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Abstract

In a previous paper [15] we introduced the Sturm-Liouville (SL) hierarchy of evolution
equations. This hierarchy includes the Korteveg-de Vries (K-dV) and the Camassa-Holm
(CH) hierarchies. We also defined and discussed in detail the algebro-geometric solutions
of the SL-hierarchy. In this paper, we broaden the class of algebro-geometric solutions in
a substantial way. Namely, we define and discuss solutions of the SL-hierarchy lying in an
isospectral class of the Sturm-Liouville problem −(pφ′)′ + qφ = λyφ, which is determined
by data related to a Riemann surface of “infinite genus”.
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1 Introduction
In a previous paper [15] we introduced the “Sturm-Liouville hierarchy” (briefly SL-hierarchy) of
nonlinear evolution equations. This hierarchy includes the Korteweg-de Vries and the Camassa-
Holm hierarchies in a natural sense. We also discussed certain special solutions -the so called
algebro-geometric solutions- of our SL-hierarchy. These solutions are obtained by making refer-
ence to a compact hyperelliptic Riemann surface.

The point of this paper is to extend the notion of algebro-geometric solution of the SL-hierarchy
to certain situations in which the underlying Riemann surface has infinitely many gaps which cluster
at infinity. The approach we take is to depart from the results of [15], in which the SL-hierarchy
was defined and solved in the case of a nonsingular (finite genus and compact) Riemann surface.
(Actually, we will refine here the definition of Sturm-Liouville hierarchy of evolution equations, in
the sense that each equation in the hierarchy consists of a system made of two evolution equations.)
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The approach we take is that of considering the limits of some appropriate quantities which are
determined using the structure of a sequence of nonsingular Riemann surface. These quantities are
basically differential equations for poles as will be explained. We show that a limiting family of
infinitely many differential equations for the poles exists and admits solutions. These solutions are
then shown to give rise to solutions of the SL-hierarchy.

In a bit more detail, the SL-hierarchy is based on the Sturm-Liouville spectral problem

−(pφ′)′ + qφ = λyφ.

The starting point in its construction is a so-called zero-curvature equation

∂A
∂t
− ∂B
∂x
+ [A, B] = 0, (1.1)

whose coefficient matrices A, B will be defined below. Here [A, B] = AB − BA is the commutator of
A and B. We observe that the coefficients of B are determined by three quantities T,U,V , which are
functions of t, x ∈ R, λ ∈ C and p, q, y. A solution of the SL-hierarchy is in the first place a triple
T,U,V such that the relation (1.1) holds. One uses the structure of the zero-curvature equation (1.1)
to determine differential relations for p, q, y.

In [15], we introduced a Riemann surface into the picture, via a condition which is adjoined to
the relation (1.1). As stated above, this surface is compact and has finite genus. In the present paper,
we allow the Riemann surface to have infinitely many singularities, and view it as an appropriate
limit of finite genus surfaces. In this way, we obtain the limiting family of infinitely many differential
equations for the pole motion. We will write down explicit formulas for the solutions of the Sturm-
Liouville hierarchy of evolution equations. These solutions are expressed via the pole motion and
give rise to a curve in an isospectral set of Sturm-Liouville potentials a = (p, q, y).

There is a good amount of literature concerning hierarchies of evolution equations. We mention
[4, 18, 16, 22, 24] for the K-dV equation, [1, 8, 23] for the Camassa-Holm hierarchy, and [9] and
[20] for other types of evolution equations. The present paper essentially extends the known results
in two ways: first of all we introduce hierarchies of evolution equations which generalize both the
K-dV and the Camassa-Holm hierarchies. Our hierarchies contain two coupled nonlinear evolution
equations, one for the function q(t, x) and the other for the function y(t, x). Moreover, the presence
of the function p(t, x) allows us to introduce some hierarchies which can be used to study the so
called “small dispersion limits” of certain PDEs (see [15] for examples on this topic). Second,
the family of initial conditions (or, better, the family of potentials) for which we will be able to
solve the hierarchy is larger than those considered in most of the literature, and is strictly larger
than those used in approaches which are similar to ours: it includes periodic potentials, algebro-
geometric potentials, the potentials introduced by Levitan [16], and other families of reflectionless
potentials. However, we are not yet able to treat the cases when the potential (which gives rise to the
initial condition) has spectrum with a Cantor part; indeed we require that the so-called spectral gaps
cluster at∞ and satisfy some decay conditions in order for certain infinite products to converge. We
do believe that it is possible to enlarge the family of initial conditions to other potentials as well by
using methods similar to those introduced in the present paper.

The paper is organized as follows: in Section 2 we review some results concerning the so-called
algebro-geometric Sturm-Liouville potentials. We will put in evidence the dynamical approach to
the study of these potentials, and will state some useful results concerning the link between the
concept of exponential dichotomy and the spectrum of the Sturm-Liouville operator. The material
discussed in Section 2 can be found in [6, 12]. In Section 3 we briefly introduce the SL-hierarchy in
the case of algebro-geometric Sturm-Liouville potentials. We refer the reader to [15] for a detailed
discussion of the hierarchy and of its solutions.

Section 4 contains the results concerning the selection of the initial data for which we will solve
the SL-hierarchy. We will also use some facts proved in [15], and discuss a characterization of
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the algebro-geometric Sturm-Liouville potentials by means of a so-called stationary zero-curvature
equation.

In the final Section 5 we introduce and solve the SL-hierarchy, when the initial data are chosen
in accordance with the results in Section 4. We will give explicit formulas for the solutions of the
hierarchy in terms of the zeros of the Green’s functions associated to a time-dependent family of
Sturm-Liouville operators. We will not discuss here the nature of the motion of these poles (the
so-called pole motion) in detail, but we plan to discuss it more deeply in a future publication.

We finish this Introduction by introducing some notation which we will use throughout all the

paper. If f : R2 → R is a function, we will use both the symbols ft, fx and
∂ f
∂t
,
∂ f
∂x

to denote the
partial derivatives of f . The symbol D will denote the operator of differentiation with respect to
x ∈ R, andM(n,C) will denote the set of n × n matrices with complex coefficients.

2 Preliminaries
This section contains basic concepts concerning the spectral theory of the Sturm-Liouville operator.
The facts discussed here can be found in ([6, 12, 14], see also [13]).

Let us denote by E2 = {b = (p,M) : R → R2 | b ∈ C1(R), b is uniformly continuous and
p(x) ≥ δ, δ ≤ M(x) ≤ ∆ for every x ∈ R}. Moreover, set E3 = {a = (p, q, y) : R → R3 | a is
uniformly continuous and bounded, p ∈ C1(R), and p(x) ≥ δ, δ ≤ y(x) ≤ ∆ for every x ∈ R}. The
sets E2 and E3 are equipped with the standard topology on uniform convergence on compact subsets
of R.

For a ∈ E3, let us consider the Sturm-Liouville operator

La : D → L2(R, ydx) : φ 7→ 1
y

(−DpD + q)φ,

where D is the operator of differentiation with respect to x ∈ R. We will often refer to an element
a ∈ E3 as a potential. The domain D of La is given by D = {φ : R → R | φ ∈ L2(R, ydx),
φ is absolutely continuous and D2φ ∈ L2(R, ydx)}. It is well-known that La admits a self-adjoint
extension to all L2(R, ydx) which we denote again by La. Let Σa be the spectrum of La. It is a fact
that Σa ⊂ R is bounded below and unbounded above: moreover, the set Ra = R \ Σa is (at most) a
countable union of disjoint open (possibly unbounded) intervals.

The family of operators we discuss in these lines contains the Schrödinger operator (obtained by
setting a = (1, q, 1)) and the so-called acoustic operator (obtained by setting a = (1, 1, y)).

Beyond the intrinsic relevance of the spectral theory of the Sturm-Liouville operator La, there
is a fundamental connection between this operator and a family of nonlinear evolution equations.
This connection (whose prototypical example was discovered in the ’60s in [7] for the case of the
Schrödinger operator and the K-dV equation) is the topic of this paper, and has encouraged the study
of various classes of Sturm-Liouville operators. We will delay the description of the connection
between the Sturm-Liouville operator and families of evolution equations to the next sections: now
we discuss certain results concerning the spectral theory of the so-called algebro-geometric Sturm-
Liouville potentials. A dynamical approach has turned out to be very useful in studying the above
operators. Let a ∈ E3 and let La be the associated Sturm-Liouville operator. Together with La one
can define the eigenvalue equation

Ea(φ, λ) = −DpDφ + qφ = λyφ

where λ ∈ C. This equation can be expressed in matrix form as

X′ =
(

0 1/p
q − λy 0

)
X,
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where X =
(
φ

pφ′

)
. We will often write a(x, λ) =

(
0 1/p(x)

q(x) − λy(x) 0

)
, whenever a(x) = (p(x),

q(x), y(x)) ∈ E3.
Define a function A : E3 → M(2,C) : a 7→ a(0, λ). We denote by {τs}s∈R the translation flow on

E3, i.e. if a(·) ∈ E3, then τs(a) = a(s + ·) ∈ E3. We apply a construction of Bebutov type to a fixed
element a0 ∈ E3, as follows. Pick a0 ∈ E3, and consider the set A = cls Hull(a0) = cls{τs(a0) | s ∈
R}. Then A is a compact, τs-invariant subset of E3, in the sense that τs(A) = A, for every s ∈ R.
The Bebutov construction allows us to use dynamical methods to study the operator La: indeed, it
makes now sense to speak of the family of linear systems(

φ
pφ′

)′
= A(τx(a))

(
φ

pφ′

)
, a ∈ A. (2.1)

One important consequence of the Bebutov construction is that there is a subsetA1 ofA which has
considerable properties of recurrence. For example, let µ be an ergodic measure onA (hence µ is a
τs-invariant Borel probability measure which has the additional property of being indecomposable:
if B ⊂ A is a Borel set and µ(τs(B)∆B) = 0 for every s ∈ R, then either µ(B) = 0 or µ(B) = 1). It is
a standard fact that such a measure exists [21]. If necessary, let us redefine A to be the topological
support of µ. Then there is a set A1 ⊂ A such that each a ∈ A1 is both positively and negatively
Poisson recurrent: there exist real sequences (tn) → ∞ and (sn) → −∞ such that lim

n→∞
τtn (a) = a and

lim
n→∞

τsn (a) = a.
A fundamental tool in the study of the family (2.1) is the concept of exponential dichotomy. Let

Φa(x) be the fundamental matrix solution of the family (2.1).

Definition 2.1 The family (2.1) is said to have an exponential dichotomy overA if there are positive
constants η, ρ, together with a continuous, projection valued function P : A → M2(C) such that the
following estimates holds:

(i) |Φa(x)P(a)Φa(s)−1| ≤ ηe−ρ(x−s), x ≥ s,

(ii) |Φa(x)(I − P(a))Φa(s)−1| ≤ ηeρ(x−s), x ≤ s.

One has the following fundamental result (see [10])

Theorem 2.1 Let A be obtained by a Bebutov type construction as above. Consider the family
(2.1). If a ∈ A has dense orbit, then the spectrum Σa of the operator La equals the set

Σed := {λ ∈ C | the family (2.1) does not admit an exponential dichotomy over A}.

It is known that, if ℑλ , 0, then the family (2.1) admits an exponential dichotomy over A, hence
Σa ⊂ R. Another consequence of the above theorem is that if a ∈ E3 and A = cls Hull(a) then the
spectrum of La and that of all the operators Lτx(a) coincide, i.e., Σa = Στx(a) = Σed for every x ∈ R
[6].

Now, let a ∈ E3 and let us fix the Dirichlet boundary condition φ(0) = 0 at x = 0. There are
well-defined unbounded self-adjoint operators L±a which are defined in L2(R±, ydx) and which are
determined by the formula

La(φ) =
1
y

[−(pφ′)′ + qφ]

and the Dirichlet condition in x = 0. If ℑλ , 0, we define the Weyl m-functions m±(a, λ) to be those
complex numbers which parametrize ker P(a) and Im P(a), as follows:

Im P(a) = Span
(

1
m+(a, λ)

)
ker P(a) = Span

(
1

m−(a, λ)

)
.
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Note that, since a ∈ A and detΦa(x) = 1 for every x ∈ R, both ker P(a) and Im P(a) are complex
lines in C2.

