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Abstract
We study the existence of ground state solution, cylindrically symmetric solution, breaking
cylindrical symmetry of ground state solution of the following Hardy-Sobolev type equa-
tion with weighted p-Laplacian: —div(|y|*|Vul?~2Vu) — Ay PlulP~2u = |y|™b|ul9"u in RY
where x = (y,z) e R* xRV ¥ b, = N — %(N—p+a),a>p—kand/l< (l%“‘)”.
Mathematics Subject Classification. 35J20, 35170, 35B33.
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1 Introduction

In this article we study the quasilinear singular elliptic equation involving partial weight, more
precisely let us consider the following problem

—div(y|VulP>Vu) = Ayl Plul’u = |y elul*u in RN

1.1
S DIVl < o0 @b

where x = (y,2) e REx RN 1 <k<N,p<gqg<p = NN—_";,I < p<N,a>p-k,
by=N-4N+a-p),a< (),

A large number of papers deal with (1.1) and with similar variational problems. We quote for
example [2], [4], [5], [6], [8] - [17], [19] - [21], [23] - [25] and the references therein. In particular
in [10], [13], [16], [19] analysis of breaking symmetry of ground state solutions were studied.
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When a = 0 then div(|y|*|VulP~2Vu) = A,u is the standard p-Laplacian operator. If p < N,q =
p*, A =0then b, = 0 and the equation (1.1) reduces to

~Apu=u"""in RV, IVulPdx < oo (1.2)
RN

which is well studied in the famous paper by Aubin [1] and Talenti [23]. It was shown that the
solution of (1.2) is achieved in D'P(RM) by a radially symmetric function [see [23]]. Up to our
knowledge all the available results in the literature are done in the case p = 2ork = Nor A =0 or
a = 0. In the case k = N, Catrina and Wang have proved existence for p = 2, < 2*. Also in the
case k = N Musina has proved existence, break of symmetry of ground state solution in [19].

There exists a constant 4, , > 0 (see Lemma 2.1) such that

D f P dx < f WEIVuP dx (13)
RN RN

forallu € C7 ((R" \ {0}) x R¥ ’k). Inequality (1.3) was proved by Caffarelli, Kohn, Nirenberg in [7]
for spherical weights. General proof for the cylindrical case follows from [3] with suitable modifi-
cation of the arguments. We have sketched the proof in Lemma 2.1. Using (1.3) we can define the
reflexive Banach space D''*(R", [y|“dx) as the completion of C’ ((R" \ {0) x RN "‘)

with respect to the norm

p

1 1
(f IyI“IVul”dx) and we also obtain (f (I Vul? — /llyl""’lul”)dx) is an equivalent norm to
RV RV

»
( f Y“|Vul? dx) when 4 < 4, ,. Now let us consider the following Hardy-Sobolev type inequality:
RN

C( f |y|b4|u|q)"s f bIVuP dx (14)
RN RN

forall u € Cy° (RY). This inequality was proved by Maz’ya in Section 2.1.6 in [18] for k < N and by
Caffarelli, Kohn, Nirenberg in [7] for spherical weight.
Now using (1.3) and (1.4) for A < (’%)”

o DIIVulPdx = A Pl dx

Sya,,q) = inf p 1.5
p((l q) ueDVP (RN |y|dx),uz0 q ( )
( [ |y|—bq|u|qu)
RN
is positive. Define
L
q
A = [ (TP = Ayl BW:(I '>’|”"|u'qu) '
RN RN
Thus Aw)
u
S,(a,A,q) = in —. 1.6
p(@4.9) ueD P @Y yladx)uz0 B(ut) (1.6)
It is easy to see that
Spa,0,p) = Ay,

5 ,(0,0, p") S,
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where
) &N |VulPdx
Sy = 1 1n§V Emm—
ueDP (RN ,),uz0 (ﬁR |u|p*),7*
N
N-p
P
the best Sobolev constant which is achieved by u(x) = (%) , see [1] for details.
14+[x 77T

In this article we focus on existence of ground state solutions, existence of symmetric solutions
and break of symmetry of ground state solutions. In particular, for existence of ground state solutions

we prove
Theorem 1.1 Let p, q, a, b, satisfy the same condition as in (1.1). Then if
1. g<p*or
2. g=prandS,(a,A,p")<S,
Sp(a, A, q) is achieved.

