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Abstract

In a previous paper [15] we introduced the Sturm-Liouville (SL) hierarchy of evolution
equations. This hierarchy includes the Korteveg-de Vries (K-dV) and the Camassa-Holm
(CH) hierarchies. We also defined and discussed in detail the algebro-geometric solutions
of the SL-hierarchy. In this paper, we broaden the class of algebro-geometric solutions in
a substantial way. Namely, we define and discuss solutions of the SL-hierarchy lying in an
isospectral class of the Sturm-Liouville problem —(p¢’) + g¢ = Ayp, which is determined
by data related to a Riemann surface of “infinite genus”.
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1 Introduction

In a previous paper [15] we introduced the “Sturm-Liouville hierarchy” (briefly SL-hierarchy) of
nonlinear evolution equations. This hierarchy includes the Korteweg-de Vries and the Camassa-
Holm hierarchies in a natural sense. We also discussed certain special solutions -the so called
algebro-geometric solutions- of our SL-hierarchy. These solutions are obtained by making refer-
ence to a compact hyperelliptic Riemann surface.

The point of this paper is to extend the notion of algebro-geometric solution of the SL-hierarchy
to certain situations in which the underlying Riemann surface has infinitely many gaps which cluster
at infinity. The approach we take is to depart from the results of [15], in which the SL-hierarchy
was defined and solved in the case of a nonsingular (finite genus and compact) Riemann surface.
(Actually, we will refine here the definition of Sturm-Liouville hierarchy of evolution equations, in
the sense that each equation in the hierarchy consists of a system made of two evolution equations.)
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The approach we take is that of considering the limits of some appropriate quantities which are
determined using the structure of a sequence of nonsingular Riemann surface. These quantities are
basically differential equations for poles as will be explained. We show that a limiting family of
infinitely many differential equations for the poles exists and admits solutions. These solutions are
then shown to give rise to solutions of the SL-hierarchy.

In a bit more detail, the SL-hierarchy is based on the Sturm-Liouville spectral problem

—(pe") +qp = Aye.
The starting point in its construction is a so-called zero-curvature equation

0A OB

o ox T [A,B] =0, (1.1)
whose coefficient matrices A, B will be defined below. Here [A, B] = AB — BA is the commutator of
A and B. We observe that the coefficients of B are determined by three quantities 7, U, V, which are
functions of £, x € R, 4 € C and p, q,y. A solution of the SL-hierarchy is in the first place a triple
T, U,V such that the relation (1.1) holds. One uses the structure of the zero-curvature equation (1.1)
to determine differential relations for p, g, y.

In [15], we introduced a Riemann surface into the picture, via a condition which is adjoined to
the relation (1.1). As stated above, this surface is compact and has finite genus. In the present paper,
we allow the Riemann surface to have infinitely many singularities, and view it as an appropriate
limit of finite genus surfaces. In this way, we obtain the limiting family of infinitely many differential
equations for the pole motion. We will write down explicit formulas for the solutions of the Sturm-
Liouville hierarchy of evolution equations. These solutions are expressed via the pole motion and
give rise to a curve in an isospectral set of Sturm-Liouville potentials a = (p, q,y).

There is a good amount of literature concerning hierarchies of evolution equations. We mention
[4, 18, 16, 22, 24] for the K-dV equation, [1, 8, 23] for the Camassa-Holm hierarchy, and [9] and
[20] for other types of evolution equations. The present paper essentially extends the known results
in two ways: first of all we introduce hierarchies of evolution equations which generalize both the
K-dV and the Camassa-Holm hierarchies. Our hierarchies contain two coupled nonlinear evolution
equations, one for the function ¢(z, x) and the other for the function y(¢, x). Moreover, the presence
of the function p(¢, x) allows us to introduce some hierarchies which can be used to study the so
called “small dispersion limits” of certain PDEs (see [15] for examples on this topic). Second,
the family of initial conditions (or, better, the family of potentials) for which we will be able to
solve the hierarchy is larger than those considered in most of the literature, and is strictly larger
than those used in approaches which are similar to ours: it includes periodic potentials, algebro-
geometric potentials, the potentials introduced by Levitan [16], and other families of reflectionless
potentials. However, we are not yet able to treat the cases when the potential (which gives rise to the
initial condition) has spectrum with a Cantor part; indeed we require that the so-called spectral gaps
cluster at oo and satisfy some decay conditions in order for certain infinite products to converge. We
do believe that it is possible to enlarge the family of initial conditions to other potentials as well by
using methods similar to those introduced in the present paper.

The paper is organized as follows: in Section 2 we review some results concerning the so-called
algebro-geometric Sturm-Liouville potentials. We will put in evidence the dynamical approach to
the study of these potentials, and will state some useful results concerning the link between the
concept of exponential dichotomy and the spectrum of the Sturm-Liouville operator. The material
discussed in Section 2 can be found in [6, 12]. In Section 3 we briefly introduce the SL-hierarchy in
the case of algebro-geometric Sturm-Liouville potentials. We refer the reader to [15] for a detailed
discussion of the hierarchy and of its solutions.

Section 4 contains the results concerning the selection of the initial data for which we will solve
the SL-hierarchy. We will also use some facts proved in [15], and discuss a characterization of
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the algebro-geometric Sturm-Liouville potentials by means of a so-called stationary zero-curvature
equation.

In the final Section 5 we introduce and solve the SL-hierarchy, when the initial data are chosen
in accordance with the results in Section 4. We will give explicit formulas for the solutions of the
hierarchy in terms of the zeros of the Green’s functions associated to a time-dependent family of
Sturm-Liouville operators. We will not discuss here the nature of the motion of these poles (the
so-called pole motion) in detail, but we plan to discuss it more deeply in a future publication.

We finish this Introduction by introducing some notation which we will use throughout all the

af of

paper. If [ : R2 — R is a function, we will use both the symbols f;, fy and —, o to denote the
X

partial derivatives of f. The symbol D will denote the operator of differentiation with respect to
x € R, and M(n, C) will denote the set of n X n matrices with complex coefficients.

2 Preliminaries

This section contains basic concepts concerning the spectral theory of the Sturm-Liouville operator.
The facts discussed here can be found in ([6, 12, 14], see also [13]).

Let us denote by & = {b = (p, M) : R = R? | b € C'(R), b is uniformly continuous and
p(x) > 0,8 < M(x) < A for every x € R}. Moreover, set & = {a = (p,q,y) : R — R3| ais
uniformly continuous and bounded, p € C!(R), and p(x) > 6, § < y(x) < A for every x € R}. The
sets &, and &; are equipped with the standard topology on uniform convergence on compact subsets
of R.

For a € &;, let us consider the Sturm-Liouville operator

1
L,:D— LZ(R, ydx) : ¢ — — (=DpD + q) ¢,
y

where D is the operator of differentiation with respect to x € R. We will often refer to an element
a € &; as a potential. The domain D of L, is given by D = {¢ : R — R | ¢ € L*(R,ydx),
¢ is absolutely continuous and D*p € L*(R,ydx)}. It is well-known that L, admits a self-adjoint
extension to all L2(R, ydx) which we denote again by L,. Let £, be the spectrum of L,. It is a fact
that £, c R is bounded below and unbounded above: moreover, the set R, = R \ X, is (at most) a
countable union of disjoint open (possibly unbounded) intervals.

The family of operators we discuss in these lines contains the Schrédinger operator (obtained by
setting a = (1, g, 1)) and the so-called acoustic operator (obtained by setting a = (1, 1,y)).

Beyond the intrinsic relevance of the spectral theory of the Sturm-Liouville operator L,, there
is a fundamental connection between this operator and a family of nonlinear evolution equations.
This connection (whose prototypical example was discovered in the *60s in [7] for the case of the
Schrodinger operator and the K-dV equation) is the topic of this paper, and has encouraged the study
of various classes of Sturm-Liouville operators. We will delay the description of the connection
between the Sturm-Liouville operator and families of evolution equations to the next sections: now
we discuss certain results concerning the spectral theory of the so-called algebro-geometric Sturm-
Liouville potentials. A dynamical approach has turned out to be very useful in studying the above
operators. Let a € &; and let L, be the associated Sturm-Liouville operator. Together with L, one
can define the eigenvalue equation

Ey(p, ) = —DpDy + qp = Ayp

where A € C. This equation can be expressed in matrix form as

,_( 0 1/p
X_(q—/ly O)X’
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¢ 0 1/p()

where X = ( ,). We will often write a(x, 1) = () — Ay(x) 0o |’ whenever a(x) = (p(x),

q(x), y(x)) € &3.

Define a function A : & — M(2,C) : a — a(0, 1). We denote by {7,}cr the translation flow on
&Es, 1.e. if a(-) € Es, then 14(a) = a(s + ) € E;. We apply a construction of Bebutov type to a fixed
element ay € &3, as follows. Pick ay € &;, and consider the set A = cls Hull(ag) = cls{ty(ap) | s €
R}. Then A is a compact, Ts-invariant subset of &s, in the sense that 7,(A) = A, for every s € R.
The Bebutov construction allows us to use dynamical methods to study the operator L,: indeed, it
makes now sense to speak of the family of linear systems

o\ _ ¢
(W,) = A(t(a)) (W,), ac A 2.1

One important consequence of the Bebutov construction is that there is a subset A; of A which has
considerable properties of recurrence. For example, let u be an ergodic measure on A (hence y is a
Ts-invariant Borel probability measure which has the additional property of being indecomposable:
if B ¢ A is a Borel set and u(7,(B)AB) = 0 for every s € R, then either u(B) = 0 or u(B) = 1). Itis
a standard fact that such a measure exists [21]. If necessary, let us redefine A to be the topological
support of u. Then there is a set A; C A such that each a € A is both positively and negatively
Poisson recurrent: there exist real sequences (f,) — oo and (ss,,) — —oo such that ’111_{{.10 7., (a) = a and
fim @ =

A fundamental tool in the study of the family (2.1) is the concept of exponential dichotomy. Let
@, (x) be the fundamental matrix solution of the family (2.1).

