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Abstract

We consider the nonlinear inverse bifurcation problem
-’ (@) + f(u(®) = Au(®), u(®) >0, tel:=(0,1), u0)=ul)=0,

where 4 > 0 is a positive parameter, and the nonlinear term f(u) is unknown. We show
that, if the asymptotic behavior of the L?-bifurcation curve 4 = A,(a) (1 < g < o0) of the
positive solutions is understood well, then we are able to obtain f(u) and to characterize
the asymptotic behavior of f(u) as u — oo.
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1 Introduction

We consider the following nonlinear Sturm-Liouville problem

() + fu(t)) = @), tel:=(0,1), (1.1)
uty > 0, tel, (1.2)
u©0) = u(l)=0, (1.3)

where A > 0 is a positive parameter. We assume that f(u) satisfies the following conditions (A.1)—
(A.2).
(A.1) f(u)is C' for u > 0 satisfying f(u) > 0 for u > 0, f(0) = f/(0) = 0.

(A.2) f(u)/u is strictly increasing for u > 0 and f(u)/u — oo as u — co.
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466 T. Shibata

The typical examples of f(u) which satisfy (A.1) and (A.2) are as follows.

J@ = u (w0, (1.4)

fw = v’ +u" (ux0), (1.5)
1

fw) = uﬁ(] 1 +u2) (u>0), (1.6)

fw) = we" (u>0), (1.7)

where p > m > 1 are constants.

The purpose of this paper is to establish an asymptotic approach to inverse bifurcation problem
for (1.1)—(1.3). To be more precise, we assume that the nonlinear term f(«) = u”h(u) has an un-
known constant p > 1. Then we show that, if the asymptotic formula for the L?-bifurcation curve
A4(@) as @ — oo is known precisely, then we are able to find p > 1 and characterize the asymptotic
property of f(u) for u > 1. Here, 1 < g < oo is a constant and we fix it throughout this paper. We
call this idea asymptotic approach for inverse bifurcation problems.

We explain the background of our problem briefly. To investigate the properties of bifurcation
curve for given nonlinear term f(u) is called the direct problems, and has been studied intensively.
We refer to [1], [2] and [7-10] for the works which treated the problems by local bifurcation theory
of L*-framework. Furthermore, since (1.1)—(1.3) is regarded as an eigenvalue problem, it seems
significant to consider (1.1)—(1.3) in L*-framework. Moreover, since (1.1)—(1.3) is the diffusive
logistic equation of population dynamics if f(u) = u?, it is also important to study (1.1)—(1.3) in
L'-framework. We refer to [3—6] and [11-15] for the works in this direction. However, there are few
results for inverse bifurcation problems.

It should also be mentioned that our problem corresponds to linear inverse spectral problem in
the following sense. The typical linear inverse spectral problem is to find the unknown potential V
by using the information about the corresponding eigenvalues. If we replace “unknown potential
V”” and “corresponding eigenvalues” with “unknown nonlinear term f(x)” and “bifurcation curve”,
respectively, then our nonlinear problem appears. Therefore, our problem seems to be worth con-
sidering.

Before stating our result, let us briefly recall some known facts (cf. [1]).

(i) For each given a > 0, there exists a unique solution (4, u) = (A4(@), u,) € Ry xC2(I) of (1.1)—(1.3)
with |lu,lly = @. Here, |lu.ll, is the LY-norm of u,, and A,(a) is called L?-bifurcation curve.

(ii) The set {(14(a), u,) : @ > 0} gives all solutions of (1.1)—(1.3) and is an unbounded curve of class
C'in R, x LI(I) emanating from (n2,0). Furthermore, Ag(@) is strictly increasing for @ > 0 and
Ag(@) — o0 as @ — oo.

