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Abstract

In this paper we study semilinear variational inequalities driven by an elliptic operator not
in divergence form modeled by

(Au,v —u) > f (O u(x)(v(x) — u(x)) dx for any v € H(I)(Q), vy
Q
ueHyQ), usy,

where Q is a bounded domain of RY, N > 3, with smooth boundary, A is the elliptic
operator, not in divergence form, given by

N N

Au = — Z D; (aij(x)Dj u) + Z a;(x)Diu + ag(x)u .

ij=1 i=1

Here a;j, a;,1,j = 1,...,N, and ay satisfy suitable regularity conditions, while 1 < s <
4/(N —2) and the obstacle ¢ is a function sufficiently smooth. Even if this problem is not
variational in nature, we will prove the existence of non-trivial non-negative solutions for
it, performing a variational approach combined with a penalization technique. This kind of
approach seems to be new for problems of this type. We also prove a C'®—regularity result
for the solutions of our problem.
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1 Introduction

1.1 Semilinear elliptic variational inequalities

Variational inequalities play an important role in the mathematical context both for their academic
interest and for their many applications to various problems arising from physics, optimal control,
financial mathematics, statistics and economics, such as, for instance, the obstacle problem, the fluid
filtration problem in porous media, the elastic-plastic torsion problem, the stopping time problem,
the real options approach to investments, only to cite few of them. In particular semilinear varia-
tional inequalities are widely studied by many authors (see, e.g., [3, 9, 10, 14, 15, 16, 17, 18, 19,
22,23, 27, 31] and references therein) using different approaches, like variational and topological
methods, sub and super-solutions, fixed point theorems, penalization techniques, a priori estimates
on the solutions, approximation and regularization arguments. In this paper we study the following
semilinear elliptic variational inequality:

(Au,v —u) > ff(x, u(x))(v(x) — u(x)) dx for any v € H(I)(Q), vy
Q

ueHyQ), usy,

(1.1

where Q is a bounded domain of RY, N > 3, with smooth boundary, A is the elliptic operator, not in
divergence form, given by

N N
Au = — Z D, (a,-j(x)Dj u) + Z a;(x)D;u + ap(x)u .
ij=1 i=1
Here a;; : Q — R are functions of class C(ﬁ) such thata;; = aj,1,j=1,...,N, and
N
AP < Y aij(0EE) < AP (1.2)

ij=1
for any x € Q and & € RY, for some positive constants A and A, while

a,ap:Q—->R,i=1,...,N,

are bounded measurable functions with ay > 0 a.e. in Q. (1.3)
In the following we denote by a the vector-valued function a = (a;);=1,._n and by
llalleo = iPLg}NIIaiIIw-
The obstacle function ¢ is such that
¥ € Hy(Q) with ¢ >0 ae. in Q; (1.4)
Y e H(QNL Q) and Di(ay()D; )€ L™(Q) i,j=1,....N. (1.5)

Of course, as a model for ¢ we can take any non-negative function in C(z)(ﬁ). While the nonlinear
term f : Q X R — R is a function satisfying the following conditions:

f is locally Lipschitz continuous in Q X R, uniformly with respect to x € Q; (1.6)
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there exist ¢; >0 and 1 < s < 4/(N — 2), such that

_ 1.7
lf(x. Dl < ci(1 +11°) in QX R;
)t . . =
ll‘in}) f(l); ) = 0 uniformly in x € Q; (1.8)
f|—
there exists ¢ > 2 such that for any x € QteR \ {0} (1.9)
0 < uF(x,1) <tf(x,1), '
where the function F is the primitive of f with respect to the second variable, that is

t
F(x,t)=f f(x,r)dr. (1.10)

0

Note that f grows subcritically, since 4/(N — 2) < 2* = 2N/(N — 2) when N > 3. In the sequel we
will denote by Lg, R > 0, the best Lipschitz constant of f, i.e.

If(x, 1) = f(x, )
|ty — 12}

A model for f is given by the function
fen) = bl g(1),

with g € Lip;oc R)NL®(R), g > 0in R, while b € Li ploc(ﬁ), b>0inQand s is given in assumption
(1.7).

L = sup| L X€Q L ER ISR, i=1,21 # 0. (1.11)

1.2 Main results of the paper

Due to the presence of a lower order term containing Du in the elliptic operator A, problem (1.1) has
not a variational structure, in the sense that it is not the Euler—Lagrange equation of some functional.
Despite that, using the techniques introduced in [6, 11, 12] for studying nonlinear PDEs without a
variational structure, here we will study the variational inequality (1.1) via critical points theorems.
The idea consists of freezing the gradient Du appearing in the lower order term of A and of defining a
new elliptic operator A,,. Then, we associate with the variational inequality (1.1) another variational
inequality driven by the elliptic operator A,,: the advantage of considering this new problem is that
it has a variational nature, so it can be studied through classical critical points theorems. Precisely,
we associate with the variational inequality driven by A,, a penalized equation (i.e. an equation
containing a penalization term which gives the information that the solution stays below the obstacle)
which is variational in nature. In order to get a solution for it, along this paper we will use the
Mountain Pass Theorem, see [2], thanks to our assumptions on the nonlinearity f.

Finally, in order to come back to the original problem, we will perform an iteration scheme,
using the techniques of [6, 11, 12]. The penalization method we will use was first introduced by
Bensoussan and Lions in [4], while the iterative technique we will perform was firstly used in [6] by
Defigueiredo, Girardi and Matzeu (see also [11, 12, 19, 20, 21, 26]) in order to study a semilinear
equation governed by the Laplacian operator —A, when the nonlinear term depends also on the
gradient of the solution, i.e. when it is of the form f = f(-,u, Du). In the present paper we will
adapt all these techniques in order to study a variational inequality driven by an operator not in
divergence form. Following this strategy we will prove the existence and regularity result stated
here below:

Theorem 1.1 Assume conditions (1.2)—(1.9) hold true'. Moreover suppose that there exists e €
H}(Q) such that®
llell > 4H/A (1.12)

'When N = 3 we also need to assume that s < 2 in (1.7). See the end of Subection 4.2 for more details.
2Note that e depends only on a;j, i, j=1,..., N, ag, ¢y, ¢2, ¢3, s, u and Q. See Subsection 2.3 for the details.
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A
A laolls
2 24

)Ilell2 < callelly = ¢31Qf = H el (1.13)

0<e<y ae inQ. (1.14)

Then, there exist two positive constants R and C depending only on a;j, i, j = 1,2,3, ag, c1, 5, ¥, N
and Q, such that, if
llallo < C (1.15)

and
L < (12))/2, (1.16)

then problem (1.1) admits a non-trivial non-negative solution u belonging to C O for any a €
O, 1).

