [yPA = 0. (3.28)
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A useful approach to equations (3.26)-(3.28) is to look for solutions (¢, x) € C written in polar
form, that is
w(t, x) = u(t, x) e S, ueR' S eR/27Z. (3.29)

Using notation (3.29), equation (3.26) splits in the equations
O’u — Au+ [IVS +qAl> - (0,5 + qgo)z] u+f'(u)=0 (3.30)
0, [0S +qo)u?| -V - [(VS + qA) 12| = 0 (3.31)
and (3.27) and (3.28) become
V-(0,A-Vo)+q0,S +qp)u*=0 (3.32)
0: (0 A = V@) + VX (VXA)+q(VS +gA)u® = 0. (3.33)

Letting
p =08 +qpu*  j=-(VS +qA)u’

equation (3.31) is the continuity equation for the electric charge density p.

Finally we recall that the Lagrangian L(i, 0, A) = Lo, ¢, A) + Li(p,A) — W() is invariant
under the action of the Poincaré group and of the gauge transformation (3.18), (3.19), which in this
case are of the form t(x) = '™, #(x) € R, and transformation (3.20) becomes

P =T é 9,1(x).

The integrals of motion obtained by Noether’s Theorem are energy, which using (3.29) takes the
form

E= % fR 3 [(6,14)2 + |Vul? + ’% +2W(u) + |0,A — Vol? + |V x Al*| dx (3.34)
momentum, angular momentum which using (3.29) takes the form
Mzﬁsxx 6tuVu—'Z—g+(6,A+Vgo)x(VxA) dx (3.35)
velocity of the ergocenter and the Noether’s charge, which is
Q= N pdx = f 0,8 + qp) u* dx (3.36)

and corresponds to the electric charge.
The existence of soliton and vortices solutions to equations (3.30)-(3.33) has been proved in
[2, 4] using the following ansatz

Y(t, x) = u(x) D70 and (g, A) = (p(x), A(x)) (3.37)
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where u > 0, w € R, £ € Z and ¥(x) is the longitude of the vector 7 = (x,y, z) in radial coordinates
in R3. These solutions have non-vanishing matter angular momentum (see [4])

M, :=f X X
R3

and hence are called vortices, when ¢ # 0.
Let A'(R?) denote the weighted Sobolev space of functions with norm

2 2 r 2
||Lt||H| = [Vul* + 1+r_2 u”| dx

for ¢ € Z, and D' denote the completion of C;*(R?) with respect to the inner product

OuVu — '0—‘2]] dx = f u? (8,8 + q¢) [x X (VS + gA)] dx (3.38)
u R3

w)pr2 = f Vv.-Vwdx

Then the following theorem holds

Theorem 3.1 ([4]) Let W satisfy (W1)-(W4). Then for all € € Z there exists qo > 0 such that for
every q € (0, qo) the system (3.30)-(3.33) admits a finite energy solution (u, w, ¢, A) in the sense of
distributions with: u = u(\x* +y2,2) 2 0; w > 0; ¢ = p(x2 +y%,2) 2 0; A = a(+/x% +y2,7) VI
In particular u € H'(R?), ¢ € D2 and A € (D"?)*. Moreover, A = 0 if and only if € = 0.

We remark that a nonlinear term W satisfying (W1)-(W4) is not of Higgs-type. This choice is
justified by the following theorem proved in [3], whose proof we repeat here for completeness.

Theorem 3.2 ([3]) Let W : C — R be of the form W) = f(y]), where f : R* — R is a C?
function satisfying

(i) f(s)=0forall s € R;
(it) f(0)>0;
(iii) there exists s > 0 such that f(5) = 0.

Then system (3.30)-(3.33) admits no solutions of the form (3.37) with w, € # 0 and finite energy.

