Advanced Nonlinear Studies 12 (2012), 533-553

Dual Spaces of Weighted Multi-Parameter Hardy Spaces
Associated with the Zygmund Dilation *

Xiaolong Han, Guozhen Lu] Yayuan Xiao

Department of Mathematics
Wayne State University, Detroit, Michigan 48202

e-mail: xlhan@math.wayne.edu, gzlu@math.wayne.edu, and xiao @math.wayne.edu

Received 01 February 2012
Communicated by Shair Ahmad

Abstract

In this paper, we apply the discrete Littlewood-Paley-Stein analysis to prove the duality
theorem of weighted multi-parameter Hardy spaces associated with Zygmund dilations,
ie., (HZ(w))" = CMO%(w) for 0 < p < 1. Our theorems extend the H>, - CMO?, duality
theorems established in [13] (see also [12]) for non-weighted multi-parameter Hardy spaces
associated with the Zygmund dilation.
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1 Introduction and statements of main results

The celebrated H'(R") — BMO(R") duality theorem was proved by C. Fefferman and E. M. Stein
[5, 9] in one-parameter case. In multi-parameter setting, S-Y. A. Chang and R. Fefferman [2, 3]
proved that the dual space of the product H'(R? x R2) is the product BMO(R? x R?), using the bi-
Hilbert transform. We also refer the reader to Ferguson and Lacey [10] for another characterization
of the product BMO spaces.

Among the multi-parameter structures, the Zygmund dilation is perhaps the simplest one after
pure product space dilations. (See R. Fefferman’s survey [7].) Recently, Y. Han and the second
author [11, 12, 13] developed a unified approach to multi-parameter Hardy space theory by using
the discrete multi-parameter Littlewood-Paley-Stein analysis, and the Hg: -CM 02 duality theorem
in [13] is one of their main theorems, where Hg: is the multi-parameter Hardy space associated with
the Zygmund dilations and CM Opz is the Carleson measure spaces associated with the Zygmund
dilations.

*Research is partly supported by a US NSF grant DMS-0901761.
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The main result in this paper is to characterize the dual spaces of the weighted multi-parameter
Hardy spaces associated with the Zygmund dilations, that is, (Hg(a)))* = CMOg(w) for all 0 <
p <1 and w € Ax(Z). Such Carleson measure spaces CM OPZ(a)) play the same role as the John-
Nirenberg BMO spaces in the duality H'(R") — BMO(R") in the one-parameter setting when p = 1.
In the pure product setting with arbitrary k parameters, the dual spaces of weighted Hardy spaces
HE(@R™ x - -« x R™) for the weight function w € A, (R™ X - - - X R"™) have been identified in [17].

Let us first establish the preliminaries for the Zygmund dilations and recall the related back-
ground briefly. In R3, the Zygmund dilation is given by p,,(x,y,z) = (sx, ty, stz) for s,¢ > 0, and the
maximal operator associated to the Zygmund dilations is defined by

1
Mzfxyo) = sup fQ 7l (1)

(xy,2)€Q
Qe?{z

where Rz is the class of rectangles whose sides are parallel to the axes and have side lengths of the
form s, ¢, and st. As a special case of Cérdoba’s solution [1] of Zygmund’s conjecture, the operator
Mz is bounded from the Orlicz space Llog* L(Q1) to weak L'(Q;). (Q; is the unit cube in R3.) The
weighted L boundedness of Mz for 1 < p < co was proved by R. Fefferman [6]. ( See also [8].)
Various generalizations can be found in [16].

Ricci and Stein [19] introduced the singular integral operator 7z as Tz = Kz * f and proved its
L? (1 < p < c0) boundedness, where

_2(j X y <z
Kz(r32) = 3,220 ).

247 2k 2tk
Jik
and the functions ¢, on R? satisfy

f . @ir(x,y,2)dxdy = f ix(x,y,2)dydz = f @ix(x,y,2)dzdx = 0.
R R2 R2

R. Fefferman and Pipher in [FP] further showed that 77 is bounded in weighted L!, spaces for
1 < p < oo when the weights w satisfy an analogous condition of Muckenhoupt associated to the
Zygmund dilation (see below). In fact, they proved that if K is the kernel of the Ricci-Stein operator
Tz satisfying the above cancelation condition, then Kz can be decomposed into Kz = K(Zl) + K(Zz)
such that

ng)(x,y, 2)dx = O,f Kg)(x, v,2)dydz = 0
R R2

f K2 (x,y,2)dy = 0, f K2 (x,y, 2)dxdz = 0.
R R2

Subsequently, they proved that each of the operators with the kernels K(Zl) and K(Zz) are bounded on
Ll forl < p < oo.

The authors in [13] proved that both the convolution and non-convolution type Ricci-Stein oper-
ators are bounded on H% and BMOz'. In [15], the boundedness of Ricci-Stein singular integrals on
weighted multi-parameter Hardy spaces Hg(w) when w € A, () was established. It is interesting
to note that we only require w € A () which is much weaker than the usual requirement w € A,
for boundedness of singular integral operators on weighted Hardy spaces. Using the A, weight to
consider the boundedness of singular integrals on weighted multi-parameter Hardy spaces seems to
be first used in [4]. (See also [18] for the case of more parameters.)

The multi-parameter Hardy space associated with the Zygmund dilations H”, is defined in the following content, see
[13] for more information, where one can also find a nice historical note in the introductory section.
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Let us denote by S(R") as the space of Schwartz functions in R”. The test function defined on
R3 is given by
Y(xy,2) =y P 3, 2),
where ¢ € S(R) and y® € S(R?) satisfy

Z D@ g = 1 for all & € R\{0),

JEZ
D WO, 27 )P = 1 forall (42, £) € R2\((0,0)),
JEZ
and the moment conditions
f ¥y P@dx = f YR, dydz =0
R R

for all integers @, 3,y > 0. By taking Fourier transform, it is easy to see the continuous version of
Calder6n’s identity

FG03,0 = D s ik s F063,2), (1.2)
ik
where
Yia(x,y, 2) = 2200y 27 )@ 2Ky, 27%7), (1.3)

and the series converges in L*(R?).
Now we define the Littlewood-Paley-Stein square function of f associated with the Zygmund
dilation,

1/2
8z(Hxy,2) = {Z W g fCx, Y, z)lz} . (1.4)
Jik

From Ricci and Stein’s L” boundedness of the operator Tz, together with the L*> convergence
of Calder6n’s identity, one can obtain the L” estimate of gz as [[gz()llr = ||fllzr for 1 < p < oco.
Precisely, there exist two constants Cy, C, > 0 independent of f such that

CillAllzr < llgz(Pllzr < Collfllzr- 1.5

To apply this Littlewood-Paley-Stein analysis to Hardy spaces and weighted Hardy spaces, we
need to introduce a proper test function space.