The constant Lgz mentioned in Theorem 1.1 is defined in formula (1.11), while the explicit for-
mulas for R and C will be given in Subsection 2.3 (see formulas (1.26) and (1.27), respectively). The
constants ¢, c3 and H appearing in (1.12) and (1.13) will be given in the forthcoming Lemma 2.2
and in (1.23). Note that assumption (1.13) is satisfied if |le]| >> 1. Indeed, since span{e} is a finite
dimensional subspace of H(')(Q), it is easily seen that for any v € span{e}

KlE < (il < KlIvll

for some « and K positive. Hence,

A Aol 2 H + li e
( ” 0;'1 )”e” —C2||e|| +C3|Q| ” ”
A aolleo 2 e + c SZ + 11 e O

if |le|| >> 1, being u > 2 by assumption (1.9). Moreover (1.14) is not a restrictive condition on
the obstacle function . Indeed, in [27, Proposition 4.1] the authors prove that (1.13) is a natural
assumption to have non-trivial non-negative solutions for (1.1) since, if ¢ is ‘small’, the only non-
negative solution of problem (1.1) is the trivial one. For further comments on hypotheses (1.12)—
(1.14) we refer to [10, 18]. In the sequel the existence result will be obtained, as we said before, using
critical points theory and an iterative technique, while for the regularity of the solutions we will use
the Lewy-Stampacchia estimates for variational inequalities (see [13]) and also the regularity theory
for elliptic equations (see, for instance, [5, 8, 30]). This paper is organized as follows. In Section 2
we introduce the notations used along the paper and we give some preliminary estimates on the
nonlinearity. Finally, we define the constants appearing in the main Theorem 1.1. In Section 3 we
illustrate the strategy we will follow in order to get our existence and regularity result: it is based on
a penalization method combined with variational methods and an iterative procedure. Section 4 is
devoted to the study of the penalized equation associated with problem (1.1) (here we will apply the
Mountain Pass Theorem), while in Section 5 we perform the iteration scheme and we conclude the
proof of the main result of the paper.

2 Preliminaries

2.1 Notations

Throughout the paper we denote by H(l) (€2) the usual Sobolev space equipped with the norm

1/2
llull = ( f |Du|2dx) (1.17)
Q
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and by L1(Q), with g € [1, o), the usual Lebesgue space with the norm defined as

1/q
lll, = ( f |u|‘1dx) .
Q

Note that, taking into account these definitions, for any u € Hé(Q) the following inequality holds
true?

N N 172
D IDail, < «/N[ZnDiuu%) = VNull, (1.18)
i=1 i=1

where D;u is the i~th component of the gradient Du. This will be useful in the sequel. Moreover,
Cch(Q) is equipped with the usual norm || - ||; o, while C}Q’G(Q) will be the following set

Cy' Q) = {ue @) : llulli o <R)

with @ € (0,1) and R > 0. Finally, in the sequel 1; will be the first eigenvalue of the Laplacian
operator —A in Q with homogeneous Dirichlet boundary data, that is

f |Dul*dx
A= inf £

ueH (Q\(0} f P '
Q
while S, will be the best constant in the Sobolev embedding H(l) Q) — L1(Q) forany 1 < g < 2.

2.2 Some useful estimates

Here, from the structural assumptions on f we derive some bounds from above and below for the
nonlinear term and its primitive, which will be useful along the paper. This part is quite standard and
does not take into account the fact that the problem is not variational in nature: the reader familiar
with these estimates may go directly to Subsection 2.3.

Lemma 2.1 Assume f : QX R — R is a function satisfying conditions (1.6)—(1.8). Then, for any
0 > 0 there exists n(6) > 0 such that for any x € Q and for any t € R

|fCx, ) < 26lt] + (s + Dn@d)lel* (1.19)

and so, as a consequence,
|F(x, 0 < 81 + (o) e, (1.20)

where F is defined as in (1.10).

Lemma 2.2 Let f : OxR > Rbea Jfunction satisfying conditions (1.6) and (1.9). Then, there exist
two positive constants ¢, and c3 such that for any x € Qandt € R

F(x,0) > el —c3. (1.21)

For the proof of Lemmas 2.1 and 2.2 we refer, respectively, to [28, Lemma 3] and [29, Lemma 4]
(similar estimates are also in [25, 30]).

N )2 N
3 As a consequence of the Cauchy—Schwarz inequality, it holds true that [Z /3,‘] <N Z,Blz forg;i>0,i=1,..., N.

i=1 i=1
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2.3 Definition of the constants appearing in Theorem 1.1

In the sequel we will denote by A the elliptic operator defined as follows
N
Au:= =" Di(aijx)D;u) . (1.22)
i,j=1

Lete € Hé (Q) be the function given in Theorem 1.1. Let us define the constants

1/(s=1)
g4 1 (1.23)
418 n(14,/8)S5H

s+1

T =|le|| (1.24)
and

2 T

_ (A ||a0”°°)T2 +HT (1.25)

where A, A are as in (1.2) and 7 is given in (1.19). Note that H depends only on a;;, i,j = 1,...,N,

n, s and Q and therefore only on ¢;;, i, j = 1,...,N, ¢, s and Q, while T depends only on e and,

therefore, only on a;;, i, j = 1,..., N, ao, c1, ¢2, c3, s, 4 and Q. Hence also o depends only on a;;,
S(N-2)

i,j=1,...,N,ag,cy,cz,c3, 5, uand Q. Finally, lete’ = 1 — =5 € (0, 1) (thanks to the choice of

s, cfr. assumption (1.7)) and let us define the following constants
C = KNP INJ(N =212,

with k suitable positive constant depending on &’ (see the proof of [24, Theorem 2.4] for more
details),