Next, let a = (p, q, y) ∈ E3 be a Sturm-Liouville potential. Consider the (unbounded, self-

adjoint) operator La =
1
y

[−DpD + q] on L2(R, ydx). We will define the Green’s function for the

operator La. As is well known, the Green’s function Ga(x, s, λ) is the kernel of the resolvent operator
(La − λI)−1 acting on L2(R, ydx) (ℑλ , 0). This means that, if one considers the nonhomogeneous
equation −(pψ′)′ + qψ = λyψ + y f , where f ∈ L2(R, ydx) and ℑλ , 0, one has

ψ(x) =
∫
R

G(x, s, λ) f (s)ds.

There is an interesting relation between the Weyl m-functions m±(a, λ) and the diagonal Green’s
function Ga(λ) := Ga(0, 0, λ), namely, one has

Ga(λ) =
y(0)

m−(a, λ) − m+(a, λ)
ℑλ , 0.

We now make use of the Bebutov flow. Let a ∈ E3, and consider the values τx(a) when x ∈ R.
We already noticed that the spectrum of the translated operators Lτx(a) equals that of the original
operator La, i.e., Σa = Στx(a) for every x ∈ R. When x ∈ R, let us define m±(x, λ) := m±(τx(a), λ), and

Ga(x, λ) := Gτx(a)(λ) =
y(x)

m−(x, λ) − m+(x, λ)
(ℑλ , 0). Some observations concerning the dynamical

definition of the Weyl m-functions imply that Ga(x, λ) = Gτx(a)(0, 0, λ) = Ga(x, x, λ) whenever x ∈ R
and ℑλ , 0. One can show that for every x ∈ R, the non-tangential limit

Ga(x, η) = lim
ε→0
Ga(x, η + iε)

exists for a.a. η ∈ R (see [5]). Let us also note that the Weyl m-functions satisfy the Riccati equation

m′ +
1
p

m2 = q − λy, ℑλ , 0. (2.2)

It is well-known that the behavior of the function G(x, λ) is fundamental for the study of the
properties of the spectrum of the Sturm-Liouville operator. In fact, one gives “names” to potentials
∈ E3 according to how their diagonal Green’s function behaves. In this paper, we will consider two
particular families of potentials which lie in E3, namely algebro-geometric potentials and reflection-
less potentials.

Definition 2.2 A potential a ∈ E3 is called algebro-geometric if the following properties are satis-
fied:

(i) the spectrum Σa of the operator La is a finite union of disjoint closed intervals, plus an halfline:

Σa = [λ0, λ1] ∪ [λ2, λ3] ∪ · · · ∪ [λ2n,∞).

(ii) for every x ∈ R,ℜGa(x, η) = 0 for a.a. η ∈ Σa.

A potential a ∈ E3 is called reflectionless if:

(i) the spectrum Σa of the operator La has locally positive Lebesgue measure, i.e., if λ ∈ Σa and
I ⊂ R is an open interval which contains λ, then I ∩ Σa has positive Lebesgue measure;

(ii) for every x ∈ R,ℜGa(x, η) = 0 for a.a. η ∈ Σa.
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Algebro-geometric Sturm-Liouville potentials were introduced in [12] (see also [6] and [13]): they
are an extension of the well-known algebro-geometric potentials Schrödinger potentials [4]. Arguing
as in [6, 12] one can prove that for an algebro-geometric potential condition (ii) actually holds for
every η ∈ Σa.

Reflectionless Sturm-Liouville potentials have been introduced in [14], as an extension of the
homologous potentials in the Schrödinger case, as described in [3]. See also [24] for more informa-
tion.

Condition (ii) in the above definition has some fundamental consequences. First of all, if a ∈ E3
is reflectionless, every potential τx(a) is reflectionless as well for every x ∈ R (and, in particular, if
a is algebro-geometric, then τx(a) is algebro-geometric as well for every x ∈ R). Second, it can be
proved (see [6, 12, 14]) that both m+(x, ·) and m−(x, ·) extend holomorphically through every open
inteval which lies in the spectrum Σa. Denoting by h±(x, ·) these extensions, one obtains

h+(x, λ) =

m+(x, λ), ℑλ > 0
m−(x, λ), ℑλ < 0

and h−(x, λ) =

m−(x, λ), ℑλ > 0
m+(x, λ), ℑλ < 0

Some other considerations (see [6, 12]) allow to conclude that, if a ∈ E3 is an algebro-geometric
potential, then (1) the spectrum Σa of the operator La has no isolated eigenvalues; (2) the Weyl m-
functions m±(x, ·) extend meromorphically through R \ Σa for every x ∈ R. In particular, if a ∈ E3
is a fixed algebro-geometric potential, then there exists exactly one point Pi(a) in each interval
Ii = [λ2i−1, λ2i] (i = 1, . . . , g) such that either |m+(Pi(a) + iε)| or |m−(Pi(a) + iε)| is singular as
ε → 0, and this singularity is a simple pole. These points Pi(a) (i = 1, . . . , g) correspond to the
isolated eigenvalues of the half-line restricted operators L±a : L2(R±, ydx)→ L2(R±, ydx) with initial
condition φ(0) = 0. Clearly, if Pi(a) is a pole for m+, then it is an isolated eigenvalue of L+a and
vice-v ersa.

Let a ∈ E3 be algebro-geometric. We now bring in to the scene the Bebutov flow, to obtain
moving eigenvalues Pi(x) := P(τx(a)). These eigenvalues lie in the spectral gaps Ii for every x ∈ R.

We further introduce a Riemann surface which is fundamental to the purpose of describing the
motion of the eigenvalues P1(x), . . . , Pg(x). Let R be the Riemann surface of the algebraic relation

w2 = −(λ − λ0)(λ − λ1) . . . (λ − λ2g).

Then R is a torus having exactly g holes corresponding to the spectral gaps Ii = [λ2i−1, λ2i] (i =
1, . . . , g). Denote with π the standard projection of R to the Riemann sphere Ĉ. Then π is 2-1
except at the points λ0, λ1, . . . , λ2g and ∞, where it is 1-1. We will call the points λ0, λ1, λ2g,∞
the ramification points of R. Denote points in R by P. If λ ∈ Ĉ is not a ramification point, then
π−1(λ) = {P+, P−}. Roughly speaking, P+ corresponds to the positive square root of −(λ − λ0)(λ −
λ1) . . . (λ − λ2g), while P− to the negative square root of −(λ − λ0)(λ − λ1) . . . (λ − λ2g). In fact, one
can define a function k(P) on R first by defining k(0+) (resp. k(0−)) to be the positive (resp. negative)
square root of λ0λ1 . . . λ2g, then using analytic continuation. One obtains a function k(P) which is
single valued on R and such that k(P) has as values the positive and negative square roots of w2. In
particular, if λ is not a ramification point, and if π−1(λ) = {P+, P−}, then k(P+) (resp. k(P−)) is the
positive (resp. negative) square root of w2.

Now, let us define ci = π−1(Ii) (i = 1, . . . , g). The curves ci are circles and correspond to the
“holes” of R. A convenient way of describing this correspondence is that of using a polar coordinate,
as follows. Let Ii = [λ2i−1, λ2i], and let ci = π

−1(Ii). If Pi ∈ ci, the value π(Pi) ∈ Ii can be written as

π(Pi) = (λ2i−1 − λ2i) sin2 θi

2
+ λ2i,

where θi is an appropriate value θi ∈ [0, 2π] : if θi ∈ (0, π), then we have that k(Pi) is positive, while
if θi ∈ (π, 2π), then k(Pi) is negative (note that k(P) is real when P ∈ ci). From now on, we will
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often commit the abuse of notation of denoting by Pi both points in ci and their projections in Ii

(i = 1, . . . , g).
Let a ∈ E3 be algebro-geometric with spectrum Σa = [λ0, λ1] ∪ · · · ∪ [λ2g,∞). Let us look

at the poles P1(x), . . . , Pg(x) of m±(x, λ). The motion of the points P1(x), . . . , Pg(x) takes place in
I1 × · · · × Ig, hence in c1 × · · · × cg via the correspondence π(ci) = Ii. Each point Pi(x) ∈ Ii can be
written as

Pi(x) = (λ2i−1 − λ2i) sin2 θi(x)
2
+ λ2i,

which defines the angular coordinate θi(x) of the point Pi(x) (i = 1, . . . , g).
Now, we review some reasoning made in [12, 6]: first, letting a = (p, q, y) ∈ E3 be an algebro-

geometric potential, one can define a single meromorphic function M(P) on R by setting M(0+) =
m+(0) and M(0−) = m−(0), and then by using analytic continuation along curves in R. In this way,
one has M(P) = m+(P) and M ◦ σ(P) = m−(P) on R. Next, we expand M near∞ to obtain

M(P) = m+(P) =
Q(λ) +

√
pyk(P)

H(λ)
, M ◦ σ(P) = m−(P) =

Q(λ) − √pyk(P)
H(λ)

,

where λ = π(P), H(λ) =
g∏

i=1

(λ − π(Pi)), and Q(λ) is a polynomial of degree g in λ ∈ C. Here we

adopt the convention that
√

py > 0 whenever g is even, while
√

py < 0 when g is odd. To determine
Q(λ), we argue as follows: in view of the definition of m−(P) on R, one has that m− is finite at the p
oints P1(x), . . . , Pg(x), hence we must have Q(Pi(x)) =

√
p(x)y(x)k(Pi(x)) (i = 1, . . . , g). Next, we

note also that, in view of (2.2), Q(Pi(x)) =
p(x)

2
Hx(Pi(x)) for every i = 1, . . . , g. Moreover, one can

show (see [6, 12]) that
Q(λ)
λg → −(p(x)y(x))x

4y(x)
as λ→ ∞ on R, hence we can write

Q(λ) =
p(x)

2

√
p(x)y(x)

 1√
p(x)y(x)

H(λ)


x

.

Some computations now show that we can relate the triple a = (p, q, y) ∈ E3 to the motion of the
points Pi as follows: letM(x) = m−(x, 0) − m+(x, 0). Then one obtains

Pi,x(x) =
(−1)gM(x)k(Pi(x))

∏g
i=1 Pi(x)

p(x)k(0+)
∏

j,i(Pi(x) − P j(x))
. (2.3)

The system (2.3) is a system of g ODE’s. It is intended to take place in R, hence the value k(Pi)
must be given a sign according to the “position” of the point Pi on R. This may create a little bit of
confusion, but we can easily avoid that by using polar coordinates θi(x). In fact, one can write down
the derivative of θi(x) instead of that of Pi(x), then use the expression which defines θi(x) to recover
Pi(x). In this way, one has

θi,x(x) = (−1)gM(x)
p(x)

√
(P j(x) − λ0)
√
λ0

×

×
g∏

j=1

P j(x)√
λ2 j−1λ2 j

∏
j,i

√
(λ2 j−1 − Pi(x))(λ2 j − P j(x))

P j(x) − Pi(x)
.

Now, once we have determined the motion of the points Pi(x) (i = 1, . . . , g), we use the Taylor
coefficients of the expansion of M at∞ to obtain

y(x) =
M2(x)
4p(x)

∏g
i=1 [Pi(x)]2

k2(0+)
, (2.4)
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q(x) = y(x)

λ0 +

g∑
i=1

(λ2i + λ2i−1 − 2Pi(x))

 + g(x) +
g2(x)
p(x)

, (2.5)

where g(x) = − (p(x)y(x))x

4y(x)
.

The motion of the points P1(x), . . . Pg(x) can be better understood by using instruments of alge-
braic geometry, and in particular by using the Abel map and a generalized Jacobi variety. Moreover,
the potential a = (p, q, y) ∈ E3 can be expressed by means of a Generalized Riemann Theta function:
but this is another story, and we address the reader to [12, 13, 6] for further details on this topic.