Definition 1.1 A Schwartz test function f(x,y,z) defined on R? is said to be a product test function
onRxR?if f € SR?) and

fx"f(x, v,2)dx = f V2 f(x,y,z)dydz = 0
R R?

for all nonnegative integers «, 3, and y.
If f is a product test function on R x R?, we denote f € Sz(R3) and the norm of f is defined by
the norm of Schwartz test function. We denote the dual of Sz(R®) by (Sz(R?))'.

Since the functions ; constructed above belong to Sz(R?), so the Littlewood-Paley-Stein
square function gz can be defined for all distributions in (Sz(R3))’. Thus for 0 < p < oo, the
multi-parameter Hardy space associated with Zygmund dilations can be defined as

HORY) = {f € (SzR)) : gz(f) € 'R},
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and H;(R3) = LP(R3) for 1 < p < oo follows immediately from (1.5) above. See [12] and [13] for
the thorough study of such H; spaces including the duality theory and boundedness of convolution
and non-convolution operators associated to the Zgymund dilations.

Given 1 < p < oo, a nonnegative function w on R? is said to belong to A,(Z) if

1 1 N
sup | — | w|l—= | w7 = ||lwlla,z) < 0.
Qez?z(lQifQ )(lQifQ ) 4@

When p = 1, w € A;(Z) if there exists C > 0 such that Mz(w)(x) < Cw(x) for almost every x € R>.
Finally, we define
42 = | 4@.

1<p<eo

Notice that if w € Aw(Z), then w € A, (L), where g, = inflg : w € A,(Z)}. Now let us
introduce the two spaces that we study in this paper.

Definition 1.2 (H%(u))) Let 0 < p < o0 and w € An(Z), the multi-parameter Hardy space associ-
ated with the Zygmund dilation is defined as H%(a)) ={fe (SZ(R3))’ cgz(H el Iff e H%(a)),
the norm of f is defined by ||fll () = lgz(Fllzs-

Definition 1.3 (CMOPZ(a))) Let0 < p <1, we Au(Z) and Y j; be the same as in (1.3), we say that
fe CMO{’Z(w) iffe (SZ(R3))’ with the finite norm ||f||CMog(w) defined by

2
1 5, I xJxRP
Sgp{w(Q)il Z Z [k * fCx,y7,28)] WU xIxR [

Jik IXJXRCQ

where the supremum is taken over all open sets Q in R3 with w(Q) < oo, I, J, and R are dyadic
intervals in R with interval-length €(I) = 277N, £(J) = 27N, and €(R) = 277752 for a fixed large
positive integer N, and xj, y;, and zg are any fixed points in I, J and R, respectively.

Remark 1.1 In Definitions 1.2 and 1.3 above, the definitions of H%(w) and CM OPZ(a)) involve iz,
to show these definitions are well defined, we need to prove that they are independent of the choice
of functions ;. Precisely, we use sup-inf comparison principle of first kind as Theorem 2.2 in
Section 2 to show that Hg(w) is well-defined and the following sup-inf comparison principle of
second kind, which is one of our major theorems, to prove that CM O’é(w) is well-defined.

Theorem 1.1 (Sup-inf comparison principle of second kind) Let 0 < p < 1 and w € A(2D).
Suppose YV, ¢V € SR), y'?,¢@ € SR?), and Y1, ¢;x are defined as in (1.3). Then for f €
(Sz®R?),

[STE

! IxJxRP
SUP{—Z Z sup |lﬁj,k*f(u,v,w)|2w}

o | w@)r ™ G g uelvelner w(I X JXR)
1
1 . I x J X R
X supe——s— inf g flu, v, W) ————— b .
Q {w(g)p—l %‘J I J;;gg uel,veweR w( X JXR)

where Q are all open sets in R3 with w(Q) < oo, I, J, and R are dyadic intervals in R with interval-
length £(I) = 2797N, €(J) = 275N and L(R) = 2777%2N for a fixed large positive integer N.

Then we can prove that the space CM 02(&)) is exactly the dual space of H%(w) forO<p<1.
More precisely,
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Theorem 1.2 (Hg(a)) - CMOPZ(a))) Let0 < p <l and w € Ax(Z). Then (H%(a)))* = CMOPZ(a)),
namely the dual space ong(a)) is CMO%((A)). More precisely, if g € CMOPZ(a)), the map t, given
by €,(f) =< f,g >, defined initially for f € (Sz(R%)Y, extends to a continuous linear functional on
HY(w) with ||l ~ lIgllemonw)- Conversely, for every € € (H%(w))* there exists some g € CMO%(w)
so that £ = {,. In particular, we denote CMO}Z(w) by BMOz(w) and then (le(cu))* = BMOz(w).

Finally, combining the boundedness of Ricci-Stein operators Tz on weighted Hardy space
H lz(w) derived in [15] and the above duality theorem, we can deduce immediately the following
boundedness theorem of 7z on BMOz(w).

Theorem 1.3 Assume w € A(Z). Then the Ricci-Stein operator Tz is bounded on weighted space
BMOz(w).

The rest of our paper will be organized as follows. In Section 2, we collect several known results
on the discrete Calderdén’s identity and sup-inf comparison principle of first kind which are used
to prove that Hg(w) is well-defined. In Section 3, we show the well-definedness of CM Opz(a))
using sup-inf comparison of second kind and almost orthogonality estimate. Section 4 is devoted to
proving the duality theorem, namely, Theorem 1.2.

We shall point out in the end of the introduction that the main tool in this paper, the discrete
multi-parameter Littlewood-Paley-Stein analysis, is a relatively unified theory with a whole scheme,
some theorems and lemmas we use here originate from the work [13]. An interested reader should
consult the papers [11, 12, 13, 14] and related works mentioned therein. (See also [4], [18] and [17]
where some nice application of the discrete Littlewood-Paley-Stein analysis was given in weighted
setting.)

