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Abstract

We consider the problem
“Au+ (Ve + VU = [ul?u, ue Hy(Q),

where Q is an exterior domain in RY, V., > 0, V € CORY), infgn V > -V, and V(x) — 0
as [x| = oco. Under symmetry conditions on Q and V, and some assumptions on the decay
of V at infinity, we show that there is an effect of the topology of the orbit space of certain
subsets of the domain on the number of low energy sign changing solutions to this problem.
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1 Introduction

We consider the problem
—Au+ (Voo + V() u = |ulP2u, 1.1
u € Hy(Q), :
where Q is an unbounded smooth domain in R¥, N > 3, whose complement RN \ Q is bounded,
possibly empty, and 2 < p < 2* := % The potential V,, + V is assumed to satisfy

(Vo) V eC'RY), Vi € (0,00), inf,czn{Veo + V(x)} > 0, lim V(x) =0.

Equations of this kind arise naturally in various branches of physics and in some problems in
biology as well, see for example [8, 21]. The existence of solutions to (1.1) has been extensively
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studied during the last 25 years. A detailed account is given in Cerami’s survey article [11]. In what
follows we make reference to the results more closely related to our study.

The main difficulty in dealing with problem (1.1) by means of variational methods is the lack
of compactness. This difficulty does not appear when Q and V are radially symmetric and we look
for radial solutions [27, 8, 20]. However if, either Q or V do not have symmetries, or if they have
symmetries with finite orbits, the lack of compactness prevails.

Remarkable progress was made when P.-L. Lions introduced in [23] his concentration com-
pactness method, which allowed to show the existence of a solution of problem (1.1) in RY by a
minimization argument for V < 0. This also applies in an exterior domain €, like the one we are
considering, when V < 0 satisfies a suitable decay assumption at infinity. Nevertheless, when V > 0
and Q # RY or when V > 0 and Q = R" the question of the existence cannot be treated by minimiza-
tion. To handle this situation a deeper understanding of the lack of compactness of the variational
problem is needed. Benci and Cerami gave in [7] a complete description of the lack of compactness
in terms of the solutions to the limit problem

{ —Au + Veou = |ulP2u,

ue HI(RN), (12)

associated to (1.1). This allowed them to solve the existence problem for V = 0 when the diameter
of RM \ Q is small enough. Bahri and Lions in [3] eliminated this restriction and, considering some
decay assumptions at infinity on V, they showed the existence of a solution for V > 0. In all of these
cases the solution obtained is positive.

A result concerning the existence of multiple solutions with small energy was obtained in [17]
when Q = RY and V approaches to 0 from below at infinity in a suitable way. However, the
techniques employed there, provide no information on whether these solutions change sign or not.
Cerami, Devillanova and Solimini established the existence of infinitely many solutions in [13]
assuming that Q = R" and V tends to zero from below at infinity at some suitable rate. Recently,
Wei and Yan [29] proved the existence of infinitely many positive solutions to this problem when
Q = RY and V is a radial function tending to O at infinity, in a polynomial way. Without any
symmetry assumptions on the potential, Cerami, Passaseo and Solimini proved in [14] an analogous
result for potentials that decay very slowly.

We are interested in obtaining multiplicity of sign changing solutions. For @ = RV and V = 0
existence of infinitely many sign changing solutions with large symmetries was shown in [6, 24, 25].
When Q and V have only finite symmetries, existence of a sign changing solution to problem (1.1)
was shown in [12] and [10], under suitable assumptions. We shall refer to these results later in more
detail.

Several multiplicity results have been obtained for the singularly perturbed problem —eAu +
(Voo + V(X)) u = |u|P~%u, u € H'(RY), for small enough & > 0. It is well-known that, when & — 0,
there are solutions to this problem which concentrate at critical points of the potential V, see [1, 18].
Hence, it is not surprising that the topology of certain subsets of critical points of V has an effect
on the number of solutions to this problem, as has been shown for example in [16]. Even though
a similar concentration phenomenon is not present in the problem we are treating here, we will
prove in this article that, when looking for sign changing solutions, there is a combined effect of the
topology and the symmetries of certain subsets of the domain on the number of solutions to problem
(1.1).

We study the case where both Q and V have some symmetries. To be precise, we consider a
closed subgroup I of the group O(N) of linear isometries of RY and a continuous homomorphism
¢: T > 7Z/2:={1,-1}. We denote by G := ker ¢, by

¢ := min{#Gx : x € S"° 1,

and by
T :={xeSV!:#Gx = ¢,
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where SV~ 1= {x e RV : |x| = 1}, Gx := {gx : g € G} is the G-orbit of x and #Gx is its cardinality.

Recall that a subset X of RV is I'-invariant if ['x c X for every x € X, and a functionu : X — Riis
I-invariant if it is constant on each I'-orbit I'x with x € X. If X is I'-invariant and ¢ is an epimorphism
(i.e. it is surjective), the group Z/2 acts on the G-orbit space X/G := {Gx : x € X} of X as follows:
we choose y € I' such that ¢(y) = —1 and we define

(-1)-Gx:=G(yx) for all x € X.
This action is well defined and it does not depend on the choice of y. We denote by
Yo:={xeX:Gx=Gyx).

If Z is a I'-invariant subset of X \ X, the action of Z/2 on its G-orbit space Z/G is free. If Z # 0 the
Krasnoselski genus of Z/G, denoted genus(Z/G), is defined to be the smallest k € N such that there
exists a continuous map f : Z/G — S¥~! which is Z/2-equivariant, i.e. f((—1)-Gz) = —f(Gz) for
every z € Z. We define genus(0) := 0.