Another important fact concerning algebro-geometric potentials a = (p, q, y) ∈ E3 is that the
above process can be inverted, as follows: let Λ0 = {λ0 < λ1 < . . . < λ2g} be a finite set of 2g
positive real numbers, let R be the Riemann surface defined as above, let us set I j = [λ2 j−1, λ2 j]
( j = 1, . . . , g), let us pick points P1(0) ∈ c1, . . . , Pg(0) ∈ cg (π(c j) = I j, for every j = 1, . . . , g), and
let us fix a function b = (p,M) ∈ E2. Next, let the points P1(x), . . . , Pg(x) be determined as to satisfy
the system (2.3), with initial condition (P1(0), . . . , Pg(0)). Then define y(x) and q(x) as in (2.4) and
(2.5) respectively. It turns out [12, 6] that the triple a = (p, q, y) ∈ E3 is an algebro-geometric
potential whose spectrum equals the set Σ = [λ0, λ1] ∪ . . . [λ2g,∞).

3 The g-th order Sturm-Liouville hierarchy of evolution
equation

In this Section we review some results of [15], in which a Sturm-Liouville hierarchy of evolu-
tion equations was introduced and solved when the initial data is a given algebro-geometric Sturm-
Liouville potential. The procedure which we follow for determining the solution of the Sturm-
Liouville hierarchy consists of several steps, which we summarize as follows:

1. Let us fix a set Λ0 = {λ0 < λ1 < . . . < λ2g} ⊂ R where λi > 0 for every i = 0, . . . , 2g. Let b =
(p,M) ∈ E2, and let us determine an algebro-geometric Sturm-Liouville potential a = (p, q, y) ∈ E3
via the procedure described in the previous section.

2. Let

U(x, λ) =
2(−1)g+1 p(x)k(0+)
M(x)

∏g
i=1 Pi(x)

g∏
i=1

(λ − Pi(x)).

Choose numbers k, r ∈ {0, 1, . . . , g − 1} such that k ≤ r, and define T (x, λ) and V(x, λ) in such a way
that

T (x, λ) =
λ−k p(x)

2

(
U(x, λ)

p(x)

)
x

and

Tx(x, λ) +
λ−k

p(x)
(q(x) − λy(x))(V(x, λ) − U(x, λ)) = 0.

3. Let

Bg =

 −T λ−kU/p

λ−k(q − λy)V T

 .
Then one can show that, if A =

(
0 1/p

q − λy 0

)
, then the so-called stationary zero-curvature condi-

tion holds, i.e.,
−Bg,x + [A, Bg] = 0



The Sturm-Liouville hierarchy of evolution equations II 509

where [A, Bg] = ABg − BgA is the commutator of A and Bg. Moreover, one easily checks that

d
dx

det Bg = 0.

In view of the above relation, one makes the following Ansatz:

p2

4

[(
U
p

)
x

]2

+
1
p

(q − λy)UV = k2(λ) = −
2g∏
i=0

(λ − λi). (3.1)

4. Let a = (p, q, y) ∈ E3 be an algebro-geometric potential corresponding to the pair b = (p,M) ∈
E2 and the set Λ0 = {λ0, λ1, . . . , λ2g} as in point 1. Let us keep the numbers k ≤ r ∈ {0, 1, . . . , g − 1}
fixed. We introduce a parameter t ∈ R in all the functions involved. So one introduces a one-
parameter family of Sturm-Liouville potentials a(t, x) = (p(t, x), q(t, x), y(t, x)), together with matri-
ces

A(t, x, λ) =

 0 1/p(t, x)

q(t, x) − λy(t, x) 0


Bg(t, x, λ) =


−T (t, x, λ) λ−k U(t, x, λ)

p(t, x)

λ−k(q(t, x) − λy(t, x))V(t, x, λ) T (t, x, λ)


Br(t, x, λ) =


−Tr(t, x, λ) λ−k Ur(t, x, λ)

p(t, x)

λ−k(q(t, x) − λy(t, x))Vr(t, x, λ) Tr(t, x, λ)


where U(t, x, λ) is a polynomial of degree g in λ and whose coefficients depend on t and x, T (t, x, λ)
and V(t, x, λ) are defined as in point (2), Ur(t, x, λ) is a polynomial of degree r in λwhose coefficients
depend on t and x, and Tr(t, x, λ) and V(t, x, λ) are defined by(

1
p

)
t
− λ−k

(
Ur

p

)
x
+

2
p

Tr = 0,

Tr,x +
λ−k

p
(q − λy)(Vr − Ur) = 0.

We ask if U(t, x, λ) and Ur(t, x, λ) can be chosen in such a way that
−Bg,x + [A, Bg] = 0
At − Br,x + [A, Br] = 0
d
dx

det Bg = 0, and (3.1) holds

(3.2)

for all (t, x) ∈ R2 and all λ , 0. One can show that the validity of (3.2) implies that each a(t, x)
is algebro-geometric, i.e., the flow determined by equations (3.2) is isospectral: in particular each
a(t, x) is algebro-geometric and its spectrum equals the set Σ = [λ0, λ1] ∪ · · · ∪ [λ2g,∞). See [15],
Section 3 and Section 4.

5. The answer to question in point (4) is positive. In fact, one can define the coefficients of the
polynomial Ur(t, x, λ) beginning from the relation

Ur,x =
λ−k

p

[
Mt

M + p
(

1
p

)
t

]
− Mx

M Ur +

g∑
i=1

 λk

Pk
i

Ur − Ur(Pi)
 λPi,x

Pi(λ − Pi)
.
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It turns out that the coefficients of Ur can be determined via a recursion relation. It also turns out
that the points Pi(t, x) satisfy the system

Pi,x =
(−1)gk(Pi)M

∏g
j=1 P j

pk(0+)
∏

j,i(Pi − P j)

Pi,t =
Ur(Pi)

Pk
i

Pi,x

.

We will explain this construction in more detail and provide some examples in the next sections.
In Section 5, we will see how exactly this construction produces a pair of nonlinear evolution

equations which we will call the r-th order Sturm-Liouville evolution equations.

4 The stationary infinite-order Sturm-Liouville hierarchy
This section provides a procedure to construct the initial conditions for which our hierarchy of
evolution equations will be solved. The procedure we will use here is based on a so called algebro-
geometric approximation. Such a technique has been shown to be successful in the study of the
K-dV hierarchy of evolution equations (see [24]).

But let’s try to be methodical, and let us assume we are given a sequence of positive real numbers
Λ0 = {λ0, λ1, . . . , λ2g, . . . } ⊂ R such that λ0 < λ1 < . . . λ2g < . . . . Let us set Ik = [λ2k−1, λ2k]. Let
dk = λ2k − λ2k−1 be the length of the interval Ik. Further, set h jk = dist(I j, Ik) and h0k = λ2k−1 − λ0.

We make the following additional assumptions on the sequence Λ0:

Hypotheses 4.1 The sequence Λ0 satisfies:

(i)
∞∑

k=0

1
λk

< ∞;

(ii)
∞∑

k=1

dk < ∞;

(iii) sup
k∈N

dkh0k < ∞;

(iv) sup
j∈N

∑
k, j

√
dk

h jk
:= D1 < ∞

Note that the infinite products

∞∏
j=0

(
1 − λ

λ j

)
and

∞∏
j=1

(
1 − λ

z j

)
, (z j ∈ I j)

converge. Below we will introduce an entire function U(x, λ) in the λ-complex plane having as
zeros exactly one point in each interval I j, namely s j(x) ∈ I j. To be clearer, for every x ∈ R, we
choose points s1(x) ∈ I1, . . . , sg(x) ∈ Ig, . . . , then construct an entire function U(x, λ) of the complex
variable λ whose zeros are exactly the points s1(x), . . . , sg(x), . . . . The points s j(x) depend on the
parameter x ∈ R. We make the a-priori assumption that s j ∈ C∞(R). It will be clear later on that it
suffices to assume s j ∈ C1(R).

Let k ≥ 0 be any positive integer, and define

T (x, λ) =
p

2λk

(
U
p

)
x
. (4.1)
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Further, we choose V(x, λ) as to satisfy

Tx(x, λ) +
λ−k

p(x)
(q(x) − λy(x))(V(x, λ) − U(x, λ)) = 0. (4.2)

Here, the functions p, q, y are the coordinates of a triple a ∈ E3, i.e., a = (p, q, y) ∈ E3.
We look for a map x 7→ {s1(x), . . . , sg(x), . . . } and an element a = (p, q, y) ∈ E3 for which the

following stationary zero-curvature relation holds

−Bx + [A, B] = 0, (4.3)

where

A =

 0 1/p

q − λy 0


and

B =


−T

U
pλk

1
λk (q − λ)V T

 .
We will prove that, under an additional condition concerning the structure of B, the only possibility
for (4.3) to be valid is that a is a reflectionless potential which is the limit on the compact subsets of
R of a sequence of algebro geometric potentials {an}. Further, the zeros s j(x) of U will be the zeros
of the diagonal Green’s function G(x, λ) of La .

First, pick a pair (p,M) ∈ E2. We set Ũ = U/p as before, and write

Ũ(x, λ) =
−2
M(x)

∞∏
j=0

(
1 − λ

s j(x)

)
. (4.4)

Since Ũ(x, λ) is an entire function, the Taylor series

Ũ(x, λ) =
∞∑

i=0

ũi(x)λi

converges for all λ ∈ C.
In a way which is similar to that of the finite-gap stationary case, the relation (4.3) gives the

recursions 
−2Dpyũ j−1 = DpDpDũ j − 2Dpqũ j, j = 1, 2, . . .

DpDpDũ0 −Dpqũ0 = 0.
(4.5)

The system (4.5) allows to determine all the coefficients ũ j(x) of the Taylor expansion of Ũ,
beginning with ũ0.

We use the notation

k∞(λ) =

√√ ∞∏
i=0

(
1 − λ

λi

)
.

Our aim is to characterize the triples a = (p, q, y) ∈ E3 for which a relation of the type (4.3)
holds.
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The relation (3.1) retains validity in this case as well, hence we have the additional relation
d
dx

det B = 0. Motivated by what we did above, we make the Ansatz:

p2 Ũ2
x

4
+

1
p

(q − λy)UV = const =
∞∏

i=0

(
1 − λ

λi

)
. (4.6)

Computing (4.6) at a zero s j(x) we obtain

p2 Ũx(s j)2

4
= k2
∞(s j).

Moreover,

Ũx(s j) =
2
M(x)

∏
k, j

(
1 −

s j

sk

)
s j,x,

hence

s j,x(x) = ±
M(x)

√
(s j(x) − λ0)(λ2 j − s j(x))(s j(x) − λ2 j−1)

p(x)
√
λ0

×

×
∞∏

k=1

sk(x)
√
λ2k−1λ2k

∏
l, j

√
(λ2l−1 − s j(x))(λ2l − s j(x))

sl(x) − s j(x)
.

(4.7)

At this point, formula (4.7) is only formal. Indeed, we must show that the right-hand side of (4.7) is
meaningful, and that each equation in (4.7) admits a solution. Note that (4.7) is a system of infinitely
many linear differential equations.

Moreover, there is an ambiguity which follows from the sign ± in (4.7). As discussed earlier,
to determine if s j(x) is either increasing or decreasing, one can argue as follows: let us fix an index
j ∈ N, and let us consider the circle c j obtained by taking two copies of the interval I j = [λ2 j−1, λ2 j]
and glueing them together by identifying their endpoints. The motion of the point s j(x) is then
transferred into c j by observing that each time the point s j(x) crosses an endpoint of I j its derivative
changes sign and s j(x) jumps to the other copy of I j. Under this point of view, one can introduce an
angular coordinate for each point s j(x) in such a way that

s j(x) = λ2 j−1 + d j sin2 θ j(x)
2

, j ∈ N. (4.8)

In this way, one has

s j,x(x) =
1
2

d jθ j,x(x) sin θ j(x), j ∈ N, (4.9)

hence θ j,x(x) =
2s j,x(x)

d j sin θ j(x)
for every x ∈ R for which sin θ j(x) , 0.