Definition 2.1 The family (2.1) is said to have an exponential dichotomy over A if there are positive
constants n, p, together with a continuous, projection valued function P : A — M,(C) such that the
following estimates holds:

(i) |©u(x)P(@)Dy(s)""| < ne P9, x>,
(ii) | D, ()T - P(@))@y(s)'| < e’™™,  x<s.
One has the following fundamental result (see [10])

Theorem 2.1 Let A be obtained by a Bebutov type construction as above. Consider the family
(2.1). If a € A has dense orbit, then the spectrum X, of the operator L, equals the set

Yed = {A € C| the family (2.1) does not admit an exponential dichotomy over Aj}.

It is known that, if 32 # 0, then the family (2.1) admits an exponential dichotomy over A, hence
%, C R. Another consequence of the above theorem is that if a € & and A = cls Hull(a) then the
spectrum of L, and that of all the operators L. ) coincide, i.e., X, = Z; (o) = Z.q for every x € R
[6].

Now, let @ € &3 and let us fix the Dirichlet boundary condition ¢(0) = 0 at x = 0. There are
well-defined unbounded self-adjoint operators L which are defined in L*(R*, ydx) and which are
determined by the formula

1
Ly(p) = ;[—(pso’)’ +qy]

and the Dirichlet condition in x = 0. If JA # 0, we define the Weyl m-functions m.(a, 1) to be those
complex numbers which parametrize ker P(a) and Im P(a), as follows:

Im P(a) = Span (m+(iz, /l)) ker P(a) = Span (m_(iz, /l))'
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Note that, since a € A and det d,(x) = 1 for every x € R, both ker P(a) and Im P(a) are complex
lines in C2.
Next, let a = (p,q,y) € & be a Sturm-Liouville potential. Consider the (unbounded, self-
adjoint) operator L, = —[-DpD + q] on L*(R, ydx). We will define the Green’s function for the
y

operator L,. As is well known, the Green’s function G,(x, s, 1) is the kernel of the resolvent operator
(L, — A" acting on L*(R, ydx) (JA # 0). This means that, if one considers the nonhomogeneous
equation —(py') + q = Ay + yf, where f € L*(R, ydx) and 32 # 0, one has

Y(x) = ng(x, s, ) f(s)ds.

There is an interesting relation between the Weyl m-functions m.(a, 1) and the diagonal Green’s
function G,(1) := G,(0, 0, 1), namely, one has

_ O
Gl = s 120

We now make use of the Bebutov flow. Let a € &;, and consider the values 7,.(a) when x € R.
We already noticed that the spectrum of the translated operators L. () equals that of the original
operator L, i.e., X, = X; () for every x € R. When x € R, let us define m..(x, 1) := m.(7.(a), 1), and

Gal V) 1= Gr(D) = - /l)y(—xzm(x )

definition of the Weyl m-functions imply that G,(x, 1) = Gr,(0, 0, 1) = G.(x, x, 1) whenever x € R
and 32 # 0. One can show that for every x € R, the non-tangential limit

(32 # 0). Some observations concerning the dynamical

Galx.m) = lim G,(x.n + i)

exists for a.a. 7 € R (see [5]). Let us also note that the Weyl m-functions satisfy the Riccati equation
’ 1 2
m +—m"=qg-— Ay, Ja=#0. 2.2)
p

It is well-known that the behavior of the function G(x, 1) is fundamental for the study of the
properties of the spectrum of the Sturm-Liouville operator. In fact, one gives “names” to potentials
€ &3 according to how their diagonal Green’s function behaves. In this paper, we will consider two
particular families of potentials which lie in E;, namely algebro-geometric potentials and reflection-
less potentials.

Definition 2.2 A potential a € &E; is called algebro-geometric if the following properties are satis-

fied:

(i) the spectrum X, of the operator L, is a finite union of disjoint closed intervals, plus an halfline:

X, = [Ao, 411U [A2, A3] U - - - U [Ap,, 00).

(ii) for every x e R, RG,(x,n) =0 fora.a. n € Z,.
A potential a € &; is called reflectionless if:

(i) the spectrum X, of the operator L, has locally positive Lebesgue measure, i.e., if 1 € ¥, and
I C R is an open interval which contains A, then I N'Y, has positive Lebesgue measure;

(ii) forevery x € R, RG,(x,n) =0 fora.a. n € Z,.



506 R. Johnson, L. Zampogni

Algebro-geometric Sturm-Liouville potentials were introduced in [12] (see also [6] and [13]): they
are an extension of the well-known algebro-geometric potentials Schrodinger potentials [4]. Arguing
as in [6, 12] one can prove that for an algebro-geometric potential condition (ii) actually holds for
everyn € Z,.

Reflectionless Sturm-Liouville potentials have been introduced in [14], as an extension of the
homologous potentials in the Schrodinger case, as described in [3]. See also [24] for more informa-
tion.

Condition (ii) in the above definition has some fundamental consequences. First of all, if a € &;
is reflectionless, every potential 7,(a) is reflectionless as well for every x € R (and, in particular, if
a is algebro-geometric, then 7,(a) is algebro-geometric as well for every x € R). Second, it can be
proved (see [6, 12, 14]) that both m..(x, -) and m_(x, -) extend holomorphically through every open
inteval which lies in the spectrum X,. Denoting by /..(x, -) these extensions, one obtains

my(x, ), J1>0
m_(x,1), J1<0

m_(x,1), J1>0

he(x, ) =
D { my(x,1), J1<0

and h_(x,A) = {

Some other considerations (see [6, 12]) allow to conclude that, if a € &; is an algebro-geometric
potential, then (1) the spectrum X, of the operator L, has no isolated eigenvalues; (2) the Weyl m-
functions m..(x, -) extend meromorphically through R \ X, for every x € R. In particular, if a € &;
is a fixed algebro-geometric potential, then there exists exactly one point P;(a) in each interval
I; = [A2i-1,A2]] G = 1,...,g) such that either |m.(P;(a) + ie)| or |m_(P;(a) + ig)| is singular as
& — 0, and this singularity is a simple pole. These points P;(a) (i = 1,...,g) correspond to the
isolated eigenvalues of the half-line restricted operators L : L*(R*, ydx) — L*(R*, ydx) with initial
condition ¢(0) = 0. Clearly, if P;(a) is a pole for m,, then it is an isolated eigenvalue of L} and
vice-v ersa.

Let a € &; be algebro-geometric. We now bring in to the scene the Bebutov flow, to obtain
moving eigenvalues P;(x) := P(t.(a)). These eigenvalues lie in the spectral gaps I; for every x € R.

We further introduce a Riemann surface which is fundamental to the purpose of describing the
motion of the eigenvalues P(x), ..., Pg(x). Let R be the Riemann surface of the algebraic relation

W= == A) (A= A1) ...(A = Azy).

Then R is a torus having exactly g holes corresponding to the spectral gaps I; = [Ayi—1, 2] (i =
1,...,8). Denote with 7 the standard projection of R to the Riemann sphere C. Then 7 is 2-1
except at the points Ag, Ay, ..., Az, and oo, where it is 1-1. We will call the points A, A, Aag, 00
the ramification points of R. Denote points in R by P. If 1 € € is not a ramification point, then
a~'(2) = {P*, P~}. Roughly speaking, P* corresponds to the positive square root of —(d — A)(1 —
A1) ... (1= Ay,), while P~ to the negative square root of —(1 — Ap)(4 — A1) ... (4 — Ayg). In fact, one
can define a function k(P) on R first by defining k(0*) (resp. k(07)) to be the positive (resp. negative)
square root of dgA; ... Ay, then using analytic continuation. One obtains a function k(P) which is
single valued on R and such that k(P) has as values the positive and negative square roots of w?. In
particular, if A is not a ramification point, and if 77'(1) = {P*, P~}, then k(P") (resp. k(P~)) is the
positive (resp. negative) square root of w?.

Now, let us define ¢; = n7'(I;) (i = 1,...,g). The curves c; are circles and correspond to the
“holes” of R. A convenient way of describing this correspondence is that of using a polar coordinate,
as follows. Let I; = [As_1, Ao;], and let ¢; = n~1(I)). If P; € ¢;, the value n(P;) € I; can be written as

94
m(P;) = (Agioy — Ay;) sin’ E’ + Ay,

where 6; is an appropriate value 6; € [0, 2x] : if 6; € (0, ), then we have that k(P;) is positive, while
if 6; € (m,2m), then k(P;) is negative (note that k(P) is real when P € ¢;). From now on, we will
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often commit the abuse of notation of denoting by P; both points in ¢; and their projections in /;
i=1,...,9.

Let a € &; be algebro-geometric with spectrum X, = [dg, A;] U - -+ U [Ap, 00). Let us look
at the poles P(x),..., Pg(x) of m.(x,4). The motion of the points P(x),..., P,(x) takes place in
I} x---x1I,, hence in ¢; X - -+ X ¢, via the correspondence n(c;) = I;. Each point P;(x) € I; can be
written as

2 ,( )

Pi(x) = (dai-1 — Azi) sin” —— + Ay,

which defines the angular coordinate 8;(x) of the point Pi(x) (i=1,...,9.

