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Abstract

Let H' = R? x R be the n—dimensional Heisenberg group, Vi be its subelliptic gradient
1/4 . L.

operator, and p (§) = (Izl4 + t2) for & = (z,1) € H" be the distance function in H". Denote

H=H", Q =2n+2and Q' = Q/(Q — 1). Let Q be a bounded domain with smooth

boundary in H. Motivated by the Moser-Trudinger inequalities on the Heisenberg group,

we study the existence of solution to a nonuniformly subelliptic equation of the form

—divi(a (€, Vau @) = L2 + eh(@) in Q

u € Wyl(Q)\ {0} ,
u>0inQ

where f : Q X R — R behaves like exp (a |u|Q') when |u| — oo. In the case of Q—sub-
Laplacian

- dile(|QVHu|Q‘2 V]Hu) = % +eh(&) inQ

u € Wy=(Q)\ {0} )

u>0inQ

we will apply minimax methods to obtain multiplicity of weak solutions.
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1 Introduction

Let Q c R” be an open and bounded set and WS”’ () (n = 2) be the completion of C’ (©2) under

the norm
1/p
”ulle;”(sz) = [fIVulp dx + flulp dx] .
Q Q

Then the Sobolev embeddings say that
Wy (@) c L (Q) if 1 < p<n
W, (@) c C'7F (Q) ifn < p.

The case p = n can be seen as the limit case of these embeddings and it is known that
Wy (Q) € LY (Q) for 1 < g < oo.

However, by some easy examples, we can conclude that Wé’" Q) £ L (Q).
It is showed by Judovich [18], Pohozaev [38] and Trudinger [43] independently that Wé’” Q) c
L,, (Q) where L, (Q) is the Orlicz space associated with the Young function ¢,(¢) = exp (Itl”/ (”‘])) -
1

1. Extending this result, J. Moser [37] finds the largest positive real number g3, = nwl'fl, where w,,_
is the area of the surface of the unit n—ball, such that if Q is a domain with finite n—measure in

Euclidean n—space R", n > 2, then there is a constant ¢y depending only on n such that

1 f n
— | ex lu|=T ) dx < ¢
o o p (:3 ) 0

for any 8 < B,, any u € Wé’” (Q) with fQ [Vul" dx < 1. Moreover, this constant 3, is sharp in the
meaning that if 8 > 3, then the above inequality can no longer hold with some c¢( independent of u.
Such an inequality is nowadays known as Moser-Trudinger type inequality. However, when Q has
infinite volume, the result of J. Moser is meaningless. In this case, the sharp Moser-Trudinger type
inequality was obtained by B. Ruf [39] in dimension two and Y.X. Li-Ruf [29] in general dimension.

The Moser-Trudinger type inequalities has been extended to many different settings: high order
derivatives by D. Adams which is now called Adams type inequalities [1, 20, 23, 35, 40, 42]; com-
pact Riemannian manifolds without boundary by Fontana [17] (see [28]); singular Moser-Trudinger
inequalities which are the combinations of the Hardy inequalities and Moser-Trudinger inequalities
are established in [3, 5, 23]. It is also worthy to note that the Moser-Trudinger type inequalities play
an essential role in geometric analysis and in the study of the exponential growth partial differential
equations where, roughly speaking, the nonlinearity behaves like oM™ g |u] = oco. Here we men-
tion Atkinson-Peletier [6], Carleson-Chang [8], Flucher [16], Lin [30], Adimurthi et al. [2, 3, 4, 5],
Struwe [41], de Figueiredo-Miyagaki-Ruf [12], J.M. do O [13], de Figueiredo- do O-Ruf [11], Y.X.
Li [26, 27], Lu-Yang [33, 34], Lam-Lu [19, 21, 22] and the references therein.

Now, let us discuss the Moser-Trudinger type inequalities on the Heisenberg group. For some
notations and preliminaries about the Heisenberg group, see the next section. In the setting of
the Heisenberg group, although the rearrangement argument is not available, Cohn and the second
author of this paper [9] can still set up a sharp Moser-Trudinger inequality for bounded domains on
the Heisenberg group:

Theorem A Let H = H" be a n—dimensional Heisenberg group, Q =2n+2, Q' =

Q/(Q-1), and ag = Q(ZH”F(%)F(%)F(%)"FM)")Q - . Then there exists a constant Cy de-
pending only on Q such that for all Q c H", |Q| < oo,

1 ,
P il f exp(ag u(§)|? )dg < Cy < oo. 0
ueWy(Q), IVaull 0 <1 Q
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If g is replaced by any larger number; the integral in (1.1) is still finite for any u € W2 (H), but
the supremum is infinite.

It is clear that when |QQ] = oo, Theorem A is not meaningful. In the case, we have the following
version of the Moser-Trudinger type inequality (see [10]):

Theorem B Let o™ be such that «* = ag/c*. Then for any pair B, « satisfying0 << Q, 0 <a <
@, and 3 + B <1, there holds

0=
1
sup f exp aluIQ/(Q‘l) =S (a,u); < oo (1.2)
106 <! JE p (€Y fexo ) !
where
0-2 of
SQ—2 (a’ I/t) — Z F |u|kQ/(Q—l) .
k=0 "

When = + % > 1, the integral in (1.2) is still finite for any u € W€ (H), but the supremum is infinite
if further % + % > 1.