Proof. The energy & (3.34) on functions of the form (3.37) writes

1
&= f |IVul® + (g — w)* + 1699 + gAP | + 2W(u) + Vel + |V x AP | dx (3.39)
R3

which is a sum of non-negative terms. Hence if energy is finite, all single terms are finite too. Hence
arguing by contradiction, if there exists a finite energy solution to (3.30)-(3.33) of the form (3.37),
then finiteness of the term f W(u) dx implies that

lim wu(x)=7

|x]—00
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by assumptions (i)-(iii) on W. From this and finiteness of energy it follows that
|EVI + gAPu? dx < oo
R3

which implies that for any € > 0 there exist R, K > 0 such that
[EVI(r,z) + gA(r, 2)| < € Vr>R, |z > K
where r := /x% + y2. Hence

1 1[I
|A(r,2)| > — ([EVI(r,2)| —€) = — (U - 5) Vr>R, |zl > K
q q\r

It follows that for € small enough

Jomorars 7L (5|
A dx > —|— —¢l| rdrdz =00
R3 R Ji>k L4 \T

Therefore A ¢ (L°(R?))?, and then by Sobolev inequality

f VAP dx = oo
R3

which contradicts the finiteness of the energy (3.39) in the case £ # 0. The same argument works
for ¢, and contradicts the finiteness of the energy in the case w # 0. This is the end of the proof.

4 The simplest non-Abelian case G = SU(2)

We now study a gauge theory on R* with the matter field ¢ : R* — C? under the action of the gauge
group S U(2), with g = su(2), the real Lie algebra generated by : times the Pauli matrices

0 1 0 1 1 0
T =10, = Ty =10y = T3 =10, = .
1 0 -1 0 0 —

By the properties of compact Lie groups, the exponential map
exp : su(2) - SU(2)

is surjective and for each g € S U(2) there exists a triple S = (S1,5,53) € R® with 37, §? < =
such that
g =exp(Si71 + 82712 + §373)

and it is unique when ¥}, S? < 72, Given (51,52, 3) € R® we introduce the notation

3
S(,x) = S1(6, )T + 2 )Ty + 3t )T € 5u2), ISP i=ISP=Y1ST @)
i=1
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and the operations

0,8 :=0;S1(t,x) 11 +0;S2(t, x) T2 + 0;S3(t, x) 73 4.2)
SXS:= X811+ x8n1+ (S x8)313=-1[8S,8] 4.3)
S-S§:=88+5,5,+5353 = 1&S.5) (4.4)
SS=-8-S-Sx8§ 4.5)

where [, -] is the standard Lie bracket and in the last equation on the left hand side we use the usual
matrix product. Finally for the gauge fields with abuse of notation we write

Fj =YiaTL YTy Y373, j=0,1,2,3 4.6)

as in (4.1), and extend to I'; the operations (4.2) and (4.3). We then introduce the polar form for
matter fields
(e, ) = u(t, ) S yo,  weRY, S x| <7 (4.7)

for a fixed vector ¢ € C2, [yolcz = 1. We now write the Lagrangian density £ as a function of the
polar variables (#, S) and their derivatives with respect to 9, = =0y and V = (91, 0,, 03).

Lemma 4.1 Forall S € su(2) with regular functions S i(t, x), it holds
0jexp(S) = C(S,9,S) exp(S) 4.8)
with

C(S,8,8) := 0;S + %(1 ~0s2)(9;S X S) + %(2 —sin2) (3,8 X S) X S) € su(2)

Proof. We use the formula (see e.g. [1])
d S| ,
— exp(A(D) = ; T (ad A(1)(A'(1)) exp(A(1)) 4.9)

where
(ad A)(B) := [A, B].
By applying (4.9) with A(#) = S and using (4.3) to obtain
[S,8,8] = 2(;S X S)
[S.18.9;81] = [S.2(0;8 x )| = 4 ((9;8 x 8) x S)
[S.[8.18.9,81]] = 8 (((9;8 x 8) xS) x 8) = -8(9,S x )

and in general

1 . (-1 (9,8 % S) k=2n-1>1
FRRETY] (ad S) (6]S) = -
(k+1)! -1 525 (0,8 %x8)xS) k=2n22.



