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Abstract

We study radially symmetric systems with a singularity of repulsive type. In the presence
of a radially symmetric periodic forcing, we show the existence of three distinct families
of subharmonic solutions: One oscillates radially, one rotates around the origin with small
angular momentum, and the third one with both large angular momentum and large ampli-
tude. The proofs are carried out by the use of topological degree theory.
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1 Introduction

We are interested in proving the existence and multiplicity of periodic solutions for systems of the
type

X = f(lx)x. (1.1)
Here, f : Rx ]0, +oo[ = Ris L'-Carathéodory and T-periodic with respect to its first variable, so that
0 is possibly a singularity point. We look for solutions x(f) € RY which never attain the singularity,
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in the sense that
x(t)#0, foreveryteR. (1.2)

Since system (1.1) is radially symmetric, the orbit of a solution always lies on a plane, so we
will assume, without loss of generality, that N = 2.
Let us consider, e.g., the model equation
X X
X+c(t)y— =e(t)—.
|x[ |x]

(1.3)

Here,y > 1,and c,e € L}OC(R) are T-periodic. Notice that, if ¢ and e are constant functions, with e(r)
identically zero, and y = 3, then (1.3) is the equation modelling the motion of an electrical charge in
the field of another charge standing still at the origin. According to the sign of ¢, we can have both
the cases of attractive and repulsive forces. In [8] we have treated the attractive case. In this paper,
we are interested in the case of a repulsive force.

Writing the solutions in polar coordinates, we see that equation (1.3) is equivalent to the system

2
t
RCRY
o’ (1.4)
pPre=p,

where p is the (scalar) angular momentum. Let us denote by e the mean value of the forcing term:

1 T
e= 7[0 e(t)dt.

If c(¢) is strictly negative, integrating the first equation in (1.4), it is easily seen that a necessary
condition for the existence of periodic solutions is that € be negative. On the other hand, when y > 2
and u = 0, it was proved in [13, 12, 5, 7, 1] that, if e is negative, then system (1.4) has periodic
radial solutions. Our interest is to find out whether, besides these radial solutions, there are periodic
solutions rotating around the origin, as well.

In order to have an insight on the possible behaviour of the solutions, let us now give a description
of the circular orbits of (1.3) in the case when c(¢) = ¢ and e(¢) = e are negative constants. We have
to look for a constant p satisfying

2 -
oo
—p—3+py—_l—€. (1.5)
Defining
A (C\7T
pe ()

it is easily seen that, for every p, if p satisfies (1.5), then p > p, with equality only when u = 0.
Hence, there is a circle of stationary points, centered at the origin, with radius p, and there are no
circular orbits inside that circle. The circular solutions with radius p greater than p have angular

momentum
up) = |/t —ep*.
Hence, the angular momentum is strictly increasing with the radius of the solutions, and

lim u(p) =0, lim wu(p) = +oo.
p—=p*

p—+00
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In particular, the circular solutions can be parametrized by the angular momentum g, so that, in the
plane (u, p), we have a curve whose projection on the first component is the whole half-line ]0, +oof .
As for the period of the solutions, we have

P
= [—F—
0 =2 e

lim 7(p) = 400, lim 7(p) = +co.
p—p* p—+oo

so that

_ L
The function 7(p) has a minimum point at p = p;, 1= (%) ' with minimum value

2 -cy’ ey
Tmin = —( - ) .
Vy -1\ (&)

Moreover, 7(p) is strictly decreasing when p < p,,;, and strictly increasing when p > p,,;,,. Hence,
for every 7 greater than 7,,,, there are two circular orbits with minimal period 7: one with a small,
and the other with a large angular momentum.

In the case when c(7) and e(¢) are not necessarily constant, but 7-periodic, it is natural to investi-
gate whether (1.3) still has periodic solutions, rotating around the origin, having a similar behaviour
to the circular orbits described above. The aim of this paper is to prove that such solutions exist,
even for much more general systems like (1.1). The idea is to look for periodic solutions x(#) whose
minimal periods are sufficiently large multiples of 7', and whose angular momenta are sufficiently
small, or sufficiently large, respectively. In order to prevent too large eccentricities of the orbits, we
will impose the radial components of the solutions x(¢) to be T-periodic.

Let us consider the more general system (1.1). It is convenient to write it in the following form:
X

i = (= h(t,1x) + e(1)) (1.6)

Ixl

We will prove the following two theorems. The first one deals with periodic solutions having a small
angular momentum.