For each subgroup K of I' we set

(K2) = inf{lez — anzl : @1, a2 € K, a1z # @zt if #Kz > 2,
S BT if #Kz = 1,
ux(2) :=infu(Kz)  and  pX(2) := sup u(Kz).
ZEZ ZEZ

From now on, we will assume that Q is I'-invariant, that V is a I'-invariant function and that (V)
holds. We will also assume that £ < oo, and we will denote by c., the energy of the positive solution
to the limit problem (1.2). We shall prove the following result.

Theorem 1.1 If ¢ : I — Z/2 is an epimorphism, Z is a I'-invariant subset of £ \ Xy, and V satisfies
the following:

(V1) There exist ro > 0, ¢ > 0 and A € (0, ur(Z) VVe) such that
V(x) < —cpe M for all x € RN with |x| > ro,
then problem (1.1) has at least genus(Z/G) pairs of sign changing solutions +u such that
u(ax) = ¢(a)u(x) foralla e, xeQ, (1.3)

and

4
f|u|p < p2 lew. (1.4)
A -

Let us look at an example. Under analogous assumptions to those of the previous theorem,
Carvalho, Maia and Miyagaki proved in [10] the existence of a solution to (1.1) satisfying (1.3) and
(1.4) in the case where T is the group spanned by the reflection y : R¥ — R" on a linear subspace
W of RY of dimension 0 < dim W < N. In this case, taking Z as the unit sphere in the orthogonal
complement of W, Theorem 1.1 asserts the existence of

genus(Z/G) = N — dim W

pairs of solutions to this problem. Note that ur(Z) = 2, so our assumption (V) is less restrictive than
the one in [10] where A € (0, VV.) is required.

Another interesting example is the following: If N = 2n we identify RY with C" and take I to be
the cyclic group of order 2m spanned by p(zi, . .., z,) := (€"/"zy,...,e"/"z,)and ¢ : T — Z/2 to be
the epimorphism given by ¢(p) := —1. Then G := ker ¢ is the cyclic subgroup of order m spanned by
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p?. Since the action is free, we have that £ = S¥~! and £ = 0, so we may take Z := S¥~!. The genus
of S¥=1/G can be estimated in many cases. For example, if m = 2%, Lemma 6.1 below together with
Theorem 1.2 of [4] give

genus(SN_l/G) > +1.

Since pr(SY -y = |e’"7m - 1| , condition (V) becomes more restrictive as m increases. So, if (V)
holds for m = 2, it will also hold for m = 2/ with 0 < j < k. Now, if u; is a solution provided by
Theorem 1.1 for m = 2/, then u; satisfies (1.3), i.e.

wi(@"®7) = (~Dlujz)  VI1=0,...,2%" -1, zeQcC".

This implies that u; # u; if k > j. Indeed, if k > j and ux(z) = u;(z) # 0 at some z € Q then, since
uj(e™?)z) = —u;(z) and

u(@?)2) = (@) = (17 (@) = uj(2),
we have that u(¢"/®)z) # u;(e™/®"z). Therefore, Theorem 1.1 provides at least

k

-1 2kl
ZN. +k+1=(N-D)"— +k+1
42
=

2k

pairs of solutions in this case.

On the other hand, similar actions in odd dimensions give no solutions. For example, if we take
polygonal symmetry in R? given by p(z, 1) := (€"/"z,1), (z,1) € CXR = R? -as considered in [28] for
arelated problem- and ¢(p) := —1, then £ = {+(0,0, 1)} = Xy. So Theorem 1.1 gives no information
in this case. However, if we consider the group I" generated by p and the reflection 7(z, 7) := (z, —1),
and take ¢(p) := 1 and ¢(7) := —1, then X = {+(0,0, 1)} and £y = 0 and Theorem 1.1 yields one pair
of sign changing solutions.

For potentials with an analogous behavior at infinity, but without requiring any symmetry prop-
erty on neither the domain nor the potential, in [17] it was shown that problem (1.1) has at least
% + 1 pairs of solutions. However, the argument used there gives no precise information whether the
solutions obtained change sign or not. If ¢ is an epimorphism, property (1.3) asserts that # changes
sign and, as we have seen, in some cases Theorem 1.1 yields more than % + 1 pairs of solutions.

We shall prove also the following multiplicity result of sign changing solutions, with a different
condition on the potential.

Theorem 1.2 Let { > 2 and Z be a compact T-invariant subset of . Assume that the following
hold:

(Zp) dist(yz, Gz) > u(Gz) forallz € Z and y € I" with ¢(y) = —1.

(V) There exist ¢; > 0 and k > u®(Z) Ve such that

V(x) < cre™M forall x e RV,
Then (1.1) has at least genus(Z/G) pairs of sign changing solutions +u, which satisfy (1.3) and (1.4).

Theorem 1.2 is an extension of the result obtained in [12] which states the existence of a sign
changing solution to the autonomous problem V = 0 if (Zj) holds for some z € X. Note that (Z)
implies that Z C £\ X,. Note also that condition (Zj) cannot be realized if N = 3. However, we next
give an example which illustrates the situation in Theorem 1.2 for higher dimensions.

We identify R*" with C" x C" and consider the subgroup I of O(4n) spanned by p and y, where
p(y,2) = (€"My, e""z) and y(y,2) := (=Z,y) for (y,z) € C* x C" and some m > 3. We define
¢: T = Z/2by ¢(p) = 1, ¢(y) = —1. Then G := ker ¢ is the cyclic subgroup of order 2m spanned by
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p. Since m > 3, property (Zp) is satisfied by Z := S$*'~!. Note that u¢(S*~1) = le””’" - 1| , hence (V,)
becomes less restrictive as m increases. We will prove in the Section 6 that genus(S“”’1 /G) = 2n+1.
Consequently, if Q is '-invariant and V is ['-invariant and satisfies (V;)) and (V), problem (1.1) has
at least 2n + 1 pairs of sign changing solutions +u, which satisfy (1.3) and (1.4).

