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Abstract

In this paper we consider a biharmonic equation of the form A?u+V(x)u = f(u) in the whole
four-dimensional space R*. Assuming that the potential V satisfies some symmetry condi-
tions and is bounded away from zero and that the nonlinearity f is odd and has subcritical
exponential growth (in the sense of an Adams’ type inequality), we prove a multiplicity
result. More precisely we prove the existence of infinitely many nonradial sign-changing
solutions and infinitely many radial solutions in H>(R*). The main difficulty is the lack of
compactness due to the unboundedness of the domain R* and in this respect the symmetries
of the problem play an important role.
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1 Introduction

Recently, due to applications of higher order elliptic equations to conformal geometry, there has been
considerable interest in the Paneitz operator which enjoys the property of conformal invariance. In
R*, the Paneitz operator is the biharmonic operator A> where A is the Laplacian in R*. The study
of problems involving powers of the Laplacian started with [17], [16], [23], [24] and we refer the
reader to the paper [6] and the references therein for various results on the polyharmonic operator.
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This paper is concerned with the multiplicity of solutions for biharmonic problems of the form

u € HX(RY (1)

{A2u +V(xu = fu)  in R
where the condition u € H*(R*) expresses explicitly that the biharmonic equation is to be satisfied
in the weak sense. We will consider the case when the nonlinear term f exhibits a subcritical
exponential growth. We recall that equations of the form

Au+Vxu = f(x, u) inR"

with n > 5 and involving nonlinearities with polynomial growth, have been studied in [10], [5] and
[4].

In dimension 2 the maximal growth which can be treated variationally, in the Sobolev space H',
is given by the Trudinger-Moser inequality (see [20] and [26]) which says that

<+ ifa <4
supf(e‘“‘z—l)dx o na=am
ues Jo =+o00 ifa>4nr

where, denoting by || - ||> the standard L* norm, S := {u € H)(Q) | [[Vull; < 1} if Q@ c R is
a bounded domain, whereas S := {u € H)(Q) | |lull; + ||Vull; < 1} if @ C R? is an unbounded
domain. The subcritical and critical exponential growth in second-order elliptic problems has been
extensively investigated in recent years, starting with the works [2] and [3] concerning bounded
domains in R* and [9] concerning the whole space R?>. Among the subsequent works, we can
mention in chronological order [12], [11], [8], [15], [14], [21] and [13].

The natural space for a variational treatment of problem (1.1) is the Sobolev space H?> and R*
is the limiting case for the corresponding Sobolev embeddings. Indeed, for R* the critical growth is
given by an Adams’ type inequality (see [27]) which says that

< 400 for a < 327%,

—_ 2
UEH2(RY), [lull,2 <1 R4 = +o00 for a> 32x s

sup (e‘”‘2 - 1Ddx {

where [lullg = (|Aull? + 2[|Vul3 + ||u||%)%. In view of this inequality we say that a nonlinearity f has
subcritical exponential growth if

lim IFl _

|s|—>+00 eﬂ/sz

0 Ya > 0.

In order to obtain the existence of infinitely many nonradial sign-changing and radial solutions
for the biharmonic problem (1.1), we make the following assumptions on the potential V and the
nonlinearity f:

(V1) V € C(R*, R) is bounded from below by a positive constant Vj,

V)=2Vo>0  VYxeRt:
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(V,) V is spherically symmetric with respect to x € R*,

V(x) = V(Ix|) Vxe R :

(fi) f € C(R, R) has subcritical exponential growth;
(f2) f(s) = o(lsl) as |s| — O;
(f3) fisodd.

We can notice that, as a consequence of assumption (f3), nonzero solutions of (1.1) occour in an-
tipodal pairs, namely if u is a solution of (1.1) then —u is a solution of (1.1) too.
Furthermore, setting F(s) := fo‘v f(1) dt, we will assume that:

(F1) du > 2 such that
UF(s) < sf(s) VseR;

(F,) ds > 0 such that inf F(s) > 0.