Here, c¢* is defined as follows: Let u : H — R be a nonnegative function in W@ (H), and u* be
the decreasing rearrangement of u, namely

u' (&) :=sup{s>0: &€ {u> s}
where
w>s\ =B =1¢:p©<r)

such that [{u > s}| = |B,|. It is known from a result of Manfredi and V. Vera De Serio [36] that there
exists a constant ¢ > 1 depending only on Q such that

f Veu'| dé < ¢ f \Viul? dé
H H

for all u € W€ (H). Thus we can define
¢* =inf {c1/<Q1> : f \Vau'|? dé < cf \Veul® dé, u e W2 (H)} > 1. (1.3)
H H

We notice that in Theorem B, we cannot exhibit the best constant (1 — E) due to the loss
of the non-optimal rearrangement argument in the Heisenberg group. Nevertheless, the first two
authors recently used a completely different but much simpler approach, namely a rearrangement-
free argument, to set up the sharp Moser-Trudinger type inequality on Heisenberg groups in [24].
Moreover, we have developed in [25] a rearrangement-free method to establish the sharp Adams and
singular Adams inequalities on high order Sobolev spaces W (R") with arbitrary orders (including
fractional orders). This extends those results in [40] and [20, 23] in full generality. The main result
on sharp Moser-Trudinger inequality on the Heisenberg group proved in [24] is as follows.

Theorem C Let T be any positive real number. Then for any pair B, a satisfying 0 < 8 < Q and
O<a<ap(l- %), there holds

L Q/(Q-1) -5 0o 1.4
2, [, gy oo ) = Seo) <o 09

When a > ap(l — l—é), the integral in (1.4) is still finite for any u € W€ (H), but the supremum is

infinite. Here
1/Q
||u||1,,=[ f Vel + 7 f |u|Q} :
H H
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In this paper, we will prove the critical singular Moser-Trudinger inequality on bounded domains
(see Lemma 4.1) and study a class of partial differential equations of exponential growth by using
the Moser-Trudinger type inequalities on the Heisenberg group. More precisely, we consider the ex-
istence of nontrivial weak solutions for the nonuniformly subelliptic equations of Q—sub-Laplacian
type of the form:

~divir(a (¢, Vau @) = 22282 + eh(@) in Q

u € Wy 2(Q)\ {0} (NU)
u>0inQ

where Q is a bounded domain with smooth boundary in H,
ja (€, 7| < co (ho (&) + hy (&) 717"

for any 7in R and ae. £inQ, hy € LY (Q)and hy € L (Q),0<B<Q,,f: QxR =R

behaves like exp (a IulQ ) when |u| — oo, h € ( é © (Q)) , h # 0 and ¢ is a positive parameter. The
main features of this class of problems are that it involves critical growth and the nonlinear operator
Q-sub-Laplacian type. In spite of a possible failure of the Palais-Smale (PS) compactness condition,
in this article we apply minimax method, in particular, the mountain-pass theorem to obtain the weak
solution of (NU) in a suitable subspace of WS’Q (€). Moreover, in the case of Q—sub-Laplacian, i.e.,

loc

a (&, Vau) = |[Vau|~? Vau,

we will apply minimax methods, more precisely, the mountain-pass theorem combined with mini-
mization and the Ekeland variational principle, to obtain the existence of at least two weak solutions
to the nonhomogeneous problem

— dive (IVaul?™ Vau) = LE9 + ch(¢) inQ

u € Wy2(Q)\ {0} : (NH)
u>0in Q.

Our paper is organized as follows: In Section 2, we give some notations and preliminaries about
the Heisenberg group. We also provide the assumptions on the nonlinearity f in this section. We
will discuss the variational framework and state our main results in Section 3. In Section 4, we proof
critical singular Moser-Trudinger inequality on bounded domains and also, some basic lemmas that
are useful in our paper. We will investigate the existence of nontrivial solution to Eq. (NU) (Theorem
3.1) in Section 5. The last section (Section 6) is devoted to the study of multiplicity of solutions to
equation (NH) (Theorems 3.2 and 3.3).

2 Preliminaries and assumptions

First, we provide some notations and preliminary results. Let H” = R?* x R be the n—dimensional
Heisenberg group. Recall that the Heisenberg group H" is the space R?**! with the noncommutative
law of product

.0 - (&Y, 1) = (x+ X,y +y, 140 +2(( X)) = (%)),

where x,y,x’,y" € R", t,# € R, and (-, -) denotes the standart inner product in R". The Lie algebra
of H" is generated by the left-invariant vector files

T:Q,Xl:aa Zyla 6

0
Y —2x;—, i

or’ 6y,» or’
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We will fix some notations:
n n 1/4
2=y eRME=@N e, p@ = (' +7) ",

where p (£) denotes the Heisenberg distance between & and the origin. Denote H = H", Q = 2n + 2,
g = QalQ/(Q_l), oo = fp =1 1z|€ du. We now use |Vgu| to express the norm of the subelliptic
gradient of the function u : H — R:

n

1/2
Vel = (Z (X + (Y,-uf)] :

i=1

Now, we will provide conditions on the nonlinearity of Eq. (NU) and (NH). Motivated by the
Moser-Trudinger inequalities (Theorems A and B), we consider here the maximal growth on the
nonlinear term f(&, ) which allows us to treat Eq.(NU) and (NH) variationally in a suitable sub-
space of W(;’Q (€2). We assume that f : Q X R — R is continuous, f(£,0) = 0 and f behaves like
exp (a ||/ (Q‘l)) as |u| — oo. More precisely, we assume the following growth conditions on the
nonlinearity f(&, u):

; ; fEl ; ; If (&)
(f1D)There exists @ > 0 such thaﬂ}ﬂi‘; axp(als®) = O uniformlyon € € Q, Va > ay and|sl|lfio xp(aii?)

= oo uniformly on £ € Q, Ve < ap.
(f2) There exist constant Ry, My > 0 such that for all £ € Q and s > Ry,

Fé.s) = f £ DT < Mof(E, 5)
0

Since we are interested in nonnegative weak solutions, it is convenient to define
f(& u)=0forall (£,u) € QX (—00,0].

