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Abstract

In this paper we prove some comparison results for Neumann elliptic problems whose
model involves the anisotropic Laplacian

Ayu = div (H(Du)He(Du)),

where H is a positively homogeneous convex function. Finally, we find a Poincaré inequal-
ity in the anisotropic setting.
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1 Introduction

Let Q be a bounded connected open set of RN, N > 2, with Lipschitz boundary. The classical
relative isoperimetric inequality states that
P(E;Q)

Cy = inf — — >0 (1.1)
ECQ (min{|E|, |Q\ EI})' ™7

(see, for example, [14],[22],[10]). Here |E]| is the Lebesgue measure of E, and P(E; Q) is the usual
relative perimeter in Q. As matter of fact, it is known that, when Q is a ball of RV (see [22], [10])
or, when N = 2 and Q is convex (see [11]), the infimum in (1.1) is actually a minimum and the
minimizers can be characterized.

It is well-known that the inequality (1.1) is a basic tool to prove some comparison results for
elliptic problems with Neumann boundary condition, and that it is related to some Poincaré inequal-
ities. For example, in [20] the authors consider the problem

Au=f inQ,

12
M _o  onoq, (12)
on

where % is the outward normal derivative on Q. They prove a comparison result between the
solutions of (1.2) and the solutions of a “symmetrized” problem which is not of the same type of
(1.2). More precisely, they compare the positive and negative parts of # with the solutions of two
suitable Dirichlet problems involving Cy, and defined in two balls having measure |Q|/2. Similar
results are contained in [3], where a zero order term is also considered.

Furthermore, in [9] the eigenvalue problem

—Au =pu inQ,

0 (1.3)
Loo on 0Q)

on

is considered, and a reverse Holder inequality for eigenfunctions u of (1.3) corresponding to the first
nonzero eigenvalue y, is proved; namely

llullzr < Cllullp- (1.4)

Inequality (1.4) is a consequence of a comparison result between an eigenfunction of (1.3) and a
solution v of a suitable “symmetrized” Dirichlet problem involving the best constant Cy of (1.1).
In this paper, using the so-called convex symmetrization (see [1]), we show that analogous com-
parison results hold when we replace in (1.2) and (1.3) the Laplace operator with an “anisotropic”
Laplacian, that is
Apu = div (H(Du)H¢(Du)),

where H is an arbitrary norm on RV (see Section 2 for the precise assumptions on H).
In this setting, a key role is played by the anisotropic relative isoperimetric inequality:
Py(E; Q)

Ky = inf — >0, (1.5)
ECQ (minf|E|,|Q \ E[})! ¥
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where Py(E; Q) denotes the relative perimeter of E in Q with respect to H. When E has sufficiently
smooth boundary, Py (E; Q) is given by

Py(E;Q) = H(ng) dH"™,
GENQ
where ng denotes the unit outer normal to E (see Section 2 for the details).

We stress that when N = 2, the inequality (1.5) is proved in [13], where, under the additional
assumption of convexity of Q, the authors prove that Ky is attained, and the minimizers are charac-
terized.

Finally, it is well-known that the classical Poincaré inequality in BV (€2), namely

it = el < ¢ f \Dul, (16)
Q

with (u)q = ‘5” fQ u dx, is related to the relative isoperimetric inequality (1.1). In particular, in [12] it
is proved that the best constant in (1.6) is proportional to Cy. Moreover, when Q is a ball the author
computes explicitly the best constant. Here we prove (1.6) in the anisotropic setting, showing that
the best constant is proportional to Ky. Moreover, by means of some examples, we describe some
differences with the Euclidean case.

The paper is organized as follows. In Section 2 we give the precise definition of anisotropic
perimeter, and recall some basic facts about rearrangements and convex symmetrization. In Sections
3 and 4 we prove the comparison results. Finally, in Section 5 the anisotropic Poincaré inequality is
studied.