Now, we review some reasoning made in [12, 6]: first, letting a = (p, q,y) € &E; be an algebro-
geometric potential, one can define a single meromorphic function M(P) on R by setting M(0*) =
m(0) and M(07) = m_(0), and then by using analytic continuation along curves in R. In this way,
one has M(P) = m(P) and M o o(P) = m_(P) on R. Next, we expand M near oo to obtain

O() + +/pyk(P) () — +/pyk(P)

M(P):m+(P): T, MOO'(P)Zm_(P)z T’

g

where A = n(P), H(1) = 1_[(/1 —n(P;)), and Q(A) is a polynomial of degree g in 4 € C. Here we
i=1

adopt the convention that /py > 0 whenever g is even, while /py < 0 when g is odd. To determine

0(1), we argue as follows: in view of the definition of m_(P) on R, one has that m_ is finite at the p

oints Pi(x), ..., Pg(x), hence we must have Q(P;i(x)) = +/p(x)y(x)k(P;i(x)) (i = 1,...,g). Next, we

note also that, in view of (2.2), Q(P;(x)) = %H (P;(x)) forevery i = 1,...,g. Moreover, one can

o) . =(p(x)y(x))x
A8 4y(x)

o = 22 ooy [

show (see [6, 12]) that

as A — oo on R, hence we can write

H| .
VP(x)y(x) ]x

Some computations now show that we can relate the triple a = (p, g, y) € &; to the motion of the
points P; as follows: let M(x) = m_(x,0) — m,(x,0). Then one obtains

1) . 8 .
Po) = (=DEMK(P:(x0) IT;, Pz(x)_ 23)
’ POOK(0) [T j:(Pi(x) = Pj(x))

The system (2.3) is a system of g ODE’s. It is intended to take place in R, hence the value k(P;)
must be given a sign according to the “position” of the point P; on R. This may create a little bit of
confusion, but we can easily avoid that by using polar coordinates ;(x). In fact, one can write down
the derivative of 6;(x) instead of that of P;(x), then use the expression which defines 6;(x) to recover
Pi(x). In this way, one has

M) P, ~ o)

p(x) VAo

y ﬁ Pj(x) V(2jo1 = Pi(x)( A2 — Pj(x)).
NTRVITRS: Pj(x) — Pi(x)

Now, once we have determined the motion of the points P;(x) (i = 1,...,g), we use the Taylor
coefficients of the expansion of M at co to obtain

M2(x) TS, [Pi(x0)]?
dp(x)  K20%)

Oix(x) = (=1)*

y(x) =

2.4)
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N 2
= (AO # ) Gt iy = 2P |+ g0+ £, @5)
i p(x)
where g(x) = _%'

The motion of the points P;(x), ... Pg(x) can be better understood by using instruments of alge-
braic geometry, and in particular by using the Abel map and a generalized Jacobi variety. Moreover,
the potential a = (p, g,y) € E; can be expressed by means of a Generalized Riemann Theta function:
but this is another story, and we address the reader to [12, 13, 6] for further details on this topic.

Another important fact concerning algebro-geometric potentials a = (p,q,y) € &Es is that the
above process can be inverted, as follows: let Ag = {19 < A; < ... < Ay} be a finite set of 2g
positive real numbers, let R be the Riemann surface defined as above, let us set I; = [Ayj_1, A2;]
(j=1,...,9), letus pick points P{(0) € ci,...,Pg(0) € c; (n(c;) = I}, forevery j=1,...,g), and
let us fix a function b = (p, M) € &,. Next, let the points P(x), ..., Pg(x) be determined as to satisfy
the system (2.3), with initial condition (P1(0),. .., P,(0)). Then define y(x) and g(x) as in (2.4) and
(2.5) respectively. It turns out [12, 6] that the triple a = (p,q,y) € &3 is an algebro-geometric
potential whose spectrum equals the set X = [Ag, 4] U ... [A2g, 00).

3 The g-th order Sturm-Liouville hierarchy of evolution
equation

In this Section we review some results of [15], in which a Sturm-Liouville hierarchy of evolu-
tion equations was introduced and solved when the initial data is a given algebro-geometric Sturm-
Liouville potential. The procedure which we follow for determining the solution of the Sturm-
Liouville hierarchy consists of several steps, which we summarize as follows:

1. Letus fix aset Ag = {dg < A1 < ... < Ay} C R where 4; > 0 foreveryi=0,...,2g. Letb =
(p, M) € &,, and let us determine an algebro-geometric Sturm-Liouville potential a = (p, q,y) € &3
via the procedure described in the previous section.

2. Let

_ 2= pkOh) 15y,
Ulx. ) = S o P 1;[(/1 Pi(x)).

Choose numbers k, r € {0, 1,...,g — 1} such that k < r, and define T'(x, 1) and V(x, 1) in such a way
that

_ A p(x) (Ux, 1)

T =" ( p(x) )x
and

/l_k

T(x, D) + —(g(x) = y()(V(x, ) = U(x, 1)) = 0.

p(x)

3. Let
-T A7*Uu/p
A Kg -V T

0 1/p

Then one can show that, if A = (
g- 0

), then the so-called stationary zero-curvature condi-

tion holds, i.e.,
-B,,+[A,B,] =0
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where [A, B;] = AB, — B,A is the commutator of A and B,. Moreover, one easily checks that
d
—detB, = 0.
dx P

In view of the above relation, one makes the following Ansatz:

215

4. Leta = (p,q.,y) € &3 be an algebro-geometric potential corresponding to the pair b = (p, M) €
&, and the set Ag = {dg, A1, ..., A2} as in point 1. Let us keep the numbers k <r € {0,1,...,g -1}
fixed. We introduce a parameter ¢ € R in all the functions involved. So one introduces a one-
parameter family of Sturm-Liouville potentials a(, x) = (p(t, x), q(t, x), y(t, x)), together with matri-
ces

+%m—ﬂwUV=k%D=—[IM—A& 3.1)
i=0

0 1/p(t, x)
A(t,x, Q) =
CI(t’ x) - /ly(t, x) 0

-T(t,x,2) —kM

By(t, x, 1) = P, %)

/l’k(q(t, x) — Ay(t, x)V(t, x, 2) T(t,x,A)
~T.(t,x,2) ko

Byt x, 1) = p(t, %)

/l‘k(q(t, x) — Ay(t, x)V.(t, x, A) T.(t,x,A)

where U(t, x, 1) is a polynomial of degree g in A and whose coefficients depend on ¢ and x, T'(¢, x, 1)
and V(t, x, 4) are defined as in point (2), U, (¢, x, A) is a polynomial of degree r in A whose coefficients
depend on ¢ and x, and 7,(%, x, 1) and V(¢, x, A) are defined by

1 y 2
(- (2) 2
Pl P/, P

/l_k
Tr,x +—@-V,-U)=0
p

We ask if U(t, x, 1) and U, (¢, x, 2) can be chosen in such a way that

-B,+[A,B,] =0

A =B,y +[A B]= 0 (3.2)
d

—detB, =0, and (3.1) holds

dx

for all (t,x) € R?> and all 2 # 0. One can show that the validity of (3.2) implies that each a(, x)
is algebro-geometric, i.e., the flow determined by equations (3.2) is isospectral: in particular each
a(t, x) is algebro-geometric and its spectrum equals the set X = [Ag, 4;] U -+ - U [dag, 00). See [15],
Section 3 and Section 4.

5. The answer to question in point (4) is positive. In fact, one can define the coefficients of the
polynomial U,(t, x, 1) beginning from the relation

S5t See - 2l
Urxz__+ - -
()] A3

U, - U(P)]—P(/l )

i
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It turns out that the coefficients of U, can be determined via a recursion relation. It also turns out
that the points P;(t, x) satisfy the system

_ (CDfPOMITS, P;

Pix -
' pk(0) [14:(P; — P))
_ Ur(Pl)
P, = T

ix

We will explain this construction in more detail and provide some examples in the next sections.
In Section 5, we will see how exactly this construction produces a pair of nonlinear evolution
equations which we will call the r-th order Sturm-Liouville evolution equations.

4 The stationary infinite-order Sturm-Liouville hierarchy

This section provides a procedure to construct the initial conditions for which our hierarchy of
evolution equations will be solved. The procedure we will use here is based on a so called algebro-
geometric approximation. Such a technique has been shown to be successful in the study of the
K-dV hierarchy of evolution equations (see [24]).

But let’s try to be methodical, and let us assume we are given a sequence of positive real numbers
Ao = {0, A4, ... ,/lzg, ...} CRsuchthat 25 < 4] < .. ./lzg < .... Letus set I} = [Ay_1,A2]. Let
di = Aoy — Agi—1 be the length of the interval I. Further, set hj;, = dist(I;, It) and hoy = -1 — Ao.

We make the following additional assumptions on the sequence Ag:

Hypotheses 4.1 The sequence A satisfies:
(i) i 1 < oo;
oo U ’

(ii) de < oo
k=1

(iii) sup dpho, < o0;

keN
d
(iv) supZ ﬂ =D; < o0
JeN i ik

Note that the infinite products

ﬁ(l—%) and ﬁ(l—;),(zj'EIj)
J

=0 j=1 J

converge. Below we will introduce an entire function U(x, 1) in the A-complex plane having as
zeros exactly one point in each interval ;, namely s;(x) € I;. To be clearer, for every x € R, we
choose points s1(x) € Iy, ..., S(x) € I, ..., then construct an entire function U(x, A) of the complex
variable A whose zeros are exactly the points s1(x), ..., s,(x),.... The points s;(x) depend on the
parameter x € R. We make the a-priori assumption that s; € C*(R). It will be clear later on that it
suffices to assume s; € C'(R).
Let k > 0 be any positive integer, and define
p (U
T(x, ) = K (p )x. 4.1
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Further, we choose V(x, 1) as to satisfy

/l_k
Ti(x, ) + ]Tx)(q(x) = y(x))(V(x, ) = U(x, ) = 0. (4.2)
Here, the functions p, g, y are the coordinates of a triple a € &s, i.e.,a = (p,q,y) € Es.
We look for a map x = {s1(x),...,5g(x),...} and an element a = (p,q,y) € &; for which the
following stationary zero-curvature relation holds

-B,+[A,B] =0, 4.3)
where
0 1/p
A =
g-y 0
and
_ v
pA
B =
1
ﬁ(q -V T

We will prove that, under an additional condition concerning the structure of B, the only possibility
for (4.3) to be valid is that a is a reflectionless potential which is the limit on the compact subsets of
R of a sequence of algebro geometric potentials {a,}. Further, the zeros s;(x) of U will be the zeros
of the diagonal Green’s function G(x, 2) of L, .