The proof of this theorem closely follows the proof of Theorem 0.1 in [15] which deals with the
case A = 0. It will be shown that the existence of ground state solutions assures the non uniqueness
of solution to the problem (1.1) for 1 << 0. The next a natural question: is there any sufficient
condition that implies S ,(a, 4, p*) < § ,? It is shown in Section 3 that S (a, A, p*) < S ,. For the strict

inequality we have proved the following partial result
Theorem 1.2 (i) Ifa=0thenS,(0,4,p") < S, ifand only if 0 < A < A,.

(ii) If p—k < a < O then there exists X* < A,,N=L PL such that whenever, * < A < A, then

PaN=p N+a
Sy(a,A4,p*) <S,.

This result is in the spirit of a result in [19]. Therefore when a is negative we have obtained a range
of A for which S (a, 4, p*) is achieved. But this result does not guarantee the existence of solution
for the case 4 = 0. However from the Theorem 0.2 in [15] we obtain S (a, 0, p*) is achieved when
p—k < a < 0. The main tools which are used to prove Theorem 1.1 are Ekland’s variational principle,
Rellich’s compactness theorem and suitable rescaling arguments. The crucial step is Proposition
3.1. Thanks to Proposition 3.1 we can find a weakly convergent minimizing sequence {u,} whose L7
norms are bounded away from 0 on a compact subset of ((Rk \ {0}) xRV ’k). In this way we exclude
concentration at 0 and vanishing (see Section 3 for definition) and thus we overcome the lack of
compactness produced by dilation in R and translation in RV,

In Section 5 we wonder whether the problem (1.1) has a cylindrically symmetric solution u(x) =
u(|yl, z) or does break of symmetry occur for certain values of 1. We prove

Theorem 1.3 Let k > 2, 1 < p < gand a > p — k. Then equation (1.1) has a nonnegative

cylindrically symmetric solution u i.e u(x) = u(|yl, z) for any 1 < A 4.

We also prove that when 1 << 0 then the ground state solution can not be cylindrically symmetric
more precisely

Theorem 1.4 Letk > 2, 2<p<gq, a>p—k, g < p*. Then there exists A, = ANa, p, q, k,n) such

that for any A < A, no minimizer of S p(a, A, q) is cylindrically symmetric.
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Therefore when 2 < p < g < p*, 1 << 0 the problem (1.1) has at least two distinct solutions.This
paper is organized in 5 sections. Section 2 is devoted to preliminaries. In Section 3 we have pointed
out the non compactness of the minimization problem [see Section 3 for details] and proved a Propo-
sition regarding that. In Section 4 we have proved Theorem 1.1 and Theorem 1.2. In Section 5 we
have proved Theorem 1.3 and Theorem 1.4.

2 Preliminaries

In this section we recall some well known inequalities. We start with the following version of
Hardy’s inequality

Lemma 2.1 For1 <p < Nanda > p—kwe have

D f b dx < f WEIVulP dx @.7)
RN RN

for all u € Cy¥ R\ {0} x RN¥) with A, = (_’”‘;-P)"_

The idea of the proof follows from [3] with suitable modification. For the convenience of the reader
we will sketch the proof below. To prove this lemma we need the following lemma.

Lemma 2.2

o Let p > 2. Then there exists a constant C(p) > 0 s.t

F = 68y = Vs, = el = [ 17 28)
forall f,g € LP(RM).

e For1 < p <2, there exists a constant C(p) > 0 s.t

g
|f - g|zn(RN) |f|L[J(RN) RN (|f| + |g|)2 P - pf |f|P 2fg (29)
forall f,g € LP(RM).