This paper is organized as follows. In section 2 the variational framework for problem (1.1) is
set, while in Section 2 a careful analysis of Palais-Smale sequences satisfying (1.3) is carried out. In
Section 4 and 5 we prove Theorems 1.1 and 1.2. Finally, in the Appendix, estimates for the genus
of an orbit space are provided.

2 The variational problem

From now on we assume without loss of generality that V, = 1. We define

1/2
lldlly == (fg (1Vul® + (1 + V(x) uz)) : @1

Assumption (V) guarantees that this is a norm in Hé (€) which is equivalent to the usual one. The
solutions of problem (1.1) are the critical points of the functional Jy : Hé (Q2) — R given by

1 1
Tytw) 1= 3l =l

1
where |ul,, := (fQ Iul”) v is the norm in LP(Q).

The homomorphism ¢ induces an orthogonal action of I on H&(Q) as follows: for y € I and
u € Hy(Q) we define yu € H}(Q) by

(yw)(x) := p(Y)uly™ ' x).

The functional Jy is then I'-invariant. So, by the principle of symmetric criticality [26], the critical
points of the restriction of Jy to the fixed point space of this action, which we denote by

HY)(Q)? = {ue Hy(Q): yu=u VyeT}
= {u € Hy(Q) : u(yx) = g(nu(x) ¥y €T, x € Q},
are the solutions of problem (1.1) that satisfy (1.3). Note that, if u satisfies (1.3), then u is G-
invariant. Moreover, u(ax) = —u(x) for every x € Q and @ € ¢~!(~1). Therefore, if ¢ is an epimor-

phism, every nontrivial solution to (1.1) which satisfies (1.3) changes sign.
The nontrivial solutions of problem (1.1) satisfying (1.3) lie on the Nehari manifold

N = {ue Hy@Q) - u# 0, llully = lulh},

which is of class C? and is radially diffeomorphic to the unit sphere in Hé (€)?. The radial projection
7 Hy(Q)? \ {0} - N is given by

1
ull2 )2
w} u 2.2)

n(u) := (
luly
Observe that, for every u € Hé(Q)q’ \ {0},

-2 (Ilullzv

» =)
Jy(r(u)) = 3 5 ) = max Jy(tu).
p o\ lul; 20
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3 The Palais-Smale condition

Benci and Cerami described the lack of compactness of the functional Jy in [7]. They showed that
the Palais-Smale sequences which do not converge to a solution of problem (1.1) approach a sum of
a possibly trivial solution of (1.1) plus nontrivial solutions of the limit problem

@3.1)

—Au +u = |ulP~u,
u € H'(RY),

translated by sequences of points in the domain which go to infinity.

We analyze next the Palais-Smale sequences belonging to Hé(Q)q’. We shall give a precise
description of the relation between the symmetries of the translation points and those of the corre-
sponding solution to the limit problem. This plays an important role in the proof of Corollary 3.1,
which will be crucial for our results.

Recall that the I'-isotropy subgroup of a point x € RV is defined as

I'y:={adel:ax=x}

The T-orbit I'x of x is [-homeomorphic to the homogeneous space I'/T,. It holds true that [, =
al'.a~!. Thus, the conjugate groups to an isotropy group are isotropy groups, see for instance [9, 19].

Lemma 3.1 Given a sequence (v,) in RN there exist a sequence () in RN and a closed subgroup
K of T such that for some subsequence of (y,), which we still denote in the same way, the following
hold:

(a) (dist(Ty,, £y)) is bounded.

(b) Iy, = K foralln e N.

(c) If T/K| < oo then |al, — a’{,| — oo for any [a], [a’] € T/K with [a] # [@].

(d) If IT/K| = oo then there exists a closed subgroup K’ of I such that K c K’', |[I'/K’| = oo and
lad, — &', — oo forany [a], [@’] € T/K with [a] # [].

Proof. See [15, Lemma 3.2]. [ |
The energy functional J,, : H'(R") — R associated to problem (3.1) is given by

1 1
Jolt) := 5 llull* - ;Iul”,

where ||u]|> := jl‘Q,\,(qul2 +u?) and |u|z = fRN [u|P. As usual, we identify u € HO1 (Q) with its extension
to R" obtained by setting # = 0 in RV \ Q. We denote by Jy the functional associated to problem
(1.1) with V =0, i.e.

1 1
Jow) = 3 lull* = =ulb,
p

and by B,(y) := {x € RV : |x—y| < r}). If v € H'RY) and @ € T we simply write va for the
composition v o a.

Proposition 3.1 Let (u,) be a sequence in Hé(Qyj such that u, — 0 in Hé Q), Jo(u,) — ¢ > 0 and

Jo(up) = Oin H™Y(Q). Then there exist a sequence (&) in Q, a closed subgroup K of finite index in

I', a nontrivial solution v to problem (3.1) and a sequence (w,) in H(l)(Q)‘7’ such that

(a) Ty, =K foralln €N,

(b) &y = o0 and |al, — &, — o ifaa™ ¢ K, d&,a €T,

(c) vax) = p(a)v(x) forallx e RN, @ € K,

(d) ”un —wy— Y lawa (- - ag,)
[alel/K

(e) w, = 0in Hé(Q), Jowy) = ¢ —I/K|Jo(v) and J\(w,) — 0in H Q).

