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Abstract

We consider the problem

−∆u + (V∞ + V(x))u = |u|p−2 u, u ∈ H1
0 (Ω),

where Ω is an exterior domain in RN , V∞ > 0, V ∈ C0(RN), infRN V > −V∞ and V(x) → 0
as |x| → ∞. Under symmetry conditions on Ω and V, and some assumptions on the decay
of V at infinity, we show that there is an effect of the topology of the orbit space of certain
subsets of the domain on the number of low energy sign changing solutions to this problem.
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1 Introduction
We consider the problem {

−∆u + (V∞ + V(x)) u = |u|p−2u,
u ∈ H1

0(Ω), (1.1)

where Ω is an unbounded smooth domain in RN , N ≥ 3, whose complement RN r Ω is bounded,
possibly empty, and 2 < p < 2∗ := 2N

N−2 . The potential V∞ + V is assumed to satisfy

(V0) V ∈ C0(RN), V∞ ∈ (0,∞), infx∈RN {V∞ + V(x)} > 0, lim
|x|→∞

V(x) = 0.

Equations of this kind arise naturally in various branches of physics and in some problems in
biology as well, see for example [8, 21]. The existence of solutions to (1.1) has been extensively
∗Research supported by CONACYT grant 129847 and UNAM-DGAPA-PAPIIT grant IN101209 (Mexico).
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studied during the last 25 years. A detailed account is given in Cerami’s survey article [11]. In what
follows we make reference to the results more closely related to our study.

The main difficulty in dealing with problem (1.1) by means of variational methods is the lack
of compactness. This difficulty does not appear when Ω and V are radially symmetric and we look
for radial solutions [27, 8, 20]. However if, either Ω or V do not have symmetries, or if they have
symmetries with finite orbits, the lack of compactness prevails.

Remarkable progress was made when P.-L. Lions introduced in [23] his concentration com-
pactness method, which allowed to show the existence of a solution of problem (1.1) in RN by a
minimization argument for V ≤ 0. This also applies in an exterior domain Ω, like the one we are
considering, when V < 0 satisfies a suitable decay assumption at infinity. Nevertheless, when V ≥ 0
andΩ , RN or when V > 0 andΩ = RN the question of the existence cannot be treated by minimiza-
tion. To handle this situation a deeper understanding of the lack of compactness of the variational
problem is needed. Benci and Cerami gave in [7] a complete description of the lack of compactness
in terms of the solutions to the limit problem{

−∆u + V∞u = |u|p−2u,
u ∈ H1(RN), (1.2)

associated to (1.1). This allowed them to solve the existence problem for V ≡ 0 when the diameter
of RN rΩ is small enough. Bahri and Lions in [3] eliminated this restriction and, considering some
decay assumptions at infinity on V , they showed the existence of a solution for V ≥ 0. In all of these
cases the solution obtained is positive.

A result concerning the existence of multiple solutions with small energy was obtained in [17]
when Ω = RN and V approaches to 0 from below at infinity in a suitable way. However, the
techniques employed there, provide no information on whether these solutions change sign or not.
Cerami, Devillanova and Solimini established the existence of infinitely many solutions in [13]
assuming that Ω = RN and V tends to zero from below at infinity at some suitable rate. Recently,
Wei and Yan [29] proved the existence of infinitely many positive solutions to this problem when
Ω = RN and V is a radial function tending to 0 at infinity, in a polynomial way. Without any
symmetry assumptions on the potential, Cerami, Passaseo and Solimini proved in [14] an analogous
result for potentials that decay very slowly.

We are interested in obtaining multiplicity of sign changing solutions. For Ω = RN and V ≡ 0
existence of infinitely many sign changing solutions with large symmetries was shown in [6, 24, 25].
When Ω and V have only finite symmetries, existence of a sign changing solution to problem (1.1)
was shown in [12] and [10], under suitable assumptions. We shall refer to these results later in more
detail.

Several multiplicity results have been obtained for the singularly perturbed problem −ε∆u +
(V∞ + V(x)) u = |u|p−2u, u ∈ H1(RN), for small enough ε > 0. It is well-known that, when ε → 0,
there are solutions to this problem which concentrate at critical points of the potential V, see [1, 18].
Hence, it is not surprising that the topology of certain subsets of critical points of V has an effect
on the number of solutions to this problem, as has been shown for example in [16]. Even though
a similar concentration phenomenon is not present in the problem we are treating here, we will
prove in this article that, when looking for sign changing solutions, there is a combined effect of the
topology and the symmetries of certain subsets of the domain on the number of solutions to problem
(1.1).

We study the case where both Ω and V have some symmetries. To be precise, we consider a
closed subgroup Γ of the group O(N) of linear isometries of RN and a continuous homomorphism
ϕ : Γ→ Z/2 := {1,−1}. We denote by G := ker ϕ, by

ℓ := min{#Gx : x ∈ SN−1},

and by
Σ := {x ∈ SN−1 : #Gx = ℓ},
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where SN−1 := {x ∈ RN : |x| = 1}, Gx := {gx : g ∈ G} is the G-orbit of x and #Gx is its cardinality.
Recall that a subset X of RN is Γ-invariant if Γx ⊂ X for every x ∈ X, and a function u : X → R is

Γ-invariant if it is constant on each Γ-orbit Γx with x ∈ X. If X is Γ-invariant and ϕ is an epimorphism
(i.e. it is surjective), the group Z/2 acts on the G-orbit space X/G := {Gx : x ∈ X} of X as follows:
we choose γ ∈ Γ such that ϕ(γ) = −1 and we define

(−1) ·Gx := G(γx) for all x ∈ X.

This action is well defined and it does not depend on the choice of γ.We denote by

Σ0 := {x ∈ Σ : Gx = G(γx)}.

If Z is a Γ-invariant subset of Σ r Σ0, the action of Z/2 on its G-orbit space Z/G is free. If Z , ∅ the
Krasnoselski genus of Z/G, denoted genus(Z/G), is defined to be the smallest k ∈ N such that there
exists a continuous map f : Z/G → Sk−1 which is Z/2-equivariant, i.e. f ((−1) · Gz) = − f (Gz) for
every z ∈ Z.We define genus(∅) := 0.

For each subgroup K of Γ we set

µ(Kz) :=
{

inf{|α1z − α2z| : α1, α2 ∈ K, α1z , α2z} if #Kz ≥ 2,
2 |z| if #Kz = 1,

µK(Z) := inf
z∈Z
µ(Kz) and µK(Z) := sup

z∈Z
µ(Kz).