Now, we use (4.7) to obtain

θ j,x(x) = ±
| sin θ j(x)|
sin θ j(x)

M(x)
p(x)

√
(s j(x) − λ0)
√
λ0

×

×
∞∏

k=1

sk(x)
√
λ2k−1λ2k

∏
l, j

√
(λ2l−1 − s j(x))(λ2l − s j(x))

sl(x) − s j(x)
.

(4.10)

The definition of the coordinate θ j(x) implies that ±
| sin θ j(x)|
sin θ j(x)

= 1, hence the system (4.10) is more

suitable to study the motion of the points s j(x). Moreover, a simple observation shows that θ j,x(x)
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is well defined also at those points where sin θ j(x) = 0, hence (4.10) makes sense for every x ∈ R.
Another important consequence of the choice of the angular coordinate is that one can (formally)
differentiate each equation in (4.10) with respect to x, while equations in (4.7) have singularities at
those values for which s j(x) reaches an endpoint of I j.

We now introduce a space which will be useful in the next lines. Let I = I1 × I2 × · · · × Ig × . . . .
Denote points in I by [X]. So if [X] ∈ I, then [X] is a sequence (X1, X2, . . . , Xg, . . . ) such that Xi ∈ Ii

for every i ∈ N. We introduce the following metric on I:

||[X] − [Y]||I := sup
k∈N

|Xk − Yk |√
dk

.

Note that || · ||I is well defined since |Xk − Yk | ≤ dk for every k ∈ N.
Alternatively, one can choose to work with the angular coordinates. In this case, the suitable

space is given by C = [0, 2π]ℵ0 and the metric becomes

||[θ] − [ρ]||C = sup
k∈N

√
dk |θk − ρk |.

Now, let us introduce the functions F j : I → R, as follows

F j([X]) =
∏

k∈N Xk

k∞(0)
k∞(X j)∏

k, j(Xk − X j)
.

We are ready to prove the following result.

Proposition 4.1 Let the sequence Λ0 satisfy Hypotheses 4.1. Then the maps F j are well defined, for
every j ∈ N.

Proof. We will show that the infinite products appearing in F j([X]) are bounded. In particular, we
will give an uniform bound with respect to [X] ∈ I for each F j. The computation we are going to
make here is similar to one made in [14]. We have

sup
[X]∈I
|F j([X])| ≤

∏
k∈N

(
1 +

dk

h0k

)
d j

√
h0 j + d j√
λ0

∏
l, j

(
1 +

dl

h jl

)
.

Hence the functions F j are well defined for every j ∈ N.

The inequality in the above proof shows that

|F j([X])| ≤ Cd j

√
d j + h0 j ≤ CC1

√
d j,

hence

sup
j∈N

|F j([X])|√
d j

≤ CC1, sup
j∈N
|F j([X])| < C2,

uniformly with respect to [X] ∈ I, where C1 = sup
j∈N

(d j +

√
d jh0 j).

Note that

s j,x(x) = ±M(x)
p(x)

F j([s(x)]), [s(x)] = (s1(x), s2(x), . . . , sn(x), . . . ) (4.11)

Moreover

θ j,x(x) =
M(x)
p(x)

G j([s(x)]), (4.12)
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where

G j([X]) =

√
(X j − λ0)
√
λ0

∞∏
k=1

Xk√
λ2k−1λ2k

∏
l, j

√
(λ2l−1 − X j)(λ2l − X j)

Xl − X j
.

The functions G j are defined on I: however, one can think at those functions as defined on C, via

the correspondence we described above: X j = X j(θ j) = λ2 j−1 + d j sin2 θ j

2
. One obtains a sequence

[X[θ]] = (X1(θ1), . . . , Xn(θn), . . . ), and functions G j : C → R : [θ] 7→ G j([X([θ]]). Using the
estimates in Proposition 4.1 we obtain

|G j([s(x)]) ≤ C
√

d j + h0 j

and
|F j([s(x)])| ≤ d j|G j([s(x)])|.

Observe that by using (4.10) instead of (4.7) we earn regularity but we lose uniform boundedness.
The following estimates are similar to those proved in [14].

Proposition 4.2 Let j, k ∈ N. Then∣∣∣∣∣∣∂G j

∂Xk
([X])

∣∣∣∣∣∣ ≤ sup
[X]∈I

∣∣∣∣∣∣G j([X])
(

1
Xk
+

1
X j − Xk

)∣∣∣∣∣∣ , j , k ∈ N (4.13)

∣∣∣∣∣∣∂G j

∂X j
([X])

∣∣∣∣∣∣ ≤ sup
[X]∈I

∣∣∣G j([X])
∣∣∣ ∣∣∣∣∣∣ 1

X j
+

1
2(X j − λ0)

+

+
1
2

∑
j,s∈N

(
1

(X j − λ2s)
+

1
(X j − λ2s−1)

− 2
(X j − Xs)

)∣∣∣∣∣∣.
(4.14)

Note that equations (4.13) and (4.14) imply that

∑
k∈N

sup
[X]∈I

∣∣∣∣∣∣ √dk
∂G j

∂Xk
([X])

∣∣∣∣∣∣ ≤ C(2D1 + D2
1)

√
d j + h0 j.

We have the instruments to prove uniqueness of the solution of the system (4.7), when the initial
data (s1(0), s2(0), . . . , sg(0), . . . ) ∈ I is given.

Theorem 4.2 LetΛ0 satisfy Hypotheses 4.1. Choose a point [s̃(0)] := (s̃1(0), s̃2(0), . . . , s̃g(0) , . . . ) ∈
I, and let (p,M) ∈ E2. Assume that a solution [s(x)] := (s1(x), s2(x), . . . , sg(x), . . . ) of the system
(4.7) exists for every x ∈ R, that [s(x)] ∈ I for every x ∈ R and that [s(0)] = [s̃(0)]. Then the
solution [s(x)] is unique.

Proof. The proof repeats the same arguments as in ([14], Theorem 4.5). We observe that if a solution
of then it has to satisfy [s(x)] ∈ I for every x ∈ R. We will only sketch the proof of uniqueness,
which is based on a Gronwall-type inequality. Assume that there are two solutions [q(x)] and [s(x)]
of (4.7) which satisfy the same initial condition [s(0)]. Then

|s j,x(x) − q j,x(x)|√
d j

≤
∣∣∣∣∣M(t)

p(t)

∣∣∣∣∣ d j(|G j([s(x)]) −G j([q(x)])|)√
d j

≤

≤ ∆
δ

∑
k∈N

√
dk

√
d j sup

[X]∈I

∣∣∣∣∂Gr([X])
∂Xk

∣∣∣∣ ∣∣∣∣∣∣∣∣[s(x)] − [q(x)]
∣∣∣∣∣∣∣∣I
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Using the estimates for the derivatives of Gr in the previous Proposition, we obtain

∑
k∈N

√
d j

√
dk sup

[X]∈I

∣∣∣∣∣∣∂G j

∂Xk
([X])

∣∣∣∣∣∣ ≤ CC1(2D1 + D2
1),

hence

sup
j∈N

|s j,x(x) − q j,x(x)|√
d j

≤ C̃||[s(x)] − [q(x)]||I,

where C̃ =
∆

δ
CC1(2D1 + D2

1).

Next, consider the map F : x 7→
∣∣∣∣∣∣∣∣[s(x)] − [q(x)]

∣∣∣∣∣∣∣∣I. Then F(x) is continuous, and the above
estimate implies that

F(x) ≤ C̃
∫ x

0
F(s)ds.

This means that F(x) ≡ 0 by standard arguments. The theorem is proved.

Now we shift our attention to the question of the existence of a solution of the system (4.7). We
will give a proof which is based on a so-called algebro-geometric approximation. This method
has been successfully applied in [14] to construct reflectionless Sturm-Liouville potentials with
prescribed properties. We repeat here the ideas of [14]. Fix n ∈ N. Let us consider the set
Λn = {λ0, λ1, . . . , λ2n} ⊂ Λ0, where Λ0 satisfies Hypotheses (4.1). Let Σn = [λ0, λ1] ∪ · · · ∪ [λ2g,∞).
Further, let us fix a point [P(0)] = (P1(0), . . . , Pn(0), . . . ) ∈ I, and let us consider the first n compo-
nents of [P(0)], which we denote by Pn(0) := (P1(0), . . . , Pn(0)). Let us fix a pair (p,Mn) ∈ E2, and
let an = (p, qn, yn) ∈ E3 be the algebro geometric Sturm-Liouville potentials obtained as in Section
2. Then Σn is the spectrum of the operator Ln := Lan , and Gn(x, η) := Gan (x, η) = 0 for a.a. η ∈ R
and for all x ∈ R. Recall that the (simple) zeros of Gn(x, η), namely P(n)

1 (x), . . . P(n)
n (x), satisfy the

system

P(n)
j,x(x) = (−1)n

Mn(x)
∏n

i=1 P(n)
i (x)kn(P(n)

j (x))

p(x)kn(0+)
∏

k, j(P
(n)
j (x) − P(n)

k (x))
=
Mn(x)

p(x)
F(n)

j (x). (4.15)

as in Section 2.
Again, one obtains a more accurate description of the motion of the points P(n)

j (x) by using
angular coordinates, as follows:

P(n)
j (x) = λ2 j−1 + d j sin2

θ(n)
j (x)

2
, j = 1, . . . , n, n ∈ N. (4.16)

Next, we already stated in Section 3 that there exists a matrix

Bn =


−Tn

Un

pλk

1
λk (qn − λyn)Vn Tn


such that, if

An =


0

1
p

qn − λyn 0

 ,
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then
−Bn,x + [An, Bn] = 0.

Here Un =

n∑
i=0

u(n)
j (x)λ j, Tn and Vn are defined via the relations

Tn =
p

2λk

(
Un

p

)
x
, (4.17)

and

Tn,x(x, λ) +
λ−k

p(x)
(q(x) − λy(x))(Vn(x, λ) − Un(x, λ)) = 0. (4.18)

Moreover, one has that (3.1) holds, i.e.,
d
dx

det Bn = 0, which translates to

p2 Ũ2
n,x

4
+

1
p

(qn − λyn)UnVn =

2n∏
i=0

(
1 − λ

λi

)
, (4.19)

where

Ũn(x, λ) =
−2
Mn(x)

n∏
i=1

1 − λ

P(n)
i (x)


(for the details, see again [15]). The validity of the stationary zero-curvature condition −Bn,x +

[An, Bn] = 0 (or, equivalently, the fact that an is an algebro-geometric potential) implies that

yn(x) =
1

p(x)(u(n)
n (x))2k2

n(0+)
=
M2

n(x)
4p(x)

n∏
i=1

[
P(n)

i (x)
]2

k2
n(0+)

, (4.20)

for every n ∈ N. Moreover, one has

qn(x) = yn(x)

λ0 +

n∑
i=1

(
λ2i + λ2i−1 − 2P(n)

i (x)
) + gn,x(x) +

g2
n(x)

p(x)
, (4.21)

where gn(x) = − (p(x)yn(x))x

4yn(x)
.

We have made all these preparatory remarks with the goal of solving the problem of the existence
of a solution of the system (4.7). As anticipated before, we will prove the existence of a solution of
(4.7) by approximation.

For this, we first fix a sequence {(p,Mn)} ⊂ E2 such that bothMn andMn,x converge toM and
Mx uniformly on compact subsets ofR. Next, compare (4.15) and (4.7); it is clear that the right-hand
side of (4.15) converges pointwise to the right-hand side of (4.7). Here we take the point of view that
for each n ≥ 1, I1 × · · · × In is embedded in I via the map (P1, . . . , Pn) 7→ (P1, . . . , Pn, Pn+1(0), . . . ).

