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Abstract

Using a recent modified version of the Poincaré-Birkhoff fixed point theorem [19], we study
the existence of one-signed T-periodic solutions and sign-changing subharmonic solutions
to the second order scalar ODE

u’ + f(t,u) =0,
being f : R X R — R a continuous function 7-periodic in the first variable and such that
f(,0) = 0. Partial extensions of the results to a general planar Hamiltonian systems are
given, as well.
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1 Introduction

In this paper, we are mainly concerned with the existence of one-signed (i.e., positive or negative)
T-periodic solutions to the second order scalar ordinary differential equation

W+ f(t,u) =0, (1.1)

being f : R X R — R a continuous function which is T-periodic in the first variable (for 7 > 0
fixed) and such that f(#,0) = 0. As a preliminary elementary observation - just integrate both sides
of equation (1.1) - notice that no one-signed periodic solutions to (1.1) can exist when f(¢, x)x > 0
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for x # 0. Accordingly, one has to prescribe some changes for the sign of f(¢, x) both on the positive
and on the negative real half-line.

To motivate our main results, let us consider first the autonomous case f(t,x) = f(x) and ob-
serve that, in this situation, there is a natural way to ensure the existence of one-signed 7-periodic
solutions. Indeed, if we assume that f(x) is of class C' in a neighborhood of x = 0 and satisfies

f'(0)<0, and lln‘n inf f(x)sgn (x) > 0, (1.2)

then f(x) has both a positive and a negative zero on the real line and such zeros are, of course,
constant one-signed T-periodic solutions. Moreover, we stress from the beginning that, as readily
seen by a direct phase-plane analysis, all “large” solutions to u”” + f(u) = 0 are periodic and wind
the origin, so that it is natural to investigate the existence of sign-changing subharmonic solutions,
as well.

Figure 1: The phase portrait of the autonomous equation u” + f(u) = 0, with f(x) = —x + 3.

When trying to analyze the non-autonomous equation (1.1), more sophisticated tools have to be
employed. Probably, the most classical approach in the search for one-signed solutions to boundary
value problems is based on the use of some forms of the Krasnoselskii fixed point theorem on
compression and expansion of cones. As explained in [24, Introduction], such a technique, which
requires the conversion of the differential equation (1.1) into an integral equation via the Green’s
function, is particularly well-suited for separated boundary conditions, but presents some difficulties
when dealing with the periodic problem. Indeed, the differential operator u — —u’’ is not invertible
with T-periodic boundary conditions, so that one is usually led to study equations of the form

u' +a(t)u+ gt,u) =0,

with u — —u” — a(t)u invertible, by imposing suitable conditions both on the sign of the Green’s
function and on the nonlinear term g(z, x) or its potential G(¢, x) = fox g(t, &) dé, near zero and infinity
(see, for instance, [2, 17, 24] and the references therein). To the best of our knowledge, however, the
known results do not cover the simple case of a natural “non-autonomous” generalization of (1.2).
In this note, we propose to consider the problem of one-signed T-periodic solutions to (1.1)
using a dynamical system approach. Indeed, by looking again at the phase-plane portrait of the au-
tonomous equation u”’ + f(u) = 0, with f(x) satisfying (1.2), we see that the origin is a (local) saddle
equilibrium point, while large solutions wind the origin in the clockwise sense. Accordingly, some
kind of “twist dynamics” between zero and infinity seems to appear and one can wonder if some
forms of the Poincaré-Birkhoff fixed point theorem can be applied. As a matter of fact, one imme-
diately realizes that the classical version of the theorem can not succeed. Indeed, in order to have
satisfied the boundary twist condition leading to one-signed 7'-periodic solutions, one should have to
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show that small solutions to (1.1) move in the counterclockwise sense in the phase-plane. But, also
in the simple situation in which (1.1) has, near the origin, the linearized equation u”” + gou = 0 (with
go < 0), one is led to consider - switching to polar coordinates - the equation —¢’ = sin” 8+ go cos? 6,
which always has solutions with 8" > 0 as well as solutions with 8 < 0.

Fortunately, a recent modified version of the Poincaré-Birkhoff fixed point theorem, proved by
Margheri, Rebelo and Zanolin [19] (see also [5]), turns out to be well-suited to overcome such a
difficulty and its use is the main novelty of our approach. According to the previous discussion, the
key point is an essential weakening of the twist condition, at the inner boundary.

Our main results, Theorem 3.1 and Theorem 3.2, are based on two mutually independent gen-
eralizations of (1.2) to the non-autonomous case. They both exploit an assumption near x = 0 (see
hypothesis (fy) of Section 3), which generalizes in a natural way the condition f’(0) < 0. Such a
condition provides information on the behavior of the solutions to the linearization (at the origin)
of equation (1.1) and, accordingly, implies the inner boundary twist condition of the (modified)
Poincaré-Birkhoff theorem. On the other hand, the behavior of large solutions to (1.1) (that is, the
outer boundary twist condition) is ruled by a classical Landesman Lazer condition (with respect to
the principal eigenvalue 1 = 0 of the periodic problem, see condition (£.)) in Theorem 3.1 and by
a comparison with a linear sign-indefinite problem in Theorem 3.2 (see condition (f2)).

We stress that, besides one-signed T-periodic solutions, we also get the existence of infinitely
many sign-changing subharmonic solutions (with a precise nodal characterization), as the qualita-
tive analysis of the autonomous case suggests. It has to be noticed that the proof of the existence
of subharmonic solutions is more standard and it simply relies on more classical versions of the
Poincaré-Birkhoff fixed point theorem [10, 16, 21]. We finally observe that, in the situation of Theo-
rem 3.2, a sharp information concerning the order of the subharmonics produced is available, so that,
in some cases, it is possible to ensure the coexistence of one-signed and sign-changing T-periodic
solutions to (1.1), as well (see Corollary 3.1).