As for the asymptotic behavior of A,(a) and u, as @ — oo, it is known from [1] that

Ua (1)

(1.8)
lletallo
locally uniformly on I as @ — co. We set g(u) := f(u)/u. Then as @ — oo,
/lq(CL’) = g(”ua/”oo) + &as (1.9)

where &, = O(1) is the remainder term. By (1.8), we see that |ju,|l = a(1 + o(1)) for @ > 1. By
this and (1.9), for a > 1,

Ay(@) = g(a) + o(g(@)). (1.10)

Motivated by (1.10), more precise asymptotic formula for A,(a) as @ — oo has been given in [15].
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Theorem 1.1 [15] Let f(u) = u?, where p > 1 is a given constant. Then as a — oo,
(@) = a”" + Coa PV 1+ €y +0(1), (1.11)

where

cooXp=D _2p- I)Cﬁ,

G, C

1—-4s7

0
q
1
Cy =
0 A1=s52=2(1-sr*h/(p+1)

ds.

The formula (1.11) has been obtained first for ¢ = 2 in [12] by using the relationship between
A»(a) and the critical value associated with A;(a). By using the technique in [12], the following
result for direct problem has been obtained in [14].

Theorem 1.2 [14] Let f(u) = uPh(u), where p > 1 is a given constant. Assume that h(u) is a
C2-function for u > 0 satisfying the following conditions.
uh’ (u)
h(u)

Then under the additional technical conditions on h(u), the following asymptotic formula holds as
a — co:

-0, uh'u)—>0 (u — o0). (1.12)

L) = o 'h@w) + Cp VaP T h(u)(1 + o(1)). (1.13)

The typical examples of A(x) in Theorem 1.2 are:

1

=1 b =1 ——s.

Theorem 1.2 takes us to the simple inverse problem. Assume that 2(u) is unknown in Theorem 1.2,
but we know (1.13) holds as @ — co. Then can we conclude that 2(u) = 1 or A(u) = 1 — 1/(1 + u?) ?
Motivated by this, we consider the following inverse problem.

Problem 1 Let f(u) = u”h(u) (p > 1) satisfy (A.1) and (A.2). Suppose that i(u) is unknown, but it
is known that as @ — oo,

@) = gl)+Ag@)'* +0(1), (1.14)
where A > 0 is a given constant. Then can we find h(u) ?

To state our results, we assume additional conditions (A.3) and (A.4).

(A.3) h(u)is a C! function for u > 0, and there exists a constant &, > 0 such that h(u) > &, for
u > 0. Furthermore, for an arbitrary fixed constant 0 < € <« 1, as u — oo,

hax uizj((:;) = O((u” ' h(u))™"), (1.15)
max 5" MZ((;;) = O™ h(w)) ™). (1.16)

(A.4) There exists a constant 0 < §; < 1 such that for (1 +6)v>u>v> 1,

f@) = fO) + ) —v) + OF0) V) (u - v)*. (1.17)
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The typical examples of h(u) (i.e. f(u)) satisfying (A.3) and (A.4) are:

hwy =1 (fu) = u),
h(u) = 1+ ™" (f(u):u"’+u’", 1<mSp;1).

The answer to Problem 1 is as follows.

Theorem 1.3 Assume that all conditions in Problem 1, (A.3) and (A.4) are satisfied. Then f(u) =
uPh(u) with p = 1 + (qA)/(2C3) and h(u) = D + d(u), where C, is a constant in Theorem 1.1, A is a
constant in (1.14), D > 0 is an arbitrary positive constant and d(u) = O(M(l"’)/z)for u>1.

We emphasize that in the situation of (1.14), the exponent p is determined by the coefficient A.
We are able to consider another inverse problem, which seems simpler than Problem 1.

Problem 2 Let p > 1 be a given constant. Assume that the following asymptotic formula holds as
a — oo:

(@) = a' + APV + O(1). (1.18)

Then find f(u).
The answer to Problem 2 is as follows.

Theorem 1.4 Consider Problem 2. Assume that A > Cy. Then for u > 1,

fw)=u’ +(A- Co)u'P™V/2 4 o(uP*D/2),

Theorem 1.4 is a direct consequence of Theorem 1.5 (ii) below.