First, pick a pair (p, M) € E,. We set U = U/ p as before, and write

- -2 A
o) =——]](1-==] 4.4
(x, ) M(x)g( sj(x)) 44)

Since U(x, A) is an entire function, the Taylor series

T(x,A) = Z (0
i=0
converges for all 1 € C.

In a way which is similar to that of the finite-gap stationary case, the relation (4.3) gives the
recursions

=2D,iij = DpDpDiij — 2Dp,it;, j=1,2,...
(4.5)
DpDpDiig — Dt = 0.

The system (4.5) allows to determine all the coeflicients 7 ;(x) of the Taylor expansion of U,
beginning with .
We use the notation
= A
keo(d) = 1-—=
) ]_0[( ai)

Our aim is to characterize the triples a = (p,q,y) € &; for which a relation of the type (4.3)
holds.
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The relation (3.1) retains validity in this case as well, hence we have the additional relation

d
o det B = 0. Motivated by what we did above, we make the Ansatz:
x

g o)

U 1 A
2 x _ _ _
p 7 + E(q - AUV = const = I;)l (1 /li). (4.6)
Computing (4.6) at a zero s;(x) we obtain
0)((5 ')2
P s,
Moreover,
- 2 S
Uus) = —— (1 - —’)s,;x,
M(x) l;j[ Sk
hence

M(x) 4/(s;(x) = A0)(A2j — 5;(x))(s(x) — /le—l)X
p() Vo

y ﬁ sp(x) V(-1 = 5;(0)) (A2 = Sj(x)).

g1 VA1 Aok G s1(x) — s5(%)

At this point, formula (4.7) is only formal. Indeed, we must show that the right-hand side of (4.7) is
meaningful, and that each equation in (4.7) admits a solution. Note that (4.7) is a system of infinitely
many linear differential equations.

Moreover, there is an ambiguity which follows from the sign + in (4.7). As discussed earlier,
to determine if s;(x) is either increasing or decreasing, one can argue as follows: let us fix an index
J € N, and let us consider the circle ¢; obtained by taking two copies of the interval I; = [y, A2;]
and glueing them together by identifying their endpoints. The motion of the point s;(x) is then
transferred into c; by observing that each time the point s;(x) crosses an endpoint of /; its derivative
changes sign and s;(x) jumps to the other copy of /;. Under this point of view, one can introduce an
angular coordinate for each point s;(x) in such a way that

six(x) ==+

4.7

., 0;(x) .

§j(x) = Apj—1 +d,sin 7 jeN. 4.8)

In this way, one has
1
sj,x(x) = Edjej,x(x) sin Gj(x), ] eN, (49)
25;x(x) L
hence 6, (x) = ————— for every x € R for which sin6;(x) # 0.
: d;sin6;(x)

Now, we use (4.7) to obtain

I'sin 0,(x)] M(x) +/(s;(x) = 20) y

sinf;(x) p(x) Vo

y ﬁ sp(x) V(- = 5(0)) (A = Sj(x))'
it VAo dok s1(x) = s;(x)

| sin 6;(x)|
sin 6;(x)
suitable to study the motion of the points s;(x). Moreover, a simple observation shows that 8; .(x)

0;x(x) =+

(4.10)

The definition of the coordinate 6;(x) implies that + = 1, hence the system (4.10) is more



The Sturm-Liouville hierarchy of evolution equations IT 513

is well defined also at those points where sinf;(x) = 0, hence (4.10) makes sense for every x € R.
Another important consequence of the choice of the angular coordinate is that one can (formally)
differentiate each equation in (4.10) with respect to x, while equations in (4.7) have singularities at
those values for which s;(x) reaches an endpoint of /;.

We now introduce a space which will be useful in the next lines. Let 7 = I} X I X - - - X I, X . ...
Denote points in I by [X]. Soif [X] € 7, then [X] is a sequence (X1, X>, ..., X,,...) such that X; € I;
for every i € N. We introduce the following metric on 7:

| X — Yil
IEXT = [Yllz := sup ——.
kekrl) \/dk

Note that || - ||z is well defined since |X; — Y| < d; for every k € N.
Alternatively, one can choose to work with the angular coordinates. In this case, the suitable
space is given by C = [0, 27]% and the metric becomes

1161 lelllc = sup V6 - pil.

Now, let us introduce the functions F; : 7 — R, as follows

[ Trers Xk ke (XJ)

FAXD =220 Mo -X)

We are ready to prove the following result.

Proposition 4.1 Let the sequence A satisfy Hypotheses 4.1. Then the maps F j are well defined, for
every j € N.

Proof. We will show that the infinite products appearing in F;([X]) are bounded. In particular, we
will give an uniform bound with respect to [X] € I for each F;. The computation we are going to
make here is similar to one made in [14]. We have

dk ﬂh()j+dj d[
sup |F;([XD] < ]_[ (1 + _)djT 1_[(1 * h_,z)

h
(Xlel keN Ok I#]

Hence the functions F; are well defined for every j € N.

The inequality in the above proof shows that
IFJIXDI < Cdj\Jd; + hoj < CCy \Jd,.

sup D ce s tFsxl < G,

JEN \/d_j JEN

uniformly with respect to [X] € I, where C| = sup(d; + /d;ho;).

hence

Note that -
Sjx(x) = i%Fj([S(X)]), [s(0)] = (s1(x), $2(0), ..., $u(x),...) (4.11)
Moreover
0x(x) = MG,;([s(x)]), (4.12)

p(x)
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where

VX = o) 1= Xk Va1 = X)) (A = X))
VAo i VAuoi A %) X - X;

The functions G| are defined on 7: however, one can think at those functions as defined on C, via

G([X]) =

G
the correspondence we described above: X; = X;(6;) = A2j_; + d; sin* 2. One obtains a sequence

[X[6]] = (X1(61),...,Xs(6,),...), and functions G; : C — R : [0] = G;([X([6]]). Using the
estimates in Proposition 4.1 we obtain

IG,(Is()) < C \Jd; + ho;

IFj([s()DI < djlG j([s()D-

Observe that by using (4.10) instead of (4.7) we earn regularity but we lose uniform boundedness.
The following estimates are similar to those proved in [14].

and

Proposition 4.2 Let j,k € N. Then

1
< sl + ) ke 1)
1 1
GiXDl|v + 5 — 3
SI]JEI}| i ])||X]+2(Xj—/10)+ (4.14)

1 ( 1 1 _ 2 )
jﬂeN X; - /123) Xj— ) X;—-X9)|

Note that equations (4.13) and (4.14) imply that

0G|
D, sup | 7 (IXD

sup X < C@2Dy + D?) [d; + ho;.
keN

We have the instruments to prove uniqueness of the solution of the system (4.7), when the initial
data (s51(0), 52(0), ..., 5,(0),...) € 1 is given.

Theorem 4.2 Let Ag satisfy Hypotheses 4.1. Choose a point [5(0)] := (51(0), 52(0), ..., 5,(0),...) €
I, and let (p, M) € &,. Assume that a solution [s(x)] 1= (s1(x), $2(x), ..., Sg(X),...) of the system
(4.7) exists for every x € R, that [s(x)] € I for every x € R and that [s(0)] = [5(0)]. Then the
solution [s(x)] is unique.

Proof. The proof repeats the same arguments as in ([14], Theorem 4.5). We observe that if a solution
of then it has to satisfy [s(x)] € I for every x € R. We will only sketch the proof of uniqueness,
which is based on a Gronwall-type inequality. Assume that there are two solutions [g(x)] and [s(x)]
of (4.7) which satisfy the same initial condition [s(0)]. Then

di(IG;([s(x)]) - G; ([q(x)])l)
\/d_j

G (XD
0Xi

Is (%) — q j,x(x)l

Vd; p(®)
<5 3 VA e

Z| (s -t

[X ]EI
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Using the estimates for the derivatives of G, in the previous Proposition, we obtain

2N p

keN

G )
6_Xk([X]) < CCi(2Dy + Dy),

hence
I5j.x(xX) = g (2

N7

~ A
where C = gCCI(ZDl + D%).

< Clits)] = [z,

Next, consider the map F : x — ”[s(x)] - [q(x)]HI. Then F(x) is continuous, and the above

estimate implies that

F(x)<C f ' F(s)ds.
0

This means that F(x) = 0 by standard arguments. The theorem is proved.