The plan of the article is as follows. In Section 2, we present the dynamical systems preliminaries
needed in the proof of our main results. As already explained, they rely on suitable versions of
the Poincaré-Birkhoft theorem. It is worth noticing that we will have to deal with the linearized
equation, at the origin, of equation (1.1). From a geometrical point of view, this corresponds to
work in a planar annulus whose inner boundary degenerates into a single point. Such a situation
has been probably the source of some inaccuracies in previous versions of the Poincaré-Birkhoff
theorem (we refer to the recent paper [12] for a wide bibliography and a complete overview about
the “twist theorem”, with particular emphasis on some of its controversial versions), so that we have
chosen to present the topic in a quite detailed way. In Section 3, we state and prove our main results,
Theorem 3.1 and Theorem 3.2. In Section 4, we propose (partial) extensions of the results to a
general planar Hamiltonian system

J7 =V, H(t,2), (1.3)

0 -1
1 0
T-periodic in the first variable and such that V,H(¢,0) = 0. In this situation, we look for 7T-periodic
solutions that do not wind the origin. Theorem 4.1 and Theorem 4.2 are the main results of the
section. They both deal with Hamiltonian systems like (1.3) having the origin as an equilibrium
point of saddle-type, in the sense of condition (Hy). Concerning the assumption at infinity, Theorem
4.2 is on the lines of Theorem 3.1, using a recent generalization of the Landesman-Lazer condition to
planar systems given in [14] (see condition (H.,)), while Theorem 4.1 is the counterpart of Theorem
3.2 and it is based on the comparison of the nonlinear system (1.3) with positively homogeneous
Hamiltonian systems (see condition (H1)), similarly as in [3, 4]. The proofs just rely on the same
arguments of the second order case.

being J = ( the standard symplectic matrix and H : R x R? — R a regular function,

Notation. For 71,7z, € R?, we write (z)]|z2) to denote the Euclidean scalar product of zj, zp, and
|z1| to denote the Euclidean norm of z;. By £L,(R?), we mean the set of real symmetric matrices 2X2.
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2 C(lassical and modified Poincaré-Birkhoff Theorem

In this section we describe the dynamical systems tools that we are going to use in order to prove
our existence and multiplicity results of Section 3 and Section 4.

First of all, we recall the abstract versions of the Poincaré-Birkhoff fixed point theorem on which
our entire discussion is based. To this aim, we work in the closed half-plane H* = {(8,p) e R? | p >
0}, endowed with the standard topology. For X, Y metric spaces and f : X — Y, we say that f is
an embedding if it is an homeomorphism as a map from X onto its image f(X) C Y in the subspace
topology.

Theorem 2.1 Let ¥ : A =R x [0,R] ¢ H* > H* be an area-preserving embedding such that:

(i) V¥ has the form _
Y(0,p) = (0 +0O,r),R(,r)), 2.1)

being ©(6, r), R(6, r) continuous functions, 2r-periodic in the first variable;
(ii) R(6,0) = 0 for every 6 € R.
Then, the following conclusions hold true:

(A) if
00,0) <0, and O(6,R) >0, forevery §cR,

then ¥ has at least two fixed points (6’(1),p(1)), (6’(2),,0(2)) € Rx 10, R[ such that

02, p) — (0, pV) £ (2kn,0),  for every k € Z; (2.2)

(B) if, for some 6" € R,
0",0) <0, and O,R) >0, forevery §€cR,
then ¥ has at least one fixed point in Rx 10, R[ .

Assumption (ii) expresses the invariance of the line R x {0} under ¥. Condition (i), which can be
clearly equivalently stated as

Y6 + 27, p) = Y6, p) + (27,0), (2.3)

implies that ¥ preserves orientation, too, and it is the lift of a (unique) embedding ¥ : S' x [0, R] —
S!' % [0, +oo[ with respect to the covering projection

P:H* 3 (6,p) — (8 mod 27, p) € S' x [0, +oo[

that is to say, P o ¥ =V¥oP By S', here we mean the abstract quotient space R/(27Z) ‘and
we naturally identify S! x [0, R] with a cylinder in the half-plane {*. Observe that, since ¥ is
area-preserving, then W preserves the standard (Haar) measure on the cylinder. As a consequence,
conclusion (A) of Theorem 2.1 directly follows from [16, Theorem 3] (see also [10, 21] for related
results). On the other hand, conclusion (B) of Theorem 2.1 is exactly [19, Corollary 2] (see moreover
[5, Theorem 1]).

We are now going to derive a corollary of Theorem 2.1 dealing with periodic solutions to the
planar Hamiltonian system

J7 = V_H(t,z), z=(u,v) € R?, (2.4)

0 -1
1 0
we assume the following conditions to be fulfilled:

where, as usual, J = denotes the standard symplectic matrix. Throughout the section,
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(C1) H: R xR? — R is a continuous function, T-periodic in the first variable, such that V,H(¢, z)

exists and is continuous on R x R2. Without loss of generality, moreover, we require H(z,0) =
0.

(C2) V.H(t,0) = 0 and there exists a continuous function B : [0, T] — L,(R?) such that

. V. H(t,z) - B(t)z
lim ———"-> " =

0, uniformlyin ¢ € [0, T]. 2.5)
z—0 |zl

(C3) The uniqueness and the global continuability for the solutions to the initial value problems
associated with (2.4) are guaranteed.

As a consequence of the previous assumptions, the Poincaré operator
Y:R>5z0 (T;2) €R?,

being {(-; z) the unique solution to (2.4) such that (0; z) = z, is well defined as an area-preserving (by
Liouville’s theorem) homeomorphism of the plane, with ¥(0) = 0. Moreover, by the T-periodicity
of H(-, z), initial values, at time ¢t = 0, of T-periodic solutions to (2.4) correspond to fixed points of
P

To detect such fixed points using the Poincaré-Birkhoft theorem, one usually lifts the restriction
Wlgz\jop ¢ R2\{0} = R?\{0} to an embedding defined on the open half-space {(6, p) € R | p > 0} (via
polar coordinates, or related, covering projections). We refer to [21] for a detailed description, even
in greater generality, of this technique. Observe, however, that in order to apply Theorem 2.1 we
need a map defined on the closed half-space H*, which can not be obtained directly in this manner.

Here, we propose to show, with some details, how to enter in the setting of Theorem 2.1 when
(2.5) is satisfied. To this aim, we define the Hamiltonian function

H{(t.p,6) = sgn (0)H(t, +2lple”),

for (¢,0,p) € R x R2. Here, and in the following, we identify the plane R? with the complex plane
C, so that we write ¢ € C to denote the vector (cos 6, sin §) € R2.