We note that conditions (f1), (f2) imply that:
(a) F(§,5) >0, V(£,5) e QXR.
(b) There is a positive constant C such that

1
Vs >Ry, VE€Q: F(£,5) > Cexp(ﬁu).
0

(f3) There exists p > Q and s; > 0 such that for all £ € Q and s > s1,
0 < pF(, $) < sf(E, 9).

Let A be a measurable function on Q x R2~2 such that A(£,0) = 0 and a(£,7) = % is a

Caratheodory function on Q X R2-2, Assume that there are positive real numbers ¢y, ci, ko, k1 and

two nonnegative measurable functions /g, ~; on Q suchthat by € L (€), ho € LO7C-D(Q), b (&) >
1 for a.e. £ in Q and the following condition holds:

(A1) la€, )| < co(ho (&) + hy (&) 17127), YT €RO2, e €Q

(A2) ci |t — ‘rllQ <{a,7)—a 1), T-11), V1,71 €RZ?, aef el
(A3 0<al¢, 1) - T<QAET) VT € R2-2, aet el

(A4) A (&, 1) > kohy (&) 1712, YT € R2 2, aeleQ.

Then A verifies the growth condition:

AETD <co(ho @1+ O 2), VreRO? aeéeQ. (2.5)

For examples of A, we can consider A (£, 7) = h(g—‘)% where h € Ly

(Q).
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3 Variational framework and main results

We introduce some notations:
E={ueWy2Q): [,mEIVaul dé < ool
1
M= k]i_{?okofexp (k (tQ/ - t)) dt

d is the radius of the largest open ball centered at 0 contained in Q.

We notice that M is well-defined and is a real number greater than or equal to 2 (see [13]).

Under our conditions, we can see that E is a reflexive Banach space when endowed with the

norm
1/0
lll = ( fg () Vsl dg) .

Furthermore, since s;(£) > 1 fora.e. £in Q :

[¢)
A1 (Q) = inf { ”‘|||Q ueE\{O}}>Of0rany0$ﬁ<Q. (3.6)
fQ p(é—‘)ﬁ
Now, from (f1), we obtain for all (¢,u) € Q X R,

\f €. |F (€ u)l < byexp (e 1@ D)

for some constants a1, b3 > 0. Thus, by the Moser-Trudinger type inequalities, we have F (&, u) €
L' (Q) for all u € Wy° (Q). Define the functional E, T, J, : E — R by

EW) = [, A Vau)dé

T = Jo Y 4
To(u) = E () = T(u) — & [, hudé

then the functional J, is well-defined. Moreover, J. is a C! functional on E with

DJ. (u)v = f a (€&, Viu) Vigvdé — f JEWy e g f hvdé, Mu,v € E.
p&F a

We next state our main results.

Theorem 3.1 Suppose that (f1)-(f3) are satisfied. Furthermore, assume that

. F.s)
(f4) lim sup . |S|Q

s—0+ Ko

< A1 (Q) uniformly in & € Q.

Then there exists €1 > 0 such that for each 0 < € < g1, (NU) has a weak solution of mountain-pass
type.
Theorem 3.2 In addition to the hypotheses in Theorem 3.1, assume that

©o-p° 1 af!

09119 pg@ oy

(f5) limsf(&, s)exp(-aols|? @) > g, >

uniformly on Q. Then, there exists g, > 0, such that for each 0 < &€ < &, problem (NH) has at least
two weak solutions and one of them has a negative energy.

In the case where the function 4 does not change sign, we have

Theorem 3.3 Under the assumptions in Theorems 3.1 and 3.2, if (&) > 0 (h(€) < 0) a.e., then the
solutions of problem (NH) are nonnegative (nonpositive).
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4 Some lemmas

First, we will prove the following critical singular Moser-Trudinger inequality:

Lemma 4.1 (The critical singular Moser-Trudinger inequality) Let H = H" be a n—dimensional
Heisenberg group, Q c H", |Q] < 00, Q =2n+2, 0" = Q0/(Q-1), 0 < B < Q, and ag =
QO'IQ/(Q_I), o = fp =1 121 du. Then there exists a constant Cy depending only on Q and B such
that

sup

7 0 < 00,
1-£
ueW, 2(Q), [Vxull o<1 [~ 2

1 [ explag (1= §) @ dé
fo p &Y

Ifag (l - g) is replaced by any larger number, then the supremum is infinite.
Recall in [9] that for 0 < @ < Q, we will say that a non-negative function g on H is a kernel of

order a if g has the form g(¢) = p (£)*9 g (£*) where &* = (if) is a point on the unit sphere. We are

also assuming that for every 6 > 0 and 0 < M < oo there are constants C(d, M) such that

M
g[ Of o (& s00™) -

forall* e X ={¢£ € H: p(&) = 1}, where Z is the subset of the unit sphere given by
L=l exio<g@ <.