— 0,
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Proof. The sequence (u,) is bounded in Hé(Q), o)

p—

1
Iunlp Jo(uy) — J()(un) u, = ¢ > 0.
2p

Lions’ lemma [30, Lemma 1.21] then yields that

6 := limsup sup f lu,|? > 0.
Bi(y)

n—oo yERN

f 2 > 672
Bi(yn)

and, for the sequence (y,), we choose K and (¢,,) as in Lemma 3.1. We define v, (x) := u,(x + ).
Passing to a subsequence if necessary, we may assume that v, — v weakly in H'(RV), v, — v
strongly in L (RY) and v,(x) — v(x) a.e. in R". Fixing C > 0 such that dist(T'y,, £,) < C for every
n, we have that By (@, y,) C Bc+1({,) for some «, € I'. Since |u,| is I'-invariant we obtain

0
2 2 2
f |vn| = f |un| = f |Mn| > E
Bc41(0) Bci1(8n) Bi(yn)

This implies that v # 0. Butu, — 0in H L(RM), so (£) is unbounded and we may assume that
|£y| = co. A standard argument shows that v is a solution to problem (3.1) [30, Lemma 8.3].
Assertion (b) of Lemma 3.1 insures that, for every a € K, u,(@ x+¢,) = u, (@(x + £,)) = d(@)u,(x+
{yn). Hence v(ax) = ¢p(a)v(x).

Let aj,ay,...a; € I be such that la/jgn - a,{n| — oo when i # j. Then

We choose y, € RY such that

B(aj)vaer; 8 dlavai ¢ - aidy + ajdy) — $lajva;!

l]+

weakly in H'(R"). By the Brezis-Lieb Lemma [30, Lemma 1.32] we have

' P
plapvaa;' = 3 plapve;' (- = aidy + ;i)
i=j+1 »
t p »
= |p@pvaa;’ = Td@va; (= aidy + @jgn)| + |plapva;'[) +o(1).
=j p
The change of variable y = x — ;) yields
p p
Z plave;' (- aidy)| = Z lapve; ' = aidy)| +IVlj +o(D),
i=j+1 » P
and iterating this equality we obtain
t P
el = | = " plaivar! - = aidy)| =t vly + o(1).
i=1

P

From the last expression we deduce that

c>thp.
P VI,
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Hence, assertion (d) of Lemma 3.1 implies that [['/K| < oo, i.e. K has finite index in I'. Thus assertion
(c) of Lemma 3.1 allows us to take ¢ := [['/K] . Finally, we choose R > 0 such that (RN \ Q) C B(0),
and a radially symmetric cut off function y € C*(R") such that 0 < y(x) < 1, y(x) = 0if |x| < R and
x(x) = 1if [x| > 2R. We define

IT/K|

Wa(0) 1= () = " dlaiw v (o7 (x = aidy))

i=1
Then w), € H(')(Q)“S and standard arguments show that (w,,) satisfies (d) and (e). [ |

We shall say that Jy satisfies the ¢-equivariant Palais-Smale condition (PS )‘f at the level c if
every sequence (v,) such that

va € Hy(Q)?, Iy =, Ty(va) = 0in H'(Q), (32)

contains a convergent subsequence in Hé(Q). The proposition above gives us a level below which
the functional Jy satisfies the Palais-Smale condition.

Corollary 3.1 Jy satisfies condition (PS )f forall c < |I'/G|{ Ceo.

Proof. Let (v,) be a sequence which satisfies (3.2). Since (v,,) is bounded in Hé(Q)¢ , a subsequence
satisfies that v, — vy weakly in H(l)(Q)“’, v, — Vo strongly in LZ)C(Q) and v,(x) — vo(x) a.e. in Q.
Defining u, := v, — vo we have that u,, — 0 in Hé(Q)¢. Furthermore, Jo(u,) — d := ¢ — Jy(vp),
Jo(u,) — 0in H™'(Q) and vy is a solution of (1.1) [30, Lemma 8.2].

If d < 0 then u, — O strongly in Hé(Q). If d > O there exist ¢, € €, a closed subgroup K of finite
index in I', a nontrivial solution v of (3.1) and a sequence (w,,) in H(')(Q)"’ with properties (a)-(e) of
Proposition 3.1. In particular,

Jo(un) = Jo(wn) + I/ K| J(v) + o(1).

Consequently,
c2d > |I'/K|Je(V).

We now distinguish two cases: We note that if K < G then [I'/K| = |I'/G||G/K| =
IT/G|(#GZ,) > [U/G|¢. Therefore, ¢ > [I'/G|€cw. If K ¢ G then ¢ is an epimorphism. Prop-
erty (c) of Proposition 3.1 asserts that v changes sign and, consequently Jo,(v) > 2 cw. In addition,
/K| = |G/(KNG)| =#G¢, = €. Thus, ¢ > 2{ ¢ = |['/G| € c. In both cases, we obtain a contra-
diction to our hypothesis. Therefore, u, — 0 strongly in Hé Q). [

We denote by VJy the gradient of Jy with respect to the scalar product -, -)y, which induces the
norm (2.1), and by VsJy (1) the orthogonal projection of V.Jy(u) onto the tangent space T,N? to
the Nehari manifold ¢ in the point u € N'¢. We say that Jy satisfies condition (PS)? on N? if every
sequence (u,) such that

un € N?, Jy(up) = ¢, Ve dy(un) = 0, (3.3)
has a convergent subsequence in Hé(Q).
Corollary 3.2 Jy satisfies condition (PS )f on N® for all ¢ < [T/G|{ Ce.