It should be mentioned that the inverse problem related to Problem 2 has been treated in [16].
Precisely, the case 1,(@) = @”~! + r(a)(1 + o(1)) with r(@) ~ @' (1 < ¢ < p,q # (p + 1)/2) has
been treated, and the case where () ~ @?~1/? has not been considered.

By applying the argument used to prove Theorem 1.3 to the special case f(u) = u” + u™, we
obtain the following asymptotic formula for A,(@) as @ — oo, which improves the result in [11].

Theorem 1.5 Let f(u) =u” +u™ (p >m > 1).
(i) Assume that m > (p + 1)/2. Then as @ — .

@) = a’ '+ + CoaP V2 (1.19)
2C 1\ 2(p-1
+ {—z(m— p;r )+ (P )ﬁ}am_(””)/z(l +o(1),
q q

where Cy, Cy are constants defined in Theorem 1.1, and B is a positive constant given by

. f 201 = sOIA = "N/ + 1) = (1 = s"H/(p + D} (1.20)

(1-s2- _(1 — gp+1))3/2

(ii) Assume that m = (p + 1)/2. Then as @ — oo,

2p-1B 2p-Dp+g-1)
pq ﬁ+ p qz; q o
+o(1). (1.21)

@) = a+aP V24 CuaP V2 4



Asymptotic approach to inverse bifurcation problems 469

Remark 1.6 (i) The condition (A.3) comes from (1.12) and seems stronger than (1.12), but this is
only due to a technicality. Indeed, if we consider f(u) = u’e" and ¢ = 2, then g(u) = u*e* does not
satisfy (A.3), and we know from [13] that as @ — oo

bL@) = a*e+ gcﬂe"/z + guze"/z(l +o(1)), (1.22)

which is different from (1.14). Therefore, (1.14) does not hold without (A.3).

(i1) It is also clear that (A.3) does not hold for f(u) = u” + u™ (p > m > (p + 1)/2), and (1.19)
does not coincide with (1.14). Indeed, g(u) = u”~" + ™! and it follows from (1.19) that A in (1.14)
should be Cy. Then by Taylor expansion, (1.14) is

Qla) = o' +a™ !+ Col@” + a2+ 01) (1.23)

1
N +C0a,(p—l)/2 + zCoa,m—(szl)/z(l +0(1)).

Then by direct calculation, we easily find that the coefficients of o”~**D/2 in (1.19) and (1.23)
satisfy

@(m— px 1)+ 2p-DB 1o _C=D (1.24)

q 2 q 2 q
Therefore, (A.3) is necessary for our conclusion.

The remainder of this paper is organized as follows. In Section 2, we prove Theorem 1.3 under
the condition that the key lemma (Lemma 2.2) is valid. In Section 3, we prove Lemma 2.2. Theorem
1.5 will be proved in Section 4

2 Proof of Theorem 1.3

In what follows, C denotes various positive constants independent of @ > 1. We write (4, u,) for a
unique solution pair of (1.1)—(1.3) with |lusll; = @. We begin with the fundamental tools which play
important roles in what follows. It is well known that

Ua®) = a1 = 1), 1€ 1, gl = it (%) @1
u, >0, 0<r< % 2.2)
Multiply (1.1) by & (7). Then
(uy (1) + Aua (1) = f(ua (1)) uy () = 0.

This along with (2.1) implies that

%u;(t)z + %/lu(,(t)z — F(u,(f)) = constant (2.3)

1
AlallS, = Flllualle),  (put 1= 1/2)
where F(u) := fou f(s)ds. We set

L@ = Aluallz — 6% — 2(F(lualle) — F(6)). (2.4)
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This along with (2.2) and (2.3) implies that for 0 < ¢ < 1/2

Ue(1) = VLa(uo(1)). 2.5)

By this and (2.1), we obtain

2f”2 (lutall& = ufi(l))u;(t)dt
0 Lo(ua(1))

ol a
(lluallco — 67)
= 2 do
fo VLa(6)

q 1 _ g
- 2”1‘/”_”"" ! E ds 2.6)
B,(s)

”ua”Zo _a'q

2l { -5 ( -5 1—sq)ds}
VJ(S VB,(s)  VJ(s)
2||Ma||q

= T (C2 + M),

where

J(s)

2
1 -7 — ———(1 - s, 2.7
s p+1( 77 27

2
Bu(s) = 1-5" - Al (F(lualleo) = F(llualleo 5)), (2.8)

M,

f(l—sq 1—sq) 29
0 \VB.(s) VIG5 '
Lemma 2.1 f'(a) < Ca?™! for a > 1.