Now we shift our attention to the question of the existence of a solution of the system (4.7). We
will give a proof which is based on a so-called algebro-geometric approximation. This method
has been successfully applied in [14] to construct reflectionless Sturm-Liouville potentials with
prescribed properties. We repeat here the ideas of [14]. Fix n € N. Let us consider the set
A, ={A0, A1, ..., A2u} C Ag, where A satisfies Hypotheses (4.1). Let X, = [, 1] U - - - U [Apg, 00).
Further, let us fix a point [P(0)] = (P1(0),..., P,(0),...) € I, and let us consider the first n compo-
nents of [P(0)], which we denote by £"*(0) := (P1(0), ..., P,(0)). Let us fix a pair (p, M,,) € &, and
let a, = (p, gn,yn) € E3 be the algebro geometric Sturm-Liouville potentials obtained as in Section
2. Then X, is the spectrum of the operator L, := L, , and G,(x,n) := G, (x,n7) = 0 for a.a. n € R
and for all x € R. Recall that the (simple) zeros of G,(x, ), namely P(I”)(x), ... P (x), satisfy the
system

M) T P (0)ky (PY”
T, P ) M o, @.15)
POOKO) [T (P () = PO PO

Pl = (-1

as in Section 2.
Again, one obtains a more accurate description of the motion of the points P;”)(x) by using
angular coordinates, as follows:

6" )
P§”>(x)=12,_1+d,sin2 o~ J=l...m nen (4.16)

Next, we already stated in Section 3 that there exists a matrix

-T, Un
pA*
Bl‘l -
1
ﬁ(qn - /lyn)vn Tn
such that, if
1
0 —
An = p ,
qn — /lyn 0
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then
_Bn,x + [Am Bn] =0.

n

Here U, = Z u&”) (x)A/, T, and V,, are defined via the relations

i=0
_ P (U
= 5% ( p )x, (4.17)
and
Afk
Ty (x, ) + ——(g(x) — () (Va(x, 1) = Up(x, 1) = 0. (4.18)

p(x)

d
Moreover, one has that (3.1) holds, i.e., o det B, = 0, which translates to
X

02 1 2n 1
2 T nXx — _
P = UL, = rO[ (1 ﬂ,-)’ (4.19)

where

U,(x, ) = 27 1—L)
T Mu(x) i PE")(x)

(for the details, see again [15]). The validity of the stationary zero-curvature condition —B, , +
[A,, B,] = 0 (or, equivalently, the fact that a,, is an algebro-geometric potential) implies that

n

[[lFr @]

1 Me(x) iz
(X)) = == , 4.20
) a0 AP K0 “20
for every n € N. Moreover, one has
X () gﬁ(x)
gn(X) = a0 | Ao + ) (i + daiy = 2P () |+ () + TR 4.21)
i=1
where g,(x) = —%.

We have made all these preparatory remarks with the goal of solving the problem of the existence
of a solution of the system (4.7). As anticipated before, we will prove the existence of a solution of
(4.7) by approximation.

For this, we first fix a sequence {(p, M,)} C &, such that both M,, and M, , converge to M and
M, uniformly on compact subsets of R. Next, compare (4.15) and (4.7); it is clear that the right-hand
side of (4.15) converges pointwise to the right-hand side of (4.7). Here we take the point of view that
foreachn > 1, I} X --- X I,, is embedded in 1 via the map (Py,...,P,) — (P1,..., Py, Pyy1(0),...).

Let us consider the sequence {P(j")(x)}n. We will apply the Ascoli-Arzela Theorem to this se-

quence. For, we first prove that {P(j") (%)}, is equibounded on all R. This is a very easy consequence
of Hypotheses 4.1: we have

PP (o)l < hoj + d
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for every x € R. Next, we prove equicontinuity of {P;’l)(x)}n by showing that the sequence of the

derivatives {P;.fg (%)}, is equibounded on R. We have
Mo |1 PP k(P (x))
POINVA it Vo1 o | [T (P () - P“”(x))

A = di \ 1> d,
< ———dj\|ho; +d; (1+—) (1+—)s
(5\//1_(] J ] JD hOk 11:][ h

jl

(1)
PY0] <

By the Ascoli-Arzela Theorem, there exists a subsequence {Pi,"k)(x)}k C {Pﬁ")(x)},, which converges
uniformly on compact subsets of R to a function P; : R — I; (j € N).

We want to show that P;(x) = s;(x) for every j € N, where s;(x) is expressed by (4.7). To do
this, we prove the following

Proposition 4.3 For every j € N, the sequence {P;f’;(x)}n admits a subsequence which converges
uniformly on compact subsets of R.

Proof. The proof is the same as that in [14]. We repeat here the main ideas.
It suffices to show that the sequence {F ;.") (%)}, is equicontinuous and equibounded on all R. That

{F ;")(x)}n is equibounded follows from the estimate
FPw|<C
FP ()] < Ca.

To prove equicontinuity, we use the angular coordinates 0;”)(x) € [0,2n]. Indeed, if the sequence

{9;2(@},1 is equicontinuous, the relation (4.16) shows that the sequence {P;':z(x)}n is equicontinuous
as well. The system (4.15) translates to

n_ P(’l)
6/ = (=1)" MZ(;C) Hk,;I(Oi)(X) P () = Aox

VPP ) = 2 (P () - )

X
1¢11_1[1 P (n)(x) P (n)(x)
. M, (x) (n)
= G
p(x) -

Again, note the ambiguity deriving from the sign of kn(P;")(x)) in (4.15) disappears when con-
sidering the angular coordinates. We will prove that the sequence {9;7£X(x)}n is equibounded, which

implies that {Gﬁni(x)}n is equicontinuous. It suffices to show that the sequence {G;";(x)}n is equi-

bounded, because
M, (%) A
) [ )
|9j‘xx(x)| < |( o) )x‘ C\Jd;j+ hyj + 5 |Gj’x(x)|.

(n)

‘We have
(n)

6G
Gl < Z sup FP ).

1 [Xlel

T [P <23 sup

1 [XleT

3 Xk (€9

We use estimates analogous to those in (4.13) and (4. 14), to obtain

A .
w%msgx%@m+M)¢+@:an
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This shows that

167,01 < Ca()),
and that

1P (0] < C30))-

Joxx

The constants C;(j), C»2(j) and C3(j) depend on j, and in particular one has

C1,Cy~djyjdj+hoj,  C3~dj(dj+ hoy).

The proof now follows by applying the Ascoli-Arzela Theorem.

A further elementary argument of calculus allows us to state the following result.

Theorem 4.3 Let Ay be a sequence which satisfies Hypotheses 4.1. Let [s(0)] € I be a fixed point.
Then there exists a unique solution [s(x)] : R — I of the system (4.7). Moreover, if [s(x)] =
(s1(x), ..., 8,(x),...) we have

5j(x) = lim P(x)

a}’ld
SJ’ X hm 1 J, X

uniformly on compact subsets of R.
Let us consider the sequence Ay which satisfies Hypotheses 4.1. We prove the following result

Proposition 4.4 Let Ay be given in such a way that Hypotheses 4.1 holds. For every n € N, let
(p, M) € & be such that (p, M) — (p, M) € E and M, —> M, and M, .. = M, uniformly
on compact subsets of R. Define the triple a, = (p, qn, y), Where

n[pmea ]
_ Mz (x) [T} [Pj (x)]
Tty RO

(x) = yn(x) [ Ao + Zn:(/l o+ it = 2P () | + gun() + 8a(x)
e ’ pa wee : fnx p(x)’
_ (pO)yn(0)),

where g,(x) = 2yn(0)

and the points P(j")(x) are defined by (4.16). Then
M) TR 550

Ay =0 = e TR0

and
. ) g (x)
lim g,(0) = g(x) = ()| Ao + D (A + daicy = 28,(0) | + 840+ 75,
i=1
uniformly on compact subsets of R. Here g(x) = _(p(:)?();))x.
V(X

1 [ee]
The spectrum X, of the operator L, := —(—=DpD+q) equals the set ﬂ 2, Moreover my(ay, 1)—
y n=1
my(a, A) uniformly on compact subsets of C*, which implies that a = (p, q,y) is reflectionless.
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Proof. Actually, we only have to prove that y, (resp. ¢,) converges to y (resp. ¢) uniformly on
compact subsets of R. The other statements of the proposition follow from this convergence by the
results in [14]. We will repeat briefly here some on the main steps for completeness.

We will use the familiar method which consists on applying the Ascoli-Arzela theorem. The
sequence {y,}, is equibonded on all R, because

A i\ A,
< ——[Tl1+2L) = =5 <,
bl < 357 n( ho‘,») 4522, 1=

j=1

where

Moreover

My T PP
Bl < [V [ T k0

Now, to show that the sequence {y,(x)}, is equibounded it suffices to show that

1P
Kk, (0*)

is equibounded. This is easy, because

1 PY(x) A = Va4 A
=17 A J 3
’( k(07 J < CC,D, (Z —]S 6\//1_0CC]D1D1 < 00,

J=1

Now, since y, converges to y uniformly on compact subsets of R, using the Riccati equation (2.2)
and the assumptions concerning the functions M,;, we have

2
qn:_l(pMn,x) +L[Mﬁ+(pMn,x)}_>
. 4P

2\ M, M,
1 {pM; 1 s [PMy g
-5 )ﬁ@[M +(7)]-q’
uniformly on compact subsets of R. We have proved that it can be assumed that the sequences {g,},
and {y,}, converge to g and y respectively, uniformly on compact subsets of R.

Now, the second part of the proof goes as follows: one uses some results in [11] and the
decreasing-disc construction of the Weyl m-functions to show that m.(a,, 1) converge to m.(a, 1)
uniformly on compact subsets of C*. Hence one has that G(a,, 1) converges to G(a, 1) uniformly on
compact subsets of C*. Next we consider the functions %,(1) = InG(a,, ) and k(1) = InG(a, A).
They are holomorphic in C*, and their imaginary parts 34,(2) and 3h(2) are bounded between 0
and 7. Let us consider a compact interval I C R, and let D be a semidisc contained in C* whose
diameter is exactly /. It is known that 34, and 3k have nontangential limits defined in the boundary
0D of the semidisc D. Since h,, converges to & uniformly on compact subsets of C*, we see that Jh,
converges to Jh weakly in L*(OD), and hence weakly in L2(I) (see the proof of Lemma 7.4 in [17]).
Now, let us consider a Borel set B C R which is contained in the spectrum of L,, for all n € N. By
assumption, we have RG(a,, 1) = 0 for a.a. 1 € BN I, indeed for all 2 € B N I, because each a,

is algebro-geometric. This implies that 3k, = 7/2 for all € BN I, and hence 3k = n/2 for a.a.
A € BN I. But this tells us exactly that RG(a, 1) = 0 for a.a. 2 € BN I. The above arguments can
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be repeated for every potential 7,(a,), hence one obtains that RG(a, x, 1) = 0 for a.a. A lying in B,
if B is a Borel set which is contained in the spectrum of L; () for every n € N.