2 Discrete Caldero6n’s identity, sup-inf comparison principle of
first kind

To show the definition of H%(w) is independent of the choice of functions i ;; and thus well defined
in Definition 1.2, we need to recall some results associated with the Zygmund dilation. First, we
require the discrete version of Calderén’s identity.

Theorem 2.1 (Discrete Calderén’s identity) Suppose that  j; are the same as in (1.3). Then

Fy.2) = 3 3 MR 406,25 %0, Y0 200 W g G515 2) 2.6)

jk LJR

converges in Sz(R?) and its dual space (Sz(R?))', where I, J, and R are dyadic intervals in R with
interval-length €(I) = 277N, £(J) = 275N and K(Ii) = Jk=2N for a fixed large integer N, xj, y,,
zg are any fixed points in I, J, R, respectively, and i (x,y,z, X1,Y1,2r) € Sz(RY).

The complete proof of Theorem 2.1 is contained in [13], for the reader’s convenience, we provide
a sketch of the proof here. An observation shows that the continuous version of Calderén’s identity
(1.2) converges in the norm of Sz(R?) and in the dual space (Sz(R?))". The explicit expression of
%,k(x, ¥,2, X1, Y7, 2g) can also be found in [12, 13].

The discrete Calderén’s identity enables us to derive the following weighted version sup-inf
comparison principle of first kind, whose proof is included in [15]. It is an extension of the non-
weighted one first derived in [12, 13].
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Theorem 2.2 (Sup-inf comparison principle of first kind) Let 0 < p < 0o and w € A(Z), sup-
pose YV oD e SR), Yy, ¢? e SR?), and Vi ¢k are defined as in (1.3). Then for f €
(Sz(®Y)Y,

l—

Jk IJR uel,veJweR

||{ZZ sup |wj,k*f(u,ww)Fm@)m(-)m(-)} e @7)

~ | {sz,gg}fwaﬁk*f(u,v,w)|2x,<-)xj(-m<~> iz

jk LIR

where I, J, and R are dyadic intervals in R with interval-length ¢(I) = 277N, £(J) = 275N and
L(R) = 277752V for a fixed large positive integer N, i, x;, and xr are indicator functions of I, J,
and R, respectively.

From this sup-inf comparison principle, we introduce the discrete Littlewood-Paley-Stein square

function 1

2

g5 (N(xy,2) = {Z DI+ POy 2P Gr@) 2.8)

jk LIR

from which we can conclude the H%(w) norm of f can be characterized using a discrete form

1l e =~ N8 Z Pl

Thus, we conclude that H’Z’:(a}) is well-defined by Theorem 2.2.

3 Proof of Theorem 1.1

The purpose of this section is to get the sup-inf comparison principle of second kind, i.e., Theorem
1.1, to ensure that the space CM 0’%(w) in Definition 1.3 is well-defined. First, we recall an “almost
orthogonality lemma”, and refer the reader to [13] for its detailed proof.

Lemma 3.1 (Almost orthogonality estimate) Ify, ¢ € Sz(R?), define
2 2, X z
Yes(3,0) = 25729, 2, )
t s ts

and ¢y ¢ is defined similarly. Then, for any positive integers L and M, there exists a constant
C =C(L,M) > 0 such that

|wl,S * ¢f’,3"('x7 Vs Z)' (39)
s_’)L (v (sV M
sTVE DM (s v+ y] + %)M”

t t, s
< C(=AN=)(=A
(t, t)(s’

wheret* =tifs> s, ' =t ifs< s, tAs=min(t,s), andt V s = max(t, s).

Together with the discrete Calderén’s identity and some geometric properties of multi-parameter
rectangles, Theorem 1.1 can be proved by a delicate study of the Zygmund rectangles. Its proof
adapts ideas from the proof of the nonweighted version given in [13]. We carefully incorporate the
weight function w into the argument. For completeness, we include a detailed proof here.

Proof. [Proof of Theorem 1.1] For simplicity, we denote f;x = fp, where Q = IXJXR C R3,1,J,and
R are dyadic intervals in R with interval-length £(I) = 27N, £(J) = 27%°N_ and {(R) = 27/7¥2N for
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a fixed large positive integer N. While x;, y;, and zz are any fixed points in /, J, and R, respectively.
Then, we can rewrite the discrete Calderén identity (2.6) on (Sz(R?)) as

faey=>" Y IR G, y,2 %030 2o * [)r, Y0 2).

K Q'=I')XJ'XR’

Thus, for all (x,y,z) € O,

Yo * f(x,y,2) = Z Z Q' * o (X, 3,2, X1 Y 2w Wb * X, Y5 2,

J .k Q' =I")xJ'XR'

where I’, J/, and R’ are dyadic intervals in R with interval-length £(I") = 277N, £(J’) = 27¥ =N and
{(R") = 277K 2N for a fixed large positive integer N. While x;., y;», and zz are any fixed points in
I',J',and R’, respectively.

From the almost orthogonality estimates (3.9) in Lemma 3.1, by choosing t = 27/, ¢/ = 27/,
s=2% and s =27,

o * f(x,y,2) (3.10)
s\ L s\ L 1\M
(T J | IV |1
< C ) QW#?ﬂﬁ)“AAb” 1v9|LyPMH
o= (VI +dI, 1))
(71 v 1M

PV ]+ d(d, J7) + LR e

lpo * fCxr,yp, )P

where d(I, I’) denotes the distance between the two intervals 7 and I’, |Q’| = |I'||J'[|R’], t* = |I| when
|[J| > |J’|, and ¢* = |I'| when |J| < |J’|, the constant C depends only on M, L, and functions ¢ and ¢.
Write

2
Po=sup [o* f(x,y,2,
xel,yeJ zeR

and

Fo= _inf 3
@7 relyelzer léo * f(x,y,2)l

Since xp, y;, and zg in (3.10) are arbitrary in I/, J* and R’, we have

I X JxR? — , L xJ xR?
— T mlesC nQ,0VP(Q,. Q) ———7-Fo (3.11)
ngwlixR) Qg%g w(l’ X J' XR")
where s L )
— 1 '™ "N IR R\~ w’ xJ' XK
r(Q’Q,):(uAu) (|J|A|J|) (uAu) ol X J X R)
iy 1] IR'l IR w(I X J XR)
and
, (1) v Mt (I v Mt
P(Q’ Q ) , INYM+1 d(R,R")
(v I’ +dl, 1)) IV 17| +d(J, J7) + LERD e
IRV IR'|