For a proof see Lemma 3.1 in [3]

Proof of Lemma 2.1. for u € CS"(RN \ {y = 0}) define

I(M)—flyl IVul” — ( ) fIyI“ Plul?.

Now set v(x) = |y|?u(x) where H = ]%” > 0. Then by direct calculation we obtain

a plul? -
Iyl (IVMIP— o ) DI AHV (YD) = AV = [HVIP)

and therefore

] = f I (YW (sl — 19| = [HviP) dix
RN
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k

Now replacing f and g by |y|%H vV(ly)) and [y| 7 [y|Vv respectively in Lemma 2.2 we obtain for p > 2,
Iu] 2 c f MMV dx = pHP™! f (P2 (D) - Vv
RN RN

Now applying integration by parts to [, [y|'™ (Ivl”_zvV(lyl)) - Vv we obtain

= [ DI e) - Ve = [ e 1w+ 1 - b dr =0,
RN RN
Therefore we get

Iu] > ¢ f P K VvlPdx > 0
RN

as JJ‘RN |y|1”k|Vv|1’dx = 0 implies v =constant which means u = 0.

Similarly for 1 < p < 2 from Lemma 2.2 we obtain

27kV 2
Mmaze [ —EIEE g
o (HV -+ IV

Hence for 1 < p < N we obtain

Apa f I PlulPdx < f I IVulPdx.
RN RN

3 Non-compactness

In this section we will observe the lack of compactness phenomenon by studying the minimization
problem (1.5).

If S ,(a, 4, ) is attained by u € D'"P(R",|y]dx) then for R, > 0 and z, € R¥* define u,(x) =

N+a-p

R, " u(R,y,R,z + z,). Now by simple computation it follows that A(u,) = A(x) and B(u,) = B(u)

implies S ,(a, 4, q) is also achieved by u,Vn > 1. When z,, = 0, it is easy to check that [y|*|Vu, |’ — 0
in L'{|x| > R} if R, — oo and which immediately implies u, “concentrates at 0”. Similarly we can
exhibit vanishing” if we allow R, — 0, i.e. [y|*|Vu,[’ — 0 in L}OC(RN). In case g = p*, we have
additional type of lack of compactness by the group of translation in the z variable as it is already
pointed out in the introduction of [15] as a consequence of Proposition 1.3 in [15] .

For £ > 0, choose u, € Cy’(RY) such that

Jow IVul7dx
[ e —

S, <
( |ug|P*)
RN

<§,+e

L
r*
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N-p

Now fix yo # 0 and define u:(x) = R,” u.(R,(x — xp)), where xo = (yo, z0). Thus
Aluy)

171
Na * P
( f S sl dx)
RN

f 12 oVl = A1+ 3ol PR ugl? | dx
. RN Rn Rn
= lim —

R,—> =
: y e \7
- 4+ N-p P
(IRN'R,, Yo7 ] )
A
[Vug|P — u Ip)dx
fRN( ¢ |Rn)70|” ¢

= lim >

R,— AV
(f [uae]? )
RN

Jow IVulPdx
(j]\RN |u|p*)f%

Hence S ,(a, A, p*) < limg_,g limg, 0

limRn—wo

Auy)

7 =Sp.ie Syad,p)<S,.
I e P dx |
RN
The proof of the following Proposition has been adopted from [15] (Proposition 1.3 ) which
deals with 4 = 0.

Proposition 3.1 Let u, be a bounded sequence in D'"P(RV, |y|*dx) and satisfy
—div(Y* IV unlP 2 Vuy) = AP lugl? 2y = a0, + £, (3.10)

where f, — 0 in (D"P(RV, |y|%dx)) which is a dual space of D"P(R", |y|*dx) and a, p, by, q satisfy
the assumption in (1.1). Then upto a subsequence either u,, — 0 strongly in
LIRN, |y|"Padx) or there exists R, € (0,00), z, € RN* such that lim,_ e fK [y|~b4|ii,|9dx > O where

N-p+a

K={(02) eRY : L <yl < 1|zl < 1} and i5,(y,2) = R, " up(Ruy, Ruz + 2n).