Lemma 2.1 _The function H(, P, 0) is continuous, T-periodic in the first variable, and the partial
derivatives H,(t,p,0), Hy(t, p, 0) exist and are continuous on R X R2.

Proof. The continuity, and T-periodicity in the first variable, of H, as well as the existence and
continuity of Hy, just follow from the assumptions on H (recall that we have assumed H(z,0) = 0).
For the same reason, ﬁp(t, P, 0) exists and it is continuous for p # 0. From (2.5), however, we deduce
that

7] 1 iy | 6 0 i0

H(1,p,0) = \/TTO'(VZH(I, 2lple™) | ) = (B(D)e" | €)
for p — 0, uniformly in (¢,6) € R?. At this point, I'Hopital’s theorem implies that ﬁp(t, 0, 0) exists
(and ﬁp(t, -, ) is continuous by construction). The continuity of ﬁp with respect to the full variable
(t,p, 0) is easily seen to be satisfied, too. m]

We can thus consider the associated Hamiltonian system

p' = Hy(t,p,0) = sgn (p) \2IpKV-H(t, \2lple”) | Je)

_ _ﬁ<vzH([, 2|;O|€"9) | €i6>, fOI'p #0 (26)
0 = _Hp(t,p’ 9) =
—(B(n)e" | ), forp =0,

for (t,p,0) € R x R%.
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Lemma 2.2 The uniqueness and the global continuability for the solutions to the initial value prob-
lems associated with (2.6) are guaranteed.

Proof. Fix ty € R and consider the Cauchy problem (o(%y), 6(ty)) = (o, 0).

If p = 0, a standard application of Gronwall’s lemma, using (2.5), implies that p(f) = 0 (indeed, from
(2.5) we deduce that for every m > 0 there exists C,, > 0 such that |V H(¢,z)| < C,lz] for |z| < m).
Since () = —(B(t)e? | ¢}, the global Lipschitz continuity of the right-hand side implies that
6(1) is uniquely globally defined, too.

If p # 0, simple calculations show that the function z(f) = +/2|p(?)|e® is a local solution to (2.4),
with z(f9) = 2lp(to)le®™ € R? \ {0}. Indeed, from (2.6) we obtain

JZ (1) = (V-H(t, 20))J ") TP + (V.H(t, 2(1))|e™P)e™,

and using the fact that, for every ¢, {€?, Je®®} is an orthonormal bases of R, we conclude.
Since the initial value problems associated with (2.6) have a unique solution and the map (p, 0) €
R\{0D X R = /2|ple” € R?\ {0} is a local homeomorphism, we deduce that (), o(¢) are locally
uniquely defined. Moreover, since z(f) can be globally extended, never reaching the origin, we de-
duce that 6(¢), p(f) can be globally extended too. O

Let us now denote by (r(:; 6, p), ¢(-; 8, p)) the unique solution to (2.6) such that

((0:6,p), 9(0: 6, p)) = (p, 6).

Observe that, along the proof of Lemma 2.2, we have showed that

Lt \2Iple™®) = 2Ir(1; 6, p)e %, p £ 0. (2.7

Moreover, with similar arguments it is possible to see that, denoting by {3(+; z) the unique solution
to the linear Hamiltonian system Jz' = B(#)z with {3(0; z) = z, it holds that

!
Cp(t; ) = exp ( f (B(5)e"#5:0:0 o800y g | pi(1:6.0) (2.8)
0

We are now almost in a position to conclude. Indeed, let us define the Poincaré operator associated
with (2.6), that is, _
¥R 3 (6.0) = (9(T36,p), r(T:6,p) € R”.

The following properties hold true.

e ¥isan area-preserving (by Liouville’s theorem again) homeomorphism of the plane; more-
over, in view of the 2n-periodicity of H(t, p, -), relation (2.3) holds true:

e Since, in view of Lemma 2.2, r(t; 6, p) > 0 for every t whenever p > 0 and r(¢;60,0) = 0, we
have that ‘P(?—( *) € H* and that ‘I’(G 0) = (¢(T;6,0),0) (that is, condition (i7) of Theorem
2.1).

Observe finally that, for k, j integer numbers, the same structural conditions are satisfied by the maps
Wi R? 3 (0.p) > (9(KT:0,p) + 2mj, r(kT: 6, p)) € R*.
To write our final result in a more direct way, we recall the following definition.

Definition 2.1 Let z = (u,v) : [t1, 12] — R? be a C'-path such that z(t) # 0 for every t € [t1, t2]. The
rotation number of z(t) around the origin, in the time interval [t, ;] is defined by

2 (JZ ()|z(1)) gt = 1 (" v@u' () — u)v' ()
27r " |z(0)|? o " u(H)? + v(t)?

Rot(z(2); [t1, 12]) :=
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Whenever z(t) = k(t)e®?, for k(t), 8(f) functions of class C' and k(r) > 0, it is easy to see that

Rot(z(9); [11, 12]) = —%r fﬁ ' (1) dt = %fm)-

In view of (2.7) and (2.8), we then have, for p > 0,

¥, /8, p) = (6 + 21(j — Rot({(t; \[20e"); [0, kT1)), (kT3 6, p)),

and
¥, (0,0) = (0 + 27(j — Rot({s(1; €); [0,KT1)), 0).
It is clear that, if (6, p) € Rx]0,R[ is a fixed point of ‘T‘k, j» then \/Zew is a fixed point of ¥ (the

k-th iterate of V), that is, {(¢; \/Z_peie) is a kT -periodic solution to (2.4); moreover, we further know
that

Rot({(1; v2pe™); [0,KT]) = j.

Observe finally that, if (6, o), (6?9, p@) € Rx ]0, R[ are fixed points of ¥ ; geometrically distinct
in the sense (2.2), then they give rise to different kT-periodic solutions. In view of Theorem 2.1, we
can thus state the following result.