2 Notation and preliminaries

Let N >2,and H : RV — [0, +oo[ be a C2(RV \ {0}) function such that H*(£) is strictly convex and
H(t¢) = [\ H(E), VéeRN, VreR. (2.1)

Moreover, suppose that there exist two positive constants @ < [ such that

alé < HE) < plél, VéeRN. 2.2)

The polar function H°: RY — [0, +oo[ of H is

0 f ©V
H = _—
W)= 1)

It is easy to verify that also H? is a convex function which satisfies properties (2.1) and (2.2). Fur-

thermore,
v
H(v) =su .
rob H(E)

The set
W=(ecRV: H¢) < 1)
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is the so-called Wulff shape centered at the origin. We put ky = |'W| and, for r > 0, denote with ‘W,
the set r'W = {ré, £ € W}, The following properties of H and H® hold true (see for example [6]):

H(VH(£)) = H'(VH(#) = 1, Y¢ e RV\ {0},
HO(§)VH(VH (€)) = HEVH (VH(¢)) = &, V€ e RV \ {0).

Let Q be a bounded open set of R, The total variation of a function u € BV(Q) with respect to H is
(see [4]):

fIDu|H = sup {f udivodx: o € Cé(Q;RN), H(o) < 1}.
Q Q

This yields the following definition of anisotropic relative perimeter of F ¢ RY in Q:

Py(F;Q) = f IDxrly = sup {f divodx: o € Co(RY), H(0) < 1}.
Q F

The equality
PuFi) = [ Hnpar®™
Qné*F

holds, where d*F is the reduced boundary of F and ny is the outer normal to F (see [4]).
The anisotropic relative perimeter of a set F' in Q is finite if and only if the usual Euclidean
perimeter

P(F;Q) = Sup{fdiVO’de o€ C(l)(Q;RN), lo] < 1}
F

is finite. Indeed, by properties (2.1) and (2.2) we have that

1 1
-6l < H(§) < =],
B a
and then
aP(E; Q) < Py(E; Q) < BP(E; Q).
We recall that if u € W1(Q), then (see [4])

f|Du|H=fH(Du)dx.
Q Q

Reasoning as in [13], from the well-known relative isoperimetric inequality (see for instance
[10],[14],[22]) and the properties of H we have the following result:

Theorem 2.1 Let Q be an bounded connected open set of RY, with Lipschitz boundary. Then a
relative isoperimetric inequality with respect to the anisotropic perimeter holds. Namely, there
exists a constant Ky > 0 such that

Py(E; Q
Ky = inf CACHL)

. 2.3
ECQ (min{|E], |Q \ E[)'~¥ @
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Finally, we recall some basic definitions on rearrangements. Let Q be a bounded open set of RV,
and u : Q — R be a measurable function, and denote with |Q| the Lebesgue measure of 2.
The distribution function of u is the map y, : R — [0, oo defined by

Mu(1) = [{x € Q:u(x) > 1.

Such function is decreasing and right continuous.
The decreasing rearrangement of u is the map u* : [0, co[— R defined by

u’(s) := sup{t € R : u,(t) > s}.

The function u* is the generalized inverse of .
Following [1], the convex symmetrization of u is the function u*(x), x € Q* defined by:

u*(x) = u* (kyH (X)),

where Q* is a set homothetic to the Wulff shape having the same measure of Q.
In addition to the above rearrangements, it is useful to consider the increasing rearrangement of
u, that is the function
u(s) = u'(1Q - 5), s €[0,[Q.

Moreover, for x € Q*, we put
1 (x) = u (ky H (M),

Finally, we recall a property that will be useful in the next sections.

Lemma 2.1 Let fi(s), f2(s) be measurable, nonnegative functions such that

frf](s)ds < frfz(s)ds, VYr € [0,4d].
0 0

If g > 0 is a decreasing function then:

fofl(S)g(S)dssfofz(S)g(S)ds, Vre[0,6].