(c1 + 1AWl + llaollea) (12 + S 5. 1)1 + LA

Kl — CVN/ZS/ ,
Vi

K> = CM*101(1Q) + S5.1Iwl%)
é =K +1,

and
C = c1lQ(1+ C*) + 1Ql 1Ay les + 1QUC oo

all depending only on a;;, i,j = 1,...,N, ao, c1, s, ¥, N and Q. Furthermore, let Cyr be the
embedding constant in the Morrey Theorem and Ccz be the constant in the Caldéron-Zygmund
Theorem applied in L9(Q2), g € [1, +00). It is well known that the constant Cy,, depends only on s
and Q, while Ccz depends only on a;;, i, j = 1,...,N, g and Q. Now we can define the constants R
and C appearing in the Theorem 1.1. We put

R = 2Cynio:CczC (1.26)
and
L H 1 1 AVa
C = min VA , ,—, ‘/_‘} (1.27)
VNIQIR 2CmoCczIQ " K2R ™ 2

Both R and C depend only on a;j,i,j=1,...,N, ao, ci, s, ¥, N and Q.
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3 Strategy for proving Theorem 1.1

Problem (1.1) is not variational in nature, due to the presence of Du in the lower order term of
A. Despite that, we will treat it via variational techniques. Precisely, we associate, in a suitable
way, with our problem a semilinear elliptic equation and we essentially adapt to our case the idea
introduced in [6] which consists of ‘freezing’ the gradient of u in the lower order terms of the
equation. In this way we have to manage a PDE which can be studied using the classical critical
points theorems (in this work we will use the Mountain Pass Theorem by Ambrosetti and Rabinowitz
[2]). Precisely, the strategy for proving our main theorem can be summarized as follows: let @ €
(0, 1) be fixed and let R be as in (1.26) and C as in (1.27). Now we proceed by steps:

e problem (1.1) has no variational nature, as we said before. Hence, in order to make this
problem variational, it is enough to ‘freeze’ the gradient Du appearing in the lower order term
of A. For this in the sequel we will fix w in Hé «nC 112’0_‘ (Q) and we will consider the following
variational inequality

(At V= Uy) > f SO (X)) (V(X) = (X)) dx
Q

forany v € H(')(Q), vy (1.28)
wy € Hy(Q), u, <.
Here A,, is the elliptic operator in divergence form defined as follows
N N
At = — Z D; (aif(x0)D; u) + Z ai(xX)Diw + ap(xX)u; (1.29)

ij=1 i=1

e in order to study (1.28) we will perform the classical techniques of critical points theory com-
bined with a penalization method. For this, first of all we will associate with the variational
inequality (1.28) the following penalized equation

<Awui,V>+l f (U, — ) (v(x) dx = f fOx,us,(0))v(x) dx
€ Ja Q

for any v € Hé(Q) (1.30)
uf, € Hy(Q),

where £ > 0 is the penalization parameter, while

1 .
= f (e — ) (OV(x) dx
€ Ja

represents the penalization term which contains the information that u;, stays below the ob-
stacle (otherwise the penalization term blows up as € — 0). Problem (1.30) is the Euler—
Lagrange equation of the functional

I£:Hy(Q) —» R
defined as
1< 1 5
I(u) = > Z fg a;j(x)Diu(x)D ju(x) dx + 3 L ag(x)u”(x) dx

ij=1

1 2
+—f((u—u,b) ) (x)dx—fF(x,u(x)) dx
2¢e Q Q

N
+Z;Lai(x)u(x)D,-w(x)dx.
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Note that I}, is well-defined in H(l)(Q) and it is Fréchet differentiable in Hé (), thanks to
the Sobolev embedding theorems and (1.7). Also critical points of I?, are weak solutions of
(1.30). In order to get a non-trivial non-negative weak solution u, of (1.30), in the sequel we
will apply the Mountain Pass Theorem to the functional I?, ;

now, we have to come back to problem (1.28). For this we will suitably estimate the Hé Q)-
norm of u?,. Thanks to these estimates we will show that u%, weakly converges to some u,, €
Hé () as € = 0. Moreover, we will prove that such a u,, is a non-trivial non-negative solution
of the variational inequality (1.28);

finally, in order to come back to the original problem (1.1) we need some regularity properties
on u, (ie. u, € C" for any @ € (0,1)) and a suitable estimate on the C'—norm of u,,.
By these ingredients we will construct a non-trivial non-negative solution u of problem (1.1)
through an iterative technique. Precisely, we will fix w = ug in HOl «@QncC }e’&(ﬁ) and we will
consider the following sequence of semilinear variational inequality

(Anttn, v = tp) = f S, un(X))(V(X) = up(x)) dx
Q

for any veHé(Q), vy (1.31)

u, € Hy(Q), u, < ¥,

where
Au=A, u, neN.

For any fixed n, equation (1.31) admits a non-trivial non-negative solution u,, . We will show
that the sequence (i), is @ Cauchy sequence in Hé (©2) and so, as a consequence of this,
it converges to some u € Hé(Q). Finally, we will prove that such a u is a non-trivial non-
negative solution of problem (1.1) which has good regularity properties and this ends to proof
of Theorem 1.1.

4 Critical points of the functional 7,

This section is devoted to the study of problem (1.30) . In the sequel @ € (0, 1), win Hé(Q)ﬂC}f’(ﬁ)
and £ > O are fixed. First of all, thanks to the Mountain Pass Theorem we will prove that the
functional /%, admits a non-trivial non-negative critical point u%, € Hé(Q). Later, we will give some
estimates on u;, . We would like to remark that in this section (as well as in the next Subsection 5.1)
we only need that w € Hj(Q) and |w|| < R|Q|'2, while the C'-*—regularity will be used from

Subsection 5.2 on. Of course, if w € C}e’@(ﬁ) then

1/2
||w||=(f |Dw(x)|2dx) <RIQ'?.
Q

This estimate will be useful in the sequel.

4.1

Existence of a non-trivial non-negative critical point «’, for I,

Thanks to our assumptions on the nonlinear term f, in order to get a non-trivial critical point for I,
we will apply the Mountain Pass Theorem. For this we have to prove that I, has a suitable geometric
structure and satisfies a compactness condition. First of all, let us study the geometry of I3,.