Before starting the proof let us recall a lemma from [15]:

Lemma 3.1 Let Q ¢ RN is a bounded domain. Then D'P(RY,|y|%dx) is compactly embedded in
LP(Q, |y|*dx).

For the proof of this lemma see Lemma 1.1 in [15].

Proof of Proposition 3.1. Since u, is a bounded sequence in D'"P(R", |y|%dx), there exists u €
D'"P(RY, |y|dx) such that u, — u in D'"?(RY, |[y|%dx) and LIRY, [y|Pdx). If u # 0, then we have
fRN [y|~b|u|%dx > 0. Therefore upto rescaling we have fK [y[~bjul%dx > 0. Now using lower semi-
continuity of the norm in L? we have fK |y|‘bq|un|"dx > (0. Therefore assume u = 0. We can also
assume that fRN [y|~b4|u|9dx > 0, otherwise by the equivalence of norm A(u,l)% with ( fRN Iyl“lu,,lpdx)%
implies u, — 0 in D"?(RV, [y|%dx). Therefore we choose § > 0 such that

. _ 4
lim | |y uldx > 677
n—oo RN
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and 6 < § ,(a, 4, q). Let Q,(r) denotes the concentration function

On(r) = sup f ™|t dlx
B(x,r)

x=(0,2)eRY

which is a continuous function. Thus we can choose R, > 0 and x,, = (¥, z,) € R" such that

9 —
0,(R,) = 675 = f bl ldx.
B(x,.R,)

N-p+a

Now define #,(x) = R, ” un(Ryy, Rz + 7). It is casy that ”Mn”Dl"’(RN,M“dx) = ”I/Tn”DL”(RN,\yV’dX)' So
there exists it € D"?(RV, |y|“dx) such that 1, — u in D"P(R", |y|dx). By the change of variable we

also have
— ~ _ ~ 4
sup f Iyl bqlunlqu=f I eliiy | dx = 577
x=(0,2) JB(x,1) B(0,1)

and

—div(YI“|Viin|P Vi) = AWy Pl P20, = |y, + f,

where ﬂ — 0in (D"P(RV, [y|*dx)) . As before if it # 0, we are done. Therefore assume it = 0. Now

let us choose a finite number of points 7;,...,7, € R¥™* such that BY™%(0) c U'_ BY*(1;). Now
2

choose {y}!_, € C5(BY*(7;)) such that y = 1 in B’;"k(m) and ¢ € Cy(B5(0)) such that ¢ = 1 in

Bt (0), 0 < ¢, ¢ < 1. Take i, (y:¢)? € D'P(RY, |ydx) as a test function and thus we obtain
2

f WV Vi,V (i (pi)”) dx 1 f WP Iyl dx
RN RN

f PV bl dx
RN
+ o(1).

Now doing the direct calculation and using Lemma 3.1 we can simplify the left hand side(LHS) as

LHS

[RN IV (g’ dx — A wa VPl dx + o(1)

\%

S p(a. 4, q) ( f |y|-”q|un¢w|qu)" +o(1)
RN

And using Hélder inequality right hand side (RHS) can be estimated as

q-p

( f |y|-b«|u~n¢w|‘fdx) ( f |y|‘bq|u~n|‘fdx)
RN RN

P

< 6( f |y|"’4|ﬁn¢w|qu)q
RN

RHS

IA

A

Hence we have

P P

Sl 4.9) ( [ |y|‘bq|»fn¢w|‘fdx)[' < 6( [ |y|_bq|ﬁn¢w|qu)q +o(D).
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Now since § < S ,(a, 4, g), we have f Iy ™2z, p|9dx = o(1). Therefore
]RN

t
b, —b, |~
| RIS | I, dx = o(1).
B (0)xB)™(0) Bk (0)><BN k)
2

Comparing the above estimate with the fact that

bt~ a
Y[ iin|?dx = 677 > 0,
B(0,1)

we obtain

Iy 74|, [dx > 0. O
{3 <bl<1)xBY~*(0)