3 Comparison results

We consider the following homogeneous Neumann boundary value problem:

{ —div (a(x,u, Du)) + c(x)u = f inQ, 3.1)

a(x,u,Du) -n=0 on 0Q),

where Q is a bounded open set of RN, N > 2, with Lipschitz boundary, n is the outer normal to 9€2,
a(x,s,&): QxR xRN — RY is a Carathéodory function verifying

a(x, s,€) - & > (H)?, VéeRY, (3.2)

and c(x) € L*(Q), with ¢(x) > 0, c(x) # 0 in Q. Moreover, f € LP(Q), with p = % if N >3, or
p>1ifN =2,

The following result allows us to compare a solution of (3.1) with the solution of a problem that
has some simmetry properties but which is not of the same type of (3.1).
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Theorem 3.1 Let u € WH2(Q) be a solution to (3.1), and consider the following problem:

—yARV + cyv = f* inW,
—yAuy +c*v = fi inW,
v—v=0 on 0W, 3:3)

|H(DV)H(DV) + HIDWH(DY)| - =0 on 6W,,

where Ayu = div (H(Du)Hg(Du)), v = NZK—’ZX/N, with ky = |W|, and A is such that |'W,| = |Q|/2,
Ky
namely A = (%)UN. If the couple (v,v), with v,y € W2(W)), is the solution of (3.3), defining

o = 7O if s € [0,12/2],
T naQl-s)  if s €llQl/2, 19,

we have
s

fsu*(r)dzsf‘ Vi (tydr, s e [0,
0 0

Proof. Let u € W"2(Q) be a solution to (3.1). Using the test function

0 u(x) <t,
ex) =qu(x)—t t<ulx)<t+h,
h t+ h < u(x),

in (3.1), by (3.2) and letting & — 0 it follows that

d
- H(Du)* dx + f cudx < fdx. (3.4)
dt {u>t} {u>t} {(u>t}

On the other hand, using the Fleming-Rishel formula for the anisotropic perimeter (see [4]),

H(Du)dx = f ooPH({u > s}, Q)ds,

{u>t}

we get
d

= H(Du)dx = Py({u > 1}; Q)
dt Jyusy

for almost every ¢ > 0. Hence, by the Cauchy-Schwarz inequality we get from (3.4) that

Phu>thQ) < -/ | (f = cu)dx. 3.5)

{u>t}

Now we want to estimate the left-hand side of (3.5) with the relative isoperimetric inequality (2.3).
To this aim, we need to distinguish the cases when {u# > ¢} has measure less or greater than |Q|/2.
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Hence, denoted by 7y = inf{s: u(r) < |Q|/2}, by (2.3), and using the Hardy-Littlewood inequality

and the properties of rearrangements, from (3.5) we get

_2 ()
2#(02 N < fﬂ s *
——— < (f* —c.u')ds, forae. t > 1,
N = Jo
Q| - u())> 7 o
]%M < (f* = c.u")ds, forae. t < t.

- () 0

Making the change of variable s = u(¢) (see [2] for details), we get

q()(~u*(s)) < f (f* —cu)ds, forae. se€][0,|Ql,
0
where ¢(s) is the function

) = K3s¥ W, if0 < s <1Ql/2,
1 K239 - sy %, if|Q/2 < s < Q).

Observe that

1 Q]
f cu'ds < frds.
0 0

Now we reason exactly as in [3], comparing u* with the solution of the problem

—q(s)V'(s) + fs c.vds = fs ffds, se€[0,|Q]
0 0

1€ 1€
f cvds = f*ds.
0 0

(3.6)

(3.7)

(3.8)

By a contradiction argument, it is easy to show that the solution v(s) is decreasing in [0, |Q|] (see

[3]). Moreover, the couple (v, v), with

W(x) = vy HO()N),  v(x) = w(Q| — kyHO(x)Y),  x € W)y,

is the unique solution of the problem (3.3) (see Lemma 3.1).

Now we consider the function w = u — v, and by (3.6), (3.7) and (3.8), we get

—q(s)W'(s) + f cowds <0 s€0,Q],
0

Q]
f cawds <0.
0

mg:ffmm,sQQML
0

Setting

we claim that W(s) < O for any s.