Now, %,,,, € X, foralln € N. Let us set X, = ﬂ %,,. From what we have said, for each x € R,

neN
RG(a,x,) = 0 fora.a. 2 € Z,. So to prove that a is reflectionless, it is sufficient to prove that

Y. =2,

First, one can show that 3G(a, A + i0) > 0 for a.a. A € X,. This implies that X, c ¥,. Moreover,
if A ¢ Z,, and A is a real number, then there exists an interval J = [A — 6,4+ ] suchthat JNZ, =0
for all sufficiently large n € N. The spectral measure e, associated to a, converges in the weak-x
sense to the spectral measure e associated to a. Now, fj de, = 0 for sufficiently large n € N, and

hence fJ de = 0. This means that J N X, = 0, and so X, C X,. The proof is complete.
At this point, we introduce some notation which will be useful in the following lines.

Definition 4.1 Let A = {10, 41,...,4,...} be any sequence of positive real numbers such that
iy < Ayi and (Ai—1, A2;) N A = 0 for every i € N (the sequence A need not have cluster points).
Let
C(A) = (o0, 29) |_J(oi-1, ),
ieN
and

T =R\ CA).

Assume further that X has locally positive Lebesgue measure. We define a set Ry C &z as follows:
Ra =1{a = (p,q,y) € E | a is a reflectionless Sturm-Liouville potential and the spectrum of the
full-line operator L, equals Z}.

We have proved that, given a sequence Ag satisfying Hypotheses 4.1, an element [s(0)] € 7,
and two fixed positive functions p, M € &, as in Proposition 4.4, it is possible to construct a se-
quence {a,}, = {(p, gn,Yn)}n C Es consisting of algebro-geometric Sturm-Liouville potentials which
converges to a triple a = (p,q,y) € E; uniformly on compact subsets of R. The triple a € &; ob-
tained via the approximation described above has the fundamental property of being a reflectionless
Sturm-Liouville potential lying in Ry, .

Now, let Ay be a given sequence which satisfies Hypotheses 4.1 and let a = (p,g,y) € Ra, be
obtained via the algebro-geometric approximation described in the above lines. Let

0 1/p(x)
A= ,
q(x) = Ay(x) 0

Ulx, 1) = p(x)ﬁ(x, A), U(x, 1) defined as in (4.3) and V(x, ) and T(x, 1) as in (4.2) and (4.1)
respectively. We want to show that the zero-curvature relation —B, + [A, B] = 0 is satisfied. For this,
one starts again with algebro-geometric potentials. So, let a, = (p, g,, y») be the algebro-geometric
potentials which approximate a = (p, ¢, y). To each potential a, one can associate the matrix

0 1/p(x)
Ay =
gn(X) = Aya(x) 0

Clearly, one has
lim A, = A,

n—oo

uniformly on compact subsets of R, and for every 4 € C. As explained in Section 3, there exists a

polynomial
_ Zn (0 yq) = —2PX) T | |
Uy(x, ) = l/tj (x)/ll = Mn(X) [ P(n)(x)]

Jj=0
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such that the n-tuple (P"(x),..., P (x)) is the solution of the system (4.15) with initial data
(5100), ..., 5,(0)). If T),(x,A) and V,(x, ) are defined as in (4.17) and (4.18) respectively, and if

we define
U,

pak
Bn(x’ A) = s

1
@ = )V T,

then the stationary zero curvature equation of order # is satisfied, i.e.,

n

_Bn,x(xa /l) + [An(x» /1)7 Bn(x’ /l)] =

together with (4.19).

Let us think of B,(x, 1) as a function B, : R x C — M(2,C), and equip the space M(2, C) with
the usual norm.

Next, let us fix x € R, and consider the maps 4 — U,(x, 1). We claim that the family {U,(x, -)} is
normal in the complex plane C, hence it converges uniformly on compact subsets of C to a function
U(x, -) which clearly must coincide with that function U(x, -) obtained by multiplying by p(x) the
function U(x,-) defined as in (4.4). To show this, it suffices to prove that the family {U,(x, )} is
uniformly bounded on compact subsets of C, and in fact if 1] < k,

|Un(x, )] < % [ (1 + L) 4.22)

i Azi-1

and the claim follows since the infinite product in (4.22) converges. Note that (4.22) implies that the
maps x — U,(x, 1) are uniformly bounded on all R, for every fixed A € C. A simple application of
the Cauchy Theorem shows that for every x € R, the coefficients ui,")(x) of U,(x, A) converge to the
coefficients u;(x) of the Taylor expansion of U(x, ) (j = 1,2,...).

We now prove that U, (x, 1) — U(x, 1) uniformly for x in compact subsets of R, whenever A lies
in a compact subset K € C. Let K = {1 € C | |4] < k}. Let us estimate the values |U,, ,(x, 1)| when
A € K. We have, simplifying the notation,

AP

Sl RS0 2]
< % [_] (1 + /12]:_1)[@ + —kCC, {Z g]) < oo,

i=1 jen Moj

&M
M,

|Unl <

(4.23)

where a = sup P _ Mo
xR | P Mn
It follows from the above estimates that the derivatives U, , are uniformly bounded whenever

A lies in a compact subset of C, hence we can find a subsequence in {U,(x, 1)} which converges to
U(x, A) uniformly on compact subsets of R, whenever A lies in a compact subset of C.

We claim that, for every 4 € C, B,(x, 1) is bounded uniformly on compact subsets of R, and
converges to B(x, 1) pointwise in x. To prove this, we use the zero-curvature relations —B, , +
[A,, By] = 0 and (4.19). Fix A € C. It is clear now that the maps x — A, (x, 1) converge to A(x, A)
uniformly on compact subsets of R. Moreover, let us examine the map x — B, (x, 1). We will show
that all the entries of B, are uniformly bounded on compact subsets of R. We observed in the above
lines that the functions U, (x, 1) are uniformly bounded on each compact subset of R and converge
to U(x, A) uniformly on compact subsets of R. Moreover, the functions U, .(x, .1) are uniformly
bounded on each compact subset of R in view of (4.23). Recall that 7,,(x, 2) and V,,(x, 1) are defined
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via the relations (4.17) and (4.18) respectively, hence T, (x, 4) is uniformly bounded on each compact
subset of R. Next, we use (4.19) to see that

2 2

U p
U,

(Gn = )V = (kﬁ(ﬂ) -

for every A # s;(x). This shows that the functions (g,(x) — Ay, (x))V,(x, A) are uniformly bounded in
each compact subset of R (if 4 = s5;(x) for some j € N, then after some cancellations, one obtains
in the right-hand side of the above expression a bounded quantity as well). We conclude that the
maps x — B,(x, A) are uniformly bounded on each compact subset of R. Clearly B, (x, 1) — B(x, 1)
pointwise in x, for every A € C.

Integrating the stationary zero-curvature relation with respect to x we have

B,(x, 1) - B,(0,4) = fx[An(S, A), B, (s, Dlds
0

In view of the above observations, we can apply the dominated convergence theorem to see that

B(x,4) - B(0,1) = fX[A(s, ), B(s, )]ds
0

In conclusion,
Bx(x, /l) = [A(x’ /l)’ B(x’ A)]

holds, together with (4.6).

We summarize the results so far obtained by using the notation we have introduced in Definition
4.1. We take a sequence Ay = {do,A1,...,4,, ...} satisfying Hypotheses 4.1, then pick a pair
(p, M) € &, as in Proposition 4.4. We assume that the stationary zero-curvature equation

-B,+[A,B] =0

holds, together with the condition

= A
AdetB = | |(1 - —).
i=0 4;

Then set U(x, A1) = Z uj(x)/lj, T(x,A) as in (4.1) and V(x, 1) as in (4.2). We write U(x, 2) as an
=0
infinite product, as follows:

-2p(x)
Ve =S l_[( s,(x))

The zero-curvature equation determines the system (4.7) for the motion of the zeros s;(x) of U(x, 2),
with a fixed initial condition [s(0)] € 7. The system (4.7) admits a unique solution [s(x)] € I
which we find by an algebro-geometric approximation. It turns out that the triple a = (p, q,y) € &3
obtained by such an algebro-geometric approximation is a reflectionless Sturm-Liouville potential
and that the spectrum X, of the operator L, is given by

O [A2i-2, A2i1
i=1

i.e.,a € RAO'
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Moreover, arguing exactly as in [15], we can go backwards, i.e., if we take a reflectionless Sturm-

0 I/p (x)), then there

Liouville potential a = (p, q,y) € Ra,, and if we set A(x, 1) = (q(x) — () 0

exists a matrix B(x, 1) of the type described above such that
k = 4
~B.+[4,B]=0, AdetB=]]({1-).
J=0 Aj

In conclusion, we can state the following

Theorem 4.4 A triple a(x) = (p(x), g(x), y(x)) lies in Ra, if and only if there exists a matrix B(x, 1) =

-T A*U/p
Mg -V T

@4.7), T(x,A) and V(x, A) are defined as in (4.1) and (4.2) respectively, such that

, where U(x, A) is an entire function with zeros sj(x) (j € N) satisfying

—B(x, ) + [A(x, 1), B(x,)] =0,  A‘detB(x, 1) = [_[ (1 - ﬂi)
=0 J

are valid.

S The time-dependent hierarchy

The aim of this section is to introduce and solve a time-dependent hierarchy of evolution equations.
The solution of this hierarchy will be given with initial data a reflectionless potential a(x) € Ra,.

Let us fix two numbers r > k > 0 and introduce a time dependency in our discussion, as follows:
let us consider matrices

0 1/p(t,x)
A([, X, /l) = ,
q(t, x) — Ay(t, x) 0

~T(t,x, ) PR ALl

B(t, X, /l) = p(t’ _x)

Mgt x) = Ay, )V x, D) T(t,x,2)

and

=T.(t,x, ) ﬂ*kM

B, (t,x,A) = )

A, ) = Wy, )V, 6,0 Tt x, )

Here the matrix B(¢, x, A) is analogous to that in the stationary case, but now the coeflicients depend
on ¢ as well. The matrix B, has entries which we will define shortly.