[s|>5
Remark 1.1 (F) and (F,) implies the Ambrosetti-Rabinowitz condition, namely
(A-R) du>?2 suchthat O<uF(s)<sf(s) Vs=>7%s.

As we will see during the proof, we need the stronger condition (F) to obtain the Palais-Smale
condition.

We can now state our main result:

Theorem 1.1 Assume that (Vy), (V2), (f1), (f2), (f3), (F1) and (F») hold. Then there exists an un-
bounded sequence {xuy}ren of sign-changing solutions of (1.1) which are not radial. There also
exists an unbounded sequence {xuy }ren of radial solutions of (1.1).

Here and below the unboundedness of the sequences {uy}ren Of solutions has to be understood
as follows:

f [(Auk)2 + V(|x|)u§] dx — +00  ask — 400 .
R4

We point out that, since problem (1.1) is invariant under rotations, it is natural to look for radially
symmetric solutions. Therefore it seems to be more interesting the multiplicity of nonradial solutions
of (1.1). Concerning the unbounded sequence {u;}ren of sign-changing solutions of (1.1) which are
not radial, we can notice that the orbit of uy

O@)+u :={uog : geO@#)c HX(R"
is diffeomorphic to the quotient space O(4)/Z(ux), where
Zwy) = {g €0@) : w(gx) =u(x)Vx e 734} cC o4
is the isotropy group of uy. Since uy is not radial, it is possible that for some g € O(4)

u(gx) = u(x) YxeR*,
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but this cannot happen for all g € O(4), namely Z(u;) € O(4). Therefore
dimO4) = u, = dimO4)/ Z(u) > 1

and to each u;, corresponds a nontrivial orbit of solutions to (1.1). Furthermore the orbits O(4) * u,
and O(4) * ux, with k; # k, and ky, k, sufficiently large are disjoint because

fw [(A (i © 8))* + V(1xD)(u g)z] dx =
= f [(Auk)2 + V(|x|)u,%] dx > 400 ask — +o0 .
R4

It will be clear during the proof that it is possible to obtain an unbounded sequence of nonradial
sign-changing solutions of (1.1) without requiring the potential V to be spherically symmetric with
respect to x € R*. In fact we may replace the assumption (V) on the potential V with the following
weaker assumptions:

(V) V is spherically symmetric with respect to xy, x; € R,

V) = V(xl o) Yr= (0, n) e R* xR

(V3) V(xil, [xl) = V(xal, [xil)  Yxi, x € R?.
Theorem 1.2 Assume that (V1), (V3), (VY), (f1), (f2), (f3), (F1) and (F3) hold. Then there exists

an unbounded sequence {xuy }ren of sign-changing solutions of

{Azu + Vil beabu = f)  in R (1.2)

ue HX(RY
which are not radial.

Furthermore, requiring only the potential V to be spherically symmetric with respect to x;, x, €
R2, it is possible to obtain an unbounded sequence of solutions of (1.2).

Theorem 1.3 Assume that (V1), (V3), (f1), (f2), (f3), (F1) and (F2) hold. Then (1.2) possesses an
unbounded sequence {+uy}ren of solutions.

To prove these theorems we will follow a variational approach. Let X be the subspace of H*(R*)
defined as

X := {u e HA(RY) ‘ f |(Aw? + Vxn?| dx < +oo} :
R4
By (V)), it follows that X is a Hilbert space endowed with the scalar product

(u, vy := f AuAvdx+f V(x)uvdx u,veX
R4 R4

to which corresponds the norm ||u|| := {u, u). Applying an interpolation inequality, it is easy to
see that the embedding X — H 2(R*) is continuous.



A biharmonic equation in R* involving nonlinearities 893

The solutions of (1.1) are critical points of the functional
1
10) = =l - f Faydr  YueXx
2 R4

which is well defined and differentiable on X, namely I € C'(X, R). The difficulty in working in this
variational framework is the lack of compactness, infact / fails to satisfy the Palais-Smale condition
in X. However, to gain compactness, we shall exploit the symmetries of the problem imposing the
invariance with respect to a group G acting on X.