Note that we will choose g (¢) = > in the proof of Lemma 4.1. First, we will prove the following

|§|2Q
result:

Lemma 4.2 Suppose g is an allowed kernel of order a, Q — pa = 0, Q C H, |Q| < oo, f € L? and
0<B<Q. Let
0

o) = .
flg EN dp

Here p’ = p/(p — 1). Then there exists a constant C depending only on Q and B such that

exp [A(g, p(1-8) (o)

Alg.p)=A

Q|“’égf pEF dp < Co.
Proof. Set
u(é) = f*g&
¢(s) = Q"7 1 (1Ql e*)e /.
Then

1|

fg f@rde = Of F

= fqb(s)”ds.
0

By the Hardy-Littlewood inequality, the O’Neil’s lemma, noting that with h(¢) =

(%
t

(g)ﬁ’ then h*(¢) =

) where C is the volume of the unit ball, we have
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f exp(A(g.p)(1-5) |u(f>|r")dér
Q

p &P
K, B\ e
B [ eAEn(1=5)c®
< Cgf—ﬁ dt
te
0
T P ) .
= CS |Q|1 0 fexp [(1 - g)A(g,p)u Qe - (1 - g)s} ds
0
B
<cg Q1'% x
1Qle™ Q| r
exp|(1-5)|paQey 7 f F(dz + f Qv dz
0 Qle~s

of exp[(1- 5] -

© K r
o« SXP (1 - %)[Pef/pl f p(w)e™ 7 dw + f ¢(w)]
B
— C@ |Q|1—% f K 0 d
‘ exp[(1-§)] S

where

oo 24
F(F%)(s) = (1 - g)t— (1 - g){fa(s, t)¢(s)ds} s

1 forO<s<t
a(s,t) =4 pe™7 fort<s<oo .
0 for —c0o<s<0.
Using Lemma 3.1 in [23], we get our desired result.

Proof. (of Lemma 4.1) Now, using Lemma 4.2, noting that by Theorem 1.2 in [9], we have that
@)l < (00) ™ [Vaul * g (&),

0-1 .
where g (£) = éle’ we can derive the result of Lemma 4.1. Note that the sharpness of the constant

ag (1 - g) comes from the test functions in [9].
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Using the critical singular Moser-Trudinger inequality, we can prove the following two lemmas
(see [14] and [10]):

Lemma 4.3 Fork >0, g > 0 and ||[ull| < M = M (B, ) with M sufficiently small, we have

lul? d& < C(Q, &) [lull” .

f exp <K|M|Q/(Q*1))
o p &Y

Proof. By Holder inequality and Lemma 4.1, we have

|ul? dé

f exp (K |u|Q/(Q*1))
o  pE&

, v 1/r
exp (KrlluIIQ (%)Q ) ’ 1
< d "d
|l PTG (fn . f)

1/r
< C(Q) ( fﬂ e df)

if r > 1 sufficiently close to 1. Here " = r/(r — 1). By the Sobolev embedding, we get the result.

Lemma 4.4 Ifu € E and ||u|| < N with N sufficiently small («kN? < ag (1 - %)), then

vl dé < C(Q, M, k) |Ivls

f exp (K |u|Q/(Q—1))
o  p@f

for some s > 1.

Proof. The proof is similar to Lemma 4.3.

We also have the following lemma (for Euclidean case, see [31]):

Lemma 4.5 Let {w;} C W(;’Q (), IVawtlleqy £ 1. If wy — w # 0 weakly and almost everywhere,
exp{alw; 2@V}

Vawr — Vaw almost everywhere, then T is bounded in L' (Q) for

B =1/(Q-1)
O<a< (1 -0 g (1 - ||VHW||§Q(Q))

Proof. Using Brezis-Lieb Lemma in [7], we deduce that

IVewill o) = IVEws = VawlZ ) = VW -

Thus for k large enough and 6 > 0 small enough:
0 < a (1 +06)|IVawi - Vawl[2a " < (1 - g)ag. .7

Now, noting that for some C(5) > 0 :

0
|Wk|Q/(Q—1) <+ E) lwy, — WlQ/(Q—l) +C(5) |W|Q/(Q—1)
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by Holder inequality, we have

f exp {a|wk|Q/(Q—1)}
o pEF
exp {a(l + 2w = w2 @D 1+ aC(6) |W|Q/(Q—1)}
<[ J
Q

p &y

exp {ag(1 + 3) jwe — w|/©@) Y0 exp faq'C(®) w2/ @)
< f d¢ f dé
Q p@&F o J63%

C[f exp {a(l +6) [wi - WIQ/(Qfl)}d ]Uq
<
- Ve p&F ¢

dé

1/q

exp{af|wk|Q/(Q7” }
oy

where we choose g = % and ¢’ = q%' Now, by (4.7) and Lemma 4.1, we have that
2

is bounded in L' (Q).

S The existence of solution for the problem (NU)

The existence of nontrivial solution to Eq. (NU) will be proved by a mountain-pass theorem without
a compactness condition such like the one of the (PS) type. This version of the mountain-pass theo-
rem is a consequence of the Ekeland’s variational principle. First, we will check that the functional
J satisfies the geometric conditions of the mountain-pass theorem.

Lemma 5.1 Suppose that (f1) and (f4) hold. Then there exists € > 0 such that for 0 < € < g,
there exists pg > 0 such that J.(u) > O if ||lul| = ps. Furthermore, p. can be chosen such that p, — 0
ase — 0.

Proof. From (f4), there exist 7, ¢ > 0 such that |u| < ¢ implies
F(€,u) < ko (4 (Q) = 7) Jul® (5-8)
for all £ € Q. Moreover, using (f1) for each ¢ > Q, we can find a constant C = C(g, 6) such that
F(£,u) < Clul” exp (x 12/ ©D) (5.9)
for |u| > 6 and & € Q. From (5.8) and (5.9) we have
F(&,1) < ko (A1 (Q) = 1) [ul® + C lulf exp (x ul /@)
for all (¢,u) € Q X R. Now, by (A4), Lemma 4.3, (3.6) and the continuous embedding £ — L2 (),

we obtain

0
Je(u) > ko llull® — ko(/ll(Q)—T)f u dé" Cllull” = gllhll. lull

@ -\, 0 )
Zko(l o )uun C lul” = 1l ]

Thus

L @-1
41 (Q)

Since 7 > 0 and ¢ > Q, we may choose p > 0 such that k (1 - %gﬂ)pQ‘l — Cp?~! > 0. Thus, if

¢ is sufficiently small then we can find some p, > 0 such that J.(u) > 0 if ||u|| = p. and even p, — 0

ase — 0.