4 Existence of ground state solution

If S ,(a, 4, q) is achieved by a function u € D'"P(RV, |y|%dx) then by using the standard arguments
[22], we obtain u is a nonnegative weak solution of (1.1) upto a multiplicative constant and this solu-
tion is called ground state solution. Theorem 1.1 deals with the condition which assures S ,(a, 4, q)
to be achieved.

Proof of Theorem 1.1. Let {u,} be a minimizing sequence of S ,(a, 4,q). Then applying Ekland’s
variational principle we can assume

LN (1 IVunl” = APl dx S p(a, 4,q)77 + o(1)

V1™ |u,9dx + o(1), 4.11)
RN

—div(YI* IV unl" 2 Vu,) = AP lunl? 2wy = [y |20y + f, (4.12)

where f, — 0in (D"?(RV, |y|*dx)) . Now applying Hardy’s inequality (2.7) we obtain

_ A
f (Y IVunl” = AN P lun|”)dx > Y Vuul’dx
RN p.a RN

which immediately implies {u,} is bounded in D'*(RY, |y|*dx) by (4.11), since A < Ap,a- Therefore
there exists a u € D"P(RV,|y|%dx) such that u, — u in D"?(RV,|y|“dx). We already know from
(4.11) that u,, 4 0 in LI(RY, [y|~b*dx). Therefore upto rescaling from Proposition (3.1) we obtain

f Dy |9dx > O (4.13)
K

where K = {(y,2) e RV : 3 <yl < 1]zl < 1}.
Now we claim that # # 0. When g < p*, then by Rellich’s theorem we obtain

0 < lim f Iy b u,|9dx = f Iy |ul?dx
n—e Jg K

which immediately implies u # 0 for ¢ < p*. When g = p* we will prove this fact by contradiction.

So assume u = 0. Now let us choose ¢ € Ci*(R¥) such that¢ = Oinlyl < ;,¢ = 1in 3 <[y < 1,
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0<¢<landy € Cg"(RN’k) such thaty = 1in |zl < 1,0 < ¢ < 1. Thus ¢y = 1 in K. Now let us
consider u,(¢y)? as a test function. Therefore a computation as in Proposition (3.1) leads to
fN (WIV @ p)I? = AP luppypl”) dx - < fN I ottt 1P dx
R R
+ o(l).

Applying H’older inequality in RHS as we have done in Proposition (3.1) we obtain

P

RHSSS,,(a,A,p*)( f |y|~”"n|un¢w|‘1dx)" +o(1).
RN

And we have
V(17 n ) = D17 VCatah) + V|t
Since ¢y has compact support in R and vanishes near {y = 0}, applying Rellich’s theorem we

obtain V(|y|? Ju,¢ — 0 in LP(RY) and

f WP lungypl”dx — 0.
RN

We also have

f IV (¥l 7 )P dx = f Iy V(ttup)Pdx + o(1).
RN RN
Thus we have
a Na_ * 1%
f V(Y7 up )P dx < S (a, 4, p*)( f N dx) +o(1).
RN RN

Hence applying Sobolev inequality we obtain

P P

s,,( f |<|y|i?un¢w)|”*dx)” ssp(a,z,p*)( f |y|N”?|un¢w|P*dx)" +o(1).
RN RN

Now since S p(a, 4, p*) < S, we obtain &N IyINNfHP lupl?” dx = o(1).
ie. fk IyINN%vlu,,I"*dx = o(1) which is a contraction to (4.13). Hence u # 0.