From now on, we will assume that Ω is Γ-invariant, that V is a Γ-invariant function and that (V0)
holds. We will also assume that ℓ < ∞, and we will denote by c∞ the energy of the positive solution
to the limit problem (1.2). We shall prove the following result.

Theorem 1.1 If ϕ : Γ→ Z/2 is an epimorphism, Z is a Γ-invariant subset of Σr Σ0, and V satisfies
the following:

(V1) There exist r0 > 0, c0 > 0 and λ ∈ (0, µΓ(Z)
√

V∞) such that

V(x) ≤ −c0e−λ|x| for all x ∈ RN with |x| ≥ r0,

then problem (1.1) has at least genus(Z/G) pairs of sign changing solutions ±u such that

u(αx) = ϕ(α)u(x) for all α ∈ Γ, x ∈ Ω, (1.3)

and ∫
Ω

|u|p < 4p
p − 2

ℓ c∞. (1.4)

Let us look at an example. Under analogous assumptions to those of the previous theorem,
Carvalho, Maia and Miyagaki proved in [10] the existence of a solution to (1.1) satisfying (1.3) and
(1.4) in the case where Γ is the group spanned by the reflection γ : RN → RN on a linear subspace
W of RN of dimension 0 ≤ dim W < N. In this case, taking Z as the unit sphere in the orthogonal
complement of W, Theorem 1.1 asserts the existence of

genus(Z/G) = N − dim W

pairs of solutions to this problem. Note that µΓ(Z) = 2, so our assumption (V1) is less restrictive than
the one in [10] where λ ∈ (0,

√
V∞) is required.

Another interesting example is the following: If N = 2n we identify RN with Cn and take Γ to be
the cyclic group of order 2m spanned by ρ(z1, . . . , zn) := (eπi/mz1, . . . , eπi/mzn) and ϕ : Γ→ Z/2 to be
the epimorphism given by ϕ(ρ) := −1. Then G := ker ϕ is the cyclic subgroup of order m spanned by



430 M. Clapp, D. Salazar

ρ2. Since the action is free, we have that Σ = SN−1 and Σ0 = ∅, so we may take Z := SN−1. The genus
of SN−1/G can be estimated in many cases. For example, if m = 2k, Lemma 6.1 below together with
Theorem 1.2 of [4] give

genus(SN−1/G) ≥ N − 1
2k + 1.

Since µΓ(SN−1) =
∣∣∣eπi/m − 1

∣∣∣ , condition (V1) becomes more restrictive as m increases. So, if (V1)
holds for m = 2k, it will also hold for m = 2 j with 0 ≤ j < k. Now, if u j is a solution provided by
Theorem 1.1 for m = 2 j, then u j satisfies (1.3), i.e.

u j(eπil/(2
j)z) = (−1)lu j(z) ∀ l = 0, . . . , 2 j+1 − 1, z ∈ Ω ⊂ Cn.

This implies that uk , u j if k > j. Indeed, if k > j and uk(z) = u j(z) , 0 at some z ∈ Ω then, since
u j(eπi/(2

j)z) = −u j(z) and

uk(eπi/(2
j)z) = uk(eπi(2

k− j)/(2k)z) = (−1)2k− j
uk(z) = u j(z),

we have that uk(eπi/(2
j)z) , u j(eπi/(2

j)z). Therefore, Theorem 1.1 provides at least

k∑
j=0

N − 1
2 j + k + 1 = (N − 1)

2k+1 − 1
2k + k + 1

pairs of solutions in this case.
On the other hand, similar actions in odd dimensions give no solutions. For example, if we take

polygonal symmetry in R3 given by ρ(z, t) := (eπi/mz, t), (z, t) ∈ C×R = R3 -as considered in [28] for
a related problem- and ϕ(ρ) := −1, then Σ = {±(0, 0, 1)} = Σ0. So Theorem 1.1 gives no information
in this case. However, if we consider the group Γ generated by ρ and the reflection τ(z, t) := (z,−t),
and take ϕ(ρ) := 1 and ϕ(τ) := −1, then Σ = {±(0, 0, 1)} and Σ0 = ∅ and Theorem 1.1 yields one pair
of sign changing solutions.

For potentials with an analogous behavior at infinity, but without requiring any symmetry prop-
erty on neither the domain nor the potential, in [17] it was shown that problem (1.1) has at least
N
2 +1 pairs of solutions. However, the argument used there gives no precise information whether the
solutions obtained change sign or not. If ϕ is an epimorphism, property (1.3) asserts that u changes
sign and, as we have seen, in some cases Theorem 1.1 yields more than N

2 + 1 pairs of solutions.
We shall prove also the following multiplicity result of sign changing solutions, with a different

condition on the potential.

Theorem 1.2 Let ℓ ≥ 2 and Z be a compact Γ-invariant subset of Σ. Assume that the following
hold:
(Z0) dist(γz,Gz) > µ(Gz) for all z ∈ Z and γ ∈ Γ with ϕ(γ) = −1.
(V2) There exist c1 > 0 and κ > µG(Z)

√
V∞ such that

V(x) ≤ c1e−κ|x| for all x ∈ RN .

Then (1.1) has at least genus(Z/G) pairs of sign changing solutions ±u, which satisfy (1.3) and (1.4).

Theorem 1.2 is an extension of the result obtained in [12] which states the existence of a sign
changing solution to the autonomous problem V ≡ 0 if (Z0) holds for some z ∈ Σ. Note that (Z0)
implies that Z ⊂ ΣrΣ0. Note also that condition (Z0) cannot be realized if N = 3. However, we next
give an example which illustrates the situation in Theorem 1.2 for higher dimensions.

We identify R4n with Cn × Cn and consider the subgroup Γ of O(4n) spanned by ρ and γ, where
ρ(y, z) := (eπi/my, eπi/mz) and γ(y, z) := (−z, y) for (y, z) ∈ Cn × Cn and some m ≥ 3. We define
ϕ : Γ→ Z/2 by ϕ(ρ) = 1, ϕ(γ) = −1. Then G := ker ϕ is the cyclic subgroup of order 2m spanned by
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ρ. Since m ≥ 3, property (Z0) is satisfied by Z := S4n−1. Note that µG(S4n−1) =
∣∣∣eπi/m − 1

∣∣∣ , hence (V2)
becomes less restrictive as m increases. We will prove in the Section 6 that genus(S4n−1/G) ≥ 2n+1.
Consequently, if Ω is Γ-invariant and V is Γ-invariant and satisfies (V0) and (V2), problem (1.1) has
at least 2n + 1 pairs of sign changing solutions ±u, which satisfy (1.3) and (1.4).