Je(u) = [|ul] [ko(l - )II 197" = C flull?”! —6IIhII*} (5.10)
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Lemma 5.2 There exists e € E with ||e|| > p, such that J.(e) < IIII?f Je(u).

Proof. Letu € E\ {0}, u > 0 with compact support Q" = supp(u). By (f2) and (f3), we have that
for p > Q, there exists a positive constant C > 0 such that

Vs>0,¥6eQ: F(,s)>cs’ —d. (5.11)
Then by (2.5), we get
P
Jelyu) < Cy f ho (&) Vit dé + Cy2 [l = Cy? f i | f ]
o ap@f 0

Since p > Q, we have J.(yu) — —oo as y — oo. Setting e = yu with y sufficiently large, we get the
conclusion.

In studying this class of sub-elliptic problems involving critical growth, the loss of the (PS)
compactness condition raises many difficulties. In the following lemmas, we will analyze the com-
pactness of (PS) sequences of J,.

Lemma 5.3 Let (4;) C E be an arbitrary (PS) sequence of Jg, i.e.,
Je () = ¢, DI, (uy) = 0in E' as k — oo.

Then there exists a subsequence of (u) (still denoted by (uy)) and u € E such that

NACATY) fEw o7l

& peP strongly in L, (Q)

Vuur(é) — Vyu(é) almost everywhere in Q)
Vi) — a(€,V Ky in (L2/@7D (@)~

a(&, Vauw) = a(§, Vgu)  weakly in (L, ()]

U —u weakly in E.

Furthermore u is a weak solution of (NU).

In order to prove this lemma, we need the following two lemmas that can be found in [10], [13],
[14] and [32]:

Lemma 5.4 Let B, (¢*) be a Heisenberg ball centered at (¢*) € Q with radius r. Then there exists a
positive gy depending only on Q such that

1
sup exp (50 |u|Q/(Q_')) dé < Cy

fB @ )|VHu\Qd§'<l f udg 0|B &N Js - (€)
for some constant Cy depending only on Q.

Lemma 5.5 Let (uy) in L' (Q) such that uy — u in L' (Q) and let f be a continuous function. Then
fEuw) fEw - 1 fE (&) 1 (€ () ()]
L = Lo in L' (Q), provided that FE252 € L' (Q) Vk and IN Feselds < €.

Now we are ready to prove Lemma 5.3.

Proof. The proof is similar to Lemma 3.4 in [10]. For the completeness, we sketch the proof here.
By the assumption, we have

f A, Vist)de - f FE, m) “") dé - fg hude =S ¢ 5.12)
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and
f a (& Vo) Vevdé — [ LY g g f hvdg| < 7 Il (5.13)
o o pEf Q
for all v € E, where 7, — 0 as k — oo. Choosing v = i in (5.13) and by (A3), we get
up)u
GLDL f hundé - 0 f AE Vi) < el
o p@f

This together with (5.12), (f3) and (A4) leads to

(g - 1) luell® < C (1 + llugl)

and hence ||ug|| is bounded and thus
SE& w)uy f F(&, w)
————d¢ < C,
o pE&f ¢ a p@f

Note that the embedding E — L7 (Q2) is compact for all ¢ > 1, by extracting a subsequence, we can
assume that

dé < C. (5.14)

ur — u weakly in E and for almost all £ € Q.

Thanks to Lemma 5.5, we have
S (& w) f & u) .
p@F o

Now, similar to that in [10], up to a subsequence, we define an energy concentration set for any fixed
6>0,

inL'(Q). (5.15)

X5 = {§ € Q: limlim (|uk|Q + IVHukIQ) dé > 6}.
r—0k—o0 B(&)

Since () is bounded in E, X5 must be a finite set. For any &* € O~ s, thereexistr : 0 < r <
dist (£*,Zs) such that

lim (1l + Vel ) dé < 5
k—o0 By (&)
so for large k :
f (1wl + Vil @) d < 6. (5.16)
B.(£")
By results in [10], we can prove that
f |f (&, wol luy. — ul dé 5.17)
sy pEf
RG] I

lux — ullpers < Cllug — ullpey — 0
LS

p @l llp P

and for any compact set K cc Q \ X5,

. |f & u) ux — f (& u) ul
] 0.
ms f p &y =

So now, we will prove that for any compact set K cC Q \ X,

L4

(5.18)

k—o0

lim f |V — Vau|2 dé = 0. (5.19)
K

k—o0
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It is enough to prove for any &* € Q \ X5, and r given by (5.16), there holds
lim |V — Vau|? dé = 0. (5.20)
k=0 JB e

For this purpose, we take ¢ € Ci° (B, (£*)) with0 < ¢ < 1 and ¢ = 1 on B,» (§*). Obviously ¢uy is
a bounded sequence. Choose v = ¢uy and v = ¢u in (5.13), we have:

¢ (a (&, Vuu) — a (€, Vuu)) (Vuuy — Vgu) dé
B, (¢%)

< f (€. Vi) Vi (u — ) di
B.(£*)

+ f pa (55 Vuu) (Vygu — Viguy) df + f ¢(uk —u) f(g’ ui)
B,(&*) B(&) 0 (é“)ﬁ

+ 7 lpurll + 7 |lpull + & oh (uy — u) dé.
B¢

dé

Note that by Holder inequality and the compact embedding of E < L2 (Q), we get
Jim a (&, Vauy) Vad (u — w) dé = 0 (5:21)
—JB(¢)
Since Vyuy — Vyu and u;, — u, there holds
lim ¢a (&, Vgu) (Vgu — Vguy) dé = 0 and lim oh (u —u)dé = 0. (5.22)
k—oo B.(&") k—o0 B.(£%)
The Holder inequality and (5.17) implies that

k— o0

hm f ¢ (uk - M) f (f, uk) df =0.
B.(£%)
So we can conclude that

lim f( )¢(a (&, Vuuy) — a (¢, Vgu) (Vaug — Vau) dé = 0
B

k—o0

and hence we get (5.20) by (A2). So we have (5.19) by a covering argument. Since Z; is finite, it
follows that Vyu; converges to Vyu almost everywhere. This immediately implies, up to a subse-

-2
quence, a (&, Viug) — a (&, Vau) weakly in (L,%{FQ‘”(Q))Q . Let k tend to infinity in (5.13) and
combine with (5.15), we obtain

(DJe(u),h)y =0Vh e Cy (Q).