Theorem 1.1 Let the following three assumptions hold.
(H1) There is a function a € L'(0, T) such that

h(t,r)
r

lim sup < a1,

r—+oco

uniformly for almost every t €10, T[, and

o) < (%)2 (1.7)

for almost every t €10, T[, with strict inequality on a subset of 10, T[ having positive measure.
(H2) There exists a function n € L'(0, T), with positive values, such that

h(t,r) < n(), forevery r €]0,1] and a.e. t €10, T[,
h(t,r) > —n(t), foreveryr>1landae.t€]0,T[,
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and

1 (T 1 (T
— f limsuph(t,r)dt <e < — f liminf Az, r) dt .
T Jo T Jo

r—0* r—+oo

(H3) There is a constant 6 > 0 and a differentiable function F :10,6[ — R such that
h(t,r) < F'(r), for every r €10,6[ and a.e. t €10, T,

and
lim F(r) = +o0.

r—0*
Then, there exists a ky > 1 such that, for every integer k > ki, equation (1.6) has a periodic solution

x(t) with minimal period kT, which makes exactly one revolution around the origin in the period
time kT. Moreover, there is a constant C > 0 such that, for every k > ki

1
c <lx@®| < C, foreveryr e R,

and, if ui denotes the angular momentum associated to xi(t), then

lim = 0.
k—o0
Let us make a brief comment on the hypotheses of Theorem 1.1. Assumption (H1), introduced
in [15], can be interpreted as a nonresonance condition with respect to the Dancer-Fucik spectrum.
Indeed, the number (%)2 is the value of the asymptote to the first curve of that spectrum. Assump-
tion (H2) is the well-known Landesman-Lazer condition, a nonresonance condition with respect to
the first eigenvalue of the differential operator. Assumption (H3) is introduced in order to control
the solutions which approach the singularity, by the use of some energy estimates.
As an immediate consequence of Theorem 1.1, in the particular case of system (1.3), we have
the following.

Corollary 1.1 Assume that, for some negative constants c; and c;,
c1<c(t)<cp <0, forae. reR. (1.8)
Ify = 2 and e < 0, then the same conclusion of Theorem 1.1 holds for system (1.3).

Our second theorem deals with periodic solutions having a large angular momentum. It is closely
related to [8, Theorem 4] and [9, Corollary 1.8], where the attractive case was studied.

Theorem 1.2 Let the following two assumptions hold.

(H4) lim 50 _

r—+o00 r

O’

uniformly for almost every t €10, TT|.
(H2), There exists a function n € L'(0, T), with positive values, such that

h(t,r) > -n(1t), forevery r > 1 and a.e. r €10, 77,
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and

r—+oo

1 T
e< — f liminf Az, r) dt .
T Jo

Then, there exists a ky > 1 such that, for every integer k > ki, equation (1.6) has a periodic solution
x(t) with minimal period kT, which makes exactly one revolution around the origin in the period

time kT. Moreover,
min | x|

lim (min |x|) = +o0, lim =
k— o0 k—oco Mmax |-xk|

and, if u denotes the angular momentum associated to xi(t), then
lim g = +00.
k—o0

Notice that, in Theorem 1.2, we have no assumptions on the behaviour of the nonlinearity near
the singularity. Indeed, (H2), is a kind of Landesman-Lazer condition, but it is only assumed for
large positive values of r. Assumption (H4) is a non-resonance condition which will be used to show
that the angular velocity of the large-amplitude solutions can be arbitrarily small.

The following is a direct consequence of Theorem 1.2 concerning system (1.3).

Corollary 1.2 Ify > 1, e < 0, and (1.8) holds, then the same conclusion of Theorem 1.2 holds for
system (1.3).

We notice that, in [7], assuming (H2), (H3) and (H4), it was proved that there is a family of
subharmonic solutions with arbitrarily large minimal periods, which oscillate radially. We thus
conclude with the following.

Corollary 1.3 Assume (H2), (H3) and (H4). Then, system (1.6) has three distinct families of sub-
harmonic solutions, with the following distinct behaviour: one oscillates radially, one rotates with
small angular momentum, and one rotates with large angular momentum and large amplitude.

The above results should be compared with those contained in [16, 6] (see also [4, 11]), where
systems of the type

X+ VV(x) =e() (1.9)

were considered, with V : RV\{0} — R, a continuously differentiable function satisfying

lim V(x) = +eo, (1.10)

and e : R — RY, alocally integrable T-periodic vector-valued function. This type of problem is not
radially symmetric, and the situation is substantially different from the one considered above. Let €

be the mean value of e(7):
1 T
— f e(r)dt.
T Jo

The following result has been proved in [16, 6].

e
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Theorem 1.3 Assume (1.10) and the following conditions:
limsup (VV(x),x) <0,

x—0

limsup [VV(x)] < [e].
|x]—00
Then, equation (1.9) has a T-periodic solution x, and a sequence (xi); of kT-periodic solutions,
whose minimal periods tend to infinity.

The above theorem applies to the equation
F+E - —e(r), (1.11)
|x[”

where y > 2, ¢ is a negative constant, and € # 0. Notice that, in [16], this last assumption has been
shown to be necessary for the existence of periodic solutions of (1.11), when e() is a small bounded
function.

It should be observed that, assuming N = 2 in Theorem 1.3, the solutions could remain confined
in a sector of the plane, and thus not necessarily rotate around the origin. See also [3, 10, 17, 18] for
related results.

2 Proof of Theorem 1.1: solutions with small
angular momentum

Let us first clarify our assumptions. The function 4 is L'-Carathéodory, i.e.,
e (-, r) is measurable, for every r > 0;
e /(t,-) is continuous, for almost every r € 10, T ;
o for every compact interval [a, b] in ]O, +oo[ , there exists {,;, € L'(0, T) such that
rela,b] = |t )| <), forae.re€]0,T].