Corollary 2.1 Assume (C1),(C»), (C3) to be satisfied and let {(t; 2), {p(t; z) be defined as in the pre-
vious discussion. Then, the following conclusions hold true:

(A) if
Rot({(t;2); [0,kT1) < j,  foreveryz € R?, with |z = 1

and there exists R > 0 such that
Rot({(#;2);[0,kT]) > j, foreveryze Rz, with |z = R,

then there exist two (distinct) kT -periodic solutions zj(l;(t), zf}(r) to (2.4), such that, fori = 1,2,

Rot(zy (1) [0, kT1) = j;

(B) if there exists 7" € R? with |z*| = 1, such that
Rot({p(t;2°); [0,kT]) < j,
and there exists R > 0 such that
Rot(Z(#;2); [0,kT1) > j,  for every z € R?, with|z] =R,
then there exists a kT -periodic solutions z; j(t) to (2.4), such that

Rot(z ;(); [0, kT]) = j.

Remark 2.1 It is possible to see (see, for instance, [8, pp. 523-524]) that, whenever a kT -periodic
solution (with k > 1) satisfies Rot(z(¢); [0,kT]) = j and k, j are relatively prime integers (namely,
their greatest common divisor is 1), then z(¢) is not [T -periodic for any integer / = 1, ..., k—1. In this
case, we say that z(¢) is a subharmonic solution of order k to (2.4). Notice that subharmonic solutions
of order k& to (2.4) correspond to fixed points of Y* which are not fixed points of Y forl=1,...,k—
1. Referring to conclusion (A) of Corollary 2.1, we also remark that, as pointed out in the proof of

[22, Theorem 5], it is possible to show that zgj.(-) * z,(f;( + IT) for every integer [ = 1,...,k— 1,

that is zf(lj.(t), z,iz;(t) do not belong to the same periodicity class. This corresponds to the fact that
the orbits, through ¥, of z; := z,il;(O) and z; := z}fj).(O), namely O; := {z1,¥(z1), ..., ¥*'(z2)} and

0, := {22, ¥(22), ..., P* ! (z2)}, are disjoint.
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We conclude this section recalling that the scalar equation (1.1) can be written as an equivalent
Hamiltonian systems of the form (2.4), via the position z = (u, v), H(t,u,v) = (1/2)v* + fou f(t, x)dx.
In such a case, kT -periodic solutions z(¢) = (u(?), v(¢)) to (2.4) with Rot(z(¢); [0, kT]) = j correspond
to kT-periodic solutions u() to (1.1) with 2 zeros in the interval [0, kT .

3 The main results

In this section, we state and prove our main results (Theorem 3.1 and Theorem 3.2) dealing with
the existence of one-signed harmonic (i.e., T-periodic) solutions and sign-changing subharmonic
solutions to the second order scalar ODE

u” + f(t,u) = 0. (3.1)

We first give the statement of both the results, together with some brief comments on the assumptions
and on the relationship with the existing literature; the proofs are postponed at the end of this section.
For the precise definition of subharmonic solution employed, we refer the reader to Remark 2.1.

Throughout the section, f : R X R — R is a continuous function, which is T-periodic in the first
variable (so that, when passing to the equivalent planar Hamiltonian system (2.4) as described at the
end of Section 2, assumption (C) is satisfied). Moreover, we assume the following condition:

(fo) f(t,0) = 0 and there exists a continuous function qq : [0, T] — R, with

T
qo(H) <0, foreveryte|0,T], and f qo(t)dt <0,
0

such that
lim

x—0

f(t); 9 qo(1),  uniformlyint € [0,T].

Writing equation (3.1) in Hamiltonian form, we immediately see that assumption (C») is fulfilled

with B(1) =( qoo(’) (1) )

‘We state the first main result.

Theorem 3.1 Suppose that the uniqueness for the solutions to the Cauchy problems associated with
(3.1) is guaranteed. Moreover, assume condition (fy) and

(fLy it holds that

t’ . .
Jim FOD 0 wniformly int € [0.T]. (3.2)
X|—+00 X
and
T T
f limsup f(t,x)df < 0 < f liminf £(z, x) dt. (3.3)
0 X——00 0 X—+00

Then the following conclusions hold true:

(i) there exist a positive T-periodic solution u,(t) and a negative T-periodic solution u,(t) to
(3.1),

(ii) there exists an integer k* > 1 such that, for every integer k > k*, there exist at least two

subharmonic solutions u,(cl)(t), u,(cz)(t) of order k to (3.1), not belonging to the same periodicity

class, and with exactly two zeros in the interval [0, kT].
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Assumption (3.2) is a sublinearity condition, in the x-variable, for the nonlinear term f(z, x)
(and we recall that it implies the global continuability for the solutions to (3.1)), while (3.3) is the
well-known Landesman-Lazer condition (with respect to the principal eigenvalue 4y = O of the
T-periodic problem). Notice that, in order for the integrals in (3.3) to make sense, it is implicitly
assumed that there exists 7 € L!(0, T) such that

f(t, x)sgn(x) > n(), foreveryrel0,T], xeR.

Under similar assumptions to those of Theorem 3.1, the existence of two nontrivial 7-periodic so-
lutions to (3.1) is proved in [23, Theorem 1] via Morse theory techniques, but no information con-
cerning their sign is given.

We now state the second main result.

Theorem 3.2 Suppose that the uniqueness and the global continuability for the solutions to the
Cauchy problems associated with (3.1) are guaranteed. Moreover, assume condition (fy) and

T
f goo(t)dt > 0,
0
S, x)

liminf ——= > g (¢), uniformlyint e [0,T]. 3.4
X

|x|—>+00

(fozo) there exist qo € L*(0,T), with
such that

Then the following conclusions hold true:

(i) there exist a positive T-periodic solution u,(t) and a negative T-periodic solution u,(t) to
(3.1,

(ii) there exists an integer k* > 1 such that, for every integer k > k*, there exists an integer my

such that, for every integer j relatively prime with k and such that 1 < j < my, there exist at
least two subharmonic solutions uilk) (1), “521: (1) of order k to (3.1), not belonging to the same
periodicity class, and with exactly 2j zeros in the interval [0,kT[; moreover, we have the
estimate

T
() d
my > ny = 8(ﬁ fo 4= 3.5

27 \Jess Subpryde )

where, for r > 0, we denote by & (r) the greatest integer strictly less than r.