This paper is organized as follows. In section 2 the variational framework for problem (1.1) is
set, while in Section 2 a careful analysis of Palais-Smale sequences satisfying (1.3) is carried out. In
Section 4 and 5 we prove Theorems 1.1 and 1.2. Finally, in the Appendix, estimates for the genus
of an orbit space are provided.

2 The variational problem
From now on we assume without loss of generality that V∞ = 1. We define

∥u∥V :=
(∫
Ω

(
|∇u|2 + (1 + V(x)) u2

))1/2

. (2.1)

Assumption (V0) guarantees that this is a norm in H1
0(Ω) which is equivalent to the usual one. The

solutions of problem (1.1) are the critical points of the functional JV : H1
0(Ω)→ R given by

JV (u) :=
1
2
∥u∥2V −

1
p
|u|pp ,

where |u|p :=
(∫
Ω
|u|p

)1/p
is the norm in Lp(Ω).

The homomorphism ϕ induces an orthogonal action of Γ on H1
0(Ω) as follows: for γ ∈ Γ and

u ∈ H1
0(Ω) we define γu ∈ H1

0(Ω) by

(γu)(x) := ϕ(γ)u(γ−1x).

The functional JV is then Γ-invariant. So, by the principle of symmetric criticality [26], the critical
points of the restriction of JV to the fixed point space of this action, which we denote by

H1
0(Ω)ϕ : = {u ∈ H1

0(Ω) : γu = u ∀γ ∈ Γ}
= {u ∈ H1

0(Ω) : u(γx) = ϕ(γ)u(x) ∀γ ∈ Γ, x ∈ Ω},

are the solutions of problem (1.1) that satisfy (1.3). Note that, if u satisfies (1.3), then u is G-
invariant. Moreover, u(αx) = −u(x) for every x ∈ Ω and α ∈ ϕ−1(−1). Therefore, if ϕ is an epimor-
phism, every nontrivial solution to (1.1) which satisfies (1.3) changes sign.

The nontrivial solutions of problem (1.1) satisfying (1.3) lie on the Nehari manifold

Nϕ :=
{
u ∈ H1

0(Ω)ϕ : u , 0, ∥u∥2V = |u|
p
p

}
,

which is of class C2 and is radially diffeomorphic to the unit sphere in H1
0(Ω)ϕ. The radial projection

π : H1
0(Ω)ϕ r {0} → Nϕ is given by

π(u) :=
∥u∥2V|u|pp

 1
p−2

u. (2.2)

Observe that, for every u ∈ H1
0(Ω)ϕ r {0},

JV (π(u)) =
p − 2
2p

∥u∥2V|u|2p
 p

p−2

= max
t≥0

JV (tu).
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3 The Palais-Smale condition
Benci and Cerami described the lack of compactness of the functional JV in [7]. They showed that
the Palais-Smale sequences which do not converge to a solution of problem (1.1) approach a sum of
a possibly trivial solution of (1.1) plus nontrivial solutions of the limit problem{

−∆u + u = |u|p−2u,
u ∈ H1(RN), (3.1)

translated by sequences of points in the domain which go to infinity.
We analyze next the Palais-Smale sequences belonging to H1

0(Ω)ϕ. We shall give a precise
description of the relation between the symmetries of the translation points and those of the corre-
sponding solution to the limit problem. This plays an important role in the proof of Corollary 3.1,
which will be crucial for our results.

Recall that the Γ-isotropy subgroup of a point x ∈ RN is defined as

Γx := {α ∈ Γ : αx = x}.

The Γ-orbit Γx of x is Γ-homeomorphic to the homogeneous space Γ/Γx. It holds true that Γαx =

αΓxα
−1. Thus, the conjugate groups to an isotropy group are isotropy groups, see for instance [9, 19].

Lemma 3.1 Given a sequence (yn) in RN there exist a sequence (ζn) in RN and a closed subgroup
K of Γ such that for some subsequence of (yn), which we still denote in the same way, the following
hold:
(a) (dist(Γyn, ζn)) is bounded.
(b) Γζn = K for all n ∈ N.
(c) If |Γ/K| < ∞ then |αζn − α′ζn| → ∞ for any [α] , [α′] ∈ Γ/K with [α] , [α′].
(d) If |Γ/K| = ∞ then there exists a closed subgroup K′ of Γ such that K ⊂ K′, |Γ/K′| = ∞ and
|αζn − α′ζn| → ∞ for any [α] , [α′] ∈ Γ/K′ with [α] , [α′].

Proof. See [15, Lemma 3.2]. �

The energy functional J∞ : H1(RN)→ R associated to problem (3.1) is given by

J∞(u) :=
1
2
∥u∥2 − 1

p
|u|pp,

where ∥u∥2 :=
∫
RN (|∇u|2+u2) and |u|pp :=

∫
RN |u|p. As usual, we identify u ∈ H1

0(Ω) with its extension
to RN obtained by setting u ≡ 0 in RN r Ω. We denote by J0 the functional associated to problem
(1.1) with V ≡ 0, i.e.

J0(u) :=
1
2
∥u∥2 − 1

p
|u|pp,

and by Br(y) := {x ∈ RN : |x − y| < r}. If v ∈ H1(RN) and α ∈ Γ we simply write vα for the
composition v ◦ α.

Proposition 3.1 Let (un) be a sequence in H1
0(Ω)ϕ such that un ⇀ 0 in H1

0(Ω), J0(un) → c > 0 and
J′0(un)→ 0 in H−1(Ω). Then there exist a sequence (ζn) in Ω, a closed subgroup K of finite index in
Γ, a nontrivial solution v to problem (3.1) and a sequence (wn) in H1

0(Ω)ϕ such that
(a) Γζn = K for all n ∈ N,
(b) |ζn| → ∞ and |αζn − α̂ζn| → ∞ if α̂α−1 < K, α̂, α ∈ Γ,
(c) v(αx) = ϕ(α)v(x) for all x ∈ RN , α ∈ K,

(d)

∥∥∥∥∥∥un − wn −
∑

[α]∈Γ/K
ϕ(α)vα−1 (· − αζn)

∥∥∥∥∥∥→ 0,

(e) wn ⇀ 0 in H1
0(Ω), J0(wn)→ c − |Γ/K| J∞(v) and J′0(wn)→ 0 in H−1(Ω).
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Proof. The sequence (un) is bounded in H1
0(Ω), so

p − 2
2p
|un|pp = J0(un) − 1

2
J′0(un) un → c > 0.

Lions’ lemma [30, Lemma 1.21] then yields that

δ := lim sup
n→∞

sup
y∈RN

∫
B1(y)
|un|2 > 0.