Concerning (H1), we precisely ask that, for every € > 0, there is an R > 0 and a zero measure set N
in ]O, T[ such that

h(t
_(r’—r) <a(®+e, foreveryr>Randre]0,TI\N.

Clearly, we can assume that a(f) > 0 for almost every ¢ €]0, 7[. Hence, in particular, we assume
a € L>0,T).

In the sequel, we will implicitly assume that all functions defined (almost everywhere) on ]0, T'[
are extended by T-periodicity to the whole real line.

Let Hé (0, T) denote the usual Sobolev space of functions satisfying the homogeneous Dirichlet
boundary condition. Given a constant w € R, let B, , : H(l) (0,T) — R be the quadratic form defined
by

T
Boo(v) = f [V2(F) — a(t + oWV (D)) dt .
0

We will need the following lemma, analogous to [15, Lemma 3].
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Lemma 2.1 There is a constant & > O such that
T
Boo(v) > & f V() dt,
0

1
forevery w € Randv e Hy(0,T).

The above statement seems rather standard for Dirichlet problems. However, the fact that & can
be chosen independently of w € R is not usually specified in the literature. This is why, for the
reader’s convenience, we provide below a complete proof of it.

Proof. By (1.7) and the Poincaré inequality,

T 2
Boow(v) > fo [vZ(t) - (7) v2(t)] dr>0, 2.1
for every w € R and v € Hj(0, T). Let us see that
By, =0 & v=0.
Indeed, by (2.1), By, (v) = 0 implies v(r) = A sin(’%’), for some constant A € R. Then,

fO‘T [Az(%)z cos’ (%t) - a(t + w)A? sin® (%t)] dt =0,

S T T .
ie., smcefO cos*(5) dr = fo smz(’%)dt,

# [ 13 - at+ )]s (F)ai=o,

which implies A = 0, as a(-) < (%)2 on a subset of positive measure.

Assume now, by contradiction, that for every integer n > 1 there are w, € [0,T] and v, €
H;(0,T) such that

T 1 T
f [Va(1) — a(t + w,)va(D)] dt < = f V2(t) dt .
0 n Jo

Letz, =v,/ ||v,,||Hé, where

T 12
Valliy = ( f V(1) i)
0

is the usual norm in Hé(O, T). Then, z, € Hé(O, T), ”Z"“H& =1, and

T
1
f a(t + w2 dt > 1 — —.
0 n

Passing to subsequences, we can assume that w, — w € [0,T], z, — z (weakly) in H(l)(O, T), and
7, — z uniformly. Then, ||z|| H, < 1, and, since by Lebesgue’s Theorem a(- + w,) — a(- + w) in
LY(0,7),

T
f a(t + w2 () dr > 1. (2.2)
0

Hence, B, ,(2) < 0, so that, by the above, it has to be z = 0. We thus get a contradiction with (2.2).
|
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Let us now begin the proof of Theorem 1.1. We may write the solutions of (1.6) in polar coordi-
nates:

x(1) = p(1)(cos ¢(1), sin (1)) , (2.3)
and (1.2) is satisfied if p(¢) > 0, for every . Equation (1.6) is then equivalent to the system

2
P55 +hie,p) = e,
() p

pPre=p.
where u is the (scalar) angular momentum of x(#). Recall that u is constant in time along any

solution. In the following, when considering a solution of (S), we will always implicitly assume that
p>0.

Without loss of generality we assume that e(7) has zero mean value, i.e.,
e=0. 2.4)

Indeed, otherwise, we just replace e(¢) by e(t) — e and h(t, p) by h(t,p) — . We consider u > 0 as a
parameter, and, by the use of degree theory, we will prove the existence of a T-periodic solution p
of the first equation in (S). To this aim, for 4 € [0, 1], we introduce the modified problem

IS 1
p-5+a —4)(1 - —3) + Ah(t,p) = de(d),
p p 2.5)

p0) = p(T), p0) = p(T).

For some ry € ]0, 1[, to be fixed later, we define the truncation g;,,,, : R X R — R, as follows:

s 1
£+ —1)(1 - —3)+/lh(t,r) for r > rg
14 I

g/L,MJo(t’ r) = qu 1
-5+ —,1)(1 - —3)+/Ul(f,”0) forr <ry.
Ty r

0

This function is still L!-Carathéodory. We consider the T-periodic problem

{ P+ gaun(t,p) = de®),

Paur ) )
( A, ) p(O) = p(T) y p(o) = p(T) s

and look for a priori bounds for the solutions p, for small values of ry.
Lemma 2.2 Assume (HI)—-(H3). Given M > 0, there exist 7y > 0 and C > 0 such that, if p(t) is a
solution of (Pay,,), with A € [0,1], u € [0, M] and ro €]0, 7 |, then
1
c <pt)y<C and o < C,
foreveryte[0,T].