Let us consider the sequence {P(n)
j (x)}n. We will apply the Ascoli-Arzelà Theorem to this se-

quence. For, we first prove that {P(n)
j (x)}n is equibounded on all R. This is a very easy consequence

of Hypotheses 4.1: we have
|P(n)

j (x)| ≤ h0 j + d j
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for every x ∈ R. Next, we prove equicontinuity of {P(n)
j (x)}n by showing that the sequence of the

derivatives {P(n)
j,x(x)}n is equibounded on R. We have

|P(n)
j,x(x)| ≤

∣∣∣∣∣∣ Mn(x)
p(x)
√
λ0

∣∣∣∣∣∣ n∏
i=1

P(n)
i (x)

√
λ2i−1λ2i

∣∣∣∣∣∣∣ kn(P(n)
j (x))∏

k, j(P
(n)
j (x) − P(n)

k (x))

∣∣∣∣∣∣∣ ≤
≤ ∆

δ
√
λ0

d j

√
h0 j + d j

∞∏
k=1

(
1 +

dk

h0k

) ∞∏
l, j

(
1 +

dl

h jl

)
≤

≤ ∆
δ

C2.

By the Ascoli-Arzelà Theorem, there exists a subsequence {P(nk)
j (x)}k ⊂ {P(n)

j (x)}n which converges
uniformly on compact subsets of R to a function P j : R→ I j ( j ∈ N).

We want to show that P j(x) = s j(x) for every j ∈ N, where s j(x) is expressed by (4.7). To do
this, we prove the following

Proposition 4.3 For every j ∈ N, the sequence {P(n)
j,x(x)}n admits a subsequence which converges

uniformly on compact subsets of R.

Proof. The proof is the same as that in [14]. We repeat here the main ideas.
It suffices to show that the sequence {F(n)

j (x)}n is equicontinuous and equibounded on all R. That

{F(n)
j (x)}n is equibounded follows from the estimate

|F(n)
j (x)| ≤ C2.

To prove equicontinuity, we use the angular coordinates θ(n)
j (x) ∈ [0, 2π]. Indeed, if the sequence

{θ(n)
j,x(x)}n is equicontinuous, the relation (4.16) shows that the sequence {P(n)

j,x(x)}n is equicontinuous
as well. The system (4.15) translates to

θ(n)
j,x(x) = (−1)nMn(x)

p(x)

∏n
k=1 P(n)

k (x)
kn(0+)

√
P(n)

j (x) − λ0×

×
n∏

l, j, l=1

√
(P(n)

j (x) − λ2l−1)(P(n)
j (x) − λ2l)

P(n)
j (x) − P(n)

l (x)
:=

:=
Mn(x)

p(x)
G(n)

j (x).

Again, note the ambiguity deriving from the sign of kn(P(n)
j (x)) in (4.15) disappears when con-

sidering the angular coordinates. We will prove that the sequence {θ(n)
j,xx(x)}n is equibounded, which

implies that {θ(n)
j,x(x)}n is equicontinuous. It suffices to show that the sequence {G(n)

j,x(x)}n is equi-
bounded, because

|θ(n)
j,xx(x)| ≤

∣∣∣∣∣∣
(
Mn(x)

p(x)

)
x

∣∣∣∣∣∣C √
d j + h0 j +

∆

δ
|G(n)

j,x(x)|.

We have

|G(n)
j,x(x)| ≤

n∑
k=1

sup
[X]∈I

∣∣∣∣∣∣∣∂G(n)
j

∂Xk
(x)

∣∣∣∣∣∣∣
∣∣∣∣P(n)

j,x(x)
∣∣∣∣ ≤ ∆

δ

n∑
k=1

sup
[X]∈I

∣∣∣∣∣∣∣∂G(n)
j

∂Xk
(x)

∣∣∣∣∣∣∣ |F(n)
j (x)|.

We use estimates analogous to those in (4.13) and (4.14), to obtain

|G(n)
j,x(x)| ≤ ∆

δ
2C2C1(2D1 + D2

1)
√

d j + h0 j = C( j).
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This shows that
|θ(n)

j,xx(x)| ≤ C2( j),

and that
|P(n)

j,xx(x)| ≤ C3( j).

The constants C1( j),C2( j) and C3( j) depend on j, and in particular one has

C1,C2 ∼ d j

√
d j + h0 j, C3 ∼ d j(d j + h0 j).

The proof now follows by applying the Ascoli-Arzelà Theorem.

A further elementary argument of calculus allows us to state the following result.

Theorem 4.3 Let Λ0 be a sequence which satisfies Hypotheses 4.1. Let [s(0)] ∈ I be a fixed point.
Then there exists a unique solution [s(x)] : R → I of the system (4.7). Moreover, if [s(x)] =
(s1(x), . . . , sn(x), . . . ) we have

s j(x) = lim
n→∞

P(n)
j (x)

and
s j,x(x) = lim

n→∞
P(n)

j,x(x)

uniformly on compact subsets of R.

Let us consider the sequence Λ0 which satisfies Hypotheses 4.1. We prove the following result

Proposition 4.4 Let Λ0 be given in such a way that Hypotheses 4.1 holds. For every n ∈ N, let
(p,Mn) ∈ E2 be such that (p,Mn) → (p,M) ∈ E2 andMn,x → Mx andMn,xx → Mxx uniformly
on compact subsets of R. Define the triple an = (p, qn, yn), where

yn =
M2

n(x)
4p(x)

∏n
j=1

[
P(n)

j (x)
]2

k2
n(0+)

,

qn(x) = yn(x)

λ0 +

n∑
i=1

(
λ2i + λ2i−1 − 2P(n)

i (x)
) + gn,x(x) +

g2
n(x)

p(x)
,

where gn(x) = − (p(x)yn(x))x

4yn(x)
and the points P(n)

j (x) are defined by (4.16). Then

lim
n→∞

yn(x) = y(x) =
M2(x)
4p(x)

∏∞
j=1 s2

j (x)

k2
∞(0)

and

lim
n→∞

qn(x) = q(x) = y(x)

λ0 +

∞∑
i=1

(
λ2i + λ2i−1 − 2s j(x)

) + gx(x) +
g2(x)
p(x)

,

uniformly on compact subsets of R. Here g(x) = − (p(x)y(x))x

4y(x)
.

The spectrum Σa of the operator La :=
1
y

(−DpD+q) equals the set
∞∩

n=1

Σan .Moreover m±(an, λ)→

m±(a, λ) uniformly on compact subsets of C+, which implies that a = (p, q, y) is reflectionless.
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Proof. Actually, we only have to prove that yn (resp. qn) converges to y (resp. q) uniformly on
compact subsets of R. The other statements of the proposition follow from this convergence by the
results in [14]. We will repeat briefly here some on the main steps for completeness.

We will use the familiar method which consists on applying the Ascoli-Arzelà theorem. The
sequence {yn}n is equibonded on all R, because

|yn(x)| ≤ ∆2

4δ2λ0

n∏
j=1

(
1 +

d j

h0 j

)2

=
∆2

4δ2λ0
D̃2

1 < ∞,

where

D̃1 =

∞∏
j=1

(
1 +

d j

h0 j

)
.

Moreover

|yn,x(x)| ≤ |
√

yn(x)|
∣∣∣∣∣∣∣
Mn(x)√

p(x)

∏n
j=1 P(n)

j (x)

kn(0+)


x

∣∣∣∣∣∣∣ .
Now, to show that the sequence {yn(x)}n is equibounded it suffices to show that

∏n
j=1 P(n)

j (x)

kn(0+)


x

is equibounded. This is easy, because∣∣∣∣∣∣∣

∏n

j=1 P(n)
j (x)

kn(0+)


x

∣∣∣∣∣∣∣ ≤ ∆

δ
√
λ0

CC1D̃1

 ∞∑
j=1

√
d j

h0 j

 ≤ ∆

δ
√
λ0

CC1D̃1D1 < ∞.

Now, since yn converges to y uniformly on compact subsets of R, using the Riccati equation (2.2)
and the assumptions concerning the functionsMn, we have

qn = −
1
2

(
pMn,x

Mn

)
x
+

1
4p

M2
n +

(
pMn,x

Mn

)2→
→ −1

2

(
pMx

M

)
x
+

1
4p

M2 +

(
pMx

M

)2 = q,

uniformly on compact subsets of R. We have proved that it can be assumed that the sequences {qn}n
and {yn}n converge to q and y respectively, uniformly on compact subsets of R.

Now, the second part of the proof goes as follows: one uses some results in [11] and the
decreasing-disc construction of the Weyl m-functions to show that m±(an, λ) converge to m±(a, λ)
uniformly on compact subsets of C+. Hence one has that G(an, λ) converges to G(a, λ) uniformly on
compact subsets of C+. Next we consider the functions hn(λ) = lnG(an, λ) and h(λ) = lnG(a, λ).
They are holomorphic in C+, and their imaginary parts ℑhn(λ) and ℑh(λ) are bounded between 0
and π. Let us consider a compact interval I ⊂ R, and let D be a semidisc contained in C+ whose
diameter is exactly I. It is known that ℑhn and ℑh have nontangential limits defined in the boundary
∂D of the semidisc D. Since hn converges to h uniformly on compact subsets of C+, we see that ℑhn

converges to ℑh weakly in L2(∂D), and hence weakly in L2(I) (see the proof of Lemma 7.4 in [17]).
Now, let us consider a Borel set B ⊂ R which is contained in the spectrum of Lan for all n ∈ N. By
assumption, we have ℜG(an, λ) = 0 for a.a. λ ∈ B ∩ I, indeed for all λ ∈ B ∩ I, because each an

is algebro-geometric. This implies that ℑhn = π/2 for all λ ∈ B ∩ I, and hence ℑh = π/2 for a.a.
λ ∈ B ∩ I. But this tells us exactly that ℜG(a, λ) = 0 for a.a. λ ∈ B ∩ I. The above arguments can
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be repeated for every potential τx(an), hence one obtains that ℜG(a, x, λ) = 0 for a.a. λ lying in B,
if B is a Borel set which is contained in the spectrum of Lτx(an) for every n ∈ N.

Now, Σan+1 ⊂ Σan for all n ∈ N. Let us set Σ∗ =
∩
n∈N
Σan . From what we have said, for each x ∈ R,

ℜG(a, x, λ) = 0 for a.a. λ ∈ Σ∗. So to prove that a is reflectionless, it is sufficient to prove that
Σ∗ = Σa.

First, one can show that ℑG(a, λ + i0) > 0 for a.a. λ ∈ Σ∗. This implies that Σ∗ ⊂ Σa. Moreover,
if λ < Σ∗, and λ is a real number, then there exists an interval J = [λ− δ, λ+ δ] such that J ∩ Σan = ∅
for all sufficiently large n ∈ N. The spectral measure en associated to an converges in the weak-∗
sense to the spectral measure e associated to a. Now,

∫
J den = 0 for sufficiently large n ∈ N, and

hence
∫

J de = 0. This means that J ∩ Σa = ∅, and so Σa ⊂ Σ∗. The proof is complete.

At this point, we introduce some notation which will be useful in the following lines.

Definition 4.1 Let Λ = {λ0, λ1, . . . , λn . . . } be any sequence of positive real numbers such that
λ2i−1 < λ2i and (λ2i−1, λ2i) ∩ Λ = ∅ for every i ∈ N (the sequence Λ need not have cluster points).
Let

C(Λ) := (−∞, λ0)
∪
i∈N

(λ2i−1, λ2i),

and
Σ = R \ C(Λ).

Assume further that Σ has locally positive Lebesgue measure. We define a set RΛ ⊂ E3 as follows:
RΛ = {a = (p, q, y) ∈ E3 | a is a reflectionless Sturm-Liouville potential and the spectrum of the
full-line operator La equals Σ}.

We have proved that, given a sequence Λ0 satisfying Hypotheses 4.1, an element [s(0)] ∈ I,
and two fixed positive functions p,M ∈ E2 as in Proposition 4.4, it is possible to construct a se-
quence {an}n = {(p, qn, yn)}n ⊂ E3 consisting of algebro-geometric Sturm-Liouville potentials which
converges to a triple a = (p, q, y) ∈ E3 uniformly on compact subsets of R. The triple a ∈ E3 ob-
tained via the approximation described above has the fundamental property of being a reflectionless
Sturm-Liouville potential lying in RΛ0 .