This completes the proof of the Lemma.

5.1 The proof of Theorem 3.1

Proposition 5.1 Under the assumptions (fI)-(f4), there exists €1 > 0 such that for each 0 < € < &,
the problem (NU) has a solution uy; via mountain-pass theorem.

Proof. For ¢ sufficiently small, by Lemma 5.1 and 5.2, J, satisfies the hypotheses of the mountain-
pass theorem except possibly for the (PS) condition. Thus, using the mountain-pass theorem without
the (PS) condition, we can find a sequence (1) in E such that

Je (ur) — ¢y > 0 and [|DJg (up)ll — 0

where ¢y, is the mountain-pass level of J.. Now, by Lemma 5.3, the sequence (i) converges weakly
to a weak solution uy, of (NU) in E. Moreover, uy; # 0 since h # 0.
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6 The multiplicity results to the problem (NH)

In this section, we study the problem (NH). Note that Eq. (NH) is a special case of the problem
(NU) where

719
A1) = —,
& 71) 0

1/0
|wn=:(£thde§) .

As a consequence, there exists a nontrivial solution of standard “mountain-pass” type as in Theorem
3.1. Now, we will prove the existence of the second solution.

Lemma 6.1 There exists n > 0 and v € E with ||v|| = 1 such that J,(tv) < O forall0 <t <n. In
particular, ”iIHIf Je(u) < 0.
ul|l<n

Proof. Letv € E be a solution of the problem

— divy (IVHVIQ’Z VHV) =hinQ
v = 0 on 9Q.

Then, for & # 0, we have fQ hv = |v]|2 > 0. Moreover,

d _ 01 Q_ff(f,tv)v B f
dth(fV)—f Ivll e P EF dé —¢ thdg

for t > 0. Since f(¢,0) = 0, by continuity, it follows that there exists 7 > 0 such that %Jg(tv) <0
for all 0 < t < i and thus J.(zv) < 0 for all 0 < ¢ < 7 since J(0) = 0.
Next, we define the Moser Functions (see [10, 19]):

(logk)@™V'e i p(&) < ¢

_ oz 25 o
- < <
m(&,r) 10 | (logk) if 7 <p@)<r
Q

0 if p(&) = r.

Using the fact that |Vgp(&)| = % where & = (z,1) € Q, we can conclude that 7 (., 7) € W"e(Q),

the support of my (&, r) is the ball B,, and

fg IV (&, )@ dé = 1. (6.23)

Lemma 6.2 Suppose that (f1)-(f5) hold. Then there exists k € N such that
0 F 1(0- o
20 | Q Jo p©f 0\ 0
Proof. Letr > 0 and By > 0 be such that

o-1
©@-p° 1 9
QO 1r0F Mol wo-

limsf (¢, s)exp (—ao |S|Q,) > By >
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uniformly for almost every & € Q and B (0, r) C Q. Let my(£) = my(&, r). Then we have
my € Wy%(B,) and [lmyll = 1.

Suppose, by contradiction, that for all £ we get

12 F (&, tmy) } (Q B Q)
| =y —_|=2=FZL
I‘330"{(2 fg b )70l Te a

For each k, we can find #; > 0 such that

0

I F (&, tymy) {IQ f F (&, tmy) }
[ L) Y ' SLLDPP
0 Jo p@f ¢ = 0 Jo p@f ¢

f_fF(g,tkmu N 1(Q—ﬁa_Q)Q“
0 Ja pf 0 '

From F(&,u) > 0, we obtain

Thus

0 0 _BQ_Q el
= (—Q ao) . (6.24)
Since at t = t;, we have 0
d (¢t F (&, tmy) )
—2 _=d 0
dr ( 0 fg p &Y ¢
it follows that FEtmy) e f . tm)
0 _ f Ly (& time) f KMk KK 4o (6.25)
Coda pef ¢ o pEf “

Using hypothesis (f5), given 7 > 0 there exists R, > 0 such that for all u > R; and p(£) < r, we
have

uf(€u) = (Bo — ) exp (ao [ul? ). (6.26)
From (6.25) and (6.26), for large k, we obtain
05 (g1 exp (ao |fkmk|Q/(Q_l))d
72071 &
¢ (< p &P
Wo— r\9-8 L .
=Bo—1) Qg_lﬁ (E) exp (aot,?/(g I)O'Ql/(Q Y log k)
= (ﬁo—T) Q ﬁ re 'BGXP( fQ/(Q YOlogk - Qlogk+,310gk)
@9
Thus, setting
agQlogk _
Li = "%—Qgr,?/@ ¥~ Qlogn ~ (Q - B)logk
we have
1> (ﬂo—T) Q ﬁ r&Pexp Ly.