We choose yn ∈ RN such that ∫
B1(yn)

|un|2 > δ/2

and, for the sequence (yn), we choose K and (ζn) as in Lemma 3.1. We define vn(x) := un(x + ζn).
Passing to a subsequence if necessary, we may assume that vn ⇀ v weakly in H1(RN), vn → v
strongly in Lp

loc(RN) and vn(x) → v(x) a.e. in RN . Fixing C > 0 such that dist(Γyn, ζn) ≤ C for every
n, we have that B1(αnyn) ⊂ BC+1(ζn) for some αn ∈ Γ. Since |un| is Γ-invariant we obtain∫

BC+1(0)
|vn|2 =

∫
BC+1(ζn)

|un|2 ≥
∫

B1(yn)
|un|2 >

δ

2
.

This implies that v , 0. But un ⇀ 0 in H1(RN), so (ζn) is unbounded and we may assume that
|ζn| → ∞. A standard argument shows that v is a solution to problem (3.1) [30, Lemma 8.3].
Assertion (b) of Lemma 3.1 insures that, for every α ∈ K, un(α x+ζn) = un (α(x + ζn)) = ϕ(α)un(x+
ζn). Hence v(αx) = ϕ(α)v(x).
Let α1, α2, . . . αt ∈ Γ be such that

∣∣∣α jζn − αiζn
∣∣∣→ ∞ when i , j. Then

ϕ(α j)vnα
−1
j −

t∑
i= j+1
ϕ(αi)vα−1

i (· − αiζn + α jζn)⇀ ϕ(α j)vα−1
j

weakly in H1(RN). By the Brezis-Lieb Lemma [30, Lemma 1.32] we have∣∣∣∣∣∣ϕ(α j)vnα
−1
j −

t∑
i= j+1
ϕ(αi)vα−1

i (· − αiζn + α jζn)

∣∣∣∣∣∣p
p

=

∣∣∣∣∣∣ϕ(α j)vnα
−1
j −

t∑
i= j
ϕ(αi)vα−1

i (· − αiζn + α jζn)

∣∣∣∣∣∣p
p

+
∣∣∣ϕ(α j)vα−1

j

∣∣∣p
p
+ o(1).

The change of variable y = x − α jζn yields∣∣∣∣∣∣∣∣un −
t∑

i= j+1

ϕ(αi)vα−1
i (· − αiζn)

∣∣∣∣∣∣∣∣
p

p

=

∣∣∣∣∣∣∣∣un −
t∑

i= j

ϕ(αi)vα−1
i (· − αiζn)

∣∣∣∣∣∣∣∣
p

p

+ |v|pp + o(1),

and iterating this equality we obtain

|un|pp −
∣∣∣∣∣∣∣un −

t∑
i=1

ϕ(αi)vα−1
i (· − αiζn)

∣∣∣∣∣∣∣
p

p

= t |v|pp + o(1).

From the last expression we deduce that

2p
p − 2

c ≥ t |v|pp .
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Hence, assertion (d) of Lemma 3.1 implies that |Γ/K| < ∞, i.e. K has finite index in Γ. Thus assertion
(c) of Lemma 3.1 allows us to take t := |Γ/K| . Finally, we choose R > 0 such that

(
RN rΩ

)
⊂ BR(0),

and a radially symmetric cut off function χ ∈ C∞(RN) such that 0 ≤ χ(x) ≤ 1, χ(x) = 0 if |x| ≤ R and
χ(x) = 1 if |x| ≥ 2R. We define

wn(x) := un(x) −
|Γ/K|∑
i=1

ϕ(αi)χ(x)v
(
α−1

i (x − αiζn)
)
.

Then wn ∈ H1
0(Ω)ϕ and standard arguments show that (wn) satisfies (d) and (e). �

We shall say that JV satisfies the ϕ-equivariant Palais-Smale condition (PS )ϕc at the level c if
every sequence (vn) such that

vn ∈ H1
0(Ω)ϕ, JV (vn)→ c, J′V (vn)→ 0 in H−1(Ω), (3.2)

contains a convergent subsequence in H1
0(Ω). The proposition above gives us a level below which

the functional JV satisfies the Palais-Smale condition.

Corollary 3.1 JV satisfies condition (PS )ϕc for all c < |Γ/G| ℓ c∞.

Proof. Let (vn) be a sequence which satisfies (3.2). Since (vn) is bounded in H1
0(Ω)ϕ, a subsequence

satisfies that vn ⇀ v0 weakly in H1
0(Ω)ϕ, vn → v0 strongly in Lp

loc(Ω) and vn(x) → v0(x) a.e. in Ω.
Defining un := vn − v0 we have that un ⇀ 0 in H1

0(Ω)ϕ. Furthermore, J0(un) → d := c − JV (v0),
J′0(un)→ 0 in H−1(Ω) and v0 is a solution of (1.1) [30, Lemma 8.2].
If d ≤ 0 then un → 0 strongly in H1

0(Ω). If d > 0 there exist ζn ∈ Ω, a closed subgroup K of finite
index in Γ, a nontrivial solution v of (3.1) and a sequence (wn) in H1

0(Ω)ϕ with properties (a)-(e) of
Proposition 3.1. In particular,

J0(un) = J0(wn) + |Γ/K| J∞(v) + o(1).

Consequently,
c ≥ d ≥ |Γ/K|J∞(v).