Now, let Λ0 be a given sequence which satisfies Hypotheses 4.1 and let a = (p, q, y) ∈ RΛ0 be
obtained via the algebro-geometric approximation described in the above lines. Let

A =

 0 1/p(x)

q(x) − λy(x) 0

 ,
U(x, λ) = p(x)Ũ(x, λ), Ũ(x, λ) defined as in (4.3) and V(x, λ) and T (x, λ) as in (4.2) and (4.1)
respectively. We want to show that the zero-curvature relation −Bx + [A, B] = 0 is satisfied. For this,
one starts again with algebro-geometric potentials. So, let an = (p, qn, yn) be the algebro-geometric
potentials which approximate a = (p, q, y). To each potential an one can associate the matrix

An =

 0 1/p(x)

qn(x) − λyn(x) 0

 .
Clearly, one has

lim
n→∞

An = A,

uniformly on compact subsets of R, and for every λ ∈ C. As explained in Section 3, there exists a
polynomial

Un(x, λ) =
n∑

j=0

u(n)
j (x)λ j =

−2p(x)
Mn(x)

n∏
j=1

1 − λ

P(n)
j (x)

 ,
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such that the n-tuple (P(n)
1 (x), . . . , P(n)

n (x)) is the solution of the system (4.15) with initial data
(s1(0), . . . , sn(0)). If Tn(x, λ) and Vn(x, λ) are defined as in (4.17) and (4.18) respectively, and if
we define

Bn(x, λ) =


−Tn

Un

pλk

1
λk (qn − λyn)Vn Tn

 ,
then the stationary zero curvature equation of order n is satisfied, i.e.,

−Bn,x(x, λ) + [An(x, λ), Bn(x, λ)] = 0,

together with (4.19).
Let us think of Bn(x, λ) as a function Bn : R × C → M(2,C), and equip the space M(2,C) with

the usual norm.
Next, let us fix x ∈ R, and consider the maps λ 7→ Un(x, λ). We claim that the family {Un(x, ·)} is

normal in the complex plane C, hence it converges uniformly on compact subsets of C to a function
U(x, ·) which clearly must coincide with that function U(x, ·) obtained by multiplying by p(x) the
function Ũ(x, ·) defined as in (4.4). To show this, it suffices to prove that the family {Un(x, λ)} is
uniformly bounded on compact subsets of C, and in fact if |λ| ≤ k,

|Un(x, λ)| ≤ 2∆
δ

∞∏
i=1

(
1 +

k
λ2i−1

)
, (4.22)

and the claim follows since the infinite product in (4.22) converges. Note that (4.22) implies that the
maps x 7→ Un(x, λ) are uniformly bounded on all R, for every fixed λ ∈ C. A simple application of
the Cauchy Theorem shows that for every x ∈ R, the coefficients u(n)

j (x) of Un(x, λ) converge to the
coefficients u j(x) of the Taylor expansion of U(x, λ) ( j = 1, 2, . . . ).

We now prove that Un(x, λ)→ U(x, λ) uniformly for x in compact subsets of R, whenever λ lies
in a compact subset K ⊂ C. Let K = {λ ∈ C | |λ| ≤ k}. Let us estimate the values |Un,x(x, λ)| when
λ ∈ K. We have, simplifying the notation,

|Un,x| ≤
∣∣∣∣∣ px

p
− Mn,x

Mn

∣∣∣∣∣ |Un| +
∣∣∣∣∣ 2p
Mn

∣∣∣∣∣
 n∑

j=1

|λP(n)
j,x |

(P(n)
j )2

∏
l, j

1 + |λ|
P(n)

l


 ≤

≤ 2∆
δ

∞∏
i=1

(
1 +

k
λ2i−1

) α + ∆δ kCC1

∑
j∈N

√
d j

h2
0 j


 < ∞,

(4.23)

where α = sup
x∈R

∣∣∣∣∣ px

p
− Mn,x

Mn

∣∣∣∣∣.
It follows from the above estimates that the derivatives Un,x are uniformly bounded whenever

λ lies in a compact subset of C, hence we can find a subsequence in {Un(x, λ)} which converges to
U(x, λ) uniformly on compact subsets of R, whenever λ lies in a compact subset of C.

We claim that, for every λ ∈ C, Bn(x, λ) is bounded uniformly on compact subsets of R, and
converges to B(x, λ) pointwise in x. To prove this, we use the zero-curvature relations −Bn,x +

[An, Bn] = 0 and (4.19). Fix λ ∈ C. It is clear now that the maps x 7→ An(x, λ) converge to A(x, λ)
uniformly on compact subsets of R. Moreover, let us examine the map x 7→ Bn(x, λ). We will show
that all the entries of Bn are uniformly bounded on compact subsets of R. We observed in the above
lines that the functions Un(x, λ) are uniformly bounded on each compact subset of R and converge
to U(x, λ) uniformly on compact subsets of R. Moreover, the functions Un,x(x, .λ) are uniformly
bounded on each compact subset of R in view of (4.23). Recall that Tn(x, λ) and Vn(x, λ) are defined



522 R. Johnson, L. Zampogni

via the relations (4.17) and (4.18) respectively, hence Tn(x, λ) is uniformly bounded on each compact
subset of R. Next, we use (4.19) to see that

(qn − λyn)Vn =

k2
n(λ) −

p2Ũ2
n,x

4

 p
Un

for every λ , s j(x). This shows that the functions (qn(x)− λyn(x))Vn(x, λ) are uniformly bounded in
each compact subset of R (if λ = s j(x) for some j ∈ N, then after some cancellations, one obtains
in the right-hand side of the above expression a bounded quantity as well). We conclude that the
maps x 7→ Bn(x, λ) are uniformly bounded on each compact subset of R. Clearly Bn(x, λ)→ B(x, λ)
pointwise in x, for every λ ∈ C.

Integrating the stationary zero-curvature relation with respect to x we have

Bn(x, λ) − Bn(0, λ) =
∫ x

0
[An(s, λ), Bn(s, λ)]ds.

In view of the above observations, we can apply the dominated convergence theorem to see that

B(x, λ) − B(0, λ) =
∫ x

0
[A(s, λ), B(s, λ)]ds.

In conclusion,
Bx(x, λ) = [A(x, λ), B(x, λ)]

holds, together with (4.6).
We summarize the results so far obtained by using the notation we have introduced in Definition

4.1. We take a sequence Λ0 = {λ0, λ1, . . . , λn, . . . } satisfying Hypotheses 4.1, then pick a pair
(p,M) ∈ E2 as in Proposition 4.4. We assume that the stationary zero-curvature equation

−Bx + [A, B] = 0

holds, together with the condition

λk det B =
∞∏

i=0

(
1 − λ

λ j

)
.

Then set U(x, λ) =
∞∑
j=0

u j(x)λ j, T (x, λ) as in (4.1) and V(x, λ) as in (4.2). We write U(x, λ) as an

infinite product, as follows:

U(x, λ) =
−2p(x)
M(x)

∞∏
j=1

(
1 − λ

s j(x)

)
.

The zero-curvature equation determines the system (4.7) for the motion of the zeros s j(x) of U(x, λ),
with a fixed initial condition [s(0)] ∈ I. The system (4.7) admits a unique solution [s(x)] ∈ I
which we find by an algebro-geometric approximation. It turns out that the triple a = (p, q, y) ∈ E3
obtained by such an algebro-geometric approximation is a reflectionless Sturm-Liouville potential
and that the spectrum Σa of the operator La is given by

Σa =

∞∪
i=1

[λ2i−2, λ2i−1],

i.e., a ∈ RΛ0 .
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Moreover, arguing exactly as in [15], we can go backwards, i.e., if we take a reflectionless Sturm-

Liouville potential a = (p, q, y) ∈ RΛ0 , and if we set A(x, λ) =
(

0 1/p(x)
q(x) − λy(x) 0

)
, then there

exists a matrix B(x, λ) of the type described above such that

−Bx + [A, B] = 0, λk det B =
∞∏
j=0

(
1 − λ

λ j

)
.

In conclusion, we can state the following

Theorem 4.4 A triple a(x) = (p(x), q(x), y(x)) lies inRΛ0 if and only if there exists a matrix B(x, λ) =(
−T λ−kU/p

λ−k(q − λy)V T

)
, where U(x, λ) is an entire function with zeros s j(x) ( j ∈ N) satisfying

(4.7), T (x, λ) and V(x, λ) are defined as in (4.1) and (4.2) respectively, such that

−Bx(x, λ) + [A(x, λ), B(x, λ)] = 0, λk det B(x, λ) =
∞∏
j=0

(
1 − λ

λ j

)
are valid.

5 The time-dependent hierarchy
The aim of this section is to introduce and solve a time-dependent hierarchy of evolution equations.
The solution of this hierarchy will be given with initial data a reflectionless potential a(x) ∈ RΛ0 .

Let us fix two numbers r ≥ k ≥ 0 and introduce a time dependency in our discussion, as follows:
let us consider matrices

A(t, x, λ) =

 0 1/p(t, x)

q(t, x) − λy(t, x) 0

 ,

B(t, x, λ) =


−T (t, x, λ) λ−k U(t, x, λ)

p(t, x)

λ−k(q(t, x) − λy(t, x))V(t, x, λ) T (t, x, λ)


and

Br(t, x, λ) =


−Tr(t, x, λ) λ−k Ur(t, x, λ)

p(t, x)

λ−k(q(t, x) − λy(t, x))Vr(t, x, λ) Tr(t, x, λ)

 .
Here the matrix B(t, x, λ) is analogous to that in the stationary case, but now the coefficients depend
on t as well. The matrix Br has entries which we will define shortly.

We pose the following basic problem: do there exist matrices A, B and Br as above in such a way
that 

At(t, x, λ) − Br,x(t, x, λ) + [A(t, x, λ), Br(t, x, λ)] = 0

−Bx(t, x, λ) + [A(t, x, λ), B(t, x, λ)] = 0
(5.1)

and the Ansatz

λk det B(t, x, λ) =
∞∏

i=0

(
1 − λ

λi

)
(5.2)
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hold for every t, x ∈ R and λ ∈ C?
Before analysing in detail the problem we have just introduced, we make a fundamental obser-

vation. The second equation in (5.1) and (5.2) are equivalent to saying that the map t 7→ a(t, x) =
(p(t, x), q(t, x), y(t, x)) is a curve in the set RΛ0 .

The first equation in (5.1) gives
Tr,x +

λ−k

p
(q − λy)(Ur − Vr) = 0

(
1
p

)
t
− λ−k

(
Ur

p

)
x
+

2
p

Tr = 0,

(5.3)

and, setting Ũr = Ur/p,

2λk(q − λy)t −
pt

p
(q − λy) +

(
p
(

pt

p

)
x

)
x
= 2(p(q − λy))xŨr+

+ 4p(q − λy)Ũr,x − (p(pŨr,x)x)x.

(5.4)

The relations (5.3) define Tr and Vr once Ur is known, hence we have to look for formulas to
determine Ur and the triple a(t, x) = (p(t, x), q(t, x), y(t, x)). For the moment, assume that Ũr is a
polynomial of degree r in λ ∈ C and with coefficients which depend on t and x, i.e.,

Ũr(t, x, λ) =
r∑

j=0

f j(t, x)λ j.

Then, as we explained a few lines ago, Tr is defined by the second equation in (5.3) and Vr by the
first equation on (5.3). The problem then lies in proving that Ũr can be taken to be a polynomial of
degree r in λ. If we agree in taking Ũr as above, then the equation (5.4) provides r + 2 relations: it
will turn out (see the observations after the relations (5.11)) that one coefficient of the polynomial
Ũr is obtained once the pair (p(t, x),M(t, x)) ∈ E2 is fixed, so r of those relations are used to deter-
mine the other coefficients f j(t, x) recursively, while the remaining 2 relations provide compatibility
conditions for the triple a(t, x). These conditions translate into 2 evolution equations (one for the
function q(t, x) and the other for the function y(t, x)) which we call the r-th order Sturm-Liouville
evolution equations (briefly SL-equations). In a little bit more detail, we will call the SL-equations
those equations which arise from the relation (5.4) when we compute the coefficients of degree k+1
and k. In particular, these coefficients give rise to two equations of the form (setting f−1 = fr+1 = 0)qt = Q(t, x, fk, fk−1, q, qx, qxx, . . . , y, yx, yxx, . . . , p, px, ptx, . . . )

yt = Y(t, x, fk+1, fk, q, qx, qxx, . . . , y, yx, yxx, . . . , p, px, ptx, . . . ).