Proof. By contradiction, assume that, for every n > 1, there are 4, € [0, 1], &, € [0, M], ro,, €10, %[ s
and a solution p,, (1) of (P, ,,,.1,,)» such that, either p,([0,T1) €11, 7, or ||p,ll.~ > n. For simplicity
we denote by g, the function g, ,, The remaining of the proof is divided into five steps.

o
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Step 1. There exists R; > 1 such that minp,, < Ry, for every n.

Otherwise, there would exist a subsequence such that min p,, — +c0. We may also assume that
A, — A € [0, 1]. Integrating the equation

Pn + gn(tapn) = Aye(t), (2.6)
by (2.4) we have
T
f(; 8n(t, pn()dt = 0. 2.7

Hence, from the definition of g, since minp, — +oo,

T
(1-DT + limf Ah(t, p (D) dt = 0.
n 0

Using Fatou’s Lemma,

T
(1—/_1)T+/_lf liminf A(t,r)dt <0,
0

r—+co
and we get a contradiction with (H2).
Step 2. There exists R, > R; such that max p, < R, , for every n.

Let & > 0 be as in Lemma 2.1. By (H1), there is a R, > R such that

g 2 ~
ht,r) < (a() + g(%) )r. forevery r >Ry andae. 1 €R. 2.8)

By contradiction, we assume that max p,, — +oo. Then, for n large enough, there exists an interval
la,, b,], with b, — a, < T, such that

pn(an) = kl = pn(bn) 5

and
on() >Ry, for every t € la,, b,[

and there exists ¢, € la,, b,[ such that max p, = p,(t,). Let u,(¢) = p,(t) — Ry, so that u,(a,) = 0 =
u,(b,). Recall the Poincaré inequality

b, _ 2 by,
f uﬁ(t)dts(¥) f (1) dr (2.9)

n n

Define v, : [0, T] — R as follows:

| w,(t+a,) iftel0,b,-a,l,
vn(t) = { 0 otherwise .

Then, v, € Hy(0,T) and, by Lemma 2.1,

T
Bya,(vy) > & f V2(t)dt,
0
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for every n, i.e.,
b

n by
[i? (1) — a(tul(t)] dt > & f W0 dt . (2.10)

dp

Multiplying by u, in equation (2.6) and integrating between a, and b,,, by (2.8) we obtain

by, by
f l/ti = f un[gn(tapn) _/lne(t)] dt

by,
< f unl 1 + Au(h(t, ) — (0] dt

n

< f "1+ (a0 + 25 )+ R+ letoar

< fbn [(a/(t) + g(%)z)ufl +y(1) Mn] dr,

where B )
¥ = Rifa@ + 5(7)) +lel+ 1.

1
b 5 by by \2
- .2 T2 2 2
ef i, < (7) f un+||y||Lz(f un)
a a a

n n n

Then, using (2.10),

N M

so that, by (2.9), as b, — a, < T, the sequence ( fa b b’tz) has to be bounded. Since

n

b by \?
max u, Sf |it,| < \/T(f ui) ,
a, An

we get a contradiction with the fact that max p, — +oo.

Step 3. There exists r; €]0, 1[ such that max p,, > r; , for every n.

Otherwise, there would exist a subsequence such that maxp, — p € [—c0,0]. We may also
assume that A, — A € [0, 1] and u, — f € [0, M]. Set

Pn(1) = max{p, (1), ron} - 2.11)

Notice that
gn(t’pn(t)) = gn(t,ﬁn(t)) s
for almost every . Since ry, < p,(¢) < 1 for n large enough, by (H2),
2
Ha
gn(t, pn(1)) = —=
pa(1)

< 1+ ,h(t, p(1))
<L+n@).

1 -
(=) (1 - %) W IN0)

n
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Hence, by Fatou’s Lemma and (2.7), we have

T T
f lim sup g, (7, p,()) dt > lim sup f gn(t, pu(1))dt =0,
0 n n 0

and then

T
f lim sup [(1 —A) (1 - %) + A, h(t, p,(1)|dt = 0.
0o on(0)

n

Since p,(t) > 0 for every t and max g, (f) — 0, we easily get a contradiction with (H2).

Step 4. Proof of the estimate on the derivative.
By (H2), we have

gn(t,r) < n), forevery r < 1l and a.e. 1 €]0, 7.

Then, using (2.7),

f gt o) di < f gt () — (0 di + il
{pn<1} {on<1}
- f (=gt pal0)) + 10 dt + il
{pa<1}
<- f gt pa®) di + 2l
{pn<1}

= f gn(t, pu(1)) dt + 2|l
{on>1}

< f gt pu)] it + 2l
ton>1)

T
f lgn(t. a0 di = ( f " f )|gn<r,pn<r>)|dt
0 {pnﬁl} {pn>1}

<2 f (gt pa ()]t + 2l
{pn>1}

so that

As proved in Step 2, we have p,(f) < R,, for every ¢. So, there is a constant ¢; > 0 for which

f lgn(ts pu()ldi < c1
{pn>1}

for every n. Consequently,

T T
f (0] di < f (8t a1 + el < 261 + 2l + lell
0 0

Since, due to the periodicity of p,, its derivative must vanish somewhere, we have that ||p,||z~ <
[|Pnllr. Setting C; = 2¢1 + 2|Inll + |lell.r, we thus have

alle= < Ci, 2.12)

for every n.
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Step 5. Conclusion of the proof.

