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Abstract

We consider a nonlinear Neumann problem driven by the p-Laplacian and with a reaction
which exhibits an asymmetric behaviour near +oco and near —co. Namely, it is (p — 1)-
superlinear near +oo (but need not satisfy the Ambrosetti-Rabinowitz condition) and it is
(p — 1)-linear near —co. Combining variational methods with Morse theory, we show that
the problem has at least three nontrivial smooth solutions.
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1 Introduction

Let Q@ ¢ R" be a bounded domain with a C?>-boundary dQ. We study the following nonlinear
Neumann problem:

{ —Apuz) = f(zuz)) in Q,
(1.1)

ou
— =0on 0Q.
on on

Here A, denotes the p-Laplacian differential operator, defined by

Apu = div(IVullP>Vu)  Yue W (Q),

with p € (1, +00). Also f(z,{) is a Carathéodory function and n(-) denotes the outward unit normal
on 0Q. The aim of this paper is to prove a “three solutions theorem” for problem (1.1), when the
reaction term f(z,-) exhibits an asymmetric behaviour as we approach +co and —co respectively.
More precisely, we assume that for almost all z € Q, f(z,-) grows in a (p — 1)-superlinear fashion
near +oo and it is (p — 1)-linear near —oo.

In the past such Neumann problems have been studied only in the context of semilinear equations
(i.e., p = 2). We mention the works of de Figueiredo-Ruf [8], Villegas [27], Perera [24], Dong
[10], which deal with ordinary differential equations (i.e., N = 1) and Arcoya-Villegas [2], which
considers partial differential equations. From the above works, only Perera [24] proves a multiplicity
result, while the other works contain only existence theorems. To the best of our knowledge, no such
existence and multiplicity results exist for the Neumann p-Laplacian (ordinary or partial). We should
mention that p-Laplacian Dirichlet problems with an asymmetric reaction, were studied using the
Fucik spectrum of the negative Dirichlet p-Laplacian (problems with jumping nonlinearities). We
mention the works of Dancer-Perera [7], de Paiva [9], Tanaka [25], Zhang-Li-Liu-Feng [29] and the
references therein. The use of the Flicik spectrum, dictates a (p — 1)-linear growth in both directions

and requires that the limits [lim lf;fj,i)( exist. Therefore these works do not address the case of
—+00 5

nonlinearities with fundameﬁtally different behaviour at +oco and at —oo, as we do here.

There are three more important works with asymptotically linear equations (“Amann-Zenhder
type problems”) that we should mention. These are the works of Arcoya-Orsina [1], Cingolani-
Degiovanni [5] and Drabek-Robinson [11]. In Arcoya-Orsina [1] the authors deal with a Neumann
problem which is more general than the p-Laplacian and has the form

—div (a(z, w||VullP>Vu)

where a(z, u) is a measurable function, a(z,-) € C'(R), 0 < a < a(z,{) < B, a’((z, §)| < vy and
a’g(z, )¢ > 0 for almost all z € Q, all € R. Using Landesman-Lazer type conditions, they estab-
lish the existence of a solution (see Theorem 1.3). Cingolani-Degiovanni [5] deal with a Dirichlet
problem where the differential operator is of the form

=Apu—pAu, pu>0,p>2

and the reaction term is Alul?~2u + g(u), with 1 € R\ o(-A,) and g € C'(R). Using an interest-
ing combination of variational techniques with Morse theoretic methods, they prove an existence
theorem (see Theorem 4.2). Finally Drabek-Robinson [11] consider the Dirichlet problem

~Apu(z) = Alul’*u~ f(z,u)in Q,
u|{)g=o, /lER, p> 1,
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with f(z, ) a Carathéodory function which is L” (Q)-bounded (11—7 + 1} = 1). Using Landesman-Lazer
type condition, they prove existence of solutions for every A € R (see Theorem 1). In the process of
proof they generate a new sequence of variational inequalities for the p-Laplacian (see Theorem 5).

Finally we mention two recent papers related to this work. In Gasinski-Papageorgiou [17], a
Dirichlet problem with the p-Laplacian and combined nonlinearities is considered, namely with a
singular term, a concave (i.e., (p — 1)-sublinear) term and a Carathéodory perturbation. In Gasinski-
Papageorgiou [16], a nonlinear anisotropic Neumann problem with a p-superlinear reaction is stud-
ied.

Our approach combines variational methods based on the critical point theory with Morse theory
(critical groups). Truncation techniques are also employed, in order to make possible the use of these
theories. In the next section, for the convenience of the reader, we briefly review main mathematical
tools used in this paper.