Assumption (3.4) is a comparison of the nonlinear equation (3.1) with a linear non-autonomous
problem, u” + g.,(t)u = 0. Notice that only a condition on the mean value of the weight function
g () is required. In the definite-sign case (together with an assumption near the origin related to
(fo)), the existence of one-signed T'-periodic solutions to (3.1) is proved in [15, Proposition 3.3].
Moreover, in [15, Theorem 4.1], some other T-periodic solutions are provided. Theorem 3.2 gives
more information in this direction. Indeed, from (3.5) it is possible to estimate in a sharp way the
order of the subarmonics produced, so that multiple sign-changing 7-periodic solutions can appear
depending on the “size” of the weight function g.(¢). In particular, we can state the following
corollary.

Corollary 3.1 Suppose that the uniqueness and the global continuability for the solutions to the
Cauchy problems associated with (3.1) are guaranteed. Moreover, assume condition (fy) and, for a
suitable integer m > 1 and g (t) = g > 0,

t, . .
l\hln inf M > oo > A, uniformlyinte[0,T],
| X|—+00 X
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2
being A, = (2%) the m-th eigenvalue of the differential operator u — —u"" with T-periodic
boundary conditions. Then, equation (3.1) has a positive T-periodic solution, a negative T-periodic
solution and, for every integer j with 1 < j < m, two sign-changing T-periodic solutions with

exactly 2 j zeros in the interval [0, T .

Remark 3.1 In [15], the emphasis is on the case when double resonance at infinity occurs, namely

when
t t
A4 < liminf 9 imaup L2 < a0,
X|—+00 X

[x]—+0c0

for some integer 7 > 1. When the existence and multiplicity of periodic solutions to equations like
(3.1) is studied with functional analytic techniques, this situation presents peculiar difficulties due
to a lack of compactness, so that some additional conditions (like the Landesman-Lazer one) have
to be added. We stress that, with the Poincaré-Birkhoff fixed point theorem approach, the situation
is very different since the estimates of the rotation numbers can be performed in any case, and no
nonresonance assumptions are needed. However, as shown in [4], the Landesman-Lazer condition
can be useful to obtain sharper multiplicity results. For instance, according to [4, Corollary 4.1],
the conclusion of Corollary 3.1 still holds true whenever limjy— o fex) A, and the classical

X
Landesman-Lazer condition, with respect to the m-th eigenvalue, is fulfilled.

Remark 3.2 As for the existence of one-signed T-periodic solutions, a common interpretation of
both Theorem 3.1 and Theorem 3.2 is provided by the concept of nonresonance with respect to
the principal eigenvalue 1o = 0 of the T-periodic problem. From this point of view, (fy) is a
nonuniform nonresonance assumption at the origin (see [20] and [4, Remark 3.4]), while (£1), (2)
both require f(z, x) to be nonresonant with respect to Ay at infinity. In particular, (f2) directly
imposes that f(z, x)/x is “far away” from zero for |x| large (even if in a quite mild sense), while, in
(f1) a Landesman-Lazer condition is added in the sublinear case f(z, x)/x — O.

Results providing the existence of positive solutions in terms of nonresonance conditions with
respect to the principal eigenvalue are very common in literature, dealing with the Dirichlet problem
[7, 18].

We now give the proofs of the results.

Proofs of Theorem 3.1 and Theorem 3.2. We first state, in three separate claims, some consequences
of assumptions (fy), (f1) and (f2) from the point of view of the rotation numbers of the solutions.
The technical proofs are postponed until the end of the section. To this aim, let g : R X R — R be
a continuous function, 7T-periodic in the first variable. For simplicity of exposition, we will always
assume that g(z,0) = 0 and that the uniqueness and the global continuability for the solutions to the
Cauchy problems associated with

u’ +g(t,u) =0 (3.6)
are guaranteed.
Claim 1. For every integer k > 1 and for every u : R — R solving u” + qo(t)u = 0, it holds that

Rot((u(), u'(1)); [0,kT]) < 1; (3.7)
moreover, if [u(0)| = 1 and u’(0) = 0, then

Rot((u(t), u'(1)); [0, T1) < 0. (3.8)

Claim 2. Let g(t, x) satisfy assumption (fl). Then there exist an integer k* > 1 and R > 0 such that,
for every integer k > k* and for every u : R — R solving (3.6), and with \/u(0)? + u'(0)* = R, it
holds that

Rot((u(®), u'(1)); [0,kT]) > 1; (3.9)
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moreover, there exists R > 0 such that, for everyu : R — R solving (3.6), and with \/u(O)2 +uw(0)? =
R, it holds that
Rot((u(®), u'()); [0, T1) > 0. (3.10)

Claim 3. Let g(t, x) satisfy assumption (f2). Then there exist an integer k* > 1 such that, for ev-
ery integer k > k*, there exists R, > 0 such that for every u : R — R solving (3.6), and with

Vu(0)2 + w (0)? = Ry, it holds that
Rot((u(t), u’'());[0,kT]) > ni > 1; (3.11)

moreover, there exists R > 0 such that, for every u : R — R solving (3.6), and with \/u(0)? + u’(0)? =
R, it holds that
Rot((u(t),u'(1));[0,T]) > 0. (3.12)

We are now ready to prove Theorem 3.1 and Theorem 3.2. We first deal with conclusion (i), both
in case of Theorem 3.1 and Theorem 3.2, proving the existence of a positive 7-periodic solution
u,(1). The existence of a negative T-periodic solution u,(¢) follows using a similar argument. Define

the function
~ : for x > 0
Fit, ) = sgn (0f () = { e o

and consider the auxiliary equation _
u’ + f(t,u) = 0. (3.13)

Notice that f(t, x) satisfies assumption (f) - with the same g (?) - as well. In view of (3.8) and (3.10)
for Theorem 3.1, and of (3.8) and (3.12) for Theorem 3.2, the existence of a T-periodic solution,
say up(t), to (3.13) satisfying

Rot((up (1), u,());[0,T]) = 0 (3.14)

follows from (B) of Corollary 2.1, for k = 1 and j = 0. Moreover, (3.14) implies that u,() has
constant sign and, since ]T(I, X) is odd in the x-variable, we can assume that it is positive. Hence
u,(1) solves (3.1), thus concluding the proof.