Using Step 2 and Step 4, if n is sufficiently large we have that p,(f) < n and ||p,(?)|| < n, for
every t. Therefore, it has to be minp, < % , for n large enough. Let r; €]0, 1[ be as in Step 3, and
set 7| = min{r;, 6}. We can assume 7; > % . Then, there is an interval [y, d,] such that

on(yn) =11, on(0,) = %

and

L<put)y <7, for every t € Iy, 0u[ -
Recall that ry, < % . So, for t € [y,, 5,], we have that p,(r) = p,(t). We define
h(t,r) = h(t,r) =n(t),  &@1) =e() —n(1), f(r) = min{F’(r),0},
and let F :10, 6] — R be a primitive of £, i.e., E'(r) = f(r), for every r. Then,

B(t, r) < F’(r), for every r €10, o[ andae.r€eR,

and
11m+ F(r) = +00. (2.13)
We can write (2.6) as
pn + gn(t,pn) = /lné(t) 5 (214)

where 3,(t, r) is defined as g,(z, r), with A(z, r) instead of h(z, ). Notice that

2
Hn _ _
m +(1 /ln)(l

n

1 -
gn(t,pn(t)) == 3(l)) + /lnh(t5pn(t)) <0,

n

for every t € ]y,, d,[ . Let C; be the constant defined in Step 4, for which (2.12) holds. Multiplying
in (2.14) by (0, — C1) and integrating on [y,, d,],

n 6"
_[(pn Cl) f gn(t7pn)(pn - Cl)dt = f /lné(t)(pn - Cl)dl

Yn Yn
< 2C(llellzr + {lmllzr) -

Hence, there is a constant ¢, > 0 for which

On
f gn(t’pn)(pn - Cl)dt <0, (215)

Yn
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for every n. On the other hand, since p, — C; < 0, and F'(r) < 0 for every r,

S
f &n(t, pn) (0 — C1)dt >

Yn
> f ((1 - 1) (1 - 13) v Mz(t,p,a) (bn — C)
Yn Pn
) + /lnF’(pn)) (pn - Cl)dt

Zf"((l—ﬂn)(l—

Yn

> f " ((1—An>(1—l3)+ﬁnﬁ’<pn>)pndr
v Pn

Rl -

n

2 o
= [(l - /ln) (pn + _2) + /lnﬁ‘(pn)]
1%

n Yn

1 1
>(1- /1,1)(— + 2n2) + (=)= s,
n n

865

for some constant c¢3 > 0. Using (2.13), when n tends to infinity we get a contradiction with (2.15),

thus ending the proof of the lemma.

We now fix M > 0 and take 7y > 0 and C > 0 as given by Lemma 2.2. Let us also fix
ro = min{ry, é}. As a consequence of Lemma 2.2, if 4 € [0, 1] and i € [0, M], any solution p(t)
of (Piy,r,) is also a solution of (2.5). In particular, if A = 1, any solution of (P, ) is a T-periodic

solution of the first equation in (S).

Notice that, viceversa, once M > 0 is fixed, every T-periodic solution of the first equation in (S)
with u € [0, M] satisfies (Py ) for sufficiently small 7, > 0, so that it also verifies the estimates

given by Lemma 2.2.

In the following, we denote by CIT the set of T-periodic C'-functions, with the usual norm of

c'([0,T).

Lemma 2.3 Given M > 0, there is a continuum C in [0, M] X ClT, connecting {0} X C]T with {M} XC‘T,

whose elements (i, p) satisfy the first equation in (S).
Proof. In order to apply degree theory, let us define the following operators:

L:D(L)c CY[0,T]) = L'(0,T),
D(L) = {p € W*'(0,T) : p(0) = p(T), p(0) = p(T)},
Lp=p-p,
and, for A € [0, 1],
N, :[0,M]xCY[0,T]) — L'(0,T),
Na(u, p)() = —=gaur,(t, p(1)) + Ae(t) — p(t) .

Problem (P, ,,) is thus equivalent to
Lp = Na(u,p) -
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Since L is invertible, we can write equivalently

p =L Na(u.p) = 0. (2.16)
Let C > 0 be the constant given by Lemma 2.2 and define Q to be the following open subset of
c'((0,T1):

Q= {p eclqo, 1) : é <p(t) < C and |p(t)| < C, forevery t € [0, T]}.

By Lemma 2.2, equation (2.16) has no solutions p on dQ, for any A € [0, 1] and € [0, M]. Since
L™'Ny(u,-) is a compact operator, by the global continuation principle of Leray-Schauder (see e.g.
[19, Theorem 14.C]), the lemma will be proved if we show that the degree is nonzero for some
(4, p) € [0,1] x [0, M]. Indeed, since the degree is the same for every (4, 1) € [0, 1] x [0, M], then,
it will be nonzero when A = 1, for every u € [0, M].