“FUINV D + rd ) + dR.R)

Since w € Ax(Z) and Q C Q’, there exists ¢, and 1 < g, < co such that

wI’ X J X R <C [’ x J/ x R'|\*
Ww(IXJXR) — [I X JXR|
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Thus,
H0,0) <10, Q),

here N N R IR

Q.97 = (|1'| |1|) (|J'| 4 |J|) (|R'| 4 |R|) :
‘We thus have

1 0P 1 , , Q')

: P <C—— n(Q, QVP(Q. Q) Fo——-. (3.12)

w(@Q)i! QZQE w0 T ! QC;CQ Cw(Q)

To show Theorem 1.1, we only need to estimate the right hand side of (3.12). That is, to prove
that it can be controlled by
IQ’I2
wp—L— 3

2 W@ b

Fori, 1 > 0, set . . ‘
Qi = U 3211 x 217 x 21*1R).
Q=IXJXRCQ

Then, write
Boo=1{Q' =1'xJ xR :30' nQ" £0),

and fori,[ > 1,
Bio=1Q =T xJ xR :3Q7T xJ x2R)NQC £ 0,327 x J' x27'R)n Q" = ¢},
Boy=1Q =T xJ xR :3(I'x 27 x2'R)Yn Q™ £ 0,31’ x 271" x 27'R) n Q% = ¢},
Biy={Q =IXJ xR :3QT x2'J x2*RYN Q" £ 0, 3271 x 271 ) x 22R) n Q' = 0).

Note that since | J = |J | , the right hand of (3.12) can be bounded by
0 il>0Q'eB;

=D DIRSIPILSIDILS ) am

2
(Q) 0CQ | Q'eBoy i1 Q'€Biy 121 Q'€By; i,l>1 Q'€By;
10’12
w(Q)

xr(Q,Q"P(Q, Q) - Fo
2 [+ I+ +]1V.

Here we only show the estimate of /, then the estimates for the other three terms can follow
similarly. Notice that if Q" € By, then 3Q" N Q" # 0. Let

’ / 1 4
FOO={Q € Bop : 30 N Q" > 30N,

00 _ 0,0\ =00
Dy =F,\F s

QOO U Q

QeDOO

and

where 7 > 0 and 7 io = (0. Without loss of generality we may assume that for any open set Q c R,

lI x J X RP?

2
PXIXE g < Co@)r, 14
W xTx R Q= Celd (3-14)

Q=IXJXRCQ
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Since | D = By, we have
h=0

1 (o4
I<——— r(Q,0YP(Q, Q') - Fy (3.15)
w(Q)r! Zth/EZZ):ZlUQzCS:) w(Q)

To estimate (3.15), for each Q' € Byg and i’,I’,v" > 1, we decompose {Q C Q} into § pieces as
follows:
Ao0(Q) ={0CcQ:d(I) <INV, d(J,J) < U VIJ,dR,R") < RV IR'|},

Avoo(@) ={Q c Q: 27N (N V) < d(I,I') < 2" (1 V), d(1, ') < 1TV 1T,
dR,R) <IRIV IR},

Agro(@)={Q c Q:d(.I) <INV, 2" (I VD) < d(L ) < 2" () v T,
dR,R) <RIV IR},

Apo(Q) =10 CQ:dU ) <V II'|, dJ,T') < |V T,
2"7Y(RI VIR')) < d(R,R') < 2" (IR| V IR},

Arro(Q)={Q cQ: 27NN V') < d,T) < 2° (1) v |I')),
27NV ) < d(L T < 2"V ), dR,R) <RIV IR'|),

Apow(Q)={0cQ: 27NNV ) <dd,I') <2°(11 VI, d(J, ) < [TV ],
2"7Y(RI VIR')) < d(R,R') < 2" (IR| V IR},

Aorw(Q) =10 CcQ:dI) <INV, 2"V D) < d(d, ) <25 () v D),
2"7Y(RI VIR')) < d(R,R') < 2" (IR| V IR},

App (@) =10 cQ: 271NV II') < dU, 1) <27 (1| v |I')),
27NNV ) < d( ) <28V D,
2"7Y(RIVIR')) < d(R,R’) < 2" (IR V IR'))}.

Then, (3.15) becomes
e LY S r000p0 0 me 2L
w(Q)

Nl
w(Q)r T 0l 00

030 WD RN

2
Q)7 T gept0 Qedono(@) =1 0chyon(@)

PIEDIRIIEDINEDNED)

I'21 QeAgr o(Q') V21 Q€Ago/ (Q) I I'21 QeAy p o(Q')

DDV N
V21 QeAy o (Q)  IVv21 QeAgy v (Q) I V21 Q€Ay p v (Q')
HO.0)P(0. Q) Fo 2L
w(0)

= L +---+1Ig.

In the following proof, we will give the estimates for /; and I, separately and the estimates for
b, I3, Is, Is, I7, and Ig can be handled similarly.
(i). To estimate

h=—— Y Y Y 0w F 2l (3.16)

2 7y’
W )7 TH greppo Qedogo(@) (@)
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we divide {Q € A 0(Q’)} into 6 cases, and note that 30 N 3Q" # O for Q € App0(Q’).
Case 1. |I'| > ||, |J’| < |J|, and |[R’| < |R].