Claim 1 There exist p > 0 and B > 0 such that for any u € Hé (Q) with ||u||Hé(Q) = p it results that
1) =2 B.
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Proof. The non-negativity of ag and of the penalization term, H6lder inequality, (1.2), (1.18), (1.20),
the choice of w and the definition of A; yield

/l (58]
HOES, f IDu(x)Pdx =6 f ju(x)Pdx = n(6) fg ol - 0y

T
A VNR|Q|'?

> = = — |llull® = n@lullS + = ||u||2——||a||w||u||

£ ) ol VI

VNR Q]2
—————lallo | llul,

VA4

we obtain

A 6 —

for any ¢ > 0 and for some positive constant 77(6) . Choosing ¢ =

A
Jlud* + [ZIIMII -

/l/ll

VNRIONM L
—||a|| ull .
VA

Now, let us take u € H'(Q) with ||u|| = p. Since (1.15) and (1.27) hold true, we can choose p > 0

such that £ ﬁ > n(/l/ll/S)SJHp and j—‘lp > %Ila”w; so that we get

A _ A
) > (g — A /)8 P 1)||u||2 SHIE

Ii(u) =B,
for some positive S depending only on a;;,7, j=1,...,N, ao, ¢;, s and Q.

Claim 2 There exist R > p and e € Hé(Q) such that |le|| > R and I£(e) < 0, where p is given in
Claim 1.

Proof. Let e be as in Theorem 1.1 and let R = 4H/A. By the choice of p in Claim 1, it is easily seen

that
2 1 V=l y 3
p<|s ——— -“H=R.
8 n(A,/8)S 5+ 4

s+1
Since e < i a.e. in Q (see (1.14)), we have

IE(e) = Z fa,](x)D e(x)Dje(x) dx + = fao(x)ez(x) dx — fF(x, e(x)) dx
Q Q

lj 1
N
i D; dx,
+;Js;a (x)e(x)D;w(x) dx

so that, by (1.2), (1.18), (1.21) and the properties of w, we deduce that

Q|2
2 VNR|Q

)IIeII = collell; + c31Q + Vi ————llall llell ,
1

;. laolles
22,

Ii(e) < (
which, by (1.15), (1.27) and, finally, (1.13), yields

. laollos
2 24

Ii(e) < ( )Ilell2 = oallelly + c31Q + Hlell < 0.

This concludes the proof of the Claim 2. Roughly speaking, Claims 1 and 2 say that the functional

IZ, has the geometrical structure required by the Mountain Pass Theorem. It is standard to prove that
I, verifies the Palais—Smale condition. For the details we refer to [19, 21]. Then, by the Mountain
Pass Theorem, the functional I, has a non-trivial critical point «;, such that

I (uf) = inf max L) =p>0, (1.32)
verl t€[0,1
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where I' = {y € C([0, 1];R) : ¥(0) = 0 and (1) = e}. Hence, u¢, is a non-trivial solution of equa-
tion (1.30) . Here S is the positive constant given in Claim 1 . In order to get a non-negative solution
for (1.30) it is convenient to modify the functional I7, as follows

N
fj,(u) = % Z fga,-j(x)Diu(x)Dju(x) dx + % fgao(x)uz(x) dx

ij=1
+if((u—lﬁ)+)2(x)dx—fF(x,u(x)) dx,
2e Jo o
where t
F(x”):ff(xﬁ)dr
0
and
N
fx,0 = Flx t)_;“i(x)DiW(X) ifr>0

0 if t<0.

Of course ifv is well-defined and Fréchet differentiable in HOl () and, moreover, it satisfies all the
assumptions of the Mountain Pass Theorem. Hence it has a non-trivial critical point &, . Let us show
that @#?, is a non-trivial non-negative critical point of IZ . Since ii?, is a critical point of /2 we have
that for any v € Hj(Q)

N
Z f ai () Dy (x)D ;v(x) dx + f ao(X)iEE (x)v(x) dx
Q Q

ij=1
+l f (i, — ¢)" (Dv(x) dx = f Fx, @ (x))w(x) dx,
€ Ja Q

so that, taking v = ()~ (i.e. the negative part of i) we get

N
Zfga,-j(x)Diﬁfv(x)Dj(ﬁfv)’(x)dx+Lao(x)ﬁf‘,(x)(ﬁfv)’(x)dx

ij=1
1 + ~£\— F(y 7€ =&\~
+ - f (5, = )" (0)(iEy,) ™ (x) dx = f S, i, (x0) (@)™ (o) dx,
€ Ja Q

which, taking into account (1.2), the non-negativity of ay, the definition of f and the fact that > 0
a.e. in Q, gives

N
AN f ai()DEE) (OD (@)™ (x) dx + f ao(0)((@5)7) (1) dx = 0.
ij=1v0 Q
Hence (iif,)” = 0 a.e. in Q, thatis &, > 0 a.e. in Q. Finally, since i, is non-negative in  and it
is a critical point of %, it is easily seen that it is also a critical point for the original functional 72,
thanks to the definition of f. In this way we have shown that problem (1.30) admits a non-trivial
non-negative solution which, in the sequel, we will denote by u?, .

4.2 Estimates on u’,

Now, we have to come back to the variational inequality (1.28). For this we need some estimates,
uniformly with respect to &, on the Hé(Q)—norm of u;,. First of all, note that the Mountain Pass
characterization of the critical level of I7, gives

IE(uf) < max I (y(¢)) forall y eT.
t€[0,1]
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Taking y(t) = te, where ¢ € [0, 1], by (1.2), (1.9), the properties of e (note that fe < e < i a.e. in Q)
and of w, (1.15) and (1.27) we get

£/..€ Atz 2 t2 2
I, (u,,) < max TIIeII ——llaollollell” = | F(x,te(x))dx
Q

1€[0,1] 21
VNIR|Q|'/?
+———llallwllel|

s VA (1.33)
S(_ ||ao||m)” P INRINE,
2 VA
llaolleo \ .2
— T HT =
<(2 + o ) + o,

where o is the constant defined in (1.25). Note that o does not depend on . At this point we can
prove the following result:

Proposition 4.1 Lety € Hé(Q) and s < 2in (1.7). Then, there exists a positive constant k indepen-
dent of g, such that ||ut|| < k for any € > 0.