We now distinguish two cases: We note that if K ⊂ G then |Γ/K| = |Γ/G| |G/K| =
|Γ/G| (#Gζn) ≥ |Γ/G| ℓ. Therefore, c ≥ |Γ/G| ℓ c∞. If K * G then ϕ is an epimorphism. Prop-
erty (c) of Proposition 3.1 asserts that v changes sign and, consequently J∞(v) ≥ 2 c∞. In addition,
|Γ/K| = |G/(K ∩G)| = #Gζn ≥ ℓ. Thus, c ≥ 2 ℓ c∞ = |Γ/G| ℓ c∞. In both cases, we obtain a contra-
diction to our hypothesis. Therefore, un → 0 strongly in H1

0(Ω). �

We denote by ∇JV the gradient of JV with respect to the scalar product ⟨·, ·⟩V which induces the
norm (2.1), and by ∇Nϕ JV (u) the orthogonal projection of ∇JV (u) onto the tangent space TuNϕ to
the Nehari manifoldNϕ in the point u ∈ Nϕ.We say that JV satisfies condition (PS )ϕc onNϕ if every
sequence (un) such that

un ∈ Nϕ, JV (un)→ c, ∇Nϕ JV (un)→ 0, (3.3)

has a convergent subsequence in H1
0(Ω).

Corollary 3.2 JV satisfies condition (PS )ϕc on Nϕ for all c < |Γ/G| ℓ c∞.

Proof. Let (un) be a sequence which satisfies (3.3). In view of Corollary 3.1, we just need to prove
that ∇JV (un)→ 0.
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If u ∈ Nϕ, the tangent space TuNϕ is the subspace of H1
0(Ω)ϕ which is orthogonal to ∇F(u),

where F(u) := ∥u∥2V − |u|
p
p . Note that, since F is Γ-invariant, ∇F(u) ∈ H1

0(Ω)ϕ. The same is true for
JV .We express ∇JV (un) as

∇JV (un) = ∇Nϕ JV (un) + tn∇F(un), tn ∈ R. (3.4)

By taking the scalar product of the above equality with un one gets

⟨∇Nϕ JV (un), un⟩V = ⟨∇JV (un), un⟩V − tn ⟨∇F(un), un⟩V = tn(p − 2)∥un∥2V ≥ c1tn,

with c1 > 0. By the hypotheses, ⟨∇Nϕ JV (un), un⟩V → 0, and so tn → 0. On the other hand, there
exists a constant c2 > 0 such that∣∣∣⟨∇F(un), v⟩V

∣∣∣ ≤ 2∥un∥V∥v∥V + p |un|p−1
p |v|p ≤ c2∥v∥V

for all v ∈ H1
0(Ω). This shows that (∇F(un)) is bounded. Thus, from identity (3.4), ∇JV (un) → 0

follows. �

4 Proof of Theorem 1.1
Let ω ∈ H1(RN) be the unique positive solution to problem (3.1) which is radially symmetric about
the origin. It is well-known (see [8, 22]) that there exist positive constants b0, b1 such that

lim
|x|→∞

∣∣∣Diω(x)
∣∣∣ |x| N−1

2 exp |x| = bi for i = 0, 1. (4.1)

Let Z be a Γ-invariant subset of Σ r Σ0 and set λ ∈ (0, µΓ(Z)). We choose ε ∈ (
0, µΓ(Z)−λ
µΓ(Z)+λ

)
and a

radially symmetric cut off function χ ∈ C∞(RN) such that 0 ≤ χ(x) ≤ 1, χ(x) = 1 if |x| ≤ 1 − ε and
χ(x) = 0 if |x| ≥ 1. For S > 0 we define ωS ∈ H1(RN) by

ωS (x) := χ
( x
S

)
ω(x).

Then, ωS → ω in H1(RN) as S → ∞. Using (4.1) we obtain the following asymptotic estimates∣∣∣∣∥ω∥2 − ∥∥∥ωS
∥∥∥2

∣∣∣∣ = O(e−2(1−ε)S ),
∣∣∣|ω|pp − |ωS |pp

∣∣∣ = O(e−p(1−ε)S ) (4.2)

as S → ∞, see [17, Lemma 2]. We define ρ := µΓ(Z)+λ
4 , and we consider the function (ωρR)Ry ∈

H1(RN) given by
(ωρR)Ry(x) := ωρR(x − Ry).

Note that supp(ωρR)Ry ⊂ BρR(Ry).

Lemma 4.1 If (V1) holds, there exist C1 > 0 and r1 > 0 such that (ωρR)Ry ∈ H1
0(Ω) and

JV

(
t(ωρR)Ry

)
≤ c∞ −C1e−λR for all y ∈ Z, R ≥ r1 and t ≥ 0.

Proof. We may assume without loss of generality that the r0 > 0 of condition (V1) also satisfies(
RN r Br0 (0)

)
⊂ Ω. Note that, since µΓ(Z) ≤ 2, ρ ∈ (0, 1). Therefore, there exists r1 > 0 such that

R − ρR ≥ r0 provided R ≥ r1, which implies that (ωρR)Ry ∈ H1
0(Ω) for all y ∈ Z and R ≥ r1.

Since ωρR → ω in H1(RN) as R → ∞, we may choose t1 > t0 > 0 and r1 > 0 such that the
following also holds:

max
t≥0

JV

(
t(ωρR)Ry

)
= max

t∈[t0,t1]
JV

(
t(ωρR)Ry

)
for all y ∈ Z and R ≥ r1.
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By condition (V1), for all t ∈ [t0, t1], y ∈ Z and R ≥ r1, we have∫
Ω

V(x)
∣∣∣tωρR(x − Ry)

∣∣∣2 dx =
∫
|x|≤ρR

V(x + Ry)
∣∣∣tωρR(x)

∣∣∣2 dx

≤ −
(
c0t2

∫
|x|≤ρR

e−λ|x+Ry| |ω(x)|2 dx
)

≤ −
(
c0t2

0

∫
RN

e−λ|x||ω(x)|2 dx
)

e−λR = −C2e−λR.