(3.9)
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To this aim, we first observe that (3.9) can be written as follows:

—w'(s) + q*l(s)f cowds <0, s€[0,]Q,
0

Q|
f c.wds <0.
0

Multiplying both sides of (3.10) by W*, and integrating in [0, |Q|] we obtain that

f cow? ds + f g 'W?ds <0.
{(W>0} {(W>0}

Hence W* = 0in [0, |Q[], and finally by Lemma 2.1 we get the thesis.

(3.10)

Lemma 3.1 There exists a unique couple (v, v) with v,v € W"2(‘W,) which solves (3.3).

Proof. The existence of a solution of (3.3) follows by looking for functions v(x) = @(kyH(x)"V),
v(x) = o(|Q] — kyH’(x)V), x € W,. Hence, (3.3) becomes a system of ODEs, which is solvable.
Now we prove that the solution is unique. Let (vi,v,) and (v2,v,) be two solutions of (3.3), and
consider w = v — Vv, and w = v, — v,. Using w as test function in the first equation of (3.3), solved
by v and v, respectively, and subtracting we get

Y [H(Dv, )H§(D§1) - H(D\jz)Hf(Dvg)] - Dwdx+
W,

- yf W[H(Dv)Hg(Dv1) — H(Dv2)Hg(Dv)] - ndo + f et dx=0. (3.11)
6(W/1 WA
Similarly, using w in the second equation of (3.3), we get
yf [H(Dy,)Hg(Dyv,) — H(Dv,)H¢(Dyv,)] - Dw dx+
Wa
=y [ wlHDyHADy,) - HOwHADu) -ndors | ewdx=0. (12)
6(W/1 (W/I
By summing (3.11) and (3.12), and recalling the boundary conditions in (3.3) we obtain that

yf [H(Dv)H:(Dv) — H(DVv2)Hg(Dv)] - Dw dx+

W,

vy fw [H(Dv,)HDv,) — H(Dv,)He(Dv,)] - Dw dx+

+ f oW dx + f c*m2 dx =0.
W, W,

Every term in the above equality is nonnegative. As regards the first two integrals, this is due to the
strict convexity of H2. Hence, each term is equal to zero. Being ¢ # 0, this implies that w = w = 0.
We point out that, using the above arguments, and reasoning as in [20], it is possible to prove the
following result, analogous to the comparison result obtained in [20],[21]:
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Theorem 3.2 Let u € W'2(Q) be a solution of (3.1), and define w = u — ty, where ty = inf{t €
R: u,(2) < |Q|/2}. For any x € ‘W,, where A is defined in (3.1), we have that:

(W) (x) < v(w),

W)*(x) < w(x),
where v and v are respectively the solutions to the Dirichlet problems
{ ~YARY = (f)* in W),
V = O on (9(W,1,
and

—yApy = (f)* in W,
X = O on 6(W,1,

K2 . .. .
where y = N—’Z/N, where w*, f* and w™, f~ denote, respectively, the positive and negative part of w
N

and f.

4 Reverse Holder inequality for eigenfunctions of a Neumann
problem

Let us consider the following eigenvalue problem with Neumann boundary condition, associated to
the anisotropic Laplacian:
—Apu = uu in Q
= @.1)
H(Duw)H:(Du) -n=0 on 0Q,

where n is the usual outer Euclidean normal to dQ2. When H is the Euclidean norm, (4.1) becomes
the homogeneous Neumann eigenvalue problem for the Laplacian.

In this section we obtain comparison results for eigenfunctions corresponding to the first nonzero
eigenvalue of the problem (4.1). We need the following result:

Theorem 4.1 There exists the first positive eigenvalue u;(Q2) of (4.1) with the following character-
ization:
fQ H(Du)? dx

fguzdx ’

Moreover, any eigenfunction u corresponding to uy(Q) belongs to C*(Q). In addition, if H*(¢) €
C%I(RM), the nodal set of u, namely the set {x € Q: u(x) = 0}, has zero Lebesgue measure.

Q) = inf{ ue wWhHQ), f udx=0, u# 0}.
Q

Proof. The characterization of i, (Q) follows by standard arguments of Calculus of Variations. More-
over, by [19, Theorem 5.2, Chapter 4], u € W22(QY), for any open set Q' € Q. Hence, by [19,
Theorem 6.1, Chapter 4], u € C*(Q).