When r varies over N, we have the Sturm-Liouville hierarchy of evolution equations (briefly, SL-
hierarchy).

Let us consider some simple examples. Assume k = 0, and fix p(t, x) = y(t, x) = 1. Then
Ũr = Ur and (5.4) reads

2qt = 2qxUr + 4(q − λ)Ur,x − Ur,xxx.

This is the standard K-dV hierarchy ([4]). For r = 1, set U1(t, x, λ) = f1(t, x)λ + f0(t, x). Then
f1,x(t, x) = 0;
2qx(t, x) f1(t, x) − 4 f0,x(t, x) = 0;
2qt(t, x) = 2qx(t, x) f0(t, x) + 4q(t, x) f0,x(t, x) − f0,xxx(t, x).
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If f1(t, x) = c1, we obtain c1qx(t, x) = 2 f0,x(t, x), which implies f0(t, x) =
c1

2
q(t, x) + c2. Hence the

last relation in the system above gives us

qt(t, x) =
3
2

c1q(t, x)qx(t, x) − c1

4
qxxx(t, x) + c2qx(t, x)

which is a generalized version of the classical K-dV equation. If c1 = 1 and c2 = 0, we obtain the
classical K-dV equation, i.e.,

qt(t, x) =
3
2

q(t, x)qx(t, x) − 1
4

qxxx(t, x).

As another example, let us assume that k = 1 and let p(t, x) = q(t, x) = 1 be fixed. Then (5.4)
translates to

2λ2yt(t, x) = 2λyx(t, x)Ur(t, x, λ) − 4(1 − λy(t, x))Ur,x(t, x, λ) + Ur,xxx(t, x, λ).

This is a version of the Camassa-Holm hierarchy (another one can be obtained by setting k = r as in
[8]). If r = 1, a possible solution is given by

f0 = c1;

c1y(t, x) + c2 = 2 f1(t, x) − 1
2

f1,xx(t, x);

yt(t, x) = yx(t, x) f1(t, x) + 2y(t, x) f1,x(t, x).

This system is a generalized version of the Camassa-Holm equation. The classical Camassa-Holm
equation is obtained by setting c1 = 1 and c2 = 0 (see [2]).

Note that the constants in these constructions can be chosen at will. There are other interesting
examples which can be given (see [15] for more information).

In the examples above just one coordinate of the triple a(t, x) is unknown, and in fact only one
evolution equation appears. Instead, we will prove the following result.

Theorem 5.1 Let Λ0 = {λ0, λ1, . . . } be a sequence satisfying Hypotheses 4.1. Choose a family
{p(t, x),M(t, x)}t∈R ⊂ E2.

Then there exist functions q(t, x) and y(t, x) together with a polynomial Ur(t, x, λ) such that the
family {p(t, x), q(t, x), y(t, x)}t∈R lies in RΛ0 and the zero-curvature relations (5.1) and (5.2) are valid.
Moreover, the functions q(t, x) and y(t, x) satisfy the r-th order SL-equations. They are expressed by
the formulas

y(t, x) =
M2(t, x)

4p(t, x)λ0

∞∏
i=1

si(t, x)
λ2−1λ2i

q(t, x) = y(t, x)

λ0

∞∑
i=1

(λ2i + λ2i−1 − 2si(t, x))

 + gx(t, x) +
g2(t, x))
p(t, x)

,

where g(t, x) = − (p(t, x)y(t, x))x

4y(t, x)
, and si(t, x) satisfies the system (5.9) below (i ∈ N).

To prove this result, we first recall and deepen some facts which we have stated in Section 4.
If Λ0 = {λ0, λ1, . . . , λ2n} is a finite set, then Theorem 5.1 is proved in [15]. In fact, the following

procedure can be used to solve the problem.

1. The Weyl m-functions m± now depend on t as well. We find that they satisfy the Riccati equations

Mx +
1
p

M2 = q − λy,
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Mt = 2Tr M − λ−k Ur

p
M2 + λ−k(q − λy)Vr.

Since m± now depend on t as well, we will haveM(t, x) = m−(t, x, 0) − m+(t, x, 0).

2. If the relations (5.1) and (5.2) are valid, then we have

Ũt(t, x, λ) =
2

P(t, x)
[T (t, x, λ)Ur(t, x, λ) − Tr(t, x, λ)U(t, x, λ)] , (5.5)

Tt(t, x, λ) =
q(t, x) − λy(t, x)

λk p(t, x)
[Vr(t, x, λ)U(t, x, λ) − Ur(t, x, λ)V(t, x, λ)] , (5.6)

[(q(t, x) − λy(t, x))V(t, x, λ)]t =

= 2(q(t, x) − λy(t, x)))[Tr(t, x, λ)V(t, x, λ) − Vr(t, x, λ)T (t, x, λ)],
(5.7)

or, equivalently,

−Bt + [Br, B] = 0. (5.8)

3. Equation (5.5) implies that, if s1(t, x), . . . , sn(t, x) are the zeros of the polynomial U(t, x), then
si,x =

(−1)nk(si(t, x))M(t, x)
∏n

l=1 sl(t, x)
p(t, x)k(0+)

∏
j,i[si(t, x) − s j(t, x)]

,

si,t(t, x) =
Ur(t, x, si(t, x))

sk
i (t, x)

si,x(t, x).

(5.9)

4. The map t 7→ a(t, x) = (p(t, x), q(t, x), y(t, x)) is a curve in RΛ0 consisting of algebro-geometric
Sturm-Liouville potentials .

5. The polynomial Ur(t, x, λ) is constructed as to satisfy (5.5) for every t, x ∈ R and λ ∈ C. If

Ũr(t, x, λ) =
Ur(t, x, λ)

p(t, x)
=

r∑
j=0

f j(t, x)λ j,

then the coefficients f j(t, x) can be determined recursively by the relation

Ũr,x(λ) =
λk

p

[
Mt

M + p
(

1
p

)
t

]
− Mx

M Ũr(λ)+

+

n∑
i=0

λk

sk
i

Ũr(si) − Ũr(λ)
 λsi,x

si(λ − si)
,

(5.10)

where we omitted to write explicitly the dependence of the functions with respect to t and x.

6. We introduce the following notation: if Sn(t, x) = (s1(t, x), . . . , sn(t, x)),

ςi(Sn(t, x)) = (−1)i
∑
ℓ∈Λi

sℓ1 (t, x)sℓ2 (t, x) . . . sℓi (t, x), 1 ≤ i ≤ g,

where
Λi = {ℓ ∈ Ni | 1 ≤ ℓ1 < ℓ2 < . . . < ℓi ≤ n},
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and
σ

( j)
i (Sn(t, x)) = (−1)i

∑
ℓ∈Λ( j)

i

sℓ1 (t, x)sℓ2 (t, x) . . . sℓi (t, x), 1 ≤ i ≤ g − 1,

where
Λ

( j)
i = {ℓ ∈ N

i | 1 ≤ ℓ1 < ℓ2 < . . . < ℓi ≤ n, ℓk , j}.

In other words, ςi and σ( j)
i are symmetric functions of (s1(t, x), . . . , sn(t, x)). Moreover, we denote

by S−1
n (t, x) the n-tuple

S−1
n (t, x) =

(
1

s1(t, x)
, . . . ,

1
sn(t, x)

)
,

and by

H(t, x) =M(t, x)
n∏

i=1

si(t, x).

After some computations, one obtains the following formulas for the coefficients f1(t, x), . . .
, fn(t, x):

f j(t, x) =
1

M(t, x)

 r∑
i= j

(−1)iciςn−i+ j(S−1
n (t, x))

 , j = k + 1, . . . , r

fk(t, x) =
1

M(t, x)

( k∑
i=0

ciςk−i(S−1
n (t, x))+

+

∫ x

0

(
Mt(t, s)
p(t, s)

− M(t, s)pt(t, s)
p2(t, s)

)
ds

)

f j(t, x) =
1

M(t, x)

 j∑
i=0

ciς j−i(S−1
n (t, x))

 , j = 0, . . . , k − 1

(5.11)

Note that if k , 0, then f0(t, x) =
c0

M(t, x)
, while if k = 0 then

f0(t, x) =
1

M(t, x)

(
c0 +

∫ x

0

(
Mt(t, s)
p(t, s)

− M(t, s)pt(t, s)
p2(t, s)

)
ds

)
.

In both cases, one has that the coefficient f0(t, x) depends only on the choice of the functions
p(t, x),M(t, x) (recall the statement we made about the recursion for the coefficients f j(t, x) some
lines after equation (5.4)).

7. Conversely, if we define Ũr(t, x, λ) as above, the system (5.9) admits a unique solution when the
initial condition (s1(0, 0), . . . , sn(0, 0)) is given. We then discover that the relations (5.5)–(5.7) are
satisfied and that the zero-curvature system (5.1) is satisfied once we define Tr(t, x, λ) and Vr(t, x, λ)
via the relations (5.3).

We use these results which are valid when Λ0 is a finite set to show that the procedure can
be extended to the case when Λ0 is an infinite discrete set which satisfies Hypotheses 4.1. The
method is again based on the algebro-geometric approximation. We will show that, if we fix a set Λ0
which satisfies Hypotheses 4.1, and if the initial condition is furnished by a triple a(0, x) = (p(0, x),
q(0, x), y(0, x)) which is obtained via the algebro-geometric approximation we have described in the
previous section, then there exists a curve t 7→ a(t, x) = (p(t, x), q(t, x), y(t, x)) ∈ RΛ0 for which the
zero-curvature system (5.1) and the Ansatz (5.2) are satisfied (for k ≤ r fixed a priori), and this is
equivalent to finding a solution of the r-th equation of the Sturm-Liouville hierarchy.

We are obliged to make the notation slightly heavier. So, let us fix numbers k ≤ r < n ∈ N.
Corresponding to those numbers there is a solution of the Sturm-Liouville hierarchy (5.1). We mean
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that there exist matrices Bn(t, x, λ), B(n)
r (t, x, λ) and An(t, x, λ) such that (5.1) and (5.2) are valid. Here

Un(t, x, λ) is as in Section 4, but has entries which depend on t as well,

An(t, x, λ) =

 0 1/p(t, x)

qn(t, x) − λyn(t, x) 0

 ,
while B(n)

r (t, x, λ) is defined as

B(n)
r (t, x, λ) =


−T (n)

r (t, x, λ) λ−k U(n)
r (t, x, λ)
p(t, x)

λ−k(qn(t, x) − λyn(t, x))V (n)
r (t, x, λ) T (n)

r (t, x, λ)

 .
The index n which appears indicates that the construction of the solution of the Sturm-Liouville
hierarchy is carried out by choosing the set Λ(n)

0 = {λ0, λ1, . . . , λ2n} ⊂ Λ0. This produces a curve
t 7→ an(t, x) = (p(t, x), qnt, x), yn(t, x)) ∈ R

Λ
(n)
0
.

We immediately observe that for every fixed t ∈ R and λ ∈ C, the matrices An(t, x, λ) and
Bn(t, x, λ) are uniformly bounded for x in compact subsets of R and converge to matrices

A(t, x, λ) =

 0 1/p(t, x)

q(t, x) − λy(t, x) 0


and

B(t, x, λ) =


−T (t, x, λ) λ−k U(t, x, λ)

p(t, x)

λ−k(q(t, x) − λy(t, x))V(t, x, λ) T (t, x, λ)


(see the previous section).

We have to study the behaviour of the matrix B(n)
r (t, x, λ). As is clear from the arguments we used

the previous section, we only need to study the behaviour of the polynomials U(n)
r (t, x, λ), because

the other entries of B(n)
r (t, x, λ) will inherit the desired properties by means of the relation (5.3).