Proof. We argue by contradiction and we suppose that, up to a subsequence (still denoted by u?,),
lul]l — 0o as € — 0. (1.34)

As a consequence of this and of (1.2) we have that

(Auw,uw> = Zfa,J(x)Du (0)Dju;,(x)dx — 400 as £ = 0 (1.35)
i,j=1
and also
gl 1
<Auw,uw>1/2 Ay T T

so that W is bounded, uniformly with respect to &, in Hé(Q). Hence, there exists ii € Hé(Q)
such that*

&

uy, ~ : 1
W — U Weakly m HO(Q) as ¢ — 0. (136)
Since uZ, is a solution of problem (1.30), taking v = (AI:—W” as a test function in (1.30), passing
us,, ut,
to the limit and taking into account (1.35), we obtain thatw
. ( SO, ) f (uy, = )" (X)uy,(x) )
lim dx
&-0 Q <Auw7 uw> <AMW’ uw) (1 37)
=1+ f ao(x)ii*(x) dx .
Q

By (1.33) and (1.35) we also deduce that I7,(u?, )/(Auw, ui,) — 0as & — 0. Hence,

i ( f F(x, u5,(x)) f (g, - )t ()’ ]
im ———dx — —_—
e=0\Jao (Auy,,uy,) 2¢ o (Aub,ub) (1.38)

= % + % fg ao(x)i(x) dx.

40f course i depends on w, but, for the sake of simplicity, we omit it in the notation.
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Combining (1.37) and (1.38) with (F4) we get

F(xu (X)) f (uf, —¢)+(X)'J/(x) ] <0
E Q -

limsup (-2 Attt

=0 ws w>

(1.39)

Taking ¢ as a test function in (1.30) (this choice is admissible since ¥ € Hé (€2) by assumption) we
have

Zfa,](x)Du (x)D w(x)dx+fao(x)u ((x)dx

i,j=1

N f (1, — )" (OY(x) dx (1.40)
€ Ja

N
- [ st eommdn= Y, [ atoueopmeds.

Q ' Ja
Note that, by (1.19), (1.35), (1.36) and the dominated convergence theorem we have

S W) b Ol

1, Bty it }Swgszmm

|us, () [74€3]
1 - — 0,
+(s+ Dpy ((5)f . MW>‘§/2 TR dx—0

as € goes to zero, since s < 2. Hence

y f f(x, U,
1m e ——
e~0Ja (Auf, uf)

Thus, dividing (1.40) by (Au?,, 1) and passing to the limit as & goes to zero we have

1 f (, — )" W)
8 Q <AMW’ uw>

O

so that, (1.9) and (1.39) yield
. F(x,u;,(x))
hn(l)f— x=0. (1.41)

Q <Auw > uw)

Then, (1.38) and the non-negativity of ag a.e. in Q (see (1.3)) give

((u, - )Y’ (X) 1 )
0< llg% % f R ) (l + Lao(x)u (x)dx) <0,

which is a contradiction. Hence, (1.34) can not occur. This ends the proof of Proposition 4.1 .

We note that in the proof of Proposition 4.1 we need the assumption s < 2 in order to get a
contradiction. Recalling the choice of s (see assumption (1.7)) this condition is restrictive only
when N = 3, since for N > 3 is automatically satisfied, as, in this case, 4/(N —2) < 2.

5 An iterative scheme

In this section we will come back to the variational inequality (1.28). First of all, we will prove
that (1.28) admits a non-trivial non-negative solution and later we will discuss the regularity of such
a solution. This last fact will be used in order to construct a non-trivial solution of the original
problem (1.1).
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5.1 A solution u,, for the variational inequality driven by A,,

This subsection is devoted to the existence of a solution for problem (1.28). Thanks to Proposi-
tion 4.1 we can show the following result:

Proposition 5.1 Let v be as in (1.4) and s < 2 in (1.7). Then the variational inequality (1.28)
admits a non-negative solution u,, € Hé (Q). Moreover; there exists a positive constant 3, depending
onlyonaj;, i,j=1,...,N, ag, c1, s and Q, such that u,, satisfies the following inequality

N

Zfaij(x)D,-uW(x)Dqu(x)dx+fao(x)ua,(x)dx
Q Q

i,j=1

N
-2 f F(x, uw(x))dx+2z f a;(xX)Diw(x)u,, (x) dx
Q = Ja

N
= O | D oD 0 ) (1.42)

ij=1

- fg a0ttty — 9)* (6) dx + fg Gt ()t — )" () dx

N

-3 fg ai(xX)Diw(x)(uyy = )" (x) dx

5.
As a consequence, u,, 0 in Q.
Proof. By Proposition 4.1 it is easy to see that there exists u,, € Hé(Q) such that

ut, — u,, weakly in H(')(Q) as € — 0. (1.43)

By (1.33), (1.2), the non-negativity of ag, (1.20), the choice of w and Sobolev embedding theorem it
follows that

N
S~ w1 < o= I+ fg Fx, i (x)) dx - Z] fg a1 (D)D)

<o+5 f (0 Pdx + 7(6) f GO dx+ VNR I allli I
Q Q

VNR|Q|'
VA

5 s _— ‘
<o+ /l—lluivll +1(0)S s llug |I™ + llallolluy |l < K,
1

where K := o + %7(2 +77(0)S g1 R + %Hallwk, thanks to Proposition 4.1 . Note that K does

not depend on &, since & does not. Thus
(s, = )1l < 2K Ve
for any € > 0. As a consequence
@, - )" =0 in L*(Q)

as & — 0. By (1.43) we get (u®, — )" — (u,, — )" in L*(Q) as & — 0, so that we deduce that
(uy, — )" =0 a.e. in Q, that is
u, <Y ae.in Q. (1.44)
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Now we claim that u;, strongly converges to u,, in Hé(Q) as & — 0. First of all, note that by (1.43)
we get

Duf, — Du,, weakly in (L*(Q))" (1.45)
ul, > u, in LI(Q) (1.46)
ut, - u, ae.in Q (1.47)

as € — 0 and there exists & € L1(Q) such that
e, (X)| < h(x) ae.in Q (1.48)

for any g € [1,2%). As a consequence of (1.6), (1.7), (1.47), (1.48) and the dominated convergence
theorem we have that

f SO ul, (ot (x)dx — f SO, (), (x) dx (1.49)
Q Q
and
ff(x, u, (X)), (x) dx — ff(X, Uy (X))t (X) dx (1.50)
Q Q

as € = 0. Taking uZ, as a test function in (1.30) and taking into account (1.29) we have