The last part of the thesis follows applying Theorem (1.7) in [17]. To do that, any eigenfunction
u has to satisfy a uniform “doubling condition”, namely for any xo € u~'{0} it is possible to find a
positive constant C such that, for any p > 0 sufficiently small,

f u?dx < Cf u? dx, 4.2)
Boy(xo0) By (x0)
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and C does not depend on p and xg.

Being H? € C*!(R"), we can use the results of [15] (see also [18] and [16]), obtaining that any
eigenfunction u satisfies (4.2).

In order to apply the above Theorem, from now on we suppose that

H*(é) € CH'(RY).

Let 11 (€2) and u; be, respectively, the first nonzero eigenvalue and a corresponding eigenfunction
of the problem (4.1). Let us consider

U(s) = fs uy(r)de, s €[0,|Q,
0

where u] is the decreasing rearrangement of u;. Obviously, U(0) = 0, and U(|Q[) = 0, since u;
has null mean value. Moreover, being u] decreasing, U(s) is concave in [0, [€]] and hence it is
positive. By Theorem 4.1, being |[{x € Q: u = 0}| = 0, there exists a unique § €]0, |Q2|[ such that
u3(8) = 0. Finally, using the same arguments of Theorem 3.1, we have that U(s) solves the following
unidimensional problem

{ ~q()U”(s) < (@)U in 10, |QL, 43)
Uu)y=U®) =0, ’
where ,

(s) = { Ky s v ~if0<s<1Q)/2,

q K2(Q1 - sy % if Q]2 < 5 <19,

Let L > 0 be such that u;(Q2) = 2,(0, L), where 1;(0, L) is the first eigenvalue of the problem

{ —q(s)V”(s) = AV in]0, L],

V() =V'(L)=0. “4

Remark 4.1 We stress that the first eigenvalue 2;(0, L) of (4.4) can be found as the minimum of the

problem
L
. Jy ¢ (o) do
min T N 5
Iy ao)p(o)? do

Moreover, it is simple and monotone decreasing with respect to the inclusion of intervals, and the
corresponding eigenfunction assumes just one sign (see, for instance, [23], [9]).

L@ €H'(0,L), ¢(0)=0,¢p % 0}-

Remark 4.2 We observe that if such L exists, it holds necessarily that
L < min{3, |Q| - §, []/2}, 4.5)

where § is defined as above (see [9]). Obviously, (4.5) holds if L < §and L < |Q| — §. Reasoning by
contradiction, we suppose first that L > §. Multiplying by U and integrating over (0, §) the equation
in (4.3), we obtain that

U @) do
1 g(@) 1 U dor

and this contradicts the strict monotonicity of 4;(0, -).
The same argument applied to the eigenfunction w = —u; of (4.1) proves that L < |Q| — 5.

41(0,5) < < Q) = 4(0,L),
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Remark 4.3 We show that a positive number L such that p;(Q) = 4;(0, L) exists. Indeed, setting
v(s) = V'(s), with s €]0, L[, since L < |Q|/2, the function v*(x) = viky H°(x)"), x € W solves the
problem

(4.6)

—yApw = 1 (Qw  in Ws,
w=0 on 0Ws,

2
where y = (%) and [Ws| = L. Writing s = xyH°(x)", and recalling the properties of H, a
Kn

straightforward computation gives that

Apv*(x) = NN 22N (Nv”(s) +2N - 1)V’(S)) .

N

Being v(s) = V'(s) and L < |Q]/2, by (4.4) we obtain that v* solves (4.6).
If 111 (Q) is the first eigenvalue of (4.6), by a result contained in [7], ; () is simple and (4.6) has
a positive solution symmetric with respect the H° norm. Hence, looking for a solution w(x) = Ww(r),
with » = H°(x), the equation in (4.6) becomes
g Nl m@y
r Y

=0, rel0,dl,

the standard Bessel equation. Then, denoting by j, x the k-th positive zero of the Bessel function J,,,
we have that

N Q
w(x) = v (x) = HG)' o { ‘%H”(x)].