We will use a similar idea of analyzing geometric properties of the intervals (such analysis is
similar to what was used in [3] in a less complicated situation). Since

I 9
Lo = 111 x 37| % BR'| < 930 1 30| < B0 0 Q] < ——

AT 53

then |I] < 27"3|I’| and thus |I'| ~ 2"~>*"|]| for some n > 0. Moreover, for each given such n, the
number of such I’s is no more than 5 - 2", As for J, we have |J| ~ 2"|J’| for some m > 0 and for
each m, the number of such J’s is no more than 5. Since |R| = |I| X |J] and |R’| = |I| X |J’|, we have
[R| ~ 2-0=5+m2mR’| Note that |R| > |R’|, thus m > h — 5 + n. Furthermore, for each fixed n and m,
the number of such R’s is no more than 5. Thus,

> 10, 0)PWQ. Q)

Case 1
< cy (ﬂ)L_"“_z (m)L‘W (= )““‘2 R
- Case 1 |I/| |J| |R| |I||J|
< C Z Z A(5=h-n)L=G,=2) . 9=m(L-qu=2) , p(h=5+n-m)(~q,=2)  Hn
n>0 m>0
< C 2=hL [ SL  =—m(L-2q,=4)  H—4n
< 2
Case 2: |[I'| > |I|,|J’| < |J], and |R’| > |R).
Since
M|3Q'| = | x3J| % |R| <3130’ N 30| <3130 N Q™| < i|3Q'|,
I3I7|13R’| 2h-1

then |I'||[R’| ~ 2"3*"|1||R|. As for J, |J| ~ 2"J’|. So for each m, the number of such J’s is no more
than 5. Noting that |R| = |I| x |J] and |R| = |I’| x |J’|, we have |I'||I’||J’| ~ 2"=3*"|1||1||J|, which yields
that |[I’|? ~ 2/=3+mm|[2 that is, |I’] ~ 2=5+"+m/2|[|. Hence for each n and m, the number of such
I’s is less than 5 - 2(+m+1/2 Since we can obtain that |R’| ~ 2%=5*"=/2|R| and |R’| > |R|, we have
m < h —5 + n. For each fixed n and m, the number of such R’s is less than 5 - 2(#=3+1=m/2 Thyg,

> HQ, QHPQ, Q)

Case 2
c Z (ﬂ)L_%)—z('J/')L_%»_Z( |R| )—qw—Z |R/|
L \ir ] T

C Z Z 2%(5—h—n—m)(L—qm—2) A 2—m(L—qa,—2) . 2%(5—/1—"‘*'771)(—61“—2)211‘*'"

n>0 m>0

- Z Z 2-h5=0=3) | 93L-56,-10  p=n(k=q,=3) . p-m(3L-2q,~4)
n>0 m=0

< cribad

IA

IA

Case 3: |I'| < |I),|J’| = |J|, and |R’| < |R|.
This can be handled in a way similar to that of Case 1, and we have

D 0. 0)PQ. Q) < 27,

Case 3
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Cased: |I'| < |1),|J’| = |J], and |[R’| > |R|.
This can be handled in a similar way to that of Case 2, and we have

> 10.0)P(©Q. Q) < C2 M),
Case 4
Case 5: |I'| > |I|, IJ'| > |J|’ and thus |R/| > |R|
Since 1
X1/ R < 3Q' 1301 < 3’ N Q"] < 71301

then |Q’| ~ 2" 1*"|Q| for some n > 0. Note that for each n, the number of such Q’s is less than

(2™)3 = 23", More precisely, we have 4 NJD? ~ 2= 1)1J)?. Thus,
> 1O, 0HPQ, Q)

Case 5

¢y ( 1171 )”“2( R )‘“ IR
7117] R1) I

Case 5
C Z 7= (Lgu=2) | 9="F(=q,=2)  3n

n>0
= C Z z—h(%—qw—Z) . 2%—%—2 . 2—n(%—qm—5)
n>0

< C2MGrwd),

IA

Case 6: |I'| < |I|,]J’| < |J|, and thus |R’| < |R).
Since 1
X1 IR < 130" 0 QY] < =30,
then we can see that in this case, 7 must be less than 3. From |I’| < |I|, we have |I| ~ 2"|I’| for some
n > 0 and for each given such n, the number of such I’s is less than 5. Similarly, from |J’| < |J], we
have |J| ~ 2™|J’| and for each m, the number of such J’s is less than 5. Hence we have |R| ~ 2"*"|R|,
and for each n and m, the number of such R’s is less than 5. Thus,

> HQ, QHPQ, Q)

Case 6

c Z ( |I/||J/| )L_%)_z ( |RI| )“]m_z |R|
L \THI] R

< C Z Z(z—n—m)L—qm—Z . (z—n—m)—qw—Z . 2—mL
n>0 n=0

- C Z Z 9=n(L=24,~4)  9-mQ2L-24,~4)
n>0 n>0

< C.

Before we combine these 6 cases above, observe that since IQg’OI < C2MQ00), 1Q%9 < Cl9Q,
and w € A.(ZZ), which is a doubling measure, together with (3.14), we have

—h(k-g,-3 0,021
D2 @0y
h

Z 2—h(§—qw—3)w(Ch22hQO,o)%—1
h

IA

Cw(QO,O)%—l
Cw(@Q)r ™.

IA

IA
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Thus, combining the above 6 cases, /; in (3.16) can be estimated as:

1 712
hos — ( +Z]r(QQ)P<QQ>FQ ]
w(Q) h Q,E@O.O Case 1 Case 5 w(Q)
01
— 3 3 Y H0.0)P0.0) - Fo o0
CU(Q)” h grepl® Case 6 Q
< C—— Z Z 2~h(5-4,-3) Fy 10"
w(Q)r1 T gen ¢ w©)
R 101
t— Fo—
w(a)n-‘hz_égéo,o Y w(©)
< 22 ~h(E =g~ 3)w(900)"1 Z Fo |01
w(g); 1 (900)7—1 oy @)
3 "
2 10
(QOO)P 1 F.
w(Q)ﬁ 1 ;w (900)7_1 Q%ﬂ() o w(Q)
< C;ZZ 122 (@) sup ——— > Fo 'Q/lf
@i 5 o W@y fob w@)
R 1 leds
t—— (h22h)" (Q)F sup ———— Fo
o s T 2 e
< Csup; Z FQ’ |Q'|2 ,
@ W@ s w@)

Y. Xiao

where we choose L large enough, and the estimate of /; is finished. Next we move our attention to

the estimate of I4.

(iv) To estimate

=D D)

Iy =
27
w(@Q)r T Q'en V1 Qedng (@)

similar to what we did in (i), we divide {Q € A, (Q")}
Case 1: |I'| > |1], |J'| < |J], and |R’| < |R).

rQ,0HP(Q.Q) - Fo

[o4§
w(Q)’

into 6 cases for each v/ > 1.

Note that in this case, 3(’ X J' X R)) N 3(I x J x 2"'R) # 0. Since

I
130

30| = |I| x 3| X 3R] < 30" N Q| <

T Lo,

(3.17)

then || ~ 2"~'*"|1| for some n > 0, and for each n, the number of such I’s is no more than 5 - 2.