‘We now pass to conclusion (ii). In the case of Theorem 3.1, the thesis follows directly by apply-
ing (A) of Corollary 2.1, with k > k* and j = 1, to equation (3.1), in view of (3.7) and (3.9). In the
case of Theorem 3.2, the thesis follows again from (A) of Corollary 2.1, with k > k" and 1 < j < n,
to equation (3.1), in view of (3.7) and (3.11). O

We end the section with the proofs of our technical claims.

Proof of Claim 1. The proof of (3.7) is quite classical (following from the fact that go(¢) < 0) and it
will be omitted.

Concerning (3.8) (and focusing, for instance, on the case u(0) = 1), we preliminarily observe
that u(¢) has to be convex on [0, T]. Indeed, setting J = {s € [0, T] | u”(t) > 0,7 € [0, 5]}, it is clear
that J is a nonempty (since 0 € J) closed interval. Suppose by contradiction that #* := supJ < T}
then u(#*) > 1, so that u(¢) > 0 in a right neighborhood of #*. Accordingly, u”(f) = —g(®)u(t) > 0
in a right neighborhood of #*, a contradiction. As a consequence, u(f) > 1 and u’(f) > 0 for every
t € [0, T1], so that

T
u'(T) = —f qo(s)u(s)ds > 0,
0

from which the claim follows. |
Proof of Claim 2. For the proof of (3.9), we refer to [13, Lemma 4.3] (see also [9]).
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For the proof of (3.10), we first recall that from (3.3) we can deduce, using the definition of infe-
rior limit and the monotone convergence theorem, the existence of a constant M > 0 and functions
hy,h_ € LY(0, T) with

T T
f h_()dt <0< f h, (1) dt, (3.15)
0 0

such that
g, x)x > ho(Ox" —h_()x~, forevery |x| > M (3.16)

(being, as usual, x* () := max{x(¢), 0} and x~(¢) := max{—x(z), 0}). We now observe that, in view of a
standard compactness argument based on the global continuability (the so-called elastic property, cf.
[22, Lemma 10]), it is enough to prove the existence of R* > 0 such that (3.10) holds true whenever
Vu@®? + ' (@)?* > R* for every t € [0,T]. To see this, assume by contradiction that there exists a
sequence of functions u,(7) solving (3.6), with +/u,(¢)?> + u,(1)> > n for every t € [0, T], such that,
for n large enough,

T ’ 2
27Rot((un (1), 1t (1)); [0, TT) = f 8 unDun @) + 1, 3.17)

0 u,(1)? + u,(1)?

uy (1)

Tl ? we have that x,(¢) solves
nlle

Setting x,(f) =

gt (1) _
el

X (1) +

By standard arguments, in view of (3.2), it is seen that there exists a nonzero x € H?*(0, T) such that,
up to subsequences, x, — x strongly in C'([0, T]), with x(¢) solving the equation x”(f) = 0. We
deduce that it has to be x(¢) = at + b, for suitable a, b € R with a*> + b> > 0.

We now distinguish two cases. If a # 0, then we have that

T M,/l(l)z ~ T X;l([)z T xl (l)2
fo P+ R = fo PR AT fo s+ e 170

and, using (3.2) again,
fT 8t unn(1) fT (1, un (D)X, (1)
0 0

un(0? + (0 llnllcr (Cen (1) + x7,(5)) =0

Recalling (3.17), we get a contradiction.
If @ = 0 (and assuming for instance that b > 0), we have that u,(f) — +oco uniformly so that,
using (3.16), we get, for n large,

T g(t, un(t))un(t)

0 S\, Mkt )M t)
u, (1)? + u,(1)?

v

2nRot((u, (1), u, (1)); [0, T1) > f
0

T (tun(t)
fo RO

Multiplying by ||u,|lc1 and passing to the limit, we obtain
T T
R ()X, (2 1
0> liminff _hOx© 1 f ho () dt,
noteo oo X, (07 + x7,(1)? b Jo

which is a contradiction in view of (3.15). O
Proof of Claim 3. For this proof, we will use the following variant of the rotation number of Defi-
nition 2.1: for real numbers u,v > 0 and a C'-path z = (u,v) : [t1, ] — R? such that z(r) # 0 for
every t € [, 1], we set

' N (v (1) — (V' (1)
Rot, (z(); [t1, 2]) := o j[: L2 + (1) di
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The choice ¢ = v = 1 leads to the usual notion of rotation number (which we continue to denote
simply by Rot); the only property which we will use (see [22]) is that, for every integer j,

Rot(z(0); [11.2]) s j & Roty,(z2(0); [11,2]) s . (3.18)

We first deal with (3.11). As a first step, define k* to be the least integer such that n;- > 1 and fix
k > k*. Setting Q = ess supj 719w (1), it is possible to choose ¢ > 0 such that

k T
G fo (Gult) = ) dt > i

accordingly, there exists M > 0 such that, for every 7 € [0, T] and x € R,
8(t, 0)x > (gu(t) — 6)x* — M.

Whenever u : R — R solves (3.6) with u(t)* + u’(t)* # 0, we can compute

T L (g (1) — 6/ (1)
1 f 5 (oo (1) )u()dt

Roty,1/o((u(®), u'(1)); [0,kT]) = WNOr o uip + bwar
kT
N 1 f (qoo(t) — S)u(1)? dr
2+/0n Jo u(t)2+éu’(t)2
M fkT dt
2+/0n Jo u(t)2+éu’(t)2
>

k T
o fo (qolt) - 8)

M fkT dt .
_ .
2v0r Jo u? + Fwp T

whenever u(r)? + u/(£)? is uniformly large. By standard compactness arguments based on the
global continuability (the so-called elastic property, cf. [22, Lemma 10]), we can deduce that the
previous relation holds true whenever /u(0)2 + w/(0)? = I?k, for I?k > ( suitably chosen. In view of
(3.18), we conclude.