Proof. Let 0 < € < 1 be fixed. For @ > 1, we putu = (1 + €)a and v = @ in (A.4). Then by (A.2),

f(@)ea

fla(l +¢€) - f(a) + O(f(a)) < Cf(a(l +€)) (2.10)
Cg(a(l + €))a < Ca’h(a(l + €)).

IA

Now we show that A(u) is bounded for u > ug > 0. Put s = 1 in (1.15) to obtain

h}fg f;ﬂ%dysCLWdysC.
This implies that for u > uy

Vh(u) < h(ug) + C < C. 2.11)
By this and (2.10), we obtain our conclusion. [ |

By (1.10), (A.3) and Lemma 2.1, for @ > 1,

Cla’ ' <a<Caol !, (2.12)
Cla? < f(a) < Ca?, (2.13)
Cla"! < gla) < CaP . (2.14)

The following Lemma 2.2 plays essential roles to prove Theorem 1.3.
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Lemma 2.2 M, = O(g(a)"'?) as @ — .

471

We tentatively accept this lemma and prove Theorem 1.3. Lemma 2.2 will be proved in Section

3.

Proof of Theorem 1.3. By (2.6), Lemma 2.2 and Taylor expansion, for @ > 1,

It |lco

2 -1/q
- —2(Cy+ M,
"‘( et ))

= a(l + L(C2+M(,)+
gV

Z(q + 1)

(Cy + My)X(1 + o(l)))

By this, (1.9), (1.14), (1.17), (2.12), (2.14) and Lemmas 2.1 and 2.2,

PSP

|2t loo
1

12 -
= a(l qﬁ(C2+Ma)+O(a f’))

2a
(f(a) + T f@(Cr+ M) + O(a)] +&a

gV
S, 26 ( f(a)) 26, ( f(a))
- 9 @ - L) 41,22 (@) - L2 4 001)
ol “El
- 1928 (10 - 1) o)+ gt + 0+ 01
2C
- 19, (f() Ml ))+0(1>
@ g(a)
= g(a)+Ag(a)“2+O(1).
This implies that for @ > 1
7@ -2 = o(Jz@),

(2.15)

(2.16)

(2.17)

where r := 1 + (qA)/(2C,). By using (2.13) and (2.14), we solve (2.17) directly, and easily obtain

from (2.13) that » = p, and for @ > 1
f(@) = Da” + O(a'"*V?),

where D > 0 is an arbitrary constant.

3 Proof of Lemma 2.2

Let an arbitrary 0 < € < 1 be fixed. For 0 < s < 1, by (2.7) and (2.8), we put

Ko(s) = J(s) = Bu(s)

2 2
= F(lltallo) — F(lltalloos)} — —— (1 — sP*1).
/l”ua”%o{ (e lleo) = F(lletalloos)} Py 1( )

(2.18)

3.1
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Then

v - ! (1 = sDK,(s) 32)
! VI() VBL(5)(VI(5) + VBo(s) a<s) '

! (1 = sHKy(s)
1—e VJ(8) VB ()(VJ(s) + v a(s)
. 1= (1 = sHK,(s)

e VIS VBL(s)(VI(s) + V ar(s)

¢ (1 = sHK,(s)
VI($) VB (s)(VI(s) + V ar(s)