730 V. Benci, C. Bonanno

Hence by (4.9)
22n-1

(2n)!

d;exp(S) = (8;S) exp(S) + (Z( 112 ](ajs x S) exp(S)+

(Z( 1y- 1 ”1)']((aijS)><S)exp(S)

and the thesis follows. This is the end of the proof.
Using (4.8) we obtain for the covariant derivatives of the matter field ¢ in polar form (4.7) with
respect to the gauge field ' = Y, I'; dx/

Dj(ue 1,00) (ue w0)+qul"e 1//0—[6 u+uCes, 6S)+qu1"]e Yo. (4.10)

We have then
ID; (ueS yo) 12, =

= ([6ju +uC(S,9;8) + unj] Sy, [Bju +uC(S,0;S) + qul"j] &S wo)cz =
= (6.,-14 S, dju €Slﬁ0)cz +
+([#C(S,0,8) + quT;| Sy, |uC(S,8;8) + quT;| ).,
since the other terms cancel out using
[14C(8.0,8) + quT;| = - [uC(S.9;8) + quT]
which holds for matrices in su(2). Moreover, since |e3 o2 = 1 and 8? = —|S|? Id, we obtain
1D, (ued wo) 2. = 10,ul’ + 1 |C(S,0,9) +4qT |- (.11
Finally we obtain for £
Lo, S,T) = Houl* — 1 IVul+
1,2 2 3 2 (4.12)
" [|C(S,0,S) Tl - 33, [0S, 8,8) + g T ] .
For the second part of the Lagrangian density L, we recall that since Fy; € su(2) we have
IFGIP == Tr(Fy; Fij) = =Tr(F(;) = 2[F* = 2|0,T; - 6,1 — 2q (T r)f

where for Fy; we have used notation (4.1), and for I'; notation (4.6) and (4.3). Hence from (3.16)
we get
2
Li(M) =32, |0T;+0,To+2q(@To xT))| - .
5 .
~3 Yo |0 = 0T = 2g T x T
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4.1 The equations in polar form

We now write equations (Ey), (ET0), (ET j) in terms of the polar form (4.7) for ¢ and using notation
(4.1), (4.2)-(4.6). To write (Ey), we first use Lemma 4.1 to write

D%y = D;[(9ju+uC(S.0,8) + qul’;) S| =
=10;(0ju +uC(S.8,8) + qur';) + (9;u + uC(S,8,8) + qul’;) C(S,9;8)+
+qT; (0;u + uC(S,8;8) + quT';) | Sy =

=B+ u(C(S.9;8) + 24T,C(8,8,8) + ¢ T+
+20,((CS.0,9) + 41) )] S0 =

= |0%u-u|c(8,9,8) + qr jf +ulql;, C(S.9;8)]+
+£a ((CS.0,8) +qr)) u?)] eus.

Hence we obtain
|3 — Au— u|C(S.008) + ao|| + 52, u|CS.8,8)+ [ + s

+190((C(S,008) + o) 1?) + u [qTo, C(S, pS)1+
—33 10,((C(S.9;8) + qT)) u?) - ulql';, C(S,,8)1] S = 0.

We remark that in the first row all terms in square brackets are assumed to multiply the identity
matrix, which is not in su(2), whereas in the second and third lines all terms are in su(2). Hence
using the covariant derivative (3.5) and letting d, = —dy we obtain the system

2 2

Fu - Mu—u|C(S,0.8) - alo| + £L, u|C(8,8,9) +4T)| + /@ =0 4.14)

Dy((C(S.30S) + qTo) u?) = £3_, D((C(S.9;8) +qT';) u?) = 0. (4.15)

Notice that equation (4.15) is the continuity equation in terms of covariant derivatives for the matter
current (see (4.16) and (4.17)).