Let X be the space of fixed points in X with respect to the action of the group G:

Xg={ueX|ugx)=ux) VgeG andae xeR}CX.
We will prove the following result:
Proposition 1.1 Let G be a group acting on X via orthogonal maps such that:
(Gy) I: X — Ris G-invariant;
(Gy) Xg is compactly embedded in LP(RY) forany p € (4, +0);
(G3) dim X = +oo.
Then I has an unbounded sequence of critical points lying on Xg.

To prove Proposition 1.1, we will show that the problem reduces to the study of the multiplic-
ity of critical points of the restriction /|y, which behaves like a mountain pass and satisfies the
Palais-Smale condition. More precisely |y, satisfies the assumptions of a generalized mountain
pass theorem due to A. Ambrosetti and P. H. Rabinowitz [25] which gives the multiplicity of critical
points.

This paper is organized as follows. In Section 2, we will introduce some preliminary results and,
in Section 3, we will prove Proposition 1.1. Finally, in Section 4, we will show the existence of a
group G, which satisfies the assumptions of Proposition 1.1, following an approach introduced by T.
Bartsch and M. Willem in [7] (see also [6]). This approach allows to obtain additional informations
on the nodal structure of the critical points. The existence of such a group together with Proposition
1.1 will allow us to conclude that the main theorem, Theorem 1.1, holds. We will also explain how
to adapt these arguments to prove Theorem 1.2 and Theorem 1.3.

2 Some preliminary results

Let Q ¢ R* be a bounded domain in R*. The well known Adams’ inequality [1] says that:

Theorem 2.1 ([1], Theorem 3) There exists a constant C > 0 such that

sup f e dx < C|Q) 2.1
Q

ueH(Q), || Aul<1

if @ < 3272, while if @ > 321 the supremum in (2.1) is infinite.
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Here, as we are looking for entire solutions of problem (1.1), we need an extension of this result
to the whole space R*. More precisely we will use the following:

Theorem 2.2 ([27]) There exists a constant C > 0 such that

sup (e"“2 —1)dx < +c0 2.2)

u€HX(RH), llull 2 <1 IR

for all o < 3272, where |Jullp2 = (IIAMII% + 2||Vu||§ + IIullg)%. This inequality is sharp, in the sense
that if « > 32n° then the supremum in (2.2) is infinite.

In the rest of this preliminary section we will introduce some results that will be useful to estab-
lish the mountain pass structure of the functional associated to (1.1).

Lemma 2.1 ([14], Lemma 2.2) Let @ > 0 and r > 1. Then for any B > r there exists a constant
C(B) > 0 such that

(e =1) <@ (e ~1)  VseRr.

For a proof of Lemma 2.1, the reader is referred to the proof of Lemma 2.2 in [14].

Remark 2.1 As a consequence of Lemma 2.1 and Hlder’s inequality, it is easy to see that if @ > 0
and ¢ > 1 then the function |u|? (e‘”2 — 1) belongs to L'(R*) for all u € H*(R").

Lemma2.2 Let @ > Oand q > 2. If M > 0 and aM?* < 32n° then there exists a constant
C(a, g, M) > 0 such that

f (@ = Dlu dx < Cla g, M)l (23)
R

holds for any u € H*(R*) with |lull;z < M.

Proof. As aM?* < 3277, there exists r € R such that 1 < r < Z2M”f Furthermore there exists 8 € R
such that

1< <ﬁ<32ﬂ2
r < —
aM?

and in particular o8M? < 327°. Let u € H*(R*) be such that |||z < M, then by Lemma 2.1 it
follows that

™ = 1) dx < C(a, M) f (P ~ 1)dx < C(a, M) f ("M% _ 1) dx
R4 R4 R4

where it := —%—. Therefore
[laell 12

f (€™ — 1Y dx < C(a, M) (2.4)
ﬂ4

as a consequence of the Adams’ type inequality (2.2).
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Now, applying Holder’s inequality with - + L = 1 and (2.4), we get

f (€ — Dlul dx < llull?,. (f e _ 1y dx) < Cla, M)lull},,
Rt R

and (2.3) follows easily as g’ > 2 and the Sobolev embedding theorem states that H*(R*) is contin-
uously embedded in LP(R*) for any p € [2, +o0).