= Ml,(y + Mo + M3,

Lemma 3.1 For a > 1

M0 = O(g(lluall) ). (3.3)
Proof. By (3.1),
K(’I(s) f(””a“oos)
= - 4
2 Alitallm S

This along with (1.9) implies that
K() &

= (3.5)
Since f(u) = g(u)u, for 1 — e < 5 < 1, by (1.9), (3.4) and Taylor expansion,
Kaz(S) _ _f’(llu;IImS) s (3.6)
__8(lluglleo)lualloos + gllluglloos) -1
- 2ltallo) + £, s
& (luglleo It lloos + g(ltalloos) o )
= — 1- 1 1
eluall) PPASAACY
+ psP7L,
We put
_1 h(us W (us)
— p-1 P
H(s,u) = ps W s ) 3.7
Foru > 1,
gw = (p-DuPh(u) + u’~ I (u). (3.8)
By this, (3.6) and (3.7), we obtain
Ky (s) _ o 1
- = H(S,llualloo)( 2 a”m)(l +0(1)))+Psp . (3.9)
_ h(lluelleos) ' (|luglleos)
= L N — |lutglloos” ———
Ps ( H(lte o) ) el s ol

.G
g(lealo)

H(s, llualloo)(1 + o(1)).
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By this, (1.9), (1.15), (2.14) and mean value theorem, for 1 — € < s < 51 < 5, < 1, we obtain

KiGs) (1 B h(””a”oosl))_ o W (lugllcos1) 3.10
2 P Hlnallo) )~ N ) G-10)
é:(l
+ g(”ua”m)H(sl, ltalleo)(1 + 0(1))
o1 [ 7 (lugllco52) o o (g lloost)
i ( Hluallo) )”“"”“’(1 S = ol S5 o)
é:(l
+ mH(Sla lletalloo)(1 + o(1))
- ottt o |
(g(luglle)™ %)) + 20l
= 0(g(llugll)™"")).
Since K, (1) = 0, by (3.5), (3.10) and Taylor expansion, for | —e < s < 1,
K“T(S) = %(Ka(l)u(;a)(s— D+ %Kg(sl)(s— 1)2) (3.11)
— f_a _ -1/2 Rt
= 21“ D + 0(g(lluall)™7)(s = 1)".
By this, (2.7), (2.8), (3.1), (3.11) and Taylor expansion, for | —e < s <1,
J(s) = (p-1-6)1 -5, (3.12)
Bo(s) = J(s)— Ku(s) > ‘%(1 -5+ 52—1(1 -2 (3.13)
Then by (2.14), (3.2), (3.11)-(3.13), we obtain
1
(1 = sD|Ka(5)l
M, < —
il e JVBal)
1 -1/2 _
Cf (ol () + O(g(llugllc "N = 5) s (3.14)
1-e VE/D( = 5) +(61/2)1 - 5)?
1 1
& 1 12 1-s
= C \/j ds + 0(g(|luglleo —————d
fl_s A Vl-5s s+ 08 (lialle) ) 1—¢ \/(61/2)(1 = 5)? ’
= C[\/% + 0<g<||u(,||oo>—”2>] = 0(g(llualleo) ™).
||
Lemma 3.2 M, = O(g(|luoll)™'/?) as @ — oo.
Proof. Since f(u) = uPh(u), by (3.1),for0 < s < 1 —,
K, ! " oot — —L(1 - g1 3.15
A(5) = Mﬁt (i = ——(1 =) (3.15)
1 ol (el
= —— e —f aRyY tdt}
(p + DAlluoll% {[ ()]””“”“S it o' ®
- L(l —sPth,

p+1
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Since &, > 01in (1.9), by (1.15), fore < s <1 —¢,

1
Aleta I3

J

ol s

{letalloo

PR (0)dt

IA

<

1 {lua |l
f [P 1 (1)|dt
|

+1
(|1t loo 1t |15

e<s<l1

h(lltta o)
O(g(lltgleo)™"?).

lltallooP’ (llttg]loo 5)

[ualloos

(I-19)

By this, (1.9), (1.15), (2.12) and mean value theorem, fore < s < 51 < 1 — €,

(20
2

IA

IA

1
(p + DAllugli3

1
+ 0(g(lluallo) ™) = ——(1 - 57
p+1

p+1
Nl %" 571
Ap+1)
éa
(p+ DA
0(g(lluallec) ™).