As for J, |J| ~ 2™J'|.
2" R| < d(R,R’) < 2"|R|, which yields that 3R’ N3 -2"

R # 0. Moreover, from |R| ~

And for each m, the number of such J’s is no more than 5. Note that
2—(h—1+n)2m|R/|

and |R| > |R’|, we have m > h — 1 + n and for each fixed v/, n and m, the number of such R’s is less
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than 5 - 2. Thus,

> 10, 0)PQ, Q)

Case 1
|I| )L—qw—Z (ljll)L—(]w—z (|R;|)—qw—2
<cYc (_
C;l C;l 7] 71 IR|
(™! IR|

(1/1+ 25 llR\)M” 11111+ 2"~ RI

< C Z Z 2= (h=1+n)(L-q,=2) | 2(h—l+n—m)(—qm—2) . 2—m(L—qu,—2) LN 2—1/’(M+2)
n=0 m>0

< C Z Z 9L y=m(L-2qu=4) o-n(L-1) L o—v'(M+2)
n=0 m>0

< C2—hL2—v’(M+2).

Case2: |I'| > |1),|J’] £ |J], and |R’| > |R|.
Note that in this case, 3(’ X J’ X 2" R’) N 3(I x J x R) # 0. Since

IR , /00
|3I’||3R’||3Q [ = X3S XI|R <3O NQ™| < —— 2,1 55130
then |I’||IR’] ~ 2"="*"|[||R|. As for J, |J]| ~ 2"|J’|. So for each m, the number of such J’s is no more
than 5. Noting that |R| = |I| X |J] and |R’| = |I’| X |J’|, we have |I'||[’||J’| ~ 21171+”|I||I||J|, which yields
that |I’|> ~ 2/=14+m12 that is, |I’] ~ 2¢~1+7+m)/2|[|. Hence for each n and m, the number of such
Is is less than 5 - 2%+7+/2 - Also we can obtain that |[R’| ~ 2~1*=™/2|R|. Since |R’| > |R|, we have
m < h— 1+ n. Moreover, note that 2" ~!|R’| < d(R, R’) < 2" |R’|, which yields that 3- 2" R’ N 3R # 0.
For each fixed v/, n and m, the number of such R’s is less than 5 - 2(+=m/23V Thyg,

D HQ, QHPQ, Q)

Case 2
< c Z (ﬂ)L_QM—Z (|J/|)L—qw—2 (lRll)_%}_z
- &N\ |1 IR|
(UM IR'|
(|J| 2+ 2R
< C Z Z =55 (L=40=2) | 9=m(l-qu=2) | =" (~q,~2)

n>0 m>0

.2h+n2v’ 2—v’(M+2)
- C Z Z 95 =qu=1)  g=mC¥-qu=4)  y-n(5-qu=1) %5~

n=>0 m>0

< Cz—h(%—qw—l)z—v'(M+1).

Case 3: |I'| < |I),|J’| = |J], and |R’| < |R)|.
This can be handled similarly as Case 1, and we have

Z "Q, QP(Q, Q') < C27MpV(M+D),

Case 3

Cased4: |I'| < |I),|J’| = |J], and |R’| > |R|.
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This can be handled similarly as Case 2, and we have
D, Q. QOP(Q. Q') < Ca My (b,
Case 4

Case 5: |[I'| > ||, |J’] = |J|, and thus |R’| > |R].
Since

<X IR < 30" N QY| < —— 2h == B0,

then |Q’| ~ 2"~1#"|Q|. And for each v' and n, the number of such Q’s is less than 2" (2")*. More
precisely, we have AN D? ~ 28=1*(1||J))?. Thus,

D 10, 0P, Q)

Case 5
L—gu—2 ~qu-2

cey ( |1||J|) ‘ (|R|) ‘
A\ |R|

M I

(7] + 2""‘lR’l)M+l 1|17’ + 2 1|R|
< C 22(2721111—"7; 2% .V 93ny—VI(M+2)

n>0

< Cz—h(%—qm—Z) 9-1(5=4u=5) | 95 ~qu=2 )=V (M+1)
< C2 h 7%) 2 v (M+1)

Case 6: |[I'| < |I],|J’] £ |J|, and thus |R’| < |R].
Since

I x 17X IR < BQ" N Q% < =3¢,

2/1

then we can see that in this case, 4 must be less than 3. And from |I’| < |I], we have |I| ~ 2"|I’| and
for each n, the number of such [ is less than 5. Similarly, from |J’| < |J|, we have |J| ~ 2™|J’| and
for each m, the number of such J is less than 5. Hence we have |R| ~ 2"*™|R’|, and for each V', n, m,
the number of such R is less than 5 - 2”". Thus,

> HQ.0)PWQ. Q)

Case 6
771 \L=9w—2 —qu—2

o (T
= &\ R

oy IR|

(J] + 2’ ]\Rl)M+l []|J] + 2V 1R
< C 2 n(L-qu,=2) | 2—m(L qu=2) . 2(—n—m)(—qm—2) . 2v'2—v’(M+2)
< CZ_V/(M+1).

Thus, combining the above 6 cases, by choosing L and M large enough, I, in (3.17) becomes

Iy < Csup ——— Z o |Qlf
@ w@) ! faa T @@)




Dual spaces of weighted multi-parameter Hardy spaces associated with the Zygmund dilation 547

Using the same techniques, we are able to control the other 8 integrates for I, therefore give the

estimate for /, that is,
10"
I <Csup ———— Fo .
o @i QZ;) ¢ (@)

Similarly, /1, 111, IV in (3.13) can be bounded by the right hand side of the above inequality.
Hence the proof of the theorem is complete.

Finally we show that CM OPZ(w) is well defined as a corollary of sup-inf comparison principle
of second kind, Theorem 1.1.

Corollary 3.1 The definition of CMOpZ(a)) in Definition 1.3 is independent of the choice of Yy,
therefore it is well-defined.

4 Proof of Theorem 1.2

In this section, we prove the (H%(a)))* -CM O%(a)) duality theorem, i.e., Theorem 1.2, and we need
to introduce the following two sequence spaces.