N
Z f a;j(x)Datl (x)D jut (x) dx + f ao(x)(ufv)z(x) dx + l f (s, — ) (xX)u,(x) dx
Q Q € Ja

ij=1
N
= f S, ul (), (x) dx — Z f a;(x)u, (x)Diw(x) dx,
Q — Ja

while, taking u,, as a test function in (1.30) we obtain

N
Zfa,'j(x)D,'ufv(x)Dqu(x)dx+fao(x)ufv(x)uw(x)dx
Q Q

ij=1
o1 f (U, = )" (Ou(x) dx
€ Ja
N
- [ st omnedx =Y [ atom @D ds.
Q —Ja

Passing to the limit as € — 0 in the latter two relations and taking into account (1.45), (1.46), (1.49)
and (1.50) we have
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lim sup Z fa,](x)D us,(X)Djus,(x) dx = —fao(x)ufv(x) dx
Q

&—0 ij=1

—11n11nf f(u — )" (x)uf (x) dx

+ f f(x,uw(X))uw(X)dx—Z f a;(x)u,(xX)Diw(x) dx
Q ; Q

= Z fa,](x)D Uy (X)D ju, (x) dx + hm f(u )" (O, (x) dx

i,j=1

1
— liminf — f (e, — )" (Ous,(x) dx
0 & Jo

= Z f a;j(x)Dju,,(x)D ju,,(x) dx + lim sup ({—t fg; W, — )" ()uy(x) dx

-0

i,j=1

1
-~ f W, —y)* (x)u‘@(x)dx)
€ Ja

= Z f azj(x)Diuw(-x)Djuw(x) dx + lim sup (é L (ufv - ¢)+ (u(x) — 'l’(x))dx

-0

1 )
—= f [(u;,—¢>+(x>]2dx)
€ Jao

< Z f i () Dyt (X)D () dx

i,j=1
< hmlnfz fa,j(x)Du (X)Dju; (x)dx,
i,j=1

since u,, < ¢ a.e. in Q (see (1.44)) and thanks to the weak 1.s.c. of the norm. As a consequence we
get

N N
> f @i () D, (X)Djus, (x) dx — ) f a1j(xX)Ditty (X)D jt (x) dx
ij=1v8 ij=1vQ

SO

llug Il = sl

as € — 0. Here we have used the fact that, by (1.2) the function

H\Q) 5 um Z f a;(x)D;u(x)D ju(x) dx

i,j=1

defines a norm on H(l)(Q) equivalent to the usual one given in (1.17). Since H('](Q) is a separable
Hilbert space, we get

uf, = u, in Hy(Q) (1.51)

and the claim is proved. Now we are ready to show that u,, is a solution of (1.28). Since u?, is a
solution of (1.30), taking v — u?,, with v € HI(Q) and v < ¢ a.e. in Q, as a test function in (1.30) we

w?
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obtain that

N
Z fa,-j(x)Diufv(x)Dj(v —ul)(x)dx + fao(x)ufv(x)(v(x) —uf (x))dx
Q

ij=1 Q

1 . .
e f (W, — )" (OO0 — () dx
¢Ja (1.52)

= fg F O up, () (v(x) — uy,(x)) dx
N
- f a(X)Dw()(V(x) — u,(x)) dx.
=1 Y&
The choice of v yields

1 1
! f (W = ) (D) — 15.(0) dx < f (W = )" (W) — (1) dx < 0.
€ Jo € Ja

By this fact, passing to the limit in (1.52) and taking into account (1.46)—(1.48), (1.51) and the
dominated convergence theorem, we get

N
Z f a;j(X) Dt (X)D (v =, )(x) dx + f ao (X, (X)(V(x) = 1, (x)) dx
Q Q

ij=1
N
z fQ S, u (0))((x) = uy(x)) dx — Z fﬂ a;(x)Diw(x)(v(x) — u,(x)) dx,
i=1
that is, by (1.29)
{<Awuw, V=) > f FO6u (D)) — () dx  forany ve HY(Q), v<y
Q

Uy € H(])(Q)’ Uy < l,b

Thus u,, is a solution of the variational inequality (1.28). Of course, u,, is non-negative, since uZ,
does and (1.47) holds true. Finally, we have to show that (1.42) is valid. At this purpose, let us take
(u, — y)* as a test function in (1.30), we have

N
>, [ aeonut o, vy wdr+ [ a0 - @ ds

i,j=1
1
+ = f (U, - )Y (x)dx
€ Ja
N
= fQ SO u (), — ) () dx = > fg ai()DW() W, — ) (x) dx.
i=1

As a consequence of this and of (1.32) we have

N
IHUSEDY fg aij (0D, (x)D(u, — )" (x) dx

ij=1

1
. f G0COUE (I, — ) () dox — — f (@ — 0 (V) dx
Q € Ja

N
+ fg Flou (o), = )" (xydx = fg () Dw(x) (1, = ) () dx
i=1

>2B>0,
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that is, writing explicitly 77, (uf) ,

N
Zj@ﬂw%mq@mM+f%m%ﬂmudff@@mmx
Q Q Q

ij=1

N
3 fg a4 (DD (OD i, — )" () dx

ij=1

N
2 {(X)D; W(X) dx —
+ ;La(x) w(x)u® (x) dx
- fQ ao(x)uy, (x)(uy, = )" (x) dx + L F O, uy, () (uy, = )" (x) dx

N

-3 [ atopiweos - vy o ds
i=1
>26>0,

Passing to the limit as &€ — 0 and taking into account (1.51) and the assumptions on f (in particular
(1.6) and (1.7) in order to apply again the dominated convergence theorem) we get (1.42) with
B = 2B. As a consequence of (1.42) we deduce that u,, # 0 in Q. Indeed, otherwise by (1.42) and
using also the fact that y > 0 a.e. in Q (see (1.4)), we would get a contradiction. This ends the proof

of Proposition 5.1 .