Let us then take 4 = A = 0 and define the function

‘P:[é,C]x[—C,C]—HRz,

1
P, v) = (v, = 1).

By a result of Capietto, Mawhin and Zanolin [2, Theorem 1], one can compute the Leray-Schauder
degree of I — L™'Ny(0,-) as the Brouwer degree of P

dps(I = L™ No(0, ), Q) = dj(P, ]é,C[x] -C.Cl).

Since ¥ has the unique zero (1,0), and the jacobian matrix Jy(1,0) has a positive determinant, we
conclude that the degree has to be equal to 1. [ |

Notice that, if (1, p) € C then p is T-periodic and the first equation in (S) is satisfied. Let us
consider the function @ : C — R, defined by

Ly
(I)([J,p)zfov %dt

It is continuous and defined on a compact and connected domain, so its image is a compact interval.
Since ®(0, p) = 0 and © is not identically zero, this interval is of the type [0, 6] for some 6 > 0.

Lemma 2.4 For every 6 € [0, 0], there are (1, p, @), verifying system (S), for which (u, p) € C, and
pt+T)=p(), et+T)=¢)+0,
foreveryteR.

Proof. Given 0 € [0, 5], there are (u, p) € C such that

T
u
= _dr=6.
fo p2(1)
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As noticed above, the first equation in (S) is satisfied. Moreover, defining

.
= | g,
e fo 2 *

the second equation in (S) is also satisfied and

1+ T T
_ H _ H _
e+ T)— ) = jt‘ 205 ds = j(; 20) ds=20.

We are going to complete now the proof of Theorem 1.1. For every 6 € [0, 6], the solution of
system (S) found in Lemma 2.4 provides, through (2.3), a solution to equation (1.6) such that

x(t+T) = ex(),

for every ¢ € R (for briefness we used here the complex notation).

In particular, if 6 = 27” for some integer k > 1, then x(¢) is periodic with minimal period k7", and
rotates exactly once around the origin in the period time k7. Hence, for every integer k > 271/ 6, we
have such a kT -periodic solution, which we denote by x (7). Let (or(7), ¢i(t)) be its polar coordinates,
and yy be its angular momentum. By the above construction, (i, ok, ¢x) verify system (S), (ux, pr) €

C, and
T
2
[ =2
0 Pk(t) k
Since y; € [0, M], by Lemma 2.2 we have that
1 .
ol o) < C and okl < C,
for every ¢ € [0, T']. Hence,

2 T
_n:f Hr dt>Tﬂ,
k 0 P c?

lim 1 = 0.

so that

The proof is thus completed. u

3 Proof of Theorem 1.2: solutions with large
angular momentum

The proof of Theorem 1.2 follows closely both the proof of [8, Theorem 4], where the attractive case
has been considered, and the proof of Theorem 1.1.
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As in the previous section, without loss of generality, we assume (2.4), i.e.,
e=0.

We consider u > 0 as a parameter, and, by the use of degree theory, we will prove the existence
of a T-periodic solution p of the first equation in (S). To this aim, for 4 € [0, 1], we introduce the
modified problem (2.5). We define the truncation at rq = 1, i.e., g1, : RXR — R, as follows:

> 1
——3+(1—1) 1——,; + Ah(t, 1) forr>1
r r

8au (t’ r ) =
1 + Ah(t, 1) forr<1.
This function is still L'-Carathéodory. We consider the T-periodic problem

P+ gaut,p) = Ae(d),
(Pay)

p0) =p(T), p0) =p(T),

and look for a priori bounds for the positive solutions p. This time, we will consider solutions with
a large angular momentum.

Lemma 3.1 For every I' > 1 there exists u(I') > 1 such that, if u > u(), A € [0,1], and p is a
positive solution of (P,,), then ||p||;~ > T.

Proof. Assume by contradiction that there are I > 1, and sequences (4,,),,, (), and (o,,), such that
A, € [0, 1], lim, u,, = +o0, and p,, is a positive solution of (P,, ,, ), with ||o,|lz~ < I'. Integrating the
equation, since ¢ = 0, we obtain

T
f g/lmlln(t’pn(t)) dt = 0 .
0

Hence, setting p,(¢) = max{p, (1), 1},

) T 1 d 1 T 1 1
= _/ln -
“”fo N )fo ( 20

Since 1 < p, < T, using the L'-Carathéodory condition we see that the right-hand side is bounded,
and we get a contradiction with the assumption that (y,), tends to +co. [ ]

T
)dt+/l,, f h(t, pn(2))dt .
0

Lemma 3.2 There exists a constant C > 0 such that, ifu > 1, A € [0, 1], and p is a positive solution
of (Pay), then

. 1 —
minp > §||P||L°° -C.
Proof. By (H4), we can fix 7 > 1 such that

r>7 = |h(t,r)|£# for a.e. 1 €10, 7[.
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Multiplying in (P,,) by p and integrating we get, writing = max{p, 1},

T T
f f ~3p+(l—/l)f (1——)p+/lf h(t,ﬁ)p—/lf ep
0 0

< Tllpllz= + f |h(t, p)lp +f [h(z, D)l + llell i ol =
{1<p<T) {p>7)

|Ip||Loo + (T + 1167l + llellizollpllzs -

- 4T
Setting _
C:=(T + 167l +llellz)T
we have
R P — 1 — 5
Tlpllze = el + 4Cloll=) < Z(lplle> +2€)°.
So,
. . 1 =
max p —minp < VTl < Sllplls + C,
thus proving the lemma. u

Let us now fix [ > 2(1 + C), where C is given by Lemma 3.2. Correspondingly, let iz := u(T),
with u(I') > 1 as in Lemma 3.1.