Definition 4.1 (spz(w) and cpz(w)) Let w € An(2), j,k € Z, and I, J, and R are dyadic intervals
in R with interval-length €(I) = 277N €(J) = 275N, and ¢(R) = 27772V for a fixed large positive
integer N. The sequence s = {S;xjxr} IS said to be in the sequence space spz(w) if

1

2
Islle ) = ||{Z > |S1><JxR|2|I|_l|J|_l|R|_1X1(X)Xj(y)XR(Z)} ly <oo.  (418)

ik IXJXR

and the sequence t = {t;xjxr} is said to be in the sequence space c’%(w) if

IxJxR
S PR (4.19)

“t“cp (w) = sup 2
‘ 2 |w@)r! Tk IXJXRCQ w(I X JXR)

for all open sets Q in R with w(Q) < oo, and I X J X R run over all dyadic cubes with side-lengths
defined above.

We derive the following duality theorem for these sequence spaces.

Theorem 4.1 (spz(w) - cfz(a))) (spz(w))* = cpz(a)), precisely, let w € Au(Z) and 0 < p < 1, the map
which maps s = {Spxxr} 10 < $,t >= Y1 xr SixixRlixixr defines a continuous linear functional
on s’é(w) with operator norm ”t”(s‘;(w))* ~ ||t||CpZ(w), and every { € (s’z’:(a)))* is of this form for some
te c'%(w).

Proof. [Proof of Theorem 4.1] First we show that c’%(w) c (s‘"z(a)))*. Suppose t = {txxr) € c%(a))
and s = {s;xxr} € spz(a)), set

1

2

h63,2) =4 3 AspoelP U IR D Gxsxe@|
Jik IXJXR

which means ||S||spz(w) = ||All,z. Then we write Q; = {(x,y,2) : h(x,y,2) > 27}, and

1 1
Bi={IXJXR:wXxJXRNLQ)> Ew(IxeR),w(IxeRmQ,-H)s Ew(IXJXR)}'
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Thus,

Z Z SixJxREIXIXR = Z Z SIxJxREIXIXR-

Ji.k IXJXR i IXJXReB;

Note that 0 < p < 1, by Cauchy-Schwartz’s inequality,

| Z Z SixIxRIxJIxR|

i IXJXReB;
i 1
w(I xJxR) |’ _ L IxJxR )
< |SI><J><R|2—] [Frsrserl? —————
Z (,,ZR:B UXTXR| )\, ,Z,;B (I X J X R)
5 2y
w(I X J X R) L IXJTXR|
< |s ikl = |t gxr]” ——————
Z [IXJXZRE& o |I X Jx Rl IXJXZRGB,- e w(I X J x R)
1
N
2 wlI xJxR) )’
< Clltller e Z w(@)'* Z |S1XJXR|2—] )
i

IXJXReB; II X J X R|

Where the last inequality follows from the fact that if 7 X J X R € B;, then there exists 0 < 6 < 1
such that

IXJXRC{(x,y,2): Mz(xa)(x,y,2) > 0} = Q,,

together with w(ﬁi) < Cw(Q))), imply

1

1

2
» IXJXR| 11
D ol s | < Clll o @(€0)7 2.

IXJXReB; w(] X Jx R)
We claim for now
IxXJXR :
S Ispana AR L ey, (4.20)
IXJXReB; lI XJx R|

Assume this claim for the moment, then

| Z Z SrxxRExIxR|

i IXJXReB;

IA

i 1
Cliller (D, 27 (€))7

IA

Clitller, w1l

< C”t“C%(a))”S”A‘%(a))a
therefore cfz(a)) - (s"z(a)))*. To show the claim (4.20), it is sufficient to prove

|2a)(1><J><R)

|Srx xR
IXJXReB; |I X J X R|

<C f h*(x,y, 2)wdxdydz
Q\Q

because

f~ R (x, y, D)wdxdydz < 22D w(Q;) < C2%w(Q;).
Q\Q;y
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However,

j: hz(x, ¥, Z2)wdxdydz
Q\Q;iy

f~ D skl R i (ox s 0 r(wddydz

Q\Qis1 [ xR

Z 51 Rlzw((ﬁ,«\QiH) NI XJXR) wlIXJXR)

>
IXJXREB; w(I X JXR) [ X JXR]|
1 w( x J X R)
2 5 |Sli><R|2—,
I><J><ZREB,- II X J XR|

since for I X J X R € B;,
~ 1
w(@Q;NIxXJXR)) > Ew(lx]xR),

and |
w((Qiy1 NIXJXR)) < 50)(1 X J X R).

ThenI X JXR € ﬁi, hence
~ 1
w(Q\Q; 1) NI XJXR)) > Ew(l X J X R).

The claim is verified.

549

Next we shall prove that (spz((u))* C cpz(w). Let{ € (spz(w))*, then there exists some ¢ = {t;jxr)

such that Vs = {s;xxr) € sg(w),
£(s) = Z SIxIXREIXJXR-
IXJXR

For an open set Q in R* with w(Q) < oo, define

i

2

||s||sg.ﬂ<w>:{ f [ D0 IspeaalPHI VIR (X () e(@)

Q\/xJxRcQ

and

=

y2wI X JXR)
S = S —_— .

Then, by Holder’s inequality,

”s”sgﬂ(w)

P

7 4
f [ > |s,xm|2|1|‘|J|‘|R|‘x,<x>xj<y>xk<z>] wdxdydz
Q \1xJxRcQ

IA

1_1 — — —
W@ { f D skl IR o (s Gy r(wdxdydz
Q

IXJXRCQ

w(Q)r 1

1
Z 5 |2w(1><J><R)]2
IXIJXRl — 7 . 1 o1

IXJXRCQ |I X Jx Rl

1.1
w(QQ)r2 ”s”@m(‘“)'

wdxdydz}

|

1
7

1
2
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Thus, we compute

1 [I X JXR|
—g_lz Z |t1><J><R|2ﬁ
W)™ X IxIxRcO W(I' X JXR)

1

1_1 sup | Z SIXJxRtIxeRl
w(Q)r 2 ”S”fzzﬂ(w)Sl IXJXRCQ

IA

sup  lllsz oy lIStxixrlls?. (w)
1 1 S (w s w.
w(Q)r 2 ”S”@Q(m)ﬁ z z0

= ”t”(_vp((u))‘ sup ———llsixuxrlly? (w)
T ol 0 0(Q)F e

= ||t||(s;(w))* sup ||SI><J><R||gfm(w)
sll,2 (M)Sl
za

< ||l||(s”Z(w))*

for all Q. Therefore, by taking the supremum, ¢ € cpz(w) and ”t”c%(w) < ”t||(“‘pz (w)y-» Which implies
(spz(a)))* c cpz(a)), and thus the proof of Theorem 4.1 is complete.