L(l _ sp+l)(

Note thatfor0 < s <1 —¢,

(1-s"H+

o1& e lles)
A

lluglloh” (llitg|loos1)
h(lluall)

J(s) > 6, > 0.

By this and (3.17),fore < s<1—eand @ > 1,

By (s) 2 J(s) -

Then by this, (3.2), (3.17) and (3.18),

5
K, (s) > 32 > 0.

+1 +1 1
{12 Bltalloo) = 12 57 R(llta o)

(h(lltalleo) = A(lltalleos)) + O(g(llualles) ™)

+ 0(g(lluallo) ™)

1-€
IMral < C f IKa(9I(1 = 57)ds = O(g(llualleo) ™).

Lemma 3.3 M, = O(g(||uolle)™/?) as @ — oo.

Proof. For 0 < s < €, by Taylor expansion,

Ko(s) =

Ko (0) + K;(s1)s,

where 0 < 51 < 5. We first estimate K,(0). By (3.15),

K,(0)

1

Allua i (p +
1
p+1

p+1 A

1

(p + DAllugli3

1 [||ua||fo“h(||ua||m> _ 1]

{lutalloo
f P ()dt.
0

{ltalloo
[||ua||fo“h(||ua||oo>— f t"’“h’(t)dt]
D 0

T. Shibata

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



Asymptotic approach to inverse bifurcation problems 475

We put
1 llta o
TN f P (Hdt =1+ 11 (3.22)
alloo JO
1 lttaleo 1 llta o€
= 5 f P (0)drt + 5 f P ()dt.
Alltallze Ialloe Alluells Jo

By (3.16), we see that I = O(g(||uglle)™"/?). Put t = ||uy |0 s to obtain by (1.16),

111

1 €
Al f lletall 7 1 (It loo5)dls (3.23)
alloo 0

+2
llugllfs ™ maxo<s<e |sPR (ltallos)]
sds
0

+1
h(llitalloo)ltta 1SS

maxo<;<e |7t lloh’ (lita lloo )]
(lttgloo)
O(g(lluall) ™).

< C

By this, (1.9), (2.12) and (3.22),

é:(l
(p+ 1A
By (1.9), (1.16), (2.12), (2.14), (3.4) and mean value theorem, for s; < s, < 1,
K (s1)
2
P _ f(”ua”oosl)
! Alltelleo

alleosThlllualleo) + 57 litallooba — Nl sy Allluallcost) — Eollitallco st

IK.(0)] < + 0(g(lualle) ™) = O(g(lluglleo) ™). (3.24)

(3.25)

Al
h alloo -h alloo [
< (I, ”hznuau(ﬂt)t llcos1) +C%
< S? |Iua||;l<:(h”/l/i|y|ﬁ:|)|oo52) (1—s1)+ C%
alloo?t’ (1Ugloo «
< llue ”h(”,ﬂﬁml)' 52) +C%

= 0(g(lliall) ™).
By this, (3.20) and (3.24), forO0 < s < eand a > 1
Ko ()] = Og(litallec) ™). (3.26)
By this and (3.18), for0 < s < eand a > 1,

Ba(s) = J() = Kals) 2 02 - O(g(lull) ) = 2. (3.27)

By this, (3.2), (3.18) and (3.26),
M.l < C fo IKa(5)lds = O(gluall) ™). (3.28)
| |

Proof of lemma 2.2. Since @ = ||ug|l(1 + o(1)), Lemma 2.2 follows from (2.14) and Lemmas
3.1-3.3. [
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4 Proof of Theorem 1.5

Let fw)=u’ +u™ (p>m=(p+1)/2>1).
Lemma 4.1 M, = o™ P(1 + o(1)) as @ — oo.

Proof. We recall the notations (2.6)—(2.9) and (3.1). Then
By(s) = 1-¢°

2 1 _ 1
e e [ [ A B e Y
Alp+1 m+1

lleta 127" (1 = S'"”)}-

By this, (1.9) and (2.7),

Ko(s) = J(s) = Bu(s)
2 It + &, -~ 2 ol ]

_p+1 . (1-s )+_m+1 ;) 1 —=s").