Using the estimates (4.2) we conclude that, choosing r1 > 0 even larger if necessary, there exists
C1 > 0 such that

JV

(
t(ωρR)Ry

)
=

1
2

∥∥∥t(ωρR)Ry

∥∥∥2
+

1
2

∫
Ω

V(x)
∣∣∣t(ωρR)Ry

∣∣∣2 dx − 1
p

∣∣∣t(ωρR)Ry

∣∣∣p
p

=
1
2
∥tω∥2 − 1

p
|tω|pp + O(e−2(1−ε)ρR) −C2e−λR

= J∞(tω) −C1e−λR ≤ c∞ −C1e−λR,

because c∞ = maxt≥0 J∞(tω) and 2(1 − ε)ρ > µΓ(Z)+λ
2

(
1 − µΓ(Z)−λ

µΓ(Z)+λ

)
= λ. �

Proof of Theorem 1.1. JV : Nϕ → R is an even function, which is bounded from below and satisfies
(PS )ϕc on Nϕ for all c < |Γ/G| ℓ c∞ = 2 ℓ c∞. Consequently, if d < 2 ℓ c∞, JV has at least

genus(Nϕ ∩ Jd
V )

pairs of critical points ±u with critical value JV (u) ≤ d, where Jd
V := {u ∈ H1

0(Ω) : JV (u) ≤ d}.We
fix R ≥ r1 and d := 2 ℓ (c∞ −C1e−λR) with C1 and r1 as in Lemma 4.1.

Notice that #Γy = 2 ℓ for all y ∈ Z, as Z ⊂ Σ r Σ0. Observe also that, if [α] , [β] in Γ/Γy � Γy,
then |Rαy − Rβy| ≥ µΓ(Z)R > 2ρR. For this reason, (ωρR)Rαy and (ωρR)Rβy have disjoint support, for
each y ∈ Z.We define

θ(y) := π
 ∑

[α]∈Γ/Γy

ϕ(α)(ωρR)Rαy

 (4.3)

where π is the radial projection onto Nϕ, see (2.2). So, it holds true that

JV (θ(y)) = 2 ℓ max
t≥0

JV (t(ωρR)Ry) ≤ d.

The map θ : Z → Nϕ ∩ Jd
V defined by (4.3) is continuous. Moreover, θ(gy) = θ(y) for all g ∈ G and

θ(γy) = −θ(y) if ϕ(γ) = −1. Therefore, θ induces a continuous map θ̂ : Z/G → Nϕ ∩ Jd
V , given by

θ̂(Gy) := θ(y), which satisfies θ̂((−1) ·Gy) = −θ̂(Gy) for all y ∈ Z. This yields that

genus(Z/G) ≤ genus(Nϕ ∩ Jd
V )

and concludes the proof. �

5 Proof of Theorem 1.2
For ζ ∈ RN we define

I(ζ) :=
∫
RN
ωp−1(x)ω(x − ζ)dx and A(ζ) :=

∫
RN

V+(x)ω2(x − ζ)dx.

In order to describe the asymptotic behavior of I we will use the following result of Bahri and Li.
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Lemma 5.1 Let f ∈ C0(RN) ∩ L∞(RN) and h ∈ C0(RN) be radially symmetric functions satisfying

lim
|x|→∞

f (x) |x|b ed|x| = τ and
∫
RN
|h(x)| (1 + |x|b)ed|x|dx < ∞

for d ≥ 0, b ≥ 0 and τ ∈ R. Then

lim
|y|→∞

(∫
RN

f (x + y)h(x)dx
)
|y|b ed|y| = τ

∫
RN

h(x)e−dx1 dx.

Proof. See Proposition 1.2 in [2]. �

As ω is radially symmetric, from (4.1) and Lemma 5.1 we deduce

lim
|ξ|→∞

I(ξ) |ξ| N−1
2 e|ξ| = ν > 0.

Let S > 0 be such that
ν

2
≤ I(ξ) |ξ| N−1

2 e|ξ| ≤ 3ν
2

if |ξ| ≥ S . (5.1)

Therefore,
I(ζ)
I(ξ)
≤ 3e−(|ζ |−|ξ|) if |ζ | ≥ |ξ| ≥ S . (5.2)

Lemma 5.2 Let M ∈ (0, 2). If V(x) ≤ ce−κ|x| for all x ∈ RN with c > 0 and κ > M, then

lim
|ζ |→∞

A(ζ)eM|ζ | |ζ | N−1
2 = 0.

Proof. Throughout this proof c will denote possibly distinct positive constants that are independent
of ζ. Let us fix ε ∈ (0, 1) such that κ(1 − ε) > M. Then∫

Bε|ζ |(ζ)
V+(x)ω2(x − ζ)eM|ζ | |ζ | N−1

2 dx ≤ c e−(κ(1−ε)−M)|ζ | |ζ | N−1
2

∫
RN
ω2(x)dx

= c e−(κ(1−ε)−M)|ζ | |ζ | N−1
2 . (5.3)

On the other hand, according to (4.1), for x ∈ RN r Bε|ζ |(ζ) and |ζ | large enough,

ω2(x − ζ) ≤ c e−2|x−ζ ||x − ζ |−(N−1).

Therefore, making the change of variable y = x
|ζ | and defining z := ζ

|ζ | , we obtain∫
RNrBε|ζ |(ζ)

V+(x)ω2(x − ζ)eM|ζ | |ζ | N−1
2 dx

≤ c
∫
RNrBε|ζ |(ζ)

e−(κ|x|+2|x−ζ |−M|ζ |) |ζ | N−1
2

|x − ζ |N−1 dx

= c
∫
RNrBε(z)

e−|ζ |(κ|y|+2|y−z|−M) |ζ | N+1
2

|y − z|N−1 dy. (5.4)

Set κ0 := min{κ, 2} and fix δ ∈ (0, 1) such that δκ0 > M. Then

κ |y| + 2 |y − z| − M ≥ κ0(|y| + |y − z| − δ) + (δκ0 − M) ≥ δκ0 − M > 0.
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Taking into account that maxt∈R e−dtt
N+1

2 =
(

N+1
2e

) N+1
2 d−

N+1
2 for d > 0, we conclude that∫

RNrBε(z)

e−|ζ |(κ|y|+2|y−z|−M) |ζ | N+1
2

|y − z|N−1 dy

≤ e−(δκ0−M)|ζ |
∫
RNrBε(z)

e−|ζ |κ0(|y|+|y−z|−δ) |ζ | N+1
2

|y − z|N−1 dy

≤ e−(δκ0−M)|ζ |
∫
RNrBε(z)

dy(
κ0(|y| + |y − z| − δ)) N+1

2 |y − z|N−1

= ce−(δκ0−M)|ζ |. (5.5)

Now the assertion of Lemma 5.2 follows from inequalities (5.3), (5.4) and (5.5). �

Lemma 5.3 If h ∈ C0
c

(
RN

)
is radially symmetric and q > 1, then

lim
|ζ |→∞

(∫
RN

h(x)ωq(x − ζ)dx
)
|qζ | N−1

2 eq|ζ | = 0.