Lemma 3.3 Given A, B, withu < A < B, there is a constant C > 1 such that, if u € [A, B], 4 € [0, 1],
and p is a positive solution of (P, ), then

l<p(n)<C, |p@I<C,
foreveryte[0,T].

Proof. By contradiction, assume that, for every n > 1 there are 4, € [0, 1], u, € [A, B] and a positive
solution p,(t) of the T-periodic problem (P,,,,) such that, either p,([0,T1]) € 11,n[ or [|ppllz~ > n.
By the choice of i and Lemma 3.1, it has to be ||o,||z~ > T, and by Lemma 3.2,

-C>1.

inpy > ~lpallie —C > AT
minp, > =|loall> - C > =
1% 2,0 L 2

Arguing as in Step 1 of the proof of Lemma 2.2 we show that there exists a Ry > 1 such that
minp, < R, for every n. By Lemma 3.2 we deduce that

ol < 2(minp, + C) < 2(R, + C).

Set b = 2(R; + C). From the equation in (P,, ,,) and the Carathéodory conditions, recalling that
pn(2) > 1, since p,(t) vanishes somewhere, we obtain

T ,2 T
. .. H
allz < 5allr < f o f It o)) + lleller < BPT + 116 plls + llells
0 n 0

thus ariving at a contradiction. [ ]
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As a consequence of Lemma 3.3, if u >y and p(7) is a T-periodic solution of (P ) then p(z) also
satisfies the first equation in (S). The following lemma gives an important information concerning
the T-periodic solutions of that equation.

Lemma 3.4 Given A, B, with i < A < B, there is a continuum Cpp in [A, B] X CL, connecting
{A} x CIT with {B} X C;, whose elements (u, p) satisfy the first equation in (S), being p(t) > 1 for
everyt.

Proof. We proceed as in the proof of Lemma 2.3. Let L be the differential operator defined there,
and, for A € [0, 1],

Ny :[A, Bl xC'([0,T]) = L'(0,T),
Na(u, p)(1) = —gau(t, p(1)) + Ae(t) — p(t) .

Problem (P,,) is thus equivalent to (2.16). Let C > 0 be the constant given by Lemma 3.3 and
define Q to be the following open subset of C'([0, T]):

Q={peC(10,T]): 1 <p(t) < C and |p()| < C, forevery t € [0,T]}.

By Lemma 3.3, equation (2.16) has no solutions p on dQ, for any A € [0, 1] and i € [A, B]. Since
L™'N,(u, ) is a compact operator, by the global continuation principle of Leray-Schauder, the lemma
will be proved if we show that the degree is nonzero for some (4, 1) € [0, 1] X [A, B].

Let us then take A = 0, u = A, and define the function

¥:[1,C]1x[-C,C] = R?,

A2+ 1
Yu, v) = (v, - 1).
u

Since
dg(¥. 11.CIx]1~C.CL) =1,

we conclude as in the proof of Lemma 2.3. ]

Using classical arguments from the theory of global continuation (see, e.g., [14, Lemma 2.3]),
we can deduce from Lemmas 3.3 and 3.4 that there is a connected set C, contained in [, +oo[XC },
which connects {u} x CIT with {u*} X C}, for every u* > p, whose elements (u, p) satisfy the first
equation in (S).

Lemma 3.5 For every € > 0, there exists u, > p such that, if (u,p) € C with u > u., then

T
f %dlﬁe.
o p*(0)

’ 8 2
& '_(36T) :

Let C be as in Lemma 3.2. By (H4), there exists 7 > max{35, 1} such that

Proof. Given & > 0, set

J

r>r = || <er, forae re€]0,T[.
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For I := 2(+' + C), let (') be as in Lemma 3.1. Set u, := max{u("), i1}
Let (u, p) be an element of C, with u > p.. By Lemma 3.1, ||pll.~ > I, and by Lemma 3.2,
p(1) > 3lipliz~ — C > 1, for every t € R. Hence,

1 (7 1 (T
— ht,p) < = ‘p <& .
Tfo (., p) Tfo gp < Elplln

Integrating the first equation in (S), since e = 0, we have

1 TH2 1 T
— — = = h(t, <é o .
Tfo P Tfo (t,p) < €llplle

On the other hand,
T 2 2
L[l
TJo P lpll)w
so that )
,u4 <.
lloll;

Then, using again Lemma 3.2,

T
4
f zﬂdtST ,M st ”_
o p7() (min p) (lplls = 2C)?