The same arguments as above also show that, if k = 1, then (3.12) holds true. m]

4 The planar Hamiltonian system

In this section, we give partial generalizations of the result of Section 3 to a planar Hamiltonian
system
JZ =V, H(t,z)  z=(uv) R 4.1)

where the Hamiltonian H : R x R? — R is supposed to satisfy condition (C;) of Section 2. We
introduce our central assumption, which reads as follows:

(Hy) V,H(t,0) = 0 and there exist a continuous function B : [0,T] — L,R? and 7* € R?, with
|z*| = 1, such that
(B()Z7*z") <0, foreveryte[0,T], 4.2)
and
.V H(t,7) - B(f)z
lim ——————— =

1 ¥ 0, wuniformlyinte[0,T]. “4.3)
P Z
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Some remarks about the hypothesis are in order. First of all, condition (4.3) just means that the
Hamiltonian system (4.1) can be linearized at zero (that is, condition (C5) of Section 3). On the other
hand, (4.2) specifies the nature of z = 0 as an equilibrium point of (4.1). In particular, notice that
when B(t) = B € L(R?), then (4.2) is satisfied if and only if at least one of the (real) eigenvalues of
the symmetric matrix B is negative. In this case, one can have two possibilities:

¢ both the eigenvalues are nonpositive, so that the solutions to the linear autonomous Hamilto-
nian system Jz' = Bz are equilibrium points or rotate around the origin counterclockwise;

e one eigenvalue is negative and the other one is positive, so that the origin is a saddle equilib-
rium point for the system Jz' = Bz.

From our point of view, the common feature of this two different dynamical scenarios is that not
all the solutions to Jz' = Bz move in the clockwise sense; anyway, the second possibility seems to
be the most interesting so that, with slight abuse in terminology, we will say that systems satisfying
(Hp) have an equilibrium point of saddle-type.

Notice that, when (4.1) comes from the second order equation (3.1), then condition (Hp) is

qo(t) 0 )and Z* - (1,0)7

a strengthening of condition (fj): indeed, it is satisfied for B(f) = ( 0 1

provided that go(¢) < O for every ¢t € [0, T].

Remark 4.1 It can be interesting to recall that to every linear Hamiltonian system Jz' = B(f)z (even
in dimension greater than two) can be assigned an integer number i(—B), the celebrated Conley-
Zehnder index [6] (also named Maslov index by some authors; we write here i(—B) to be consistent
with the definition of the Conley-Zehnder index as given in [1], where the Hamiltonian system is
written with the symplectic matrix on the right-hand side). Such an object, whose definition relies
on the intersection theory of Lagrangian subspaces in a symplectic vector space, often plays a funda-
mental role when trying to study the existence and multiplicity of periodic solutions to (nonlinear)
Hamiltonian systems via critical points techniques. In the particular case of planar Hamiltonian
system and in the T-nonresonant case (i.e., when the only 7 -periodic solution to Jz' = B(f)z is the
trivial one) a detailed analysis of the relationship between the Conley-Zehnder index and the rotation
numbers of the solutions in the plane is available [19]. In particular, according to [19, Lemma 4],
we can deduce that (4.2)-(4.3) imply that i(—B) < 0 (indeed, when i(—B) > 1 then every solution to
J7z' = B(t)z has a negative rotation number, and we will show (see Claim 1 at the end of the section)
that this is not the case).

We now state our first main result. To this aim, let us denote by P the class of the C !_functions
V : R? — R which are positively homogeneous of degree 2 and strictly positive, i.e. for every A > 0
and for every z € RZ\ {0},

0 < V(I2) = 2V(2).

We recall (see [11]) that the origin is a global isochronous center for the autonomous Hamiltonian
system

JZ =VV(2), with V € P, (4.4)

that is to say, all the nontrivial solutions to (4.4) are periodic with the same minimal period (and
rotate around the origin in the clockwise sense).

Theorem 4.1 combines, for the nonlinear planar Hamiltonian systems (4.1), an equilibrium point
of saddle-type with an asymptotic dynamics like that of (4.4).

Theorem 4.1 Suppose that the uniqueness and the global continuability for the solutions to the
Cauchy problems associated with (4.1) are guaranteed. Moreover, assume condition (Hy) and
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(H2) there exist V € P andy € L'(0,T), with

T
f y()dt > 0,
0

V.H(,
timinf DD o iformly in t € [0,7).
2] -0 2V(2)

such that

Then the following conclusions hold true:

(i) there exists a T-periodic solution zy(t) to (4.1) such that

Rot(zo(#); [0, T]) = 0.

(ii) there exists an integer k* > 1 such that, for every integer k > k*, there exists an integer my
such that, for every integer j relatively prime with k and such that 1 < j < my, there exist at
least two subharmonic solutions zilk) (0, Z5213 (t) of order k to (4.1), not belonging to the same
periodicity class, with (i =1,2)

Rot(z%}(1); [0,kT]) = J.

Moreover, we have the estimate

T
k d
kly y0dt t] , 4.5)

f{Vsl; dxdy

where, for r > 0, we denote by & (r) the greatest integer strictly less than r.

my > ny 128[

Theorem 4.1 can be seen as the counterpart of Theorem 3.2 for a planar Hamiltonian system.
Indeed, we refer to the first part of the section for the relationship between assumption (Hp) and
assumption (fy); on the other hand, it can be seen (see [3, Corollary 3.1] for a similar computation)
that assumption (f2) implies assumption (H2). Notice, however, that here, at point (i), only one
T-periodic solution is obtained.

We now state our second main result. To this aim, we denote by £* the class of the C !_functions
V : R? — R which are positively homogeneous of degree 2 and nonnegative, i.e. for every 1 > 0
and for every z € R? \ {0},

0 < V(Az) = PV(2).

Of course, P C P*. Systems of the type
JZ = VV(z), with V € P\ P, (4.6)

have been recently considered in [14] as a possible generalization of the scalar second order equation
1’ = 0 which, indeed, turns out to be equivalent to system (4.6) with V(x,y) = %yz e P*\P.In[14,
Theorem 3.2], a Landesman-Lazer type condition is introduced to ensure the solvability of the 7'-
periodic problem associated with a sublinear perturbation of (4.6). Here we show - in the spirit of [4,
Proposition 4.1] - that such a condition provides enough information about the rotation numbers of
large solutions to nonlinear Hamiltonian systems which are asymptotic at infinity to systems of the
type (4.6). Accordingly, combining again with assumption (Hy), we get the existence of a nontrivial
T -periodic solution with zero rotation number.