Lemma 2.2 is a generalization of Lemma 2.4 in [14] for second order derivatives. To prove that
Palais-Smale condition holds we will use the following version of Lemma 2.2.

Lemma23 Leta > 0,7 > land g > 2. If M > 0 and arM? < 321° then there exists a constant
C(a, r, q, M) > 0 such that

f @ = Dl dx < C(a, 1, . M) |Iullfp (2.5)
4R4

holds for any u € H*(R*) with |lull;z < M.

Proof. As arM?* < 32x° there exists 8 > r such that afM? < 327, Let u € H*(R*) be such that
[lullzz < M. As in the proof of Lemma 2.2, applying Lemma 2.1 and the Adams’ type inequality
(2.2), we get

(™ 1Y dx < Cla, r, M) .
‘R4

Now 1
f (ea142 _ 1)§|u|% d)C < (f (eau2 — l)rdx)_ ”M”g < VC(C&’, r, M)”u”(%
R4 R4

and this ends the proof, in fact (2.5) follows by the Sobolev embedding theorem.

3 Mountain pass structure and
Palais-Smale condition

We consider the functional
1
I(u) := —||u||2—f Fuydx VueX.
2 R

We can notice that, as a consequence of (f]) and (f>), fixed @ > 0 and ¢ > 0, we have the
existence of two constants ¢y, ¢, > 0 such that

FO < cilsl +ealsl?e™ = 1) VseR;
therefore, from (A — R), it follows the existence of two constants ¢, ¢, > 0 such that:

IF(s)| < Tlsl +Calsl?(e™ = 1)  VseR.
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This together with Remark 2.1 implies that the functional / is well defined on X. Using standard
arguments, it is easy to see that / € Cl(X, R),

I'(wyv = (u, v) —f fuyvdx Yu,veX
Rﬁl

and, as already mentioned in the Introduction, the critical points of / are solutions of problem (1.1).

The main aim of this Section is the proof Proposition 1.1. Thus let G be a group acting on X via
orthogonal maps satisfying (G), (G) and (G3). Firsly we can notice that, as a consequence of the
principle of symmetric criticality [22], any critical point of the restriction /|x,, is a critical point of /
too. Therefore the proof of Proposition 1.1 reduces to show that /|y, has an unbounded sequence of
critical points. To do this we apply the following generalized mountain pass theorem.

Theorem 3.1 ([25], Theorem 9.12) Let (E, || - ||) be an infinite dimensional Banach space over R
and let I € C'(E, R) be an even functional such that 1(0) = 0. We assume that:

() o, ¥ > 0 such that I|,\j0; > 0 and 1lpp, >y > 0 where

B, ={ucE||ull<p}CE;

(L) for any finite dimensional subspace E C E the set {u € E | I(u) > 0} is bounded;
(I3) the Palais-Smale condition holds.

Then I possesses an unbounded sequence of critical values ¢, — +0o as k — +oo.

As mentioned above I € C!(X, R), moreover [ is even and 1(0) = 0. We have to show that
the functional /|y, satysfies the remaining hypotheses of Theorem 3.1 for £ = X which is infinite
dimensional by assumption (G3).

Lemma 3.1 Assume (f1), (f2) and (A — R). Then I|x,, satisfies (I1).