Proof. Let (u,) be a sequence which satisfies (3.3). In view of Corollary 3.1, we just need to prove
that VJy(u,) — 0.
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If u € N?, the tangent space T,N? is the subspace of H)(Q)? which is orthogonal to VF(u),
where F(u) := ||u||%, - Iulﬁ. Note that, since F is I'-invariant, VF(u) € Hé (Q)?. The same is true for
Jy. We express VJy(u,) as

Viv(u,) = Ve Jy(uy) + 1, VF (1), t, €R. (3.4
By taking the scalar product of the above equality with u, one gets
<VN¢JV(un), un)v = <VJV(un)’ un)V — 1y <VF(L£”), Mn)V = tn(p - 2)”un”2 > Cilp,

with ¢; > 0. By the hypotheses, (VyeJy(uy,), u,)y — 0, and so #, — 0. On the other hand, there
exists a constant ¢, > 0 such that

V), vyv| < 2lallviVlly + plualh™ W], < callvlly

for all v € Hé(Q). This shows that (VF(u,)) is bounded. Thus, from identity (3.4), VJy(u,) — 0
follows. u

4 Proof of Theorem 1.1

Let w € H'(RV) be the unique positive solution to problem (3.1) which is radially symmetric about
the origin. It is well-known (see [8, 22]) that there exist positive constants by, b such that

‘llim |D'w(x)| Ix|"T" exp |x| = b; fori=0,1. 4.1)

Let Z be a I'-invariant subset of £ \ X, and set A € (0, ur(Z)). We choose ¢ € (0, Z ;g;ﬁ) and a

radially symmetric cut off function y € C®(R"Y) such that 0 < y(x) < 1, y(x) = 1 if |x| < 1 — £ and
x(x) = 0if |x| > 1. For S > 0 we define w’ € H'(R") by

wS(x) = X(%)w(x).

S

Then, w¥ — win H'(RY) as § — oo. Using (4.1) we obtain the following asymptotic estimates

Il — [l || = 0e™15), il — 1S [f] = O(e1-5) “2)

as § — oo, see [17, Lemma 2]. We define p := ‘W

H'(RM) given by

, and we consider the function (wOR)Ry €
(@)py(x) := R (x = Ry).
Note that supp(w’®)g, C B,r(RY).

Lemma 4.1 If (V) holds, there exist Cy > 0 and ri > 0 such that (a)pR)Ry € H(l)(Q) and
Jy (t(wa)R).) < Coo— Cre R forall yeZ, R>ry and t > 0.

Proof. We may assume without loss of generality that the ry > 0 of condition (V;) also satisfies
(RN \ B,O(O)) c Q. Note that, since ur(Z) < 2, p € (0, 1). Therefore, there exists r; > 0 such that
R — pR > rq provided R > ry, which implies that (w*®)g, € Hy(Q) forally € Zand R > ry.

Since w’f — w in H'(RY) as R — oo, we may choose t; > fy > 0 and r; > 0 such that the
following also holds:

max Jy (t(a/)R)R‘.) = max Jy (t(a/’R)Ry) forallye Z and R > ry.
>0 - telto,ti]
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By condition (Vy), for all ¢ € [#y,#;],y € Z and R > rj, we have

f V() iR (x = Ry dx = f V(x+Ry) | o) dx
Q

|xI<pR

< - (cotz f e R () dx)
|xI<pR

< - (cot(z)f e Mw(x))? dx) e = —Cre™R,
RN

Using the estimates (4.2) we conclude that, choosing r; > 0 even larger if necessary, there exists
C; > 0 such that

1 1 1
Iy (1)) = 5 (o | + 3 fg V() i |* dx - . 1@ s

1 1
3 ltwll* — = Jtwl) + O(e 21 ~PR) — Cre™R
)4

= Jo(tw) — Cie ™R < ¢y — Cre

A. [ ]

because ¢ = Max;so Joo(fw) and 2(1 — &)p > ’@ (1 - ’M)

prZ)a

Proof of Theorem 1.1. Jy : N¥ — R is an even function, which is bounded from below and satisfies
(PS )f on N for all ¢ < [T/G| € ceo = 2{ coo. Consequently, if d < 2 € ¢, Jy has at least

genus(N? N J%)

pairs of critical points +u with critical value Jy(u) < d, where J(‘i ={ue Hé Q) : Jy(u) < d}). We
fix R>r; and d := 2 € (coo — C1e~®) with C; and r; as in Lemma 4.1.

Notice that #I'y = 2 forall y € Z, as Z C X \ Xy. Observe also that, if [a] # [8] inI'/I'y = 'y,
then [Rary — RBy| > pur(Z)R > 2pR. For this reason, (w’®)gqy and (w®)gg, have disjoint support, for
each y € Z. We define

0(y) := ﬂ( 2 ) R)Ray] 4.3)

[a]el’/T,

where 7 is the radial projection onto ¢, see (2.2). So, it holds true that

Jy(6()) = 2¢ max Jy(t(@f)ry) < d.

Themap6:Z — N% N J{’, defined by (4.3) is continuous. Moreover, 6(gy) = 6(y) for all g € G and
0(yy) = —6(y) if ¢(y) = —1. Therefore, 0 induces a continuous map 6 : Z/G — N?® N J¢, given by
6(Gy) := 6(y), which satisfies 8((=1) - Gy) = —H(Gy) for all y € Z. This yields that

genus(Z/G) < genus(N’ N Jf,)

and concludes the proof. [
5 Proof of Theorem 1.2
For £ € RN we define

10) := f W' Dwx-Odx and  A@Q) := f V(X)W (x = O)dx.
RN RN

In order to describe the asymptotic behavior of / we will use the following result of Bahri and Li.
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Lemma 5.1 Let f € CO(RY) N L®(RN) and h € C°(R") be radially symmetric functions satisfying
|1|im f)xPe™ =17 and f ()| (1 + [xP)e™dx < co
X|—00 RN

ford>0,b>0andt eR. Then

lim ( | f<x+y>h(x>dx) e =7 [ e tna
RN RN

[yl—=e0

Proof. See Proposition 1.2 in [2]. [ ]

As w is radially symmetric, from (4.1) and Lemma 5.1 we deduce
Jim 1) €T =y > 0.