We now consider (ET'0) with A = 7, kK = 1,2,3. Since D;Fy; is in su(2) the first part simply
reads

3
‘R<Tk,DjF0j> = Z (DjFoj)m R (Th, Ti) = 2(DjFo))k
m=1

The second part of (ET0) involves Doy - ¥* and needs more attention. In general we can write

w(t, x) = u(t, ©)Syg = u(t, x)( fv )
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with z,w € C and |z|> + [w|> = 1. Hence for all j = 0, 1,2, 3 we can write
Dy = [udju+1u(C(S.9;8) + qT ] Swo - (¢Swo)
I zw )

= [udu + u*(C(S.8,S) + qT )] ( o i

We now compute

2 _
%<Tk,(|f' w )>=0 Vk=1,2,3

w |wl

from which it follows that

3 2 _
R <Tk’ Djw : ¢*> =u’ Z (CGS, aJS) + qrj)m R <Tk’ Tm ( |—Z| o )> =
m=1

w o |w)?

C2C8.08) +q e ir| I ) 2cs.0.8) + qT)
»Uj jlk w |W|2 »0j jk-

Hence we finally get

3
2 3" DjFo; = qu*[C(S,8,8) - qTo] = 0. (4.16)
j=1
The same argument works for (ET j) and we get

2DQFQ]' -2 Z D[ng + quz[C(S,ajS) + qFj] = 0, j= 1,2,3 (417)
t£j

4.2 The energy

The conservation law of energy follows from the invariance of the Lagrangian under the action of
the one-parameter group of time translations

ha(t, x,u,S,T) = (@t + A, x,u,S,T

which yields by (3.21)

& _f [0(8;u) Z 8(8, m) ZZ 5(3r7’jm) Oyim—L|d

We now compute the different terms. The first two terms depend only on £ (4.12) and by making
the trivial computations using (A.1)-(A.4) we get

(4.18)

a(a 0 Z «9(6, oy 9Sm—Lo=

|a,u|2 —|Vu|2 —u

IC(S.8:S)F - ¢* Lol + Z lcs,0,8) + T[]
j=1
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Finally the third term only depends on .£; (4.13) and in particular we remark that £; does not depend
on dyypn. Using (A.5) we get

3 3
= Z Z 2<az'yj,m +6j7(),m + Zq(ro er)m)ét'yj,m _Ll =

j=1 m=1

3
Z OL;+0,T0+2qTo xT;,0T;) — Ly =
=1

3 1 3
- Z 10,0 +8,To +2¢ (To x )| + 3 Z |67 = 8,T% — 29 M x T +
J=1 k,j=1

3
+ > (Foj0T0 +2qTo xT;)
Jj=1
where we have used (4.4). Putting together all the terms we obtain that the density of energy is
2
E = YouP + LVuf + 112 [lC(S, 98) - qTol + 32, |C(8,0;8) + T | ]+
2 2
+ 30 |0+ 0,0 +2q Mo xTH|" + 5 X3 ) |kl — 0,1 — 2q M X T|” + (4.19)
+12 [£ (C(S.0,8).To) - ¢* INoP| + 22, (Foj0;T0 +2qTo X T).

4.3 Existence of solitary waves and vortices

We now introduce a particular ansatz to find solitary waves solutions for equations (4.14), (4.15),
(4.16) and (4.17). We restrict ourselves to solutions with matter field written in polar form as

Ut x%,3,2) = u(Jx2 +y2,2) Sy, weRY, m=1,2,3, ISt x| <n (4.20)

with S (7, x) = £9(x) — wt, where w € R, € € Z and ¥(x) is the longitude of the vector 7 = (x,y,z) in
radial coordinates in R3. For the gauge field we assume analogously that

I

Lo = Yo(~/ X +¥%,2) T, [ I ] = y({J¥2 +y2,2) VO 7. 4.21)
I3

In particular we look for the radial profile u of the matter field and the gauge field to be independent
on time. We now substitute (4.20) and (4.21) in the equations, using

A=V -Vu=0,  C@S,;S)=08;S(t,x)Tn

Foj = =0y0(X) T, Fej = [V X y(x)Vﬁ]k Tm
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with j, €,k = 1,2,3,and £ # j # k such that (£, j, k) is obtained by an even permutation from (1, 2, 3).
We find the following equations for the variables (u, w, ¢, vo,7Y), with equation (4.15) identically
satisfied,

—au(x) + I + qy(e)VIP = (@ + qyo(x))|u + f/(w) = 0 (4.22)
=2 270(%) + g (@ + gyo(x) u? = 0 (4.23)
2V X (VX y(X)VI) + q (€ + qy(x)) u> VI = 0 (4.24)

which are very similar to (3.30), (3.32) and (3.33) if we let u(t, x) = u(?), S(t,x) = £9(x) — wt,
@(1, x) = —yo(x) and A(7, x) = y(x)VI(x).