Proof. As a consequence of (f1), (f>) and (A — R), fixed @ > 0 and ¢ > 1, we have that for any
0 < & < 1 there exists a constant C(a, ¢, €) > 0 such that

|F(s) < els]* + C(a, g, ,s)lsl‘f’(e‘”2 -1 VseR. 3.1
Thus in particular if we fix @ = 1 and ¢ > 3 then for any O < & < 1 we have
f F(u)dx < ellull} + C(q, &) f ul(e” = 1)dx  VueXg.
R4 R4
Now, recalling that the embedding X — H*(RY) is continuous, namely there exists a constant

C > 0 such that _
lleell 2 < Cllu| Yue Xg,

we have that if ||u|] < % then ||ull;2 < 1. Applying Lemma 2.2

f4 F(u)dx < gllull; + Ci(q, &)llull”  Yu € Xg, llull <
R

all =
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and without loss of generality we may assume that [C;(qg, 8)]4+2 > C.
So for any u € Xg with ||u]] < % we have

1 &

1
160 2 3l = ellul = C1(q. o)l 2 (2 7

)nuu2 - Ci(g, &llull? =
o1& g2
=l | 3 = 3o = Cil. )l -

Now we choose 0 < & < 1 as follows
. 1 1
O<e< ml[l{l, (5 - W)VO}

1
pi=
2[Ci(g, &)1+

and we set

Since p < % (3.2) holds for any u € X; with ||u|]| = p and we have

1 & _ 1 & 1
1) > p* (E T Ci(q, e)p? 2) =p° (5 Ve w) Yu € Xg, lull = p.

Setting

we get
Iwzy  YueXe, |lul=p.

In conclusion, if p; < p then applying (3.2) we have that for any u € X with |[u|| = p;

1 £ _ 1 € _ Y
I(u) 2p$(§ T Ci(q, &)p! 2) Zp%(z "V Ci(q, e)p? 2) =p?p—2 >0

and this means that
I(u) >0 Yue X \ {0}, |lull <p.

Lemma 3.2 Assume (f;) and (A — R). Then l|x, satisfies ().

Proof. As a consequence of (f>) and (A — R) there exist C;, C, > 0 such that
F(s)> Cilsi = CalsP VseR.

Therefore for any u € X; we have that

1 1 C
1w) < =l + Callull = Cillallt < | = + == ) lul® = Cyllulfs .
2 2V

897

(3.2)

(3.3)
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Let E be a finite dimensional subspace of X;. Since all norms in E are equivalent, there exists a

constant C > 0 such that for any u € E we have [lull, > Cllu|l. Thus
1 C ~ N
1) < (E + 7;) lul? = Cyllul*  YuekE
and in particular for any u € E with |ju|| = R
I G ., =
Iu)<|=+—|R -CiR".
() (2 Vo) 1
This means that for R > 0 sufficiently large
I(u) <0 YueE, |lull >R

and the set {u € E | I(u) > 0} is bounded.

Lemma 3.3 Assume (f1), (f2) and (F1). Then I|x, satisfies (I3).

Proof. Let {u,},ey C X be a Palais-Smale sequence, that is |/(u,)| < C; Yrn € N and I’(u,) — 0 as

n — +o0o.
Firstly we prove that {u,},ey 1s bounded in Xg. For any u, v € X

I'(w)yv = (u, v) —f fuwyvdx
ﬂ‘l

therefore, for any n € N

1) = = Ity = (1 - l) P f (F(un) L ) dx.
H 2 p Rt H

As a consequence of (F) we have that

f (F(un) L f(un)un) dx <0
R H

and so we obtain
1 1 1
I(uy) = = I'(up)uy > (— - —) >  VYneN.
H 2 pu

On the other hand

1 1 C
1) = = ' ()it < ()| + = 1 ()] < Cr + =l YnelN.
2 Ju Ju

From (3.4) and (3.5) it follows that
1 1 C
0< (— - —) lunl® < Cy + =Nyl VneN
2 H

which means that {u,},cv 1s bounded in Xg.

(3.4)

(3.5)
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It remains to prove that {u, },ey converges up to subsequences. Since, by assumption, (G,) holds
and since {u,}nay is bounded in X, we have that u, — u in LP(R*) for any p € (4, +o0). Here
and below, up to the end of the proof, convergence has to be understood up to the passage to a
subsequence.