We pose the following basic problem: do there exist matrices A, B and B, as above in such a way
that

At,x,2) = B,y(t, x, ) + [A(t, x, 1), B,(t, x, )] = 0
5.1)
—By(t,x,2) + [A(t, x, A), B(t, x, )] = 0

and the Ansatz

A det B(t, x, 1) = ]_[ (1 - ﬂi) (5.2)

i=0 i
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hold for every t,x e Rand 1 € C?

Before analysing in detail the problem we have just introduced, we make a fundamental obser-
vation. The second equation in (5.1) and (5.2) are equivalent to saying that the map ¢ — a(t,x) =
(p(, x), q(t, x), y(t, x)) is a curve in the set Rx,.

The first equation in (5.1) gives

/l_k
T+ 7(‘] - U, -V,)=0

1 . 2
()3
P Pl P

(5.3)

and, setting U, = U, /p,

204q - ), - %(61 -+ (p (%) ) =2(p(g — ). U+

+ 4p(q - /ly)Ur,x - (p(pUr,x)x)x'

(5.4)

The relations (5.3) define T, and V, once U, is known, hence we have to look for formulas to
determine U, and the triple a(t, x) = (p(t, x), q(t, x), y(t, x)). For the moment, assume that U,isa
polynomial of degree r in A € C and with coeflicients which depend on ¢ and x, i.e.,

U,(t,x, 1) = Z Fi(t, DA
=0

Then, as we explained a few lines ago, T, is defined by the second equation in (5.3) and V, by the
first equation on (5.3). The problem then lies in proving that U, can be taken to be a polynomial of
degree r in A. If we agree in taking U, as above, then the equation (5.4) provides r + 2 relations: it
will turn out (see the observations after the relations (5.11)) that one coefficient of the polynomial
U, is obtained once the pair (p(t, x), M(t, x)) € & is fixed, so r of those relations are used to deter-
mine the other coeflicients f;(#, x) recursively, while the remaining 2 relations provide compatibility
conditions for the triple a(t, x). These conditions translate into 2 evolution equations (one for the
function ¢(z, x) and the other for the function y(¢, x)) which we call the r-th order Sturm-Liouville
evolution equations (briefly SL-equations). In a little bit more detail, we will call the SL-equations
those equations which arise from the relation (5.4) when we compute the coefficients of degree k + 1
and k. In particular, these coeflicients give rise to two equations of the form (setting f_; = f,.+1 = 0)

qt = Q(t7x5f}(’fk—l7q7QX7qu7--'ay’yxayxx"--7papx’plxa-")
Ve = YW X, firts Ji @ Qs Qoxs + -5 Y5 Vs Vixs + 5 Py Pcs Prxs -+ )-

When r varies over N, we have the Sturm-Liouville hierarchy of evolution equations (briefly, SL-
hierarchy).
Let us consider some simple examples. Assume k = 0, and fix p(t,x) = y(¢t,x) = 1. Then
U, = U, and (5.4) reads
2q; = 2q, U, +4(q - /l)Ur,x = Upxxxe

This is the standard K-dV hierarchy ([4]). For r = 1, set U;(¢, x, 1) = fi(t, x)A + fo(¢, x). Then
fl,x(t’ .X) = 07

ZCIX(I’ x)fl (t9 -x) - 4f0,x(ts X) = O,
2%([» x) = qu(t9 -x)fo(t’ -x) + 4q(ts x)fo,x(t’ x) - fO,XxX(L x)'
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If f1(¢, x) = c1, we obtain c;q,(t, x) = 2f; (¢, x), which implies fy(z, x) = C—zlq(t, Xx) + ¢,. Hence the

last relation in the system above gives us

3 c
4u(t, %) = S€19(1,)q(1, 3) = Zlqm(r, X) + 2q(t, )

which is a generalized version of the classical K-dV equation. If ¢; = 1 and ¢; = 0, we obtain the
classical K-dV equation, i.e.,

3 1
qt(h x) = zq(ta -x)qx(t9 -x) - quxx(ta x)'

As another example, let us assume that k = 1 and let p(¢, x) = g(¢,x) = 1 be fixed. Then (5.4)
translates to

22%y,(t, x) = 22y.(t, ) U (t, x, ) — 4(1 = Ay(t, X)) Uy, X, D) + Uy a2, X, ).

This is a version of the Camassa-Holm hierarchy (another one can be obtained by setting k = r as in
[8]). If r = 1, a possible solution is given by

fo=ci;

1
cy(t, x) +cy =2fi(t, x) - Efl,xx(ta X);
yt(t’ x) = )’x(f’ -x)fl (t’ .X') + 2)’(1, -x)fl,x(t’ x)'

This system is a generalized version of the Camassa-Holm equation. The classical Camassa-Holm
equation is obtained by setting ¢; = 1 and ¢, = 0 (see [2]).

Note that the constants in these constructions can be chosen at will. There are other interesting
examples which can be given (see [15] for more information).

In the examples above just one coordinate of the triple a(t, x) is unknown, and in fact only one
evolution equation appears. Instead, we will prove the following result.

Theorem 5.1 Let Ay = {1y, A1,...} be a sequence satisfying Hypotheses 4.1. Choose a family
{p(t, ), M(t, 0)}lier C Ep.

Then there exist functions q(t, x) and y(t, x) together with a polynomial U,(t, x, 1) such that the
Samily {p(t, x), q(t, x), y(t, X) }ier lies in R, and the zero-curvature relations (5.1) and (5.2) are valid.
Moreover; the functions q(t, x) and y(t, x) satisfy the r-th order SL-equations. They are expressed by
the formulas

M2(t, x) ﬁ 5i(t, X)
4p(t, x)Ag 11 Aoy Ao

¥, x) =
i=1

g, x))

q(t,x) = y(t,x)| Ao ) (Ao + Agiy — 25i(t, X)) | + gx(t, ) + ,
— p(t, x)

i=1

_ (p(t’ x))’(f, x))x
4y(t, x)
To prove this result, we first recall and deepen some facts which we have stated in Section 4.

If Ag = {40, 41, ..., A2,} 1s a finite set, then Theorem 5.1 is proved in [15]. In fact, the following
procedure can be used to solve the problem.

where g(t, x) = , and s;(t, x) satisfies the system (5.9) below (i € N).

1. The Weyl m-functions m.. now depend on ¢ as well. We find that they satisfy the Riccati equations

15
M+ —-—M"=qg- 2y,
p
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U,
M, =2T.M — 17" = M* + 17%(q - )V,
p
Since m. now depend on ¢ as well, we will have M(t, x) = m_(t, x,0) — m.(t, x, 0).

2. If the relations (5.1) and (5.2) are valid, then we have

U(t,x, ) = % [T x, DU, x, ) = T.(t, x, YU(t, x, )], (5.5

q(t, x) — y(t, x)

T:(t,x,A) =
(65D = 0

[V, x, DU, x, ) — U(t, x, YV (2, x, V)] , (5.6)

[(CI(E )C) - /1)’(1, X))V(t, X, A)]t =

= 2(q(t, x) — A(t, )IDI[T(t, x, YV (¢, x, 2) = V,.(t, x, VT (t, x, )], S
or, equivalently,

-B,+[B,,B] = 0. (5.8)

3. Equation (5.5) implies that, if s(z, x), .. ., s,(¢, x) are the zeros of the polynomial U(¢, x), then

(=1)"k(si(t, )Mt x) [T}, s1(2, x)
pt, )k(0) [T julsilt, ) = 5;(t, 01

Six =

5.9)
U, x, si(t, x))

k
55 (8, %)

si(t,x) =

8i (2, X).

4. The map ¢ — a(t, x) = (p(t, x), q(¢, x), y(t, x)) is a curve in Ry, consisting of algebro-geometric
Sturm-Liouville potentials .

5. The polynomial U,(t, x, A) is constructed as to satisfy (5.5) for every ,x e Rand 1 € C. If

] ULt x, A
0, %, ) = ((ttx)) Z it 0,

then the coeflicients f;(, x) can be determined recursively by the relation

~ /lk M[ 1 MX 7
Urel) = ?[W”’(EH‘ M
+Z

where we omitted to write explicitly the dependence of the functions with respect to ¢ and x.

(5.10)

6. We introduce the following notation: if S, (¢, x) = (s1(z, X), . . . , $,(t, X)),

Gi(S,(t,x) = (—l)i Z s, (8, x)86,(8, %) ... s5¢,(2, %), 1<i<g,

el

where ‘
={€€N’|1§€1<{’2<...<€,-Sn},
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and
oSt ) = (<1 Y s (L0560 sy 0),  1<i<g-L,
fen?
where 4 A
AV =(teN 1<t <b<...<li<n %))
In other words, ¢; and o\’ are symmetric functions of (si(z, x), ..., s(f, x)). Moreover, we denote
by S, (1, x) the n-tuple
1 1
S_l t, = se ey )
n (%) (S](I,X) 511(t7x))

and by
H(t, x) = M(t, x) n si(t, x).
i=1

After some computations, one obtains the following formulas for the coefficients fi(¢, x), ...

> (2, )

1 a . ~ )
fi(t, x) = M [;(—1)@;,,_”,»(3“1(;,x))], j=k+1,...r
k
_ —1
Jit:x) = o (ZO] Cisii(S, (8, X))+
i= (5.11)
+ fx(Ml(t’ S) _ M(ta S)pl(ta S))ds)
o \ p,s) pA(t, 5)

1 (< .
160 = S [Zcig‘j_,-(Snl(t,x))], j=0,... k-1

i=0

Note that if £ # 0, then fy(z, x) = C—O, while if k£ = O then
M(t, x)

l X Mf(t, S) M(ts s)pt(ts S)
£x) = + - ds|.
Jolt: %) M(t, x) (CO fo ( P, s) p(t.s) '
In both cases, one has that the coefficient fy(z, x) depends only on the choice of the functions

p(t, x), M(t, x) (recall the statement we made about the recursion for the coefficients fj(, x) some
lines after equation (5.4)).