Theorem 4.2 Suppose that the uniqueness for the solutions to the Cauchy problems associated with
(4.1) is guaranteed. Moreover, assume condition (Hy) and
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(HL) there exists V € P*, with VV(2) locally Lipschitz continuous, such that

. V:H(t,2) -VV(2)
lim ————— =

lzl—-+0 |zl

0, wuniformlyinte[0,T]. .7

Moreover, setting R(t,z) = V H(t,z) — VV(2), suppose that:
- for every t € [0, T, for every z € R* with |z| < 1 and for every 1 > 1,
(R(1, A2)|z) = n(2), (4.8)

for a suitable n € L'(0,T),
- for every & € R? \ {0} satisfying VV(£) = 0,

T
liminf (R(z, A > 0. 4.9
fo Jimint (R i) 49)

Then there exists a T-periodic solution zy(t) to (4.1) such that
Rot(zo(1); [0, T]) = 0.

Theorem 4.2 is a partial generalization of Theorem 3.1. Indeed, (4.9) is a Landesman-Lazer type
condition; in particular, according to [14, Remark 4.1], assumption (H') implies assumption (f.).
However, only one T-periodic solution is obtained and no conclusions about subharmonic solutions
are provided, at all.

We now sketch the proofs of our results.

Proofs of Theorem 4.1 and Theorem 4.2. The conclusions follow from the following claims, simi-
larly as in the proofs of Theorem 3.1 and Theorem 3.2. The main difference is that here we always
work directly on equation (4.1) (and, as a consequence, only one T-periodic solution is obtained).

Claim 1. For every integer k > 1 and for every 7 : R — R solving J7' = B(t)z, it holds that

Rot(z(1)); [0, kT]) < % (4.10)

moreover, if z(0) = z*, then
Rot(z(#); [0, T]) < 0. 4.11)

To see this, we just write the solution z(f) as z(f) = ~/2p(t)e™”, with p(1),6(t) of class C' and
p(t) > 0 (compare with Definition 2.1), and set z* = e, with * € [0,2x[. In view of (2.6), as-
sumption (Hy) implies that —6'(f) < O whenever z(f) = Az* for 1 # 0, namely 6(¢) = 6* modx. As a
consequence, 6(fy) < 6(t;) + & for every t;,t, € R with #; < 15, so that (4.10) follows. With the same

arguments, we also deduce the validity of (4.11). O

Claim 2. Let H(t, z) satisfy assumption (HL). Then there exists R > 0 such that, for every 7z : R - R
solving (4.1), and with |z(0)| = R, it holds that

Rot(z(t); [0, T]) > 0. 4.12)

Observe first that, in view of the global continuability for the solutions to (4.1) (which follows from
(4.7), since VV(z) grows at most linearly), it is enough to show that there exists R* > 0 such that
(4.12) holds true whenever |z(f)] > R* for every t € [0, T']. To see this, assume by contradiction that
there exists a sequence of functions z,(¢) solving (4.1), with |z,(t)| > n for every t € [0, T'], such that,
for n large enough,

T
27rRot(zn(t);[(),T])=f <VV(Zn(t));I(et()ﬁ;&(t))'zn(t» di <0, 4.13)
0 n
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For further convenience, recall also that, in view of Euler’s formula, we have

T (VV(2u(0) + R(t, 20(1))]2a(0)) f T 2V (z4(1))
dt = —=d 4.14
0 G YTk TR @ 19
T (R(1, 2 (0))zn (1))
+fo o
Setting w,(t) = % the function w,,(t) satisfies

R(t,z,(1))

Jwi (1) = VV(wu (1)) +
lIznlloo

>

and, by standard arguments using (4.7), it is seen that there exists 0 # w € H 110, T ; R?) such
that w, — w uniformly, with w(#) solving Jw’(f) = VV(w(#)). Notice that, since VV(z) is locally
Lipschitz continuous and w(f) # 0, it has to be w(r) # O for every ¢ € [0, T']; moreover, VV(w(#)) = 0
if and only if V(w(z)) = 0.

We now distinguish two cases. If w(¢) is nonconstant, then, using (4.7), we get

"R 2 ®) (T RGO
0 |Zn(t)|2 0 ”Zn”oo|wn(t)|2

On the other hand, since V(w(t)) = V(w(0)) > 0 (otherwise w(0) would be an equilibrium point for
J7z = VV(z) and, by uniqueness, w(r) should be constant), we have

T T T
f 2V(za(0) dt:f 2V(wn(1)) dt—>f V@) o
0 0 0

lza (I (DI Iw(nl*

In view of (4.13) and (4.14), we have a contradiction.
If w(f) is constant, it has to be w(¢) = &, for a suitable & € R? \ {0} such that VV(&) = 0. In this
case, we have, using (4.14) and the nonnegativeness of V,

T (R(1t, 20(0)|za(0))
0 lzu(I?

— 0.

0 > 27Rot(z,(1); [0, T]) > d.

Multiplying by ||z,/le, We get

T
0> (R, [|znlloowa(D)wn (1)) .

0 |Wn(t)|2

so that, since w,,(f) — & uniformly, using (4.8) and Fatou’s lemma we obtain

T
0> f Hm inf (R, [l wa(O)wn(D) di,
0 n—+oo

contradicting (4.9). m|

Claim 3. Let H(t, 7) satisfy assumption (H%). Then there exist an integer k* > 1 such that, for every
integer k > k*, there exists ﬁk > 0 such that, for every 7 : R — R solving (4.1), and with |z(0)| = ﬁk,
it holds that

Rot(z(1); [0,kT]) > ni > 1;

moreover, there exists R > 0 such that, for every z : R — R solving (4.1), and with |z(0)| = R, it
holds that
Rot(z(1); [0, T]) > 0.

This can be proved exactly as in [3, Theorem 3.1] (by exchanging the role of zero and infinity). O
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