Fix n € N. Since

[ () = I’ 0)](tt = ) = It = 4y ]* = fw [f(un) = f@)](u = uy) dx
then
Nl = sl = [T () = ' )10 = 1) + fw [f(un) = f@)](u = uy) dx .
As {u, }nen 1s a bounded Palais-Smale sequence we have that
7' () = I' (@)l (u = uy) > 0

when n — +co. If we show that for any 0 < € < 1 there exist constants C3 > 0 and C4(g) > 0 such
that

E, = f [f(un) = f)](u — u,) dx < Cze + Cy()|lu — uyl, VneN (3.6)
ﬂét

for some p > 4, then it follows that |[u — uy|> = 0 as n — +co that is what we wanted to prove.

Therefore to end the proof we have to show that (3.6) holds. At this aim we can notice that as
a consequence of (f}) and (f>), fixed @ > 0 and ¢ > 0, for any O < £ < 1 there exists a constant
C(a, g, €) > 0 such that

If(s) < els| + Cla, g, &) s VseR.

Let @ > 0 and g > 0 to be choosen during the proof. Then for any 0 < & < 1 we have

E,

IA

fR [l + 1@l = gl dx <

[ fetut -1+
R4

+C(a, q, €) (Iunl"(e‘”‘% -+ Iul”(e(’”2 - 1))] | — u,|dx =
eE,+C(a, q, &) Er

IA

where we have set

Ei, f(lun|+|u|)|u—un|dx VneN,
R4

Esp f (a7 = 1) + lul?(e™ = D) lu = u,ldx ~ VneN.
R4
We estimate E; , as follows:

2
Ei,< f 4<|un|2 + ul®) dx < 2(llunll; + lull3) < Vo(nunn2 +ul>) < C3 VYneN.
R
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To estimate E; , we apply Holder’s inequality with ‘51 + % = 1 obtaining that

4
5 2 5
| (f 9" — 1) dx) +
R4

é (l’llz i ?
[t - 1 ax ]nu—unus:
R4

IA

E2,n

4 4
| (Ean)® + (Es.)% | llu = wnlls

where we have set
iq i 2 éq au’ 3
Ey, = [t 9™ — 1)% dx Es = l|*9(e™ —1)*dx VYneN.
R R

Now, it suffices to prove that E4 , and Es , are bounded by a constant independent of n to conclude
that (3.6) holds with p = 5. As {u,},en is bounded in X there exists a constant M > 0 such that
lltenlle < M ¥n € N and ||ul|gz < M. Thus, choosing a < g‘;}? and g > %, we can apply Lemma 2.3
obtaining the desired estimate for E4 , and Es ,. This completes the proof of Lemma 3.3.

In conclusion /[, satisfies the assumptions of Theorem 3.1 and possesses a sequence {c}xenr of
critical values such that ¢, — +co0 as k — +oo. The associated sequence of critical points {u}ren
lies in X and is unbounded. Infact, reasoning as in (3.3), we get

1 G )
=] < |- _-=
Ck (ug) < (2 + vO)Ilukll

from which it follows that ||u|| — +co0 as k — +oo.

4 Exploiting symmetries

We have to construct a group acting on X which satisfies the assumptions of Proposition 1.1, namely
a subgroup G € O(4) acting on X and satisfying (G;), (G;) and (G3). As already mentioned, at this
aim we will follow an idea of T. Bartsch and M. Willem ([7], see also [6]).

Let H be the subgroup of O(4) defined as

H:=0Q2)x02) = {(g 2) cabe 0(2)} c O4)

and consider
[0 B
T:= (l.2 0) e 04)

where i, denotes the identity matrix in R2. We can notice that 7! = 7 and 7 is in the normalizer of
H in O(4), namely TH = Ht. We define G :=< H U {1} >, an element g € G can be written uniquely
in the form

g=h or g=ht
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with h € H. We consider the action of G on X defined by

hxu(x) = uh™'x) forae. xeR* Vhe H,
hr«u(x) = —u(th 'x) forae. xeR*, YVhe H

for any u € X. It is easy to see that this indeed defines an action of G on X, namely iy * g = g and
(g182) *u = g1 = (g = u) for g1, g» € G, u € X, and that this action is continuous.