2 Mathematical background

In the analysis of problem (1.1), we will use the Banach space
— — 0
Cl@Q) = {u cC'@): 8—” ~0on ag}
n

and the Sobolev space

— Il
W, (Q) = CLQ) ,

where ||-|| stands for the usual norm of Sobolev space W'*(Q). Note that C,‘, (ﬁ) is an ordered Banach

space with order cone . .
C, = {ueClQ): uz) > 0forall z € Q}.

This cone has a nonempty interior given by
intC, = {ueCy: u(z)>0forallze 5}
Consider a Carathéodory nonlinearity fy: Q X R — R with subcritical growth in £ € R, i.e.,
[foz. | < ao@) +col¢I™" foralmostall z € Q, all £ € R,

with r € (1, p*), where

N-p

N
. P it p<n,
p =

+00 if p>N.

We introduce the C'-functional ¢y: W, (Q) —> R, defined by

1
po(u) = ;IIVullﬁ—fFo(Z,u(Z))dZ Vu e W,"(Q),
Q

where ,
Fo(z,0) = ‘fo‘ folz, s)ds.

In Iannizzotto-Papageorgiou [19] we can find the following result.
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Proposition 2.1 Ifu, € W,{’p Q) is a local C }l(ﬁ)-minimizer of o, then ugy € C,ll(ﬁ) and it is a local
WP (Q)-minimizer of .

Let X be a Banach space and let X* be its topological dual. By (:,-) we denote the duality
brackets for the pair (X*, X). Let ¢ € C'(X). A point xy € X is a critical point of @, if ¢’ (xy) = 0. A
value ¢ € R is a critical value of ¢, if there is a critical point xy € X, such that ¢(xy) = c. For a given
¢ € R, we define the following sets:

C

¢ = {xeX: p(x)<cl (thesublevel setof ¢ at ¢)

@ = {xeX: p(x)<c} (the strict sublevel set of ¢ at ¢)
K? = {xeX: ¢'(x) =0} (the critical set of ¢)

K! = [xeK?: o(x)=c} (the critical setof ¢ at level c).

The next compactness-type condition is crucial in critical point theory. So, for a given ¢ € C!(X),
we say that ¢ satisfies the Cerami condition at level ¢ € R (the C,.-condition for short), if every
sequence {x,},>; € X, such that

@(x,) — ¢ and (1 +[lxalD¢’(x,) — 0in X7,

has a strongly convergent subsequence.

We say that ¢ satisfies the C-condition, if it satisfies the C.-condition at every level ¢ € R.
This condition is more general than the usual Palais-Smale condition, but it was shown by Bartolo-
Benci-Fortunato [3] that it suffices to establish the minimax theory of the critical values of functions
¢ € C'(X). In particular, we have the following theorem, known in the literature as the “mountain
pass theorem”

Theorem 2.1 If o € C'(X), x0,x; €X, r >0, ||xo — x| > 1,

max {‘p(x0)7 ‘P(xl)} < lnf {tp(x) N ”x — _XQ” = r} = 1o,
and ¢ satisfies the C.-condition with

¢ = inf max @(y(1)),

yell 0<e<1

where
' = {yeC(0,15;X) : ¥(0) = xo, ¥(1) = x1},

then ¢ > 1y and K¢ # 0. Moreover, if ¢ = no, then there exists x € K, such that ||x — xo|| = r.

Next let us recall some basic definitions and facts from Morse theory. If (Y}, ¥>) is a topological
pair with ¥, € Y, € X, then for every integer k > 0, by H(Y}, Y>) we denote the k-th relative
singular homology group of the pair (Y}, Y>) with integer coefficients. Then for ¢ € C!(X), the
critical groups of ¢ at an isolated critical point xy with ¢(x¢) = ¢ are defined by

Cilg,x0) = H(¢*NU, ¢“NU\{x}) Vk>0,

where U is a neighbourhood of xy, such that K¥ N ¢“ N U = {xp}. The excision property of singular
homology, implies that the above definition is independent of the particular choice of the neighbour-
hood U.
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Suppose that ¢ € C'(X) satisfies the C-condition and inf ¢(K¥) > —co. Let
¢ < inf o(K?).
The critical groups of ¢ at infinity, are defined by
Cilp,00) = Hi(X,¢) Vk>0.

The deformation theorem implies that the above definition is independent of the particular choice of
¢ < inf (K¥). In fact, if n < inf (K¥), then

Ci(p,0) = Hi(X,¢") Vk=>0.