Now, we have

U(n)
r (t, x, λ) =

r∑
i=0

f (n)
j (t, x)λ j,

and the coefficients f (n)
j (t, x) satisfy the relations (5.11), where now indices n appear, i.e.,

f (n)
j (t, x) =

1
Mn(t, x)

 r∑
i= j

(−1)iciςn−i+ j(S−1
n (t, x))

 , j = k + 1, . . . , r

f (n)
k (t, x) =

1
Mn(t, x)

( k∑
i=0

ciςk−i(S−1
n (t, x))+

+

∫ x

0

(Mn,t(t, s)
p(t, s)

− Mn(t, s)pt(t, s)
p2(t, s)

)
ds

)

f (n)
j (t, x) =

1
Mn(t, x)

 j∑
i=0

ciς j−i(S−1
n (t, x))

 , j = 0, . . . , k − 1

(5.12)

and

Mn(t, x) =
−2kn(0+)
Ũn(t, x, 0)

.
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We now assume that Mn,Mn,x,Mn,xx and Mn,t converge uniformly on compact subsets of R2 to
M,Mx,Mxx andMt respectively. Note that the coefficients f (n)

j (t, x) are just linear combinations of

at most r among the coefficients u(n)
j (t, x) of the polynomial Un(t, x, λ) (plus, in the case of f (n)

k (t, x), a

uniformly convergent bounded function). This implies that for every t ∈ R, the coefficients f (n)
j (t, x)

converge to functions f j(t, x) uniformly on compact subsets of R. Also, f (n)
j,x (t, x) converge to f j,x(t, x)

uniformly on compact subsets of R, for every t ∈ R. Moreover, since the polynomials Un(t, x, λ) and
Un,x(t, x, λ) are bounded by quantities which depend only on λ, the same holds for the coefficients
u(n)

j (t, x) and u(n)
j,x(t, x), and hence for the c oefficients f (n)

j (t, x) and f (n)
j,x (t, x). All these observations

lead to the conclusion that U(n)
r (t, x) and U(n)

r,x (t, x) converge to functions Ur(t, x) and Ur,x(t, x) for
every λ ∈ C. Moreover, for every fixed λ ∈ C, the functions U(n)

r (t, x) and U(n)
r,x (t, x) are uniformly

bounded on compact subsets of R2. Now, it is clear that An(t, x, λ) is uniformly bounded on compact
subsets of R2 (and for every fixed λ ∈ C).

We rewrite (5.1) as

Bn(t, x, λ) − Bn(t, 0, λ) =
∫ x

0
[An(t, s, λ), Bn(t, s, λ)]ds

An(t, x, λ) − An(0, x, λ) =
∫ t

0
(B(n)

r,x(s, x, λ) − [An(s, x, λ), B(n)
r (s, x, λ)])ds,

and by applying the bounded convergence theorem we obtain

B(t, x, λ) − B(t, 0, λ) =
∫ x

0
[A(t, s, λ), B(t, s, λ)]ds

A(t, x, λ) − A(0, x, λ) =
∫ t

0
(Br,x(s, x, λ) − [A(s, x, λ), Br(s, x, λ)])ds.

The Sturm-Liouville hierarchy is then solved when the initial data lies in RΛ0 . The solution of the
r-th order Sturm-Liouville equation defines a curve t 7→ a(t, x) = (p(t, x), q(t, x), y(t, x)) ∈ RΛ0 .
Theorem 5.1 is proved.

We make one concrete example of a new family of evolution equations we will be able to solve.
Set r = 1, k = 0, p(t, x) ≡ 1 and fix M(t, x). Then we have Ũ1(t, x, λ) = U1(t, x, λ) = f1(t, x)λ +
f0(t, x). We have

f1(t, x) =
c1√

y(t, x)
,

while

f0(t, x) =
1

M(t, x)

(
c0 +

∫ x

0
Mt(t, s)ds

)
.

The Sturm-Liouville evolution equations of the first order are the given by
2qt(t, x) = 2qx(t, x) f0(t, x) + 4q(t, x) f0,x(t, x) + f0,xxx(t, x)

2yt(t, x) = −2c1qx(t, x) f1(t, x) + 2yx(t, x) f0(t, x) − 4q(t, x) f1,x(t, x)+
+4qx(t, x) f0,x(t, x) + f1,xxx(t, x)

As another example, choose r = k = 1 and p(t, x) ≡ 1. FixM(t, x). Then we have

f1(t, x) =
1

M(t, x)

c1 − c0

 ∞∑
i=1

1
si(t, x)

 ,
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f0 =
c0

M(t, x)
.

In this case, the Sturm-Liouville evolution equations of the first order are
yt(t, x) = yx(t, x) f1(t, x) + 2y(t, x) f1,x(t, x),

2qt(t, x) = 2qx(t, x) f1(t, x) − yx(t, x) f0(t, x) + 4q(t, x) f1,x(t, x)−
−4y(t, x) f0,x(t, x) + f1,xxx(t, x)

We finish the discussion by making some observations. First of all, we should clarify how to
obtain the K-dV and the CH equations as particular cases of the construction above. What could
seem singular is the fact that we do not fix either q or y, but we choose only p(t, x) andM(t, x). So,
let k = 1 and fix p(t, x) = 1. Let si(t, x) be solutions of the equations in (5.9) which we modify by
setting

M(t, x)
∏∞

i=1 si(t, x)
k∞(0)

= 2.

This implies that y(t, x) = 1. Then we proceed as above. The relation (5.10) can be rewritten as
follows

Ur,x(λ) =
∞∑

i=1

(Ur(si) − Ur(λ))
si,x

λ − si
.

The recursion formulas for the coefficients f j(t, x) now give

fr = cr,

fr−1 = cr−1 + crς1(S),

...

f0 =
r∑

i=0

ciςi(S),

where c0, . . . , cr are constants. This is exactly the K-dV hierarchy of evolution equations, and indeed,
if r = 1, we obtain

f1 = c1, f0(t, x) = c0 + c1ς1(S(t, x)) = c̃0 +
c1

2
q(t, x).

The first order K-dV equation in given by using (5.4):
f1 = c1

f0 = c̃0 +
c1

2
q

2qt = 2qx f0 + 4q f0,x − f0,xxx

.

The last equation in this system translates to

2qt = 2qx

(
c̃0 +

c1

2
q
)
+ 4q

c1qx

2
− c1

2
qxxx,

that is
qt =

3
2

c1qqx −
c1

4
qxxx + c̃0qx,

which is a version of the well-known K-dV equation (by letting c̃0 = 0 we obtain the classical K-dV
equation).



The Sturm-Liouville hierarchy of evolution equations II 531

Things are simpler when we wish to reproduce the CH-hierarchy, and especially the CH-
equation. In this case, we set p(t, x) = 1 and M(t, x) = 2. Then one uses the Riccati equation
and obtains

m+(t, x, 0) + m−(t, x, 0) = 0, q(t, x) = 1,

which is the desired setting for the CH-hierarchy. The related spectral problem is based on the so-
called acoustic equation −φ′′ + φ = λyφ. So, let us choose k = r. The relation defining Ur(t, x)
translates to

Ur(λ) =
∞∑

i=0

[
λr

sr
i

Ur(si) − Ur(λ)
]

λsi,x

si(λ − si)
.

Clearly, the relations (5.12) translate to

fr(t, x) =
1
2

 r∑
i=0

ciςr−i(S−1(t, x))

 ,
f j(t, x) =

1
2

 j∑
i=0

ciς j−i(S−1(t, x))

 , j = 0, . . . , r − 1.

Now, the CH-equation of order r will be given by

yt = yx fr + 2y fr,x.

In the case when r = 1, we obtain the CH-equation of the first order we described at the beginning
of this section. Note that, in this case, one obtains

u1(t, x) = c1 − c0

 ∞∑
i=1

1
si(t, x)

 .
References
[1] M. Alber and Y. Fedorov, Algebraic geometrical solutions for certain evolution equations and Hamilto-

nian flows on nonlinear subvarieties of generalized Jacobians, Inverse Problems 17 (2001), 1017–1042.

[2] R. Camassa and D. Holm, An Integrable Shallow Water Equation with Peaked Solitons, Phys. Rev. Lett.
71 (1993), 1661-1664.

[3] W. Craig, The trace formula for Schrödinger operators on the line, Comm. Math. Phys. 126 (1989),
379–407.

[4] B. Dubrovin, V. Matveev and S. Novikov, Non-linear equations of Korteweg-de Vries type, finite-zone
linear operators, and Abelian varieties, Russ. Math. Surveys 31,(1976), 59–146.

[5] P. Duren, Theory of Hp Spaces, Academic Press, New York USA, 1970

[6] R. Fabbri, R. Johnson and L. Zampogni, Nonautonomous Differential Systems in Two Dimensions, in
Handbook of Differential Equations: Ordinary Differential Equations, Vol. 4, Chpt. 2, pp. 133–268, F.
Battelli/M. Feckan eds., Elsevier, Amsterdam 2008.

[7] C. Gardner, J. Greene, M. Kruskal, R. Miura, Methods for solving the Korteweg-de Vries equation, Phys.
Rev. Letters 19 (1967), 1095-1097.

[8] F. Gesztesy and H. Holden, Algebro-geometric solutions of the Camassa-Holm hierarchy, Rev. Math.
Iberoam. 19 (2003), 73–142.

[9] P. Grinevich and S. Novikov, Topological charge of the real periodic finite-gap Sine-Gordon solutions,
Comm. Pure Appl. Math. 56 (2003), 956–978.

[10] R. Johnson, Exponential dichotomy, rotation number, and linear differential operators with bounded co-
efficients, Jour. Diff. Eqns. 61 (1986), 54–78.



532 R. Johnson, L. Zampogni

[11] R. Johnson and J. Moser, The rotation number for almost periodic potentials, Commun. Math. Phys. 84
(1982), 403–438.

[12] R. Johnson and L. Zampogni, On the inverse Sturm-Liouville problem, Discr. Cont. Dyn. Sys. 18 (2007),
405–428.

[13] R. Johnson and L. Zampogni, Description of the algebro-geometric Sturm-Liouville coefficients, Jour.
Diff. Eqns 244 (2008), 716–740.

[14] R. Johnson and L. Zampogni, Some remarks concerning reflectionless Sturm-Liouville potentials, Stoch.
and Dynam. 8 (2008), 413–449.

[15] R. Johnson and L. Zampogni, The Sturm-Liouville hierarchy of evolution equations, Advan. Nonlin. Stud.
11 (2011), 555–591.

[16] B. Levitan, Approximation of infinite-zone potentials by finite-zone potentials, Math. USSR Izvestija 20
(1983), 55–87.

[17] S. Kotani, One-dimensional random Schrödinger operators and Herglotz functions, Proc. Taniguchi
Symp. SP, Katata (1987), 219–250.

[18] S. Kotani, K-dV flow on generalized reflectionless potentials, Jour. Math. Phys. Anal. Geom. 4 (2008),
490–528.

[19] V. Marchenko and V. Ostrovsky, Approximation of periodic by finite-zone potentials, Selecta Mathematica
Sovietica 6 (1987), 101–136.

[20] P. Miller, N. Ercolani, I. Krichever and D. Levermore, Finite genus solutions to the Ablowitz-Ladik equa-
tions, Comm. Pure Appl. Math. 48 (1995), 1369–1440.

[21] V. Nemytskii, V. Stepanov, Qualitative Theory of Ordinary Differential Equations, Princeton Univ. Press,
Princeton USA, 1960.

[22] G. Segal and G. Wilson, Loop groups and equations of KdV type, Publ. IHES 61 (1985), 5–65.

[23] L. Zampogni, On algebro-geometric solutions of the Camassa-Holm hierarchy, Adv. Nonlin. Studies 7
(2007), 345–380.

[24] L. Zampogni, On infinite order K-dV hierarchies, Journ. Appl. Funct. Anal. 4 (2009), 140–170.