Since the first eigenvalue of the Dirichlet —Ay in Wj is 672 j2%7 L from the identity y~'u;(Q) =

5_2j2471,1 we deduce that

Jy_ 11Ky
L=|Ws| = KN5N — KN(i
N

N
TN ] (@)™
Ky

We observe that the one-dimensional problems (4.3) and (4.4) are the same (up to some con-
stants) of the corresponding one-dimensional problems (3.4) and (3.5) contained in [9]. Hence we
can repeat line by line the arguments contained in [9].

We first consider the case of equality in (4.5), obtaining the following main result.
Proposition 4.1 Suppose that L = min{§s, |Q| — §,|Q|/2}. Then:
(a) if L = 5, then U and V are proportional,
(b) if L =|Q| - 5, then fos(—ul)*(t) and V are proportional,

(c) if L =1Q|/2, then § =1|Q|/2, U and V are proportional and (uy)* = (—uy)"*.
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Hence from now on we can assume that
L < min{3, |Q| - §,|Q|/2}.

We extend the function V, defined in (4.4), in [0,|Q[], in order to have a function symmetric with
respect to |Q|/2, still denoted by V:

V(s) in [0, L],
V(s)=49 V(L) in 1L, |Q[ - L],
V(Q| - s) in]|Q - L,[Qf].

Using the notation introduced above, we can obtain also in our context the result contained in [9]:

Theorem 4.2 Let 11(Q) be the first positive eigenvalue of problem (4.1), and let u; be a correspond-
ing eigenfunction. If U and V are defined as above, and normalized such that

max U(s) = max V(s),
s€[0,1Q] s€[0,1Q1]

the following comparison results hold:

1. forany s € [0,]Q],
U(s) < V(s),

0] o]
f lui (DI dr < f v dt.
0 0

2. for any p > 1, there exists a constant C = C(N, p, 1,7y, H) such that the following reverse
Holder inequality holds:

and, forany p > 1,

llurllzr@ < Clluill g,

where C = |V||r@/IVll1@)-

5 Poincaré inequality

In this section we study a Poincaré inequality related to the anisotropic total variation of a BV
function u. To do that, let us consider, for any measurable set Q C RY with positive finite measure,
(wWq = Ilﬁ\ fQ u dx. Moreover, we define the value

1(€; q) = sup{R,(E): E C Q,0 < |E| < |Q]},

where

[\ El- 1Bl @\ Bt + |EeH)]

1 - Pr(E;€)

Ry(E:Q) =

We get the following result:
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Theorem 5.1 Let N > 2 and 1 < g < N/(N — 1). Suppose that Q is a bounded connected open set
of RN with Lipschitz boundary. Then I(€; q) < +co and

lu — (Wallra) < 1(2;q) L |Duly, (5.1

for any u € BV(Q). Moreover, the constant 1(Q; q) is sharp.

Proof. We follow the proof contained in [12]. Using the relative anisotropic inequality (2.3), we
obtain that N c
(o —)< =+
( N - 1) Ky

for some constant C; = C1(N, Q). Hence, I(€, ¢) is finite for any 1 < g < 5.
Now, let u € BV(Q). It is not restrictive to assume that u > 0. We have that

+00
u(x) = f X (X)dt,
0

and then

1 +00
(a = Ql fo pu(0)dt,

where y, is the distribution function of u. Hence, using the Minkowski inequality we get

+00 1 1/q
Il = @allow) < f — [f(lQIX{u>t} —,uu(f))qu] dt =
o 1Q]Ja

= f ) Py({u > tHR,({u > t}; Q) dt.
0

By the Fleming-Rishel formula for the anisotropic perimeter and the definition of R, we have that
the best constant in (5.1) is smaller than (€2, g). On the other hand, if we take u = yg, where E is
any measurable subset of Q, we have

llve — (vealla) .
T PuE) R

Hence
- Wl < 1@50) [ 1Dl
Q
and /(Q; g) is the best constant.