Then
Mo - ! (1 = $1)Kq(s)
¢ VI) VBo()(VI(5) + VBa(s) a<s>
= M4,<1+M5,a
2¢, ! (1= s9)(1 = sP*h

“(p+ DA Jy VIS VB ()(VI(s) + VB a(s>

;. 2lluollc 1 f (1= sD{A = 5" /m+ 1) = (A =s"H/(p + D}/
0

A VI($) VBo(s)(VI(5) + VBa(s)

Let 0 < € < 1 be fixed. We put

Myt + M 2% [ (1— sl = s
41, 2.0 (p + 1)/1 l—e m'\/ (Y(S ( \/J(S + v (I(s )
2% [ (1 sl = s

C(p+DAJy VI VBL)(VITs) + «/_a<s>

Then by the same argument as that to obtain (3.14),

Maa| < fa P A=) = s S””)
>

§< -1/2
< s<CH[Z <ca'?,
1—e y/&a(1 = 95)/4 J(S) A

Furthermore, by (3.18), (3.19) and (3.27)

1-€
Mpol < C%f (1 =51 - s"Hds < ca .
0

We now calculate Ms,. For 0 < s < 1, we put

I 2 m+1 2 p+1
k(s).—m+1(1 s p+1(1 s,

Then it is easy to see thatfor | —e < s < 1

0 < k(s) < C(1 - s)%
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.1

4.2)

4.3)

4.4

4.5)

(4.6)

%))

(4.8)
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Since (3.12) and (3.13) are still valid, by (4.8),for 1 —e < s <1,

( = sDIk(s)| O s)?
TOVBGIVI® + VB G) (=)

<C. (4.9)

Since it is clear that the integrand of M5, is bounded for 0 < s < 1 — ¢, by (4.9) and Lebesgue’s
convergence theorem, as @ — oo,

Ms, _ f (1 = s7){ 1—S’"”)/(m+1)—(1—S"’”)/(P+1)}ds
gl /2 VI($) VBo(s)(VJ(s) + VBo(s))
By this and (4.4)—(4.6), we obtain that M, = o™ P(1 + o(1)). [ |

Proof of Theorem 1.5. By the same argument as that in [15, Appendix], we see that £, = O(a””! ey,
By (1.9), (2.15), Lemma 4.1 and Taylor expansion,

= lutall% + ol + €a (4.10)
| o) -(p-D/q
=a’ 1 - ==(C, + Ma))
(B

1 ) (m-1)/q
"1 - —=(Co+ Ma)) +&a
( Va

= ! {1 + 2(’)—\;/_11)@ +M,)

q
2(p—1)(P+q 1)
7>
+o/"—1{1 2(21\/_ 2m=D e, v m,)
+2(m—1)(m+q—1)
7’2

(Cy + Mp)*(1 + o(l))}

(Cy + Mp)(1 + o(l))} +&,

2C
=a" ot 4 —1{(17 — D™ + (m - ™)

q
+ %{(p - l)a'l”l +(m- D" + 2p - 1)(;-’- 9=

3 +0(1) + &,.

By Taylor expansion and (1.10),

272 = @ e (1 + o(1)) T (4.11)

= o"P2] - %o/"_p + o(a/’”_l’)).
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Then by (4.11) and (4.12),
A = o +am! (4.12)
2 1
+ %a“*f’)/z (1 - "+ o(amp)) {(p— D" + (m - Da™"}
2M, 1
+7“a(1”’)/2 (1 -+ o(a"""’)) {(p— D" + (m - Da™"}
20p-1 -1
L2 )(’;J’q )2 4 o(1) + £,
q
= a‘”71 + amil + wa(l’*l)ﬂ
q
N {@ (m _pt 1) L 2p- l)ﬁ}am—@m/z
q 2 q
20p-1 -1
+ o@Dy 4 2P )(’; 9= Dy o,
By this, we obtain (1.19) and (1.21). [ |
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