Consequently, the sequence (#;) is bounded. Moreover, by (6.24) and

(2=

tg>(ﬁo—‘r) ,3 Qﬁexp[(QaOa—Q

0- -(Q- ,3)) log k]
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it follows that

0-1
0 k—o00 Q —ﬁ @ 27
- ( 0 010) (6.27)
Set
A =1{£ € B, : tiim > R} and By = B, \ A;.
From (6.25) and (6.26) we have
exp (o ltmy¢/CD fom fm
t,?z(ﬂo—‘r) ( )d§+ kkf(fkk)f
p©<r p &Y B pEf
eXP @ |tkmk|Q/(Q_1))
—(Bo — T)f dé. (6.28)
B p&f

Notice that m(€) — 0 and the characteristic functions yp, — 1 for almost everywhere ¢ in B,.
Therefore the Lebesgue dominated convergence theorem implies

f tmy f (€, tmy)
By

dé —» 0
p &y ¢

and

f exp (ao |fkmk|Q/(Q_l))d§ L, woul oy
By P(f)ﬁ 0-p

Moreover, using

Qm(g—ﬁag)g‘
tk s

— - =
2 0 o
we have
exp (010 |tkmk|Q/(Q_1))
/ de
©<r p &y
f exp (L ag Imi |/ ”)d
2 3
p&)<r P (f)ﬁ
f exp (—OZQ Iy |2/ @~ 1)) exp(—aQ |y |2/ (2- 1))
= df + f df
©<r/k p &y Jksp@)<r p &y
and

exp(LLag my|2/@-D ~
f (e )dgz f exp[Q B a/QO'él/(Q_l)logk}dg
p(©=<r/k p &y p(©=<r/k 0

- Yo 1( )Qﬁk@—ﬁ)
Q-p\k
- Yol op

Now, using the change of variable
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by straightforward computation, we have

f exp (LLag Imi 2/ ¢ 1)>d§
Jksp@<r p &y
1

= w112 P logk f exp|(Q - B logk (¢2 @ - )] d¢

0
which converges to 5 ﬁrQ P M as k — co. Finally, taking k — oo in (6.28) and using (6.27), we
obtain o1

(—Q_ﬂ@) 2 (ﬁo—T)wQ—lrQ_’B—M

0 0-p
which implies that
0-1
Q-p° 1 9

Bo < ———- — ,
09T 0P pg@T wo

but it is a contradiction and the proof is complete.

Corollary 6.1 Under the hypotheses (f1)-(f5), if € is sufficiently small then

Q F 1 _ 0-1
s [ P [ one] b{4522

Proof. Since | [, ehmdé| < e||hl.. taking & sufficiently small, the result follows.

Note that we can conclude by inequality (5.10) and Lemma 6.1 that

—oco < ¢ = inf J.(u) <O0. (6.29)
llull<pe

Next, we will prove that this infimum is achieved and generate a solution. In order to obtain conver-
gence results, we need to improve the estimate of Lemma 6.2.

Corollary 6.2 Under the hypotheses (f1)-(f5), there exist &, € (0,&1] andu € W(;’Q (Q) with compact
support such that for all 0 < € < &,

Je (tu) < ¢z + —

(Q Bag
0

0-1
orallt > 0.
0 ao) J

—0
Proof. Tt is possible to raise the infimum c, by reducing £. By Lemma 5.1, p, =o. Consequently,

Ce 830 0. Thus there exists &, > 0 such that if 0 < & < &, then, by Corollary 6.1, we have

maxJ (tmy) < cg + 6 (%Z—O)

Taking u = my, € W(;’Q (), the result follows.
Lemma 6.3 If (u) is a (PS) sequence for J. at any level with

liin inf |lug|| < N (6.30)

with N sufficiently small, then (u;) possesses a subsequence which converges strongly to a solution
ug of (NH).
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Proof. Extracting a subsequence of (i) if necessary, we can suppose that

liminf lugll = lim [Jug]l < .
k—o0 k—o0

By Lemma 5.3, we have that u; — uy where ug is a weak solution of (NH). Writing u; = ugy + wy, it
follows that wy — 0 in E. Thus wy — 0 in L9(QQ) for all 1 < g < co. Using the Brezis-Lieb Lemma
in [7], we have

lugll€ = llutoll€ + [Iwill€ + ox(1). (6.31)
‘We claim that P o
, U )Uo k—o0 , Ug)Ug
JE wouo , f JE uoug 6.32)
fa pef © 7 o ol & (

In fact, using ug € E, given 7 > 0, there exists ¢ € C (€2) such that [l — u|| < 7. We have that

fEGuduo " & uouo |< f(&, Mk)(uo—sﬁ)dgl
o pEf o p@f o p@f
|f (€ w) — f(&, uo)l S (& uo) (o — @) |
+ - dé + " dé|.
Il fSUPW p &y ¢ Q p&F ¢

Since |DJ (ui) (ug — )| < 7 ||up — ¢l| with 7, — 0, we have

FE& w) (uo — )
o p@f

-1
< 7k lluo = Il + Vel 2" Nluo — gl

d&

+ llehll, lluo — ¢l
< Cllug — ¢ll < Cr,

where C is independent of k and 7. Similarly, using that DJ (1) (1o — ¢) = 0, we have

S(&, uo) (uo —<P)df <Cr
o  pE&f
Since % - % strongly in L' (Q) and by the previous inequalities, we conclude that
tim | [ Lm0 . [ (€ uoluo dé| < 2Ct
ool p@f a pEf
and this shows the convergence (6.32) because 7 is arbitrary. From (6.31) and (6.32), we can write
(& u)w,
DI, () e = DI, gy wo + Il — [ LEBI ey 1
o pE&f
that is
(&, u) w.
o = [ FESRE g 4 o),
o p@&f
From (f1), Lemma 4.1, Lemma 4.4 and the compact embedding E <— L' (Q) for ¢ > 1, we have
f(f,uk)wkdf 50
a p@f

from which ||w|| — O and the result follows.
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6.1 Proof of Theorem 3.2

The proof of the existence of the second solution of (NH) follows by a minimization argument and
Ekeland’s variational principle.