Remark 5.1 We observe that, in general, the constant /(Q; g) is not attained, as shown in the fol-
lowing example. Let N = 2, g = 2 and Q bounded convex open set. Then

1 V(Q - |EDIE|
VIQ  Pu(E;Q)
Following [13], given 0 < k < |Q|/2 and denoted by

{ PL(F;Q)

Ry(E; Q) =

(k) = min ,FcQ,lFl=k}>O,
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then ST
1(Q;2) = ; sup K k'
VIQ o<k<irz Ju(k)

If Q = W N A, where A is a convex cone centered at the origin, by [13], u(k) = 4/W N A| and

1
2VIWNA]

Hence the measure of any sequence maximizing R,( - ; ‘W N A) tends to zero, and I(‘W N A; 2) is not
attained.

IWNA2) =

Remark 5.2 If H is the Euclidean norm, in [12] it is proved that the best constant /(Q; g) is achieved
when Q is a ball. More generally, this holds also when Q is a bounded connected open set of RY
with C? boundary (see [8] and [5]). Moreover, in [12] the optimal constant is explicitly computed
when Q is a ball B, of RN of radius r, that is
N Wi
1(B;; —— N
(B =)

2wy-1’

and it is attained at a half ball of B,. Hence, when Q is a ball, the extremal sets of the relative
isoperimetric inequality and of R a (-; Q) are the same. This is not true, in general, when € is not
a ball, as shown in the following simple example.

Example 5.1 We construct the set Q in the following way. Given a square with side 2, we cut away
from it, near the vertices, four pieces Af_:, i =1,...,4, of measure £ (see Figure 1). We do that in
such a way the obtained set Q is C? and symmetric with respect to the origin. Hence |Q| = 4(1 — &).
By [11], the optimal constant of the relative isoperimetric inequality is attained on a set E whose
boundary in Q is a straight segment passing through the origin and parallel to one of the axes (see
Figure 1), and
Vise

>

On the other hand, denoted by F' the set such that 9F NQ is the circular arc of radius 1/2 and centered
in a vertex of the square (compare Figure 1), we have that

Ry (E; Q) =

\/(n ~169) (4 - £ - 3¢)
Ry(F; Q) = Ry (E; Q
2( ) P > Ro( )

as € > 0 is small enough. Hence the minimizer, whose existence is guaranteed by [8], is not the
same of the minimizer of the relative isoperimetric inequality.

On the other hand, in the following example we show that in the anisotropic setting it does not
hold that the extremal sets in the relative isoperimetric inequality and in the Poincaré inequality are
the same when Q is some level set of H or H°.
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Q Al
G/

Figure 1: Example 5.1

(-1,0) (1,0)

Figure 2: Example 5.2

Example 5.2 Let N = 2, and for p > 2, Hy(x,y) = (%" + yI")"/?, He(x,y) = max{|x],|yl} and
Q=Q, ={(x,y): Hy(x,y) < 1}. Let us suppose, by contradiction, that for any 2 < p < +00 I(Q,,2)
is attained at the extremal sets of the relative isoperimetric inequality. Following [13], we take the
set whose boundary in €, is the straight segment joining (—1,0) and (1, 0) (see Figure 2). Hence,
for any fixed set ' C Q. and for any p we have

Q FNQ Q- 1FNQ
1€2, | —1©Q):2) > N pl(1€2] — | p|). 52)
4 VIIPy, (F1 )
We can pass to the limit as p — +o0 in (5.2), obtaining
1 FI(IQu[—F Fld=1F
1 VIFIQLI - 1FD)  _ VIFIG -] I)’ for any F € Q.. 5.3)
2 VIQGIPE (F; Q) 2Pu (F; Q)

Consider in (5.3) F as an isosceles triangle having a vertex in one of the vertices of Q, with
the equal sides on AQ., and measure |F| = &. Being Py_(F; Q) = V2&, as ¢ tends to zero the right
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hand side in (5.3) is V2 /2, and this is absurd. Hence the above argument shows that there exists at
least one p such that the extremal sets of /(£2,;2) and those of the relative isoperimetric inequality
are not the same.

A similar example can be given if Q is a level set of H°.
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