7. Conversely, if we define U.(, x, ) as above, the system (5.9) admits a unique solution when the
initial condition (s1(0,0),..., s,(0,0)) is given. We then discover that the relations (5.5)—(5.7) are
satisfied and that the zero-curvature system (5.1) is satisfied once we define 7,(¢, x, 1) and V,(t, x, 1)
via the relations (5.3).

We use these results which are valid when Ay is a finite set to show that the procedure can
be extended to the case when Ay is an infinite discrete set which satisfies Hypotheses 4.1. The
method is again based on the algebro-geometric approximation. We will show that, if we fix a set Ag
which satisfies Hypotheses 4.1, and if the initial condition is furnished by a triple a(0, x) = (p(0, x),
q(0, x), ¥(0, x)) which is obtained via the algebro-geometric approximation we have described in the
previous section, then there exists a curve ¢ = a(t, x) = (p(¢, x), q(t, x), y(t, x)) € Ra, for which the
zero-curvature system (5.1) and the Ansatz (5.2) are satisfied (for k < r fixed a priori), and this is
equivalent to finding a solution of the r-th equation of the Sturm-Liouville hierarchy.

We are obliged to make the notation slightly heavier. So, let us fix numbers k < r < n € N.
Corresponding to those numbers there is a solution of the Sturm-Liouville hierarchy (5.1). We mean
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that there exist matrices B, (t, x, 1), B(,")(t, x,d) and A,,(¢, x, A) such that (5.1) and (5.2) are valid. Here
U,(t, x, A) is as in Section 4, but has entries which depend on 7 as well,

0 1/p(t, x)
At x, Q) = ,
Gn(t, X) — Ayn(t, X) 0

while B™(t, x, A) is defined as

U™, x,A
11, x, ) 65
BY(1,x,) = Pt

A7M(ga(t, ) = W, NV (0, 2,0 Tt x, )

The index n which appears indicates that the construction of the solution of the Sturm-Liouville
hierarchy is carried out by choosing the set A(()") = {0, 41,...,d2x} C Ag. This produces a curve
t - a,(t, x) = (p(t, x), gut, x), yu(t, X)) € RAE)n).

We immediately observe that for every fixed + € R and 4 € C, the matrices A,(¢, x, 1) and
B,(t, x, 1) are uniformly bounded for x in compact subsets of R and converge to matrices

0 1/p(t, x)
A(t,x,A) =
q(t, x) — Ay(t, x) 0
and U 1
~T(t,x,1) /l—kM
B(t,x, 1) = p(t, x)

A’k(q(t, x) — Ay(t, x)V(t, x, 2) T(t, x,A)

(see the previous section).

We have to study the behaviour of the matrix Bi")(t, x, 1). Asis clear from the arguments we used
the previous section, we only need to study the behaviour of the polynomials U ﬁ")(t, x, ), because
the other entries of B(,") (t, x, 2) will inherit the desired properties by means of the relation (5.3).

Now, we have

UPx ) = ) [0,
i=0

and the coeflicients f;")(t, x) satisfy the relations (5.11), where now indices n appear, i.e.,

n 1 r i - .
[0 = yY R [;(—1)c,-g‘n_Hj(Snl(t,x))], j=k+ 1, ,r
k
() _ -
00 = 5 x)(z(; cisi-i(S, (1, X))+
i= (5.12)
+ fx(Mn,t(t7 s) _ Mn(t’ S)Pt(t, S))ds)
o \ ps) Pt s)

. 1 ! . .
£, x) = D [Zc,-gj_i(snl(t,x))], j=0, k-1

i=0

and
_ —2k,(0%)

Mat, ) = U,(t, x,0)
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We now assume that M,;, M, r, M, .x and M, converge uniformly on compact subsets of R? to
M, M, M, and M, respectively. Note that the coefficients f;")(t, x) are just linear combinations of

at most r among the coefficients u;")(t, x) of the polynomial U,(t, x, ) (plus, in the case of fk(")(t, X), a
uniformly convergent bounded function). This implies that for every ¢ € R, the coefficients f(")(t X)

converge to functions f;(¢, x) uniformly on compact subsets of R. Also, f o )(t x) converge to f;,(z, x)
uniformly on compact subsets of R, for every ¢t € R. Moreover, since the polynomlals U,(t, x,4) and

U, «(t, x, A) are bounded by quantities which depend only on A, the same holds for the coefficients

(”)(t x) and u(")(t x), and hence for the c¢ oeflicients f@")(t x) and f(")(t x). All these observations
lead to the conclusion that U(")(t x) and U(”)(t x) converge to functions U,(t, x) and U, (¢, x) for
every 4 € C. Moreover, for every fixed A € C, the functions Uf”)(t, x) and Uﬁﬁc)(t, x) are uniformly
bounded on compact subsets of R2. Now, it is clear that A, (7, x, 1) is uniformly bounded on compact
subsets of R? (and for every fixed 4 € C).

We rewrite (5.1) as

B, (1, x, 1) = By(1,0,2) = f [An(t, 5, 2), Bu(t, 5, D]ds
0
!
An(t’ X, /l) - An(05 X, A) = f (Bgl)g(s’ X, /l) - [An(S, X, /l)’ Bgn)(s» X, /l)])ds’
0

and by applying the bounded convergence theorem we obtain

B.x, = B0 = [ TAG. 5. 0. B, s
0

A(t’ X, /l) - A(O’ X, /1) = f (Br,x(s’ X, A) - [A(S’ X, /1)’ B)‘(S7 X, A)])ds
0

The Sturm-Liouville hierarchy is then solved when the initial data lies in R,,. The solution of the
r-th order Sturm-Liouville equation defines a curve ¢t — a(t,x) = (p(t, x), q(t, x),y(t,x)) € Ra,-
Theorem 5.1 is proved.

We make one concrete example of a new family of evolution equations we will be able to solve.
Setr = 1,k = 0, p(t,x) = 1 and fix M(t, x). Then we have U,(t,x,2) = Ui(t,x,d) = fi(t,x)A +
fo(t, x). We have

filt,x) = m

while

1 X
Sfo(t, x) = m (co + fo M(t, s)ds).

The Sturm-Liouville evolution equations of the first order are the given by
th(t’ X) = 261x(t, X)f()([, )C) + 4Q(t’ x)fO,x([s )C) + fO,xxx(ta X)

2y,(t, x) = =2c19:(t, x) f1(2, X) + 2y.(2, X) fo(t, X) — 4q(t, x) f1.x(2, X)+
+4qx(t, x)ﬁ),x(t, .X) + fl ,xxx(ts -x)

As another example, choose r = k = 1 and p(t, x) = 1. Fix M(t, x). Then we have

1 - 1
file, ) = )[ co(;—Si(t’x)]],
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_ o
T M, x)

In this case, the Sturm-Liouville evolution equations of the first order are

Jo

yit, x) = ylt, ) fi(t, %) + 2y(2, %) f1.(2, %),

2ql(t7 -x) = qu(t, x)fl (t» .X') - yx(t, .X)‘ﬁ)(t, )C) + 45](f, x)fl,x(lv x)_
—4y(t, X) fo,e(1, %) + fi (1, X)

We finish the discussion by making some observations. First of all, we should clarify how to
obtain the K-dV and the CH equations as particular cases of the construction above. What could
seem singular is the fact that we do not fix either g or y, but we choose only p(¢, x) and M(¢, x). So,
let k = 1 and fix p(t,x) = 1. Let s;(z, x) be solutions of the equations in (5.9) which we modify by
setting

M@, x) [152, si(t, x)
ke (0) -

This implies that y(z, x) = 1. Then we proceed as above. The relation (5.10) can be rewritten as
follows

2.

Ur() = Zl (Ur(s) = UR) 7
The recursion formulas for the coeflicients f(z, x) now give
f;‘ = Cr’
f},] =Cp1 T Crgl(S)’
P
fo= D siS),
i=0
where ¢y, . . ., ¢, are constants. This is exactly the K-dV hierarchy of evolution equations, and indeed,

if r = 1, we obtain
. c
fizen foltx) = ot eagi(SEx) = + 54l ).
The first order K-dV equation in given by using (5.4):
hi=a
5 c

Jfo=7¢o+ Elq

2q; = 2q.fo + 4qfo.x — Joxxx
The last equation in this system translates to

< Cl Cidx €1
2q; =2 x( + = )+4 — 5 Yxxx»
qr qx|Co 2q q B 2‘1

that is

3 C1 -
q: = ECIQQX - ZQXxx + Co4x>

which is a version of the well-known K-dV equation (by letting &, = 0 we obtain the classical K-dV
equation).
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Things are simpler when we wish to reproduce the CH-hierarchy, and especially the CH-
equation. In this case, we set p(f,x) = 1 and M(t,x) = 2. Then one uses the Riccati equation
and obtains

my(t,x,0) + m_(¢,x,0) = 0, qt,x) =1,

which is the desired setting for the CH-hierarchy. The related spectral problem is based on the so-
called acoustic equation —¢”” + ¢ = Ayp. So, let us choose k = r. The relation defining U, (¢, x)
translates to

= A A ix
U=y’ [; Un(s) - Uru)} -

prl $i(d = si)

Clearly, the relations (5.12) translate to

frt.x) = % (Zo: cisr-i(S7'(1, x))) ,
1 J
fit.0 =5 (Z cisi (S, x))], j=0,...,r—1.

i=0

Now, the CH-equation of order r will be given by

Vi = Yufr + 2V frx

In the case when » = 1, we obtain the CH-equation of the first order we described at the beginning
of this section. Note that, in this case, one obtains

00

ui(t,x) = c1 — co [Z

1
i si(t,x) )
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