Let S > 0 be such that

g < 1) 185 & < % if €2 S. (5.1)
Therefore,
% <3¢ WD if > 14 > S. (5.2)

Lemma 5.2 Let M € (0,2). If V(x) < ce™™ for all x € RN with ¢ > 0 and k > M, then

Jim AWM T = 0.

Proof. Throughout this proof ¢ will denote possibly distinct positive constants that are independent
of . Letus fix € € (0, 1) such that k(1 — &) > M. Then

f V0w (x — 0eM )T dx < ¢ e *I-O-MI |5 f w*(x)dx
Bein(&) RV
= ¢ ¢~ K1-e)=M)id] |(|¥ . (5.3)
On the other hand, according to (4.1), for x € RV \ By (¢) and |{] large enough,
W (x =) <ce Py —gT™VD,

Therefore, making the change of variable y = |—fl and defining z := l-—i‘, we obtain

f V0w (x — 01T dx
RN\ By4(0)

ekt 2b=g=MIZD | 715
<c 0 dx
RN\ By () lx = ¢l

N+l

=[ZI(klyl+2ly=z|=M) | 7|5
=c f ¢ LK (5.4)
RN\B.(2)

ly —z¥-!
Set ko := min{k, 2} and fix § € (0, 1) such that éxy > M. Then

klyl+ 2y —zl =M = ko(Iy| + |y — 2l = 6) + (6o — M) = 6kg — M > 0.
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ML +
> 4% ford > 0, we conclude that

Taking into account that max,cz e 413" = (N +1 )

2e

N+l

e IIKlyl+2ly—z|-M) |12
f — N1 dy
RN B,(2) ly—zl

N+l

< Jr— f e~ Iko(yl+ly—z21-6) I
RN<B.(2) ly —z/N-!
< ¢~ Gr0-MI f D
EVNB.@) (ko(Iyl + |y =2l = 6)) 2 [y — 2V
= ce~Oko=MI] (5.5)
Now the assertion of Lemma 5.2 follows from inequalities (5.3), (5.4) and (5.5). [ |

Lemma 5.3 [fh € C? (RN ) is radially symmetric and q > 1, then

lim ( f h(x)w?(x - g)dx) g7 e? = 0.
RN

[{]—e0
Proof. This is an immediate consequence of Lemma 5.1 and expression (4.1). ]

Lemmas5.4 (i)Ifp>2anda,a,...,a; >0, then

i p

2.4a;

i=1

I
-1
>yal +(p-DYa aj
i=1 i)

(ii)If p>2anda,b > 0, then
la = bl = da? + b? — pab (a”’z + b"”z).
Proof. See Lemma 4 in [12]. [ |

For y € RY we define
oy = Z H(@)w,y € H' RV,
[a]eT/T,

We choose Ry > 0 such that R¥ \ Q c Bg,(0), and a radially symmetric cut off function y € C*(R")
such that 0 < y(x) < 1, x(x) = 01if [x| < Ry and x(x) = 1if |x| > 2R,. Notice that y oy € H(l)(Q)"’.
Note also that, for all u € H'(RV),

Ihully, = fR (Vi VP (V) ) (5.6)
= [ (e veond)+ [ (T8 =S80
< llully, — fR o,

beulty = lulh) + f O” = D) lul?. (5.7)
RN

Proposition 5.1 Let £ > 2, let Z be a compact U-invariant subset of X \ X that satisfies condition
(Zy) of Theorem 1.2. If V satisfies (V>), then there exist C; > 0 and R, > 0 such that

2
g, -2 _
e Trelly <QlWPT - CleR'T forallze ZandR > R;.
I)(O-Rzlp
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Proof. Since w is a solution to problem (3.1), for any y,y’ € R" one has that

f [Vw(x = y) - Vo(x =) + wx = y)w(x = y)]dx = fw(x — ) w(x - y) dx
R¥ R¥

=10/ -y).
We fix y € I with ¢(y) = —1 and set

= Y IBy-ay), &= 1By — ayy).

[aLIBIEG/G, [a],[81€G/G,
[a]#[B]

Since w is radially symmetric, one has that &, = g,,.
Observe that the function y +— u(Gy) is continuous in X. Hence, as Z is compact, us(Z) and
1%(Z) are attained in Z. For simplicity, we shall denote them

m:=pug(Z) =minu(Gz)  and M := ub(Z) = max u(Gz).
€2 €Z
Furthermore, property (Zy) implies that there exists a > 0 such that
dist(yz, Gz) — u(Gz) > a forallz€ Z and y € I with ¢(y) = —1. (5.8)

Let z € Z. We choose a,, 3, € G such that |a.z — B8,z] = u(Gz) and denote &, := a,z — 8,z. From (5.6),
(5.7) and Lemma 5.4 we deduce

lx oy < 2 €Nl + 28, — 28 + f

vk~ [ oehoo.
RN RN

W oRelp > 2 1wlj, +2(p = Deg, — Cer, + fN 0’ = Dlogl”,
R

with ¢ > 0.
In what follows ¢; denotes a positive constant independent of z and R. If R > % inequality (5.1)
yields that

N-1 N-1
26 RQR)™7T < &g, < cze ™ (Rm)y~ T,

inequalities (5.2) and (5.8) imply that

Ek: < I(RBz — Rayz) _

< < ¢~ R(Bz—ayzd-u(G2) <c 4e_R“,
er;  lalipleGiG.  I(RE;) [01[81€G/G,

whereas inequality (5.1) gives

+ -2
Jer VI, < ¢ ARax) 264 & 4 (RageRMR)S"
er;  aeryr, I(RE) T v qageryr,

Property (Zy) guarantees that M € (0, 2). From Lemma 5.2 it follows then that

jl‘{"’ v’ 0—12€z _

uniformly in z € Z. Analogously, using Lemma 5.3 we conclude that

Ay)o> P 1) |ogal?
1imM=0 and  lim for O M _0

R— ER: R—o0 ER;
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uniformly in z € Z. Consequently, there exists R} > z% such that