In order to pass the duality theory from sequence spaces to H' g(a)) and CM OPZ(a)), we need the
following lemmas.

Lemmad.1 Ler jk,j k' € Zand I,J,R,I',J',R" be dyadic intervals in R with interval-length
) =2777N E(J) = 27K N QR) = 277K 1’y = 277N e’y = 27K N and €(R') = 277K 2N
for a fixed large positive integer N, {ap y g} be any given sequence, xp, y;, and Zg be any points in
I', J and R'. Then for any u,u* € I, v,v* € J, w,w* € R we have

2—(,iA,/")M1 2—(kl\k’)M2 |I'||J/||R/|

P Q7UND = xp 27T (270N 4 |y —y ] + lwzi#)z”wz

lay JR

1/r

1_ * % *

< caehr {Mz( D lar s rlxrxrxe)u ,v,w)} :
I'.J’.,R

where j* = jifk <k',and j* = j ifk > k'. Mz is the maximal operator associated with Zygmund
dilations defined in (1.1), and maX{TZM], 2+2—M2} < r £ 1. The summation is taken for all I',J', R’
with the fixed side-length defined above and T is defined as follows,

G- +K-j-k ifj<jandk <K,

CETES) ifj<j andk >k,
-SG9 -k ifj=f andk <K,
0 ifj>jandk > k.

The detailed proof of Lemma 4.1 can be found in [13].
Lemmad4.2 Let w € Ao(ZD), j.k € Z, i be the same as in (1.3) and I, J, and R are dyadic

intervals in R with interval-length €(I) = 277N £(J) = 27k=N " and €(R) = 2-/k2N for a fixed large
positive integer N. For any f € (Sz(R3)), we define a mapping S by

S(f) = (I IRE Yo £t 0, 20)) -
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For any sequence s = {sixjxr}, we define a mapping T by

L 1 1~
T(s)= > > spoalll? VI R 1405, .2 0, 2),

ik IXJXR

where Jj,k are same as in the discrete Calderon’s identity in Theorem 2.1. Then, S is bounded from
H;pz(a)) to spz(w), and from CM Opz(w) to cpz(w). While T is bounded from spz(a)) to Hg(w), and from
cg(w) to CMOPZ(a)). Moreover, T o S is the identity map on both Hg(w) and CMO%(a)).

Proof. [Proof of Lemma 4.2]If f € H g(a)), then by the definition of H g(w) in Definition 1.2 together
with discrete Littlewood-Paley-Stein square function (2.8),

RGN 52 @)

=

= 14D D el IR o 0@ iy
ik IXJXR
1

2

= 130 D Wk = ALy 2P X s 0xe@ iz

Tk IR
CllA @)-

IA

Similarly, by the aid of sup-inf comparison principle of second kind in Theorem 1.1, we can
show S is bounded from CM OPZ(w) to cpz(w).

To show T is bounded from s‘"z(w) to Hg(w), by using almost orthogonality estimate in Lemma
3.1, we get

D0 D0 Wk T yors )P (X G (2)

j',k' r,.J.R
1 1 1~
= Y Wi+ QLD srallF IR a5,y 2. 60, y0.2))
Jk TR Jk IxIXR

Gy z)Pxr (O e (2)

) , (A IM
< 33 S Sy et
- —JjAJ _ +
TR T TR Q=N+ |xp = x1))
2—(k/\k’)M
X— - — s rscaxrly r COx o Wxr (2)
275 (27K 4|y =yl + 27 |zp — zghMF2
1
<

C Y 2Kty {Mz(z 1212 RIS |51xeR|)(1XJXR)r} :
jk

IJ.R

in which we applied Lemma 4.1 to get the last inequality, and use the weighted inequalities for
vector-valued maximal operator associated with Zygmund dilations (See [15] ), we will be able to
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derive that

1Tl

1

FK TR

= ||{Z >, |(l//j’,k’*T(S))(x;’y'J’Z;eNZX}(X))(’J(Y)X;e(Z)} Iz

IA

1
Cll Y 27 kg ki {MZ<Z 212 IRl |smmm)’} Iz
ik

IJR

< cu{z D |sm|2|1|1|J|1|R|1x,(xm@m(z>} ez

Jk IXIXR
= C”s”spz(w)'

Similarly, we can prove 7T is bounded from c%(w) to CM O’J_’:(w), and it is evident that T o S is
the identity map on H g(w) and CM OQ(w).

Combining Theorem 4.1 and Lemma 4.2, we are able to prove Theorem 1.2.
Proof. [Proof of Theorem 1.2] First, if g € CMO‘”Z(w), the map £, is given by £,(f) =< f,g > for
feSz(®)
L()=1<f.g>|
< D0 D IR (5, .2 %0, 305 2R)W k% F)Ce1 5 28), 8 > |

Tk IR
[<S(f).S(g >
IS Oz @ 1S @ller ()

C||f||H§(w)||g||CM0”Z(w)~

IA

IA

Since S z(R?) is dense in Hg(w) (See [15]), Hahn-Banach Theorem implies that the map £, =<
f, g > can be extended to a continuous linear functional on H%(w), and ||£]| < C ”g”CMO% ()
Conversely, for every { € (H%(a)))*, consider {7 = € o T defined on s”z(w), and for every
s€ s’%(w),
()l = [T < NEMT Mz @y < CHEMISH 2 (@)

which implies £7 € (s’%(w))*, then by Theorem 4.1, there exists ¢ = {t;xxz} € c"’z(a)) such that
lr(s) =< s,t>= Z S1xIxREIxIxR>
IXIXR
forall s € s%(w), and
lller, (@) = llerll < ClIEN.
From Lemma 4.2, T o § is the identity map on H;(w), thus¢ =€oT oS =¢roS,and

) = tr(S(f) =< S(f). 1 >=<f.g >,

in which g = T(¢). This shows ¢ = ¢, for g € CMO”Z(a)), and ligllemoy @) < Cllilles @) < CIIEl, which
completes the proof of Theorem 1.2.
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