Theorem 4.1 Let W satisfy (W1)-(W4). Then for all £ € Z there exists qy > 0 such that for every
q € (0,qo) the system (4.22)-(4.24) admits a finite energy solution (u,w,{,yy,y) in the sense of
distributions with: u = u(\x* +y2,2) 2 0; w > 0; yo = yo(/x2 +¥2,2) £ 0; v = y(/x2 + %, 2).
Moreover, y = 0 if and only if € = 0.

Proof. By letting v = % u and f(s) = %f( V2u), we have that (u, w, Y0,7%) 1s a solution of the
system (4.22)-(4.24) if and only if (v, w, vy, y) is a solution of

—av + [I(€ + gy VIR = (@ + gyo(x)?|v + /(1) = 0
—AY0 + g (@ + gyo(x) v = 0
V x (VX yV®) + g (£ + qy(x)) v} V& = 0.
It is immediate to verify that f satisfies assumptions (W1)-(W4), by choosing 5y = % so and §; =

% 51 in (W3) and (W4). Hence we can apply Theorem 3.1 to obtain the existence.
Finally, the integral of the energy density (4.19) for the solutions of form (4.20) and (4.21) writes

1 1 £+ qv)*
&= f [§|Vu|2+§u2 [wz—q2y5+% ~ Vyol? + ¥ x V| dx.
R3

The finiteness of the energy follows again by Theorem 3.1. This is the end of the proof.

A Derivatives of the Lagrangian density
Let the Lagrangian density
L, S,T) = Lo(u,S,T) + Li(I) - W)

be expressed in terms of the variables (u, S) for the matter field and I' = (I';), j = 0,1,2,3, with
I'; = X VjmTm, for the gauge field, as in (4.12) and (4.13). In order to obtain the densities of
the first integrals for equations (4.14)-(4.16)-(4.17), we need to compute the derivatives of £ with
respect to d,u, 0,8 1, O¢Y jym, form = 1,2,3 and j = 0, 1,2, 3, as shown in (3.21). We collect here the
derivatives.

oL

9O

du (A.1)
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[ (C(8,8,8) - qTo), (1 - 32— sin2)(S2 + §3)) +

6‘5 1 . 1
= +(C(S,8,8) - qT0), (22 —=5sin2)S15, — L(1 = cos2)S
90.51) +(C(S,0,8) - ¢q 0)2(2( sin2)§ 1S5 — 5(1 — cos 2) 3)+
+(C(S,8,8) — qTo)3 (%(2 —sin2)$ 1S3 + 3(1 — cos 2)32)]
u2 [(C(S, 8:S) —qTo), (%(2 —sin2)S1S, + 1(1 —cos 2)53)+
oL 1 . e
= —qTo), (1 -1@2=sin2
50.5) +(C(8,0,8) - q 0)2( 5(2 —sin )(Sl+53))+
+(C(S,0:S) — qTo); (%(2 —sin2)S,83 — %(1 — cos 2)51>]
12 [(C(S,0,8) - qTo), (32— sin2)S153 - 1(1 - cos2)S,) +
oL 1 ' 1
= _ F 1 2_ 2 1 1_ 2
90.5 ) +(C(S,0,.S) - ¢q 0)2(2( sin2)S,83 + 5(1 — cos )51)+
+(C(8,8,8) - qTo)s (1 - $2 = sin2)(ST + 53) |
oL .
6(6,’)/],,,”) - 2(81’)’]#1 +(9ij,)11 +2q (r() er)m), ],m = 1’2’3.
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