I or:Il B 2L |wl* + 2 &g, + o(er,)

2 - 2
TR ™ (20001 +2(p - 1) . + oler)””

N
S QL) 7 — co ere

< QP - e R QRS forallzeZ R >R,
This finishes the proof. L]
Proof of Theorem 1.2. We fix R > R and define

L . s
d=P"= [(25||w||2)72 - cle*ZRR*ﬂ’ ’
2p

with R; and C, as in Proposition 5.1. Then, for all z € Z,

-2
Tu(n(yor) = 2=

by o &Il
2p

],}’z
—_— <d<2{lcCw,
IXO—RZ%

where 7 is the radial projection onto N'?, see (2.2). The map 6 : Z — N% N J{’, defined by 0(z) :=
n(yog,) is continuous. Moreover, 6(gz) = 6(z) for all g € G and 6(yz) = —0(z) if ¢(y) = —1.
Consequently, 6 induces a continuous map 6 : Z/G — N? N J%, given by 8(Gz) := 6(z), which
satisfies O((—1) - Gz) = —6(Gz) for all z € Z. This implies that

genus(Z/G) < genus(N’ N Jf,).

Arguing as in the proof of Theorem 1.1 we conclude that Jy has at least genus(Z/G) pairs of critical
points +u with critical value Jy (1) < d. [ |

6 The genus of an orbit space

In Theorem 1.1 and Theorem 1.2 the number of solutions is given in terms of the genus of the orbit
space Z/G. We shall give estimates for it in terms of the I'-genus of Z.

Let us recall the notion of I'-genus, see [5] for further details. Let I be a compact Lie group. The
Jjoin of the I'-spaces X1, ..., X, is the space

m
Xl **XWL = {[Sl?x15"'?sm"xm] HIES [0’1]» Zsi = ]9 Xi EXi}
i=1

where [$1, X1, ..., Sm> Xml = [E1, V15« tm> Y] if, for each i = 1, ...,m, either s; = t; and x; = y; or
s; = t; = 0. This is again a I"-space with the action

alsi, Xt ..., Sm Xm] = [S1,QX1, .00, Sy, @X ).

The I'-genus of a nonempty I'-space X is the smallest m € N such that there exist closed subgroups
I'y,....0, of ' with I'; # I" and a continuous I'-equivariant map

f:X%r/rl*"'*r/rm,

ie. f(ax) = af(x) for all x € X, @ € I'. We denote it by I'-genus(X). If no such map exists we set
I'-genus(X) := oo.
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If T = Z/2 then Z/2 % --- x Z/2 = S$"™! with the action given by multiplication, so that the
Z/2-genus is just the Krasnoselskii genus.

LetI" and A be compact Lie groups, ¢ : ' = A be a continuous epimorphism, K := ker ¢ and X
a I'-space. Then A acts on the orbit space X/K as follows: for each x € X, « € A and some y € T’
such that ¢(y) = a we define

a - Kx:= K(yx). 6.1)

This action is well defined because K is a normal subgroup of I'. The quotient map ¢ : X — X/K
satisfies that g(yx) = ¢(y) - g(x) for any y € I, x € X. The following result holds:

Lemma 6.1 T'-genus(X) = A-genus(X/K).

Proof. Let Ay, ..., A, be closed subgroups of A, A; # A, and let f: X/K — A/Aj*-- = AJA,, be
a continuous A-equivariant map. We define I'; := {y € I" : ¢(y) € A;}. Then ¢ induces homeomor-
phisms ¢; : I'/T; — A/A,; that satisfy ¢;(yI';) = ¢(y)A;, which in turn induce an homeomorphism

Gro ek P U T s T/ = ANy -5 A Ay,

defined in the obvious way. The map F : X — I'/T'; #---xI['/T,, givenby F := (¢; * - -- % ¢,,) ‘o fogq
is continuous and I"-equivariant. Hence, I-genus(X) < A-genus(X/K).

Conversely, let I'j, ...,[,, be closed subgroups of I, I; # I',and let F : X — I'/T| *---« /T,
be a continuous I'-equivariant map. We define A; := ¢(I';) and set ¢; * - - - * ¢, as above. Observe
that (¢, * --- * ¢,,) o F is continuous and constant on ¢~'(Kx) for each x € X. Hence, it induces
amap f : X/K — A/Ay *---x AJ/A,, which is continuous and A-equivariant. Therefore, A-
genus(X/K) < I'-genus(X). [ ]

Let us look at an example. Let I" be the subgroup of O(4n) spanned by p and y, where
pO.2) = (€My, M), y(,2):= (-2, V(n)eC'xC =RY,

Z = (Z1,....Z») and Z; is the conjugate of z;. Note that p is of order 2m, v is of order 4, p” = > and
yp = p~'y. Let us consider the homomorphism ¢ : I — Z/2 given by ¢(p) = 1 and ¢(y) = —1. Then
G := ker ¢ is the cyclic subgroup spanned by p. The following holds:

Proposition 6.1 (a) genus(S*'"'/G) > 2n + 1.
(b) If m > 3 then dist(yx,Gx) > u(Gx) for all x € "1

Proof. (a) Let us consider the cyclic subgroup of order 4 of I" spanned by y and denote it by Z/4.
The kernel of the restriction of ¢ to Z/4 is the group K = {1,7?}. Lemma 6.1, together with Theorem
1.2 of [4], yields

1
genus(S¥~1/K) = Z/4-genus(S*"1) > 2n + 3

As K C G the quotient map S*'/K — $*~1/G is well defined and is Z/2-equivariant for the
action defined in (6.1). Therefore,

genus(S*71/G) > genus(S*71/K).