Next we claim u, — u in D"?(R", |y|dx). To prove the claim, notice that since u, — u # 0, u
solves (1.1). Thus

f (y1“IVul? = Ay Pl )dx = f b |uldx
RN RN
9
-4 a a— ’
< Sya gy ( f (' 1vul” = Ay P|u|f')dx) -
R

Since u # 0, we can conclude f (W IVul? = A1 PlulP)dx = S ,(a, 4, q)ﬁ. By the lower semi
RN

continuity of the norm in D'"»(RV |y|%dx) we have

f (Il = A Plul”) dx < S p(a, 1, g7
RN

Hence f (Y“IVul? = Ay1*PlulP) dx = S p(a, 4, q)ﬁ i.e. Sp(a, 4, q) is achieved by u and u, — u in
RN
DRV [yladx). O
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Proof of Theorem 1.2.
(i) We have already seen that S ,(a, 4, p*) < § . Now

f (IVuI‘” - Aﬂv’)dx
RN y

§,0,4,p") = inf >

ueDVP(RV),uz0 AV
RN

Thus 1 <0 & §,(0,4,p") > § . i.e. for 4 < 0 we have §,(0,4,p") = §
N-p

14| P-T

7
Let us consider u as the Aubin-Talenti function i.e, u = ( L ) . We know that u € D'"?(RY)

and §,, is achieved by u. Now if 4 > 0 then

f (IVul? = A2 P)dx
RV y

S,0,4,p") < T
(L)
RN
Af 1217 dx
RV Y
= Sp-— =
(L)
RN
< 8,

Hence § ,(0, 4, p*) is achieved if and only if 0 < A < 4.

(ii) Define Ao = A, “11\\; [l) z\ffa < 0. Now consider u as in (i), i.e. the Aubin-Talenti function. Therefore

f(lyI“IVul” D" PluP)dx - < (

)pa #
(1 (N- p><N+a>)f bIFVuldz.

“U\VulPdx
N N-p—ap-1) jﬂ;}vl)’ll |

N-p N+a e . =
( f 5 dx)
RN

And the RHS of the above expression is less than equal to S, by Theorem 0.2 in [15]. Hence

Ao
) yI“IVulPdx
RN

Hence

S (@, A, p*) <

we have S ,(a, Ao, p*) < § . Now as the map A + S ,(a, A, p*) is continuous and non increasing,
we have S ,(a, 4o — &,p") < §, for £ is small enough. We can also conclude the theorem using

A+ §,(a, A, p*) non increasing function. O

S Cylindrically symmetric solution and break of symmetry

Define D'

cyln

(RY, [y|“dx) to be the subspace of D'"*(R", |y|dx) such that

Db ®Y,Iyldx) = {u € DYPRY, Iyl*dx) : u(x) = u(lyl, 2)}.
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Proof of Theorem 1.3. Let us take u € C ((Rk \ {0}) x RH) and u(x) = u(lyl, z). Then

f (|y|“|Vu|de—A f |y|“‘P|u|P)dx
RN RN

( f |y|-bq|u|‘fdx)”

RN

00
14
- f f (r‘”k_l(u% +|V.u?)? - /lr“_p+k_1|u|P) drdz
e RN—k 0

Wi - o
q
( f f r("qk”)lulqdrdz)
RN+ Jo

We can conclude RHS of the above expression is positive by applying Hardy’s inequality (2.7) and

Hardy-Sobolev type inequality (1.4) with k = 1, i.e N is replaced by N — k + 1 and a is replaced by
a + k — 1 which is strictly greater than p — 1. And correspondingly we see b, will be replaced by
N—k+1—%(N—k+1—p+a+k— 1) which is equal to b, — k + 1.