Remark 4.1 A special case of the action of G over X is the following:
T u(x) = —u(rx) fora.e. x e R*.
So in particular if u € X and x € R* with Tx = hx for some i € H then
—u(x) = u(rx) = u(rh™'tx) = u(h™'x) = u(x)
and u(x) = 0. Therefore any u € X must necessarily be zero on the set

{x e R* | 7x = hx forsome h € H} .

Since [ is even according to (f3), I is G-invariant. In fact if we assume that (V>) holds then the
potential V is spherically symmetric and in particular V is G-invariant
Vigx) = V(lgx|) = V(x]) = V(x) Vg e GcO@), YxeR* .
Also under the assumptions (V3) and (V3’) on the potential V we have that
V(hx) = V(laxi|, [bx2]) = V(Ixil, [x)) = V(x) ,
V(htx) = V(laxal, [bxi]) = V(Ixal, [xi]) = V(xil, [x2)) = V(x) ,

a O
th(o b)eH, Yxi, xp € R?

and V is G-invariant. Therefore condition (G) is satified. The compactness condition (G,) is a
consequence of a result due to E. Hebey and M. Vaugon (see [18], Corollary 4) which generalize
a well known result of P. L. Lions (see [19], Théoréme III.1). For the convenience of the reader
we report here below the part of this more general result that we will use. If x € R* then we write
x = (x1, x2) where x;, x, € R? with respect to the splitting R* = RZx R?. Let W;I‘4(R4) the subspace
of WH4(R*) consisting of all u € W!*(R*) radially symmetric with respect to x; € R? for i € {1, 2}

WHARY = {ue WHRY | h=u=u VheH).
W111’4(R4) is nothing but the space of fixed points in W' #(R*) with respect to the action of H.
Theorem 4.1 ([18], Corollary 4) For any p € (4, +co) the embedding
WHHRY — LP(RY)

is compact, i.e. Wlli’ 4(R“) e LP(RY).
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Now, as a consequence of Theorem 4.1, the hypothesis (G,) of Proposition 1.1 easily follows
Xg = Wyt(RY) > LP(RY)  Vpe(d, +0).

Obviously we have also that the G satisfies hypothesis (G3). Therefore, from Proposition 1.1, we
obtain the existence of an unbounded sequence {u;}rey C X of critical points for the functional /.
These critical points are not radial, infact by construction

up(x) = —ur(tx) forae. x e R*, Vk e N

and, furthermore, are sign-changing (see Remark 4.1 above). This ends the proof of Theorem 1.2
and of the first part of Theorem 1.1.

We can notice that it is easy to adapt the previous arguments to obtain a proof of Theorem 1.3.
In fact we can apply again Proposition 1.1 with the action of H defined by

hosu(x) := u(h™"x) forae. xeR*, Yhe H .

Since the potential V is spherically symmetric with respect to x;, x, € R? according to (V). 1 is
H-invariant and condition (G) is satisfied. Furthermore, from Theorem 4.1 we have

Xu = WHRY s LP(RY)  Vp e (4, +o0)

and also condition (G,) is satisfied.

To conclude the proof of Theorem 1.1, it remains to prove the existence of an unbounded se-
quence of critical points of I which are radial. At this aim it suffices to notice that the orthogonal
group O(4) satisfies the assumptions of Proposition 1.1 with respect to the action defined by

g+ u(x) = u(g 'x) fora.e. x e R*, Vg € O(4) .

Infact, since the potential V is spherically symmetric according to (V;), condition (G,) is satisfied
and we have the following result of P. L. Lions [19] which states that O(4) satisfies (G»). Let H? d(R“)

ra
be the subspace of H*(R*) consisting of all u € H*(R*) which are radially symmetric. HZ (R?) is
nothing but the space of fixed points in H*(R*) with respect to the action of O(4).
Theorem 4.2 ([19], Théoreme IL.1) For any p € (2, +0) the embedding
H2 (RY) — LP(RY)
is compact, i.e. Hr2a d(R“) e LP(RY).

Therefore, applying again Proposition 1.1 with G = O(4) we obtain an unbounded sequence of

critical points for the functional / lying on H2 ,(R*).
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