Combining both inequalities one obtains the assertion.
(b) yx-p’x = 0 and, consequently, |yx —pjx| = V2 forany x € S*!, j = 1,...,2m. On the other
hand, u(Gx) = |e"/™ — 1| < V2if m > 3. n



442

M. Clapp, D. Salazar

References

(1]

(2]

(6]

(7]

(8]

(9]

[10]

(1]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

(21]

(22]

(23]

A. Ambrosetti, M. Badiale, and S. Cingolani, Semiclassical states of nonlinear Schrodinger equations,
Arch. Rational Mech. Anal. 140 (1997), 285-300.

A. Bahri and Y.Y. Li, On a min-max procedure for the existence of a positive solution for certain scalar
field equations in RV, Rev. Mat. Iberoamericana 6 (1990), 1-15.

A. Bahri and P.-L. Lions, On the existence of a positive solution of semilinear elliptic equations in
unbounded domains, Ann. Inst. H. Poincaré Anal. Non Linéaire 14 (1997), 365-413.

T. Bartsch, On the genus of representation spheres, Comment. Math. Helv. 65 (1990), 85-95.

T. Bartsch, Topological methods for variational problems with symmetries, Lecture Notes in Mathemat-
ics 1560, Springer-Verlag, Berlin, 1993.

T. Bartsch and M. Willem, Infinitely many nonradial solutions of a Euclidean scalar field equation, J.
Funct. Anal. 117 (1993), 447-460.

V. Benci and G. Cerami, Positive solutions of some nonlinear elliptic problems in exterior domains,
Arch. Rational Mech. Anal. 99 (1987), 283-300.

H. Berestycki and P.-L. Lions, Nonlinear scalar field equations I and I, Arch. Rational Mech. Anal. 82
(1983), 313-345 and 347-375.

G.E. Bredon, Introduction to compact transformation groups, Pure and Applied Mathematics 46, Aca-
demic Press, New York - London, 1972.

J.S. Carvalho, L.A. Maia, and O.H. Miyagaki, Antisymmetric solutions for the nonlinear Schrodinger
equation, Differential Integral Equations 24 (2011), 109-134.

G. Cerami, Some nonlinear elliptic problems in unbounded domains, Milan J. Math. 74 (2006), 47-77.

G. Cerami and M. Clapp, Sign changing solutions of semilinear elliptic problems in exterior domains,
Calc. Var. Partial Differential Equations 30 (2007), 353-367.

G. Cerami, G. Devillanova, and S. Solimini, Infinitely many bound states for some nonlinear scalar field
equations, Calc. Var. Partial Differential Equations 23 (2005), 139-168.

G. Cerami, D. Passaseo, and S. Solimini, Infinitely many positive solutions to some escalar field equa-
tions with non-symmetric coefficients, Comm. Pure Appl. Math., to appear.

S. Cingolani, M. Clapp, and S. Secchi, Multiple solutions to a magnetic nonlinear Choquard equation,
Z. angew. Math. Phys. 63 (2012), 233-248.

S. Cingolani and M. Lazzo, Multiple semiclassical standing waves for a class of nonlinear Schréodinger
equations, Topol. Methods Nonlinear Anal. 10 (1997), 1-13.

M. Clapp and T. Weth, Multiple solutions of nonlinear scalar field equations, Comm. Partial Differential
Equations 29 (2004), 1533-1554.

M. del Pino and P.L. Felmer, Local mountain passes for semilinear elliptic problems in unbounded
domains, Calc. Var. Partial Differential Equations 4 (1996), 121-137.

T. tom Dieck, Transformation groups, De Gruyter Studies in Mathematics 8, Walter de Gruyter, Berlin -
New York, 1987.

M.J. Esteban and P.-L. Lions, Existence and nonexistence results for semilinear elliptic problems in
unbounded domains, Proc. Roy. Soc. Edinburgh Sect. A 93 (1982/83), 1-14.

P.C. Fife, Mathematical aspects of reacting and diffusing systems, Lecture Notes in Biomathematics 28,
Springer-Verlag, Berlin-New York, 1979.

B. Gidas, WM. Ni, and L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic equations
in R", Mathematical analysis and applications, Part A, Adv. in Math. Suppl. Stud. 7a, Academic Press
(1981), 369-402.

P.-L. Lions, The concentration-compactness principle in the calculus of variations. The locally compact
case. I and II, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 109—145 and 223-283.



Multiple sign changing solutions of nonlinear elliptic problems 443

[24] S. Lorca and P. Ubilla, Symmetric and nonsymmetric solutions for an elliptic equation on RY, Nonlinear
Anal. 58 (2004), 961-968.

[25] M. Musso, F. Pacard, and J. Wei, Finite-energy sign-changing solutions with dihedral symmetry for the
stationary non linear Schrodinger equation, Journal of European Mathematical Society, to appear.

[26] R.S. Palais, The principle of symmetric criticality, Comm. Math. Phys. 69 (1979), 19-30.
[27] W.A. Strauss, Existence of solitary waves in higher dimensions, Comm. Math. Phys. 55 (1977), 149-162.

[28] J. Wei, T. Weth, Nonradial symmetric bound states for a system of coupled Schrodinger equations, Atti
Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 18 (2007), 279-293.

[29] J. Wei and S. Yan, Infinitely many positive solutions for the nonlinear Schrodinger equations in RV,
Calc. Var. Partial Differential Equations 37 (2010), 423-439.

[30] M. Willem, Minimax theorems, Progress in Nonlinear Differential Equations and their Applications 24,
Birkhiuser, Boston, 1996.