5.2 Regularity of u,,

In this subsection we will discuss the regularity of the solution u,, found in Subsection 5.1. Precisely,
we will show that for any @ € (0, 1) the function u,, € C Lo (Q)) and will also derive a suitable estimate
on its C"**—norm. This regularity result will be used in order to construct a non-trivial solution of the
original problem (1.1). In the sequel we will adapt to the variational inequality (1.1) the techniques
used in [21, 26], where PDEs not in divergence form where considered. Here the main difficulty is
related to the fact that we have to manage variational inequalities and not simply an equation. We
will essentially argue as in [19], where we considered a variational inequality driven by an elliptic
operator in divergence form and with a nonlinearity depending also on the gradient of the solution.
The main tools for getting our regularity result are the Lewy-Stampacchia estimates for solutions
of variational inequalities (see [13]) and the regularity theory for elliptic PDEs (see, for instance,
[5, 8, 30]). As we said before, from now on it will be important the fact that w € C 1"7(5). Also,
note that, until now, we have used only the assumption (1.4) on the obstacle . The regularity
condition (1.5) will be used in this subsection in order to prove the following regularity result:

Proposition 5.2 Assume the function Y satisfies (1.4) and (1.5) and let u,, be the function given in
Proposition 5.1. Then u,, € C*(Q) for any « € (0, 1). Moreover, the following relations hold true

if Iwllia £R then luyllio <R. (1.53)

llu || < RIQ|Y? . (1.54)

Proof. In the following let A the operator defined in (1.22) and let us denote by f the nonlinear term
given by
N

ﬂmm:fmm—zymww. (1.55)

i=1
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With this notation, since u,, is a solution of the variational inequality (1.28), it satisfies the following
variational inequality

(A, v = ) + f ao(X)ity, (X)(V(X) = 1y (X)) dx 2 f F O (0))(0(x) = () dx
Q Q

forany v € Hé(Q), vy
wy € Hy(Q), u, <.

Hence, the Lewy-Stampacchia estimates for variational inequality yield

inf {f(s Uy, fW} < Auw + ap(Huy, < f_(s Uyy).

Taking into account that Q is bounded and s > 1, the Sobolev embedding theorem implies that
u, € L¥(Q) N L*/%(Q). Moreover, by (1.7) and the fact that w € Cr%(Q) it easily follows that
fC,uy) € L*/5(Q). Furthermore, by assumption (1.5) we get that the following inequalities

inf {7, ), Ay} = ao(hny < Auyy < FC10,) = ao(huy

hold true in L*/*(€2). Then u,, € Hy(€) is a weak solution of the problem

(1.56)

Au, = g(x) in Q
u=0 on 09,

where g = 1 — ag(-)u,, in Q for some i € L?/5(Q) such that
inf { (- w,), Ay} < h < FCouy).
It is easily seen that A satisfies the following inequality
Ih(x)] < |f(x, u(0)] + [Ag(x)|  ae.in Q,
so that g verifies a.e. x € Q

lg(0)l < [R(XO)] + lao()uy(x)]
< 1o QO] + AW + lag () ()] (1.57)
< (1 + () + llalloR + A¢lleo + llaollooluw(X)],

thanks to assumptions (1.5), (1.7) and the regularity of a, ap, w and ¢ . Since 0 < u,, < ¢ a.e. in
Q, by (1.5) we get that u,, € L*(Q) (alternatively, by standard arguments, we can show that u,, is
a classical solution of (1.56) (see, e.g., [1, 8])). Thus, by (1.57) the function g € L™() and so
g € L1(Q) for all g € [1, +0c0) and

liglly < ClIQI(l + Iluwllio) + 19 llalloR + 1 |A¢]|eo + 1€ llaolloollttwlloo - (1.58)
Now, let us estimate the L*—norm of u,,. First of all note that |g(x)| = g(x) (1 + |u,,(x)|) , where

)
800 = T ol

< a0+l @) + llalloR + Aol + llaolleoltt ()]
B L+ Juy (x)]

< (c1 + llallsR + 1AW leoll + llaolleo )(1 + et (OI)
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As a consequence of this and of the fact that Q is bounded, g € L*/*(Q) and

Ill/s < (e1 + llallcoR + AWl + llalle ) (121 + Nzt 5. ) (1.59)

Then, using [24, Theorem 2.4] with &’ = 1 — # € (0, 1) (thanks to the choice of s), we get the

following estimate
()] < CV2 (luylly + 190 18ll2-5) in Q, (1.60)
where C = kN-2/N [N/(N - 2)]"=2/2 with k suitable positive constant depending on &’ (see [24,

Theorem 2.4] for more details). Thus, by (1.59) and (1.60), the Sobolev embeddings theorems and
the fact that 0 < u,, <y, we have

lluwllo < K1 + KsllalloR , (161)

where K; = CV/?¥ [(Cl + AW lsoll + llaolleo)1Q + S 3. 01151 + %”}] and K, = CV?¥|QI(QI+S 5. Iw11°)
depend only on a;j, i, j = 1,...,N, ag, c1, s, ¥, N and Q. Then, by (1.15) and (1.27) we get

ltyllo < K1 +1=:C, (1.62)
where ¢ depends only on a;;, i, j=1,...,N, ayp, c1, s, ¥, N and Q. Hence, by (1.58) and (1.62), we

get
llglly < CI|Q|<1 + C“) +1Q llallR + 2 1Al + 1QICllaolloo

— (1.63)
< C+1Q llallR,

where C = ¢||Q|(1 + €*) + |QIl|A¢llc + IQICllaolles depends only on a;j, i, j = 1,....N, ao, ci,

s, ¥, N and Q. Hence Cis independent of w and R. Being a;; € C(ﬁ), i,j=1,...,N, by the
Caldéron-Zygmund Theorem (see, for instance [8, Lemma 9.17]) we also have that u,, € H>1(Q)
and

luwllzg < Cezliglly » (1.64)

where Ccz is a positive constant depending only on €, g and the coefficients a;j, i,j = 1,...,N.
Taking g > N, Ey Morrey Theorem (see, for instance [7, Section 5.6, Theorem 5]), we easily deduce
that u,, € C*(Q), for any @ € (0, 1), and

||MW||1,(¥ < CMor”uwuz,q > (165)

where Cy, is a positive constant depending only on @ and Q. Now, in order to conclude the proof
of Proposition 5.2 it remains to prove that (1.53) and (1.54) hold true. For this, by (1.63)-(1.65) we
get

lisll1.a < Cvtor Cez[C + 19 llallooR] (1.66)

and so, by (1.15), (1.26) and (1.27) we have
lletwlli e < R/2 + Cyror CezIQ llalloR < R/2+R/2=R.