To see this, let ¢ < 1 < inf ¢(K¥). Then ¢¢ is a strong deformation retract of ¢ (see Granas-Dugundji
[18, p. 407]). Hence
Hy(X,¢) = Hi(X,¢") Vk>0,

$0
Ci(p,0) = Hi(X,¢") VYk>0.

Suppose that K¥ is finite. We define
M(t,x) = Z rank Cy(@, ¥ Vx € K¢
k=0

and

P(t,00) = Z rank Cy (¢, c0)t*.
k=0

Then the Morse relation says
DMt x) = P(t,00) + (1 +0Q(0), (22)
xeK¥

where Q(?) is a polynomial with nonnegative integer coefficients.
A map A: X — X" is said to be of type (S ), if for every sequence {x,},>1 C X, such that

X, — xweaklyinX and limsup{A(x,),x, —x) < 0,

n—+oo

one has that
X, — x inX.

Consider the map A: W, (Q) — W7(Q)*, defined by

(A(u),y) = f IVullP~(Vu, Vy) L dz Nu,ye WP (Q). (2.3)
Q R

The next result is a particular case of Proposition 3.1 in Gasinski-Papageorgiou [15].

Proposition 2.2 The map A: W,%’p Q) — W,l’p (Q)*, defined by (2.3) is bounded, continuous,
monotone (hence maximal monotone too) and of type (S ).
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We have the following lemma from Iannizzotto-Papageorgiou [19].

Lemma 2.1 If 9 € L*(Q), 3(z) < 0 for almost all 7 € Q and the inequality is strict on a set of

positive measure, then there exists &) > 0, such that

IIVMIIZ—fﬁIuI”dZ > Ellull” Yu e W, (Q).
Q

Finally throughout this work, for every r € R, r* = max{+r,0}. By || - || we denote the norms
both for W,i’p (Q) and RY (no confusion is possible, since it is always clear from the context, which

one we mean).
In the next section we formulate and prove the “three solutions theorem”.

3 Existence of three solutions

The hypotheses on the nonlinearity f(z, {) are the following:

H(f) f: QxR — Ris a function, such that

(i) for all £ € R, the function z — f(z, {) is measurable;

(i) for almost all z € Q, the function £ — f(z, () is continuous, f(z,0) =0

(iii) there exista € L*(Q),, ¢ > 0 and r € (p, p*), such that

|f(z.0)| < a@+clg™"  foralmostallz€ Qandall € R;

(V) if Fz.0) = [ £z 5)ds. then
i F@O _
1m =
{—+00 4’]7

uniformly for almost all z € Q and there exists 7 € ( ZLN, p*), such that

h(m+1nf f(Z, g)g ;TPF(Z7 g) > 0,

uniformly for almost all z € Q;
(v) there exist functions &, ¢ € L*(Q), such that
&(z) < Hz) < 0foralmost all z € Q,

the last inequality is strict on a set of positive measure and

&) < 11m inf P08) F&4) < lim sup pF@.¢) < 92),

—o |L1P RN

uniformly for almost all z € Q and

limsup (pF(z,4) = f(2,0)0) < +oo,

{——0c0

uniformly for almost all z € Q;

3.4)
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(vi) there exist two constants ¢y < 0 < &y, such that

F(z,{) < 0 foralmostall z € Q, all [{] < dp

fF(Z,C())dZ >0
Q

and for all R > 0, there exists &g > 0, such that for almost all z € Q, the function

and

v f(z,0) + &IP3 is nondecreasing on [—R, R].

Remark 3.1 Hypothesis H(f)(iv) implies that for almost all z € Q, the primitive F(z,-) grows p-
superlinearly near +co. However, we do not use the common in such cases Ambrosetti-Rabinowitz
condition. We recall that the Ambrosetti-Rabinowitz condition on the positive semiaxis says that
there exist ¢ > p and M > 0, such that

0 < gF(z,{) < f(z,0)¢ foralmostallze Q, all{ > M. (3.9)
Integrating (3.5), we obtain
c1l? < F(z,0) foralmostallze€ Q, allf > M, (3.6)
with some c¢; > 0. In particular then, F(z, -) satisfies the much weaker condition
Jim F(;f) = +o0o0, (3.7)

uniformly for almost all z € Q.

Here we employ (3.7) and another asymptotic at +oo condition, namely (3.4). Note that (3.4)
is weaker than both (3.5) and (3.6). Conditions similar to (3.4), were used in the past by Costa-
Magalhdes [6] (partial differential equations) and Fei