Proof. This is an immediate consequence of Lemma 5.1 and expression (4.1). �

Lemma 5.4 (i) If p ≥ 2 and a1, a2, . . . , al ≥ 0, then∣∣∣∣∣∣ l∑
i=1

ai

∣∣∣∣∣∣p ≥ l∑
i=1

ap
i + (p − 1)

∑
i, j

ap−1
i a j.

(ii) If p ≥ 2 and a, b ≥ 0, then

|a − b|p ≥ ap + bp − pab
(
ap−2 + bp−2

)
.

Proof. See Lemma 4 in [12]. �

For y ∈ RN we define
σy :=

∑
[α]∈Γ/Γy

ϕ(α)ωαy ∈ H1(RN)ϕ.

We choose R0 > 0 such that RN rΩ ⊂ BR0 (0), and a radially symmetric cut off function χ ∈ C∞(RN)
such that 0 ≤ χ(x) ≤ 1, χ(x) = 0 if |x| ≤ R0 and χ(x) = 1 if |x| ≥ 2R0. Notice that χσy ∈ H1

0(Ω)ϕ.
Note also that, for all u ∈ H1(RN),

∥χu∥2V =
∫
RN

(
|χ∇u + u∇χ|2 + (1 + V(x)) |χu|2

)
(5.6)

=

∫
RN
χ2

(
|∇u|2 + (1 + V(x))|u|2

)
+

∫
RN

(
|∇χ|2 − 1

2
∆(χ2)

)
u2

≤ ∥u∥2V −
∫
RN

(χ∆χ)u2,

|χu|pp = |u|pp +
∫
RN

(χp − 1) |u|p. (5.7)

Proposition 5.1 Let ℓ ≥ 2, let Z be a compact Γ-invariant subset of Σ r Σ0 that satisfies condition
(Z0) of Theorem 1.2. If V satisfies (V2), then there exist C1 > 0 and R1 > 0 such that

∥χσRz∥2V
|χσRz|2p

≤ (2 ℓ ∥ω∥2)
p−2

p −C1e−2RR−
N−1

2 for all z ∈ Z and R ≥ R1.
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Proof. Since ω is a solution to problem (3.1), for any y, y′ ∈ RN one has that∫
RN

[∇ω(x − y) · ∇ω(x − y′) + ω(x − y)ω(x − y′)
]
dx =

∫
RN

ω(x − y)p−1ω(x − y
′
) dx

= I(y′ − y).

We fix γ ∈ Γ with ϕ(γ) = −1 and set

εy :=
∑

[α],[β]∈G/Gy
[α],[β]

I(βy − αy), ε̂y :=
∑

[α],[β]∈G/Gy

I(βy − αγy).

Since ω is radially symmetric, one has that εy = εγy.
Observe that the function y 7→ µ(Gy) is continuous in Σ. Hence, as Z is compact, µG(Z) and

µG(Z) are attained in Z. For simplicity, we shall denote them

m := µG(Z) = min
z∈Z
µ(Gz) and M := µG(Z) = max

z∈Z
µ(Gz).

Furthermore, property (Z0) implies that there exists a > 0 such that

dist(γz,Gz) − µ(Gz) ≥ a for all z ∈ Z and γ ∈ Γ with ϕ(γ) = −1. (5.8)

Let z ∈ Z.We choose αz, βz ∈ G such that |αzz − βzz| = µ(Gz) and denote ξz := αzz− βzz. From (5.6),
(5.7) and Lemma 5.4 we deduce

∥χσRz∥2V ≤ 2 ℓ ∥ω∥2 + 2εRz − 2̂εRz +

∫
RN

V+σ2
Rz −

∫
RN

(χ∆χ)σ2
Rz,

|χσRz|pp ≥ 2 ℓ |ω|pp + 2(p − 1)εRz − ĉεRz +

∫
RN

(χp − 1) |σRz|p,

with c > 0.
In what follows ci denotes a positive constant independent of z and R. If R ≥ S

m inequality (5.1)
yields that

c2e−2R (2R)−
N−1

2 ≤ εRz ≤ c3e−Rm (Rm)−
N−1

2 ,

inequalities (5.2) and (5.8) imply that

ε̂Rz

εRz
≤ ∑

[α],[β]∈G/Gz

I(Rβz − Rαγz)
I(Rξz)

≤ 3
∑

[α],[β]∈G/Gz

e−R(|βz−αγz|−µ(Gz)) ≤ c4e−Ra,

whereas inequality (5.1) gives∫
RN V+σ2

Rz

εRz
≤ c5

∑
[α]∈Γ/Γz

A(Rαz)
I(Rξz)

≤ 2c4

ν

∑
[α]∈Γ/Γz

A(Rαz)eMR(MR)
N−1

2 .

Property (Z0) guarantees that M ∈ (0, 2). From Lemma 5.2 it follows then that

lim
R→∞

∫
RN V+σ2

Rz

εRz
= 0

uniformly in z ∈ Z . Analogously, using Lemma 5.3 we conclude that

lim
R→∞

∫
RN (χ∆χ)σ2

Rz

εRz
= 0 and lim

R→∞

∫
RN (χp − 1) |σRz|p

εRz
= 0
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uniformly in z ∈ Z . Consequently, there exists R1 ≥ S
m such that

∥χσRz∥2V
|χσRz|2p

≤ 2 ℓ ∥ω∥2 + 2 εRz + o(εRz)(
2 ℓ ∥ω∥2 + 2(p − 1) εRz + o(εRz)

)2/p

≤ (2 ℓ ∥ω∥2)
p−2

p − c6 εRz

≤ (2 ℓ ∥ω∥2)
p−2

p − c7e−2R (2R)−
N−1

2 for all z ∈ Z, R ≥ R1.