Proposition 6.1 There exists €, > 0 such that for each € with 0 < & < &, Eq. (NH) has a minimum
type solution ug with J (ug) = c. < 0, where c, is defined in (6.29).

Proof. Let p., N be as in Lemma 5.1 and Lemma 6.3. Note that we can choose &, > 0 sufficiently
small such that
pe < N.

Since Epg is a complete metric space with the metric given by the norm of E, convex and the func-
tional J, is of class C' and bounded below on B, , by the Ekeland’s variational principle there exists
a sequence () in B, such that

Je (u) = ¢z = ”illllf Je (u) and [IDJg (ui)l|. — 0
ull<pe
Observing that
el < pe < N

by Lemma 6.3, it follows that there exists a subsequence of (u;) which converges to a solution ug of
(NH). Therefore, J, (uy) = c. < 0.

Remark 6.1 By Corollary 6.2, we can conclude that

_ o-1
O<cM<c8+l(M02) .
0 o

0

Proposition 6.2 If &, > 0 is enough small, then the solutions of (NH) obtained in Propositions 5.1
and 6.1 are distinct.

Proof. By Proposition 5.1 and 6.1, there exist sequences (), (v) in E such that
u = ug, Jo () = ce <0, DJg (w) u — 0

and
vie = upt, Je (V) = ey > 0, DI (Vi) v = 0, Vgv(§) — Vauy () ae. Q.
Now, suppose by contradiction that uy = u,,. Then we have that vy -+ ugy. As in the proof of Lemma
5.3 we obtain
JEvo | [E uo)

p &P p &P
From this, we have by (f2), (f3) and the Generalized Lebesgue’s Dominated Convergence Theo-

e FEv)  FE )
s Vk ,Uup) . 1
— L (Q).
P& p@f

in L' (Q). (6.33)

Now, we have that

1 F
JS(Mk)Zé”l/tk”Q—L%—SLhuO+O(I)=C£+O(I)

and

1 F
Jg(vk):éllkaIQ—L%—sjs;huo+0(l):cM+0(l)
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which implies
luell® = [vell® = Q(ce — cm) < 0. (6.34)

Also, since (uy) , (v¢) are both bounded Palais-Smale sequences, we have
DJ, () g = |gl|© — f AGL sf hig — 0
a p@f Q

DJ: () v = w2 = ka - 8f hv — 0
e p¢ o)

and then

(= 1) - |

Q

[f(f, Ug)
p @&y

—sfg[h(uk—uo)—h(wc—uo)]

p @&y

tends to 0 as k — oo. But it is clear that
f [A(ug —up) —h (v —up)] = 0 (6.35)
Q
since h € (Wé’Q (Q))* and u; — ug, vi — ug in Wé’Q (). Also, notice that

FE )
—_ - 0. 6.36
pr@)ﬁ (= vi) — 6.36)

Indeed, let wy = vy — ug. Thus wy — 0 and klim [[well > O since wy - 0. Again, using Holder

inequality, Lemma 4.1 and Theorem A, note that ||« is small, we have

f(&, up) B < f(f(g, uk))qd 1/q f o 1/q
fg PSR R VA e B B s
< Cllug — vielly — 0.
So, it remains to show that
f(é:’ uk) - f(f’ Vk)) d 0 6 37
fg(—p(f)ﬂ vidé — 0. (6.37)

The left hand side of (6.37) can be written as

I(M)dg I(M)Wﬂg.
Q Q

p & p &Y
Arguing as in Lemma 6.3, we can conclude that
J& u) — f(&, Vk))
—————"|upd 0. 6.38
A ( T (€39

Now, again by Holder inequality, Theorem A and the Sobolev embedding, we get

J (& we)
dé<C ;= 0. 6.39
J, B e < cma - (639)
So now, we just need to prove
S wo)
——wid 0. 6.40
J, B - (6.40)
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Indeed, for large k, we have
em = e = Je (Vi) = Je () + o(1)

- é Ivell® é ol + o(1)

L (M @)Q‘l
o\ 0 a
Therefore, we can find s > 1 sufficiently close to 1 such that for large &,

0-1
ell® = luoll@ < (%Q) .

SQ
Thus,
~1/(0-1)
o 0-sB(, lul®\ "
sag [viell* < ag 0 1- T
Vi
Define V;, = ”:ﬁ Thus Vil = 1, Vi = Vp = m and ||[Vy]| < 1. By Lemma 4.5 and the

information that ||wy||y, — 0, we have

Q/:| l/S

Vi
[lvell

lwilly

exp | sap [vil|¢
fEw) d§|<cf [ 0
o pEf Q p )%

-0

and then we have (6.40). From (6.35), (6.36), (6.37), (6.38), (6.39) and (6.40) we have ||u||¢ —
Ivell® — 0 which is a contradiction to (6.34). The proof is completed now.

6.2 Proof of Theorem 3.3

Corollary 6.3 There exists €3 > 0 such that if 0 < &€ < &3 and h(§) = 0 for all ¢ € Q, then the weak
solutions of (NH) are nonnegative.

Proof. Let u be a weak solution of (NH), that is,

fE&wv
o pEf

for all v € E. Taking v = u~ € E and observing that f (£, u (£))u™ (£) = 0 a.e., we have

2 = - f ehudé < 0.
H

f \Vau|972 VauVyvdé — | 22— —dé - f ehvdé =0
Q

Consequently, u = u™ > 0.

Acknowledgements: The authors wish to thank the referee for his/her many helpful comments
which have improved the exposition of the paper.
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