2 2
2llpll 2r'
. ( ol _) <7 ,—8,( r_)
llollz \lloll= — 2C r-2C

— 2
ST@(LJ =36T Ve =&,
3C-2C

thus proving the lemma. [ ]

T
u
(. p) '—’j(; pz_(t)dt

is continuous from C to R, and C is connected, its image is an interval. By Lemmas 3.4 and 3.5 this
interval is of the type ]0, 6] for some 6 > 0. The analogue of Lemma 2.4 then holds in this case, too,
with 6 €10,6].

The proof of Theorem 1.2 can now be completed as in the previous section (see also [8, Theorem

4]).

Since the function

4 Remarks on the continuum of solutions and multiplicity of
periodic solutions

Assume (H1), (H2) and (H3). By Lemma 2.2 we have that, for every M > 0, there exists a constant
C > 0 such that, for any u € [0, M], if p(¢) is a T-periodic solution of the first equation in (S), then

1
o <pt<C and o) < C,
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for every t € [0, T]. Moreover, as seen in Lemma 2.3, for every u the associated degree is constantly
equal to 1. Hence, by the global continuation principle of Leray-Schauder (see, e.g., [14, Lemma
2.3]), there is a closed connected set C, contained in [0, +co[ xClT, which connects {0} X CIT with
{u} x C}, for every p* > 0, whose elements (i, p) satisfy the first equation in (S).

Now consider the function ¢ : C — C%(R), defined by

N .y
D= | ——dr.
PP fo P

Since this function is continuous, its graph is a closed connected subset C. of [0, +oo[ xClT x C2(R).
Moreover, the projection of C. on its first component is the whole half-line [0, +oo[ .

It is easily seen that the same arguments used till now symmetrically hold in the case of negative
angular momenta p. In particular, the above a priori bounds hold for every u € [-M, M], once M > 0
has been fixed. We then have the following result.

Lemma 4.1 Let assumptions (HI)-(H3) hold. Then, there is a closed connected subset ¢ of R x
CIT x C2(R) whose elements (u,p, ¢) solve system (S), and whose projection on its first component
is the whole real line | — co, +oo[ . Moreover, for any sufficiently large integer k, this set C contains
solutions for which p is small and ¢(t + kT) = ¢(t) + 2r, for every t.

If, instead of (H1), the stronger assumption (H4) holds, then we can repeat the estimates made
in Lemmas 3.1 - 3.5 to deduce that, along the connected set C given by Lemma 4.1, there also are
solutions with large angular momenta and amplitudes, for which (¢ + kT) = ¢(¢) + 2r, for every ¢.

Recalling that (S) represents, through

x() = p(r)(cos ¢(1), sin (1)) ,
the solutions of (1.6) having angular momentum u, we can conclude as follows.

Corollary 4.1 Let assumptions (H2), (H3) and (H4) hold. Then, there is a closed connected subset
of RXC(R, R2\{0}) whose elements (i, x) are such that x(t) is a solution of system (1.6) with angular
momentum [, and |x(t)| is T-periodic. The projection of this set on its first component is the whole
real line | — oo, +0o[. Moreover, this set contains infinitely many periodic solutions, rotating around
the origin, with arbitrarily large periods and amplitudes.

Till now, we always considered periodic solutions making exactly one revolution around the
origin in their period time. Concerning the existence of periodic solutions making a higher number
of revolutions around the origin, we have the following result.

Theorem 4.1 Let e(t) be continuous, with minimal period T, and negative mean value. Let h(t,r)
be continuous, and assume that

(HS) lim A(z,r) =0,

r—+oo

uniformly for every t. Then, for every integer m > 1, there exists a k,, > 1 such that, for every integer
k > ky, if k and m are relatively prime, equation (1.6) has a periodic solution xi,,(t) with minimal
period kT, which makes exactly m revolutions around the origin in the period time kT. Moreover,

lim (min |xg ,|) = +o0,
k—o0
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and )
min |xg | ]
k—co max |xk,m| o

We omit the proof, since it is exactly the same as that of [8, Theorem 7]. To conclude, let us
state the following multiplicity result.

Theorem 4.2 Let e(t) be continuous, with minimal period T, and negative mean value. Let h(t, r) be
continuous, and assume (H5). Then, for every n € N, there is a k(n) > 1 such that, for every prime
integer k > k(n), equation (1.6) has at least n geometrically distinct periodic solutions with minimal
period kT.

Proof. Givenn > 1,let py, pa, ..., p, be the first n prime numbers. Correspondingly, letk,, ,k,, ,...,k,
be as in Theorem 4.1. Define

n

k(n) = max{k,, ,kp, ,....kp,}.

By Theorem 4.1, for every prime number k > k(n), equation (1.6) has periodic solutions x ,,,
Xkps s - -+ Xkp, » With minimal period kT, which make exactly pi, ps,..., p, rotations around the
origin, respectively, in the period time k7 . ]

We immediately deduce the following corollary concerning equation (1.3).

Corollary 4.2 Let c(t) and e(t) be continuous. Assume e(t) has minimal period T, and e < 0. If
v > 1 and (1.8) holds, then the same conclusions of Theorems 4.1 and 4.2 hold for system (1.3).
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