This finishes the proof. �

Proof of Theorem 1.2. We fix R ≥ R1 and define

d :=
p − 2
2p

[
(2 ℓ ∥ω∥2)

p−2
p −C1e−2RR−

N−1
2

] p
p−2

with R1 and C1 as in Proposition 5.1. Then, for all z ∈ Z,

JV (π(χσRz)) =
p − 2
2p

∥χσRz∥2V
|χσRz|2p

 p
p−2

≤ d < 2 ℓ c∞,

where π is the radial projection onto Nϕ, see (2.2). The map θ : Z → Nϕ ∩ Jd
V defined by θ(z) :=

π(χσRz) is continuous. Moreover, θ(gz) = θ(z) for all g ∈ G and θ(γz) = −θ(z) if ϕ(γ) = −1.
Consequently, θ induces a continuous map θ̂ : Z/G → Nϕ ∩ Jd

V , given by θ̂(Gz) := θ(z), which
satisfies θ̂((−1) ·Gz) = −θ̂(Gz) for all z ∈ Z. This implies that

genus(Z/G) ≤ genus(Nϕ ∩ Jd
V ).

Arguing as in the proof of Theorem 1.1 we conclude that JV has at least genus(Z/G) pairs of critical
points ±u with critical value JV (u) ≤ d. �

6 The genus of an orbit space
In Theorem 1.1 and Theorem 1.2 the number of solutions is given in terms of the genus of the orbit
space Z/G.We shall give estimates for it in terms of the Γ-genus of Z.

Let us recall the notion of Γ-genus, see [5] for further details. Let Γ be a compact Lie group. The
join of the Γ-spaces X1, . . . , Xm is the space

X1 ∗ · · · ∗ Xm :=
{

[s1, x1, . . . , sm, xm] : si ∈ [0, 1],
m∑

i=1
si = 1, xi ∈ Xi

}
where [s1, x1, . . . , sm, xm] = [t1, y1, . . . , tm, ym] if, for each i = 1, ...,m, either si = ti and xi = yi or
si = ti = 0. This is again a Γ-space with the action

α[s1, x1, . . . , sm, xm] := [s1, αx1, . . . , sm, αxm].

The Γ-genus of a nonempty Γ-space X is the smallest m ∈ N such that there exist closed subgroups
Γ1, ..., Γm of Γ with Γi , Γ and a continuous Γ-equivariant map

f : X → Γ/Γ1 ∗ · · · ∗ Γ/Γm,

i.e. f (αx) = α f (x) for all x ∈ X, α ∈ Γ. We denote it by Γ-genus(X). If no such map exists we set
Γ-genus(X) := ∞.
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If Γ = Z/2 then Z/2 ∗ · · · ∗ Z/2 � Sm−1 with the action given by multiplication, so that the
Z/2-genus is just the Krasnoselskii genus.

Let Γ and Λ be compact Lie groups, ϕ : Γ→ Λ be a continuous epimorphism, K := ker ϕ and X
a Γ-space. Then Λ acts on the orbit space X/K as follows: for each x ∈ X, α ∈ Λ and some γ ∈ Γ
such that ϕ(γ) = α we define

α · Kx := K(γx). (6.1)

This action is well defined because K is a normal subgroup of Γ. The quotient map q : X → X/K
satisfies that q(γx) = ϕ(γ) · q(x) for any γ ∈ Γ, x ∈ X. The following result holds:

Lemma 6.1 Γ-genus(X) = Λ-genus(X/K).

Proof. Let Λ1, ...,Λm be closed subgroups of Λ, Λi , Λ, and let f : X/K → Λ/Λ1 ∗ · · · ∗ Λ/Λm be
a continuous Λ-equivariant map. We define Γi := {γ ∈ Γ : ϕ(γ) ∈ Λi}. Then ϕ induces homeomor-
phisms ϕi : Γ/Γi → Λ/Λi that satisfy ϕi(γΓi) = ϕ(γ)Λi, which in turn induce an homeomorphism

ϕ1 ∗ · · · ∗ ϕm : Γ/Γ1 ∗ · · · ∗ Γ/Γm → Λ/Λ1 ∗ · · · ∗ Λ/Λm,

defined in the obvious way. The map F : X → Γ/Γ1∗· · ·∗Γ/Γm given by F := (ϕ1 ∗ · · · ∗ ϕm)−1◦ f ◦q
is continuous and Γ-equivariant. Hence, Γ-genus(X) ≤ Λ-genus(X/K).

Conversely, let Γ1, ..., Γm be closed subgroups of Γ, Γi , Γ, and let F : X → Γ/Γ1 ∗ · · · ∗ Γ/Γm

be a continuous Γ-equivariant map. We define Λi := ϕ(Γi) and set ϕ1 ∗ · · · ∗ ϕm as above. Observe
that (ϕ1 ∗ · · · ∗ ϕm) ◦ F is continuous and constant on q−1(Kx) for each x ∈ X. Hence, it induces
a map f : X/K → Λ/Λ1 ∗ · · · ∗ Λ/Λm which is continuous and Λ-equivariant. Therefore, Λ-
genus(X/K) ≤ Γ-genus(X). �

Let us look at an example. Let Γ be the subgroup of O(4n) spanned by ρ and γ, where

ρ(y, z) := (eπi/my, eπi/mz), γ(y, z) := (−z, y), ∀(y, z) ∈ Cn × Cn ≡ R4n,

z = (z1, ..., zn) and zi is the conjugate of zi. Note that ρ is of order 2m, γ is of order 4, ρm = γ2 and
γρ = ρ−1γ. Let us consider the homomorphism ϕ : Γ→ Z/2 given by ϕ(ρ) = 1 and ϕ(γ) = −1. Then
G := ker ϕ is the cyclic subgroup spanned by ρ. The following holds:

Proposition 6.1 (a) genus(S4n−1/G) ≥ 2n + 1.
(b) If m ≥ 3 then dist(γx,Gx) > µ(Gx) for all x ∈ S4n−1.

Proof. (a) Let us consider the cyclic subgroup of order 4 of Γ spanned by γ and denote it by Z/4.
The kernel of the restriction of ϕ to Z/4 is the group K = {1, γ2}. Lemma 6.1, together with Theorem
1.2 of [4], yields

genus(S4n−1/K) = Z/4-genus(S4n−1) ≥ 2n +
1
2
.

As K ⊂ G the quotient map S4n−1/K → S4n−1/G is well defined and is Z/2-equivariant for the
action defined in (6.1). Therefore,

genus(S4n−1/G) ≥ genus(S4n−1/K).

Combining both inequalities one obtains the assertion.
(b) γx · ρ jx = 0 and, consequently,

∣∣∣γx − ρ jx
∣∣∣ = √2 for any x ∈ S4n−1, j = 1, ..., 2m. On the other

hand, µ(Gx) =
∣∣∣eπi/m − 1

∣∣∣ < √2 if m ≥ 3. �
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