In conclusion we have shown (1.53) . Finally, note that, since u,, € C}e’”(ﬁ), then

|Du,,(x)] <R in Q.
Thus,

1/2
ol = ( | 1pucor dx) <RI

Q

Hence, Proposition 5.2 is completely proved.

Note that both (1.53) and (1.54) say that the C*®*—norm and the Hé(Q)—norm of u,, can be con-
trolled independently of w. In particular, on both these norms of u,, we have the same control as in
the analogous ones of w . This will be crucial in the next subsection in order to perform the iterative
technique and to get the existence of a non-trivial solution for the variational inequality (1.1).
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5.3 End of the proof of Theorem 1.1

Now we are ready to prove Theorem 1.1 . For this we will use an iterative technique, introduced in
[6] for studying elliptic PDEs with gradient dependent nonlinearities through variational methods.
Let us fix @ € (0,1) and uy € C}e’&(Q) n H(‘)(Q) and consider the variational inequality (1.31). By
Propositions 5.1 and 5.2 every problem (1.31) admits a non-trivial non-negative solution u,, € H(‘) Q)

such that [|u,|| < RIQI'?, u, € Cy*(Q) for any a € (0, 1), that is u, € C"*(Q) and |ju,|l; , < R for

any n € N. In particular we have that
[u,(x)) <R 1in Q forany n € N.

Moreover, for any v € Hé (@) with v < ¢ a.e. in Q we have that

N
>, [ a0DuoD;000 = 1) dx

ij=1
N

i Di n— — Up d

+Z] fQ ai(X)Djtty 1 (X)(V(x) — 1 (%)) dx

+ L ao(D)un(X)(V(X) = Un(x)) dx = fg S, un(X))(V(X) = un(x))dx

and

N
Z f a;j(xX)Djtty 1 (X)D j(v — w4 1)(x) dx
Q

ij=1
N
+Z1 fg ai(X)Djtty(X)(V(X) = tyy1 (X)) dx
+ fg a0 ()it 1 ()V(X) = 11 (X)) dx

2 fg S 1 (X0))V(X) = 1 (X)) dx .

(1.67)

(1.68)

(1.69)

Taking v = u,,, as a test function in (1.68) and v = u,, in (1.69), adding (1.68) and (1.69) we get

N
Z f aij()Di(tns1 = ) (X)D j(Uns1 = un)(x) dx
Q

ij=1

N
+ 37 | a0 (Dittn(x) = D1 (0) a1 (¥) = (1)) dx
i=1 V¢

+ f ao(X) (U1 (x) = 4y (x))* dx
Q
< fQ (f(x, tp1(x)) = f(x, upn(x))) (Ups1(X) — up(x))dx,

so that, by (1.2) and the non-negativity of ay , yields
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At =l < [ (701090 = £ 1,000 1 2) = 0
N
= [ @D1,09 = Dity )10 = )
i=1

< I f lner () — (O lx
Q

+lldll fg 1DUn(3) = Ditg1 (9 (trs1 () — 4 ()l

Lg > llalle
< _||un+1 - un” + _”un - un—l”””rﬁ—l - un”s

T A VA,
for any n € N, being (1.6), (1.11) and (1.67) valid. As a consequence we get

Lg llalloo
/l”un-%—l - un” < _||un+l - un” +

A N

”un — Up-1 ” B

and so, by (1.15) and (1.27),

Lg

/l||un+1 - un” < /11

A
||un+1 - I/th + _”un - Mn—l” 5
2
that is
“un+1 - Mn“ < k”“n - un—l“ Vne N’

-1
where k = ’51 . (/l - L—R> € (0, 1) thanks to assumption (1.16). Thus, u, is a Cauchy sequence in

A
H;(©) and so
U, = u in Hy(Q) as n — oo (1.70)

for some u € H(l)(Q). Passing to the limit in (1.68) as n — oo it is easy to see that

(Au,v —u) > f SO, u(x)(v(x) — u(x)) dx forany v € Hé(Q), vy
Q

Moreover, since 0 < u, < ¥ a.e. in Q for any n € N, we get that 0 < u < ¢ a.e. in Q. Ultimately, u
is a solution of (1.1). Now, it remains to show that u # 0 in Q. For this, note that by Proposition 5.1
the function u,, satisfies (1.42) with w = u,,_y, that is

N
Zfaij(x)Diu,,(x)D_,-u,,(x)dx+fao(x)ui(x)dx
Q Q

ij=1

N
-2 f F(x,un(x))dX+22 f a;(x)Dju, 1 (), (x) dx
Q = Jo

N
- fg aij (0Dt (D (aty = )" (x) dix = fg a0 ()t (0)(ty = )" () dx

ij=1
N

+ fg S ()t = ) (@) dx = Y fg i (ODjtty-1 (0t — )" (x) dx
i=1

>B>0.
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Thus, passing to the limit as n — oo and taking into account (1.70) we get

Z fa,j(x)D u(x)D ju(x) dx+fa0(x)u (x)dx

i,j=1

N
2 f F(x, u(x))dx+2z f a;(X)Diu(x)u(x) dx
Q i=1 Q

—Z f aij()Du()D (u - )" (x) dx - fg Qo = Yyt (x) dx

i,j=1
N
+ fQ FCeu())(u = ¢)* (x)dx - Z L ai(x)Diu(x)(u — )" (x) dx
i=1

>B>0,

which yields that # # 0 in Q. Finally, since u, € C 1"I(ﬁ) for any @ € (0,1) and any n € N, the
sequences (#,), and (Du,), are equicontinuous and equibounded in Q. The Ascoli-Arzela theorem
implies that #, — u and Du,, — Du uniformly in Q as n — oo, so that u € C! (Q) By the same
arguments we also deduce that u € C};’(Q) for any @ € (0, 1).

Note that, for the arguments we used here to prove Theorem 1.1, it is crucial to show that the

sequence u, is a Cauchy sequence in H(')(Q). Indeed, this implies that the whole sequence u, (and
not only a subsequence) strongly converges in H(‘)(Q) .
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