Therefore we can define
f (IyI“IVMI”dx -4 f IyI“_pIMI”) dx
. RN RN
Sp,cyln(a, A, 61) = inf

ueDLh RN |yladx) uz0 o ¢
’ 1™ uldx
RN

which is positive. We claim that S , .y(a, A, ) is achieved in Di;";n(RN , [y|“dx) since because of the

(5.14)

reduction of dimension in cylindrically symmetric case, problem (1.1) with critical exponent g = p*

reduces to the subcritical problem in R¥ %!, Therefore we can conclude the theorem in the same

way as the proof of Theorem 1.1, only we have to take the cut off functions to be cylindrically

symmetric i.e ¢(y, z) = ¢([yl, 2). |
It is clear from the definition of S, ¢yix(a, 4,q) and S ,(a, 4, q) that § ,(a, 4, q)

< S,em(a, A, q). Now notice that if S,(a,4,q9) < S, cum(a, 4, q) then u can not be cylindrically

symmetric i.e. break of symmetry occurs if S ,(a, 4, ) is achieved by u.

Proof of Theorem 1.4. Let us recall the definition of A(x) and B(u) from Section 3. We also define

Ou) = %. We will prove this theorem by contradiction. Assume u is cylindrically symmetric

local minimum of Q in D'*(R¥, |y|%dx). Since Q is homogeneous we can assume B(u) = 1. Thus
we have
Q' w.v=0, Q"wlv,v] >0 Yve D"PRY, |y|"dx).

By computing the derivative we get from above that
A'(w).v = Qw)B' (u).v and A” (w)[v,v] > Qw)B"” (u)[v, v]. (5.15)

From the definition of B(x) we can compute
[

q
B’(u).v=p( f |y|"’q|u|q) f P ul?2uy = p f 2|l 2 uy.
RN RN RN
And similarly

2
B”(u)[v,v]=p(u( f |y|‘b4|u|4‘2uvdx) +(g-1) f |y|‘bq|u|ﬂv2dx],
q RN RN
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A"y, v =p(p—1) (f (It Vul? =29 — /llyl""’lul”‘zvz)dX)-
RN

Now let us choose the test function v = u¢; where ¢, € H'(S*!) is an eigen function of the
Laplace-Beltrami operator on S*~! corresponding to the smallest positive eigen value, that is

1
ISE1] Jgren

=1, fs ¢1=0, ~Asd1 = (k= 1)y,
Therefore using this test function we obtain B” (u)[v, v] = p(q — 1). Now note that,

Vo> = @11Vul® + u? [V * = ¢11Vul® + [y Vo i .
Since p > 2, we have

A" (w)[v,v]

p(p = 1X( f 1 1Vul] + (e = D2 Va2 uf?
R

— APl A ?)dx)

IA

p(p = Dn(w)

+ p(k—l)(p—l)(f Iyl IVMI”) (f v plulp) .

Hence from (5.15) and using the relation B(u) = 1, that is Q(u) = A(u) ,we have

plg=DA@W < p(p-DA)

plk=1)(p - 1)(LN IyI“IVMI”) ! (f v plul”)

IyI“IVuI” = AP lulPdx

+

A(u)

p=2

-1 1
(p )(k )( f Halwp)
( f i ”Iulp) (5.16)
RN
f IV
RN

P lul?

kepta (p=Dk=1)

q-p

Now set t > 0 such that #” = . Also seta = . Thent > a. Also sety =

RN
Hence from (5.16) we obtain 1 > #” — y*~2. Now using elementary calculus we can calculate
infimum of t — #” — yt”~% on the set {t > «}. Therefore we obtain

A > a’—ya’?if p=2 or aZp—k+(yp(p—2))%
1 > —Z(Z)g(p - 2)ng otherwise
4
Therefore if we choose A such that
A < aP—ya??if p=2or aZp—k+(7p(p—2))%
A < —2(Z)g(p - 2)% otherwise
P

then no minimizer of S ,(a, 4, g) is cylindrically symmetric that is S ,(a, 4,q) < S p cyin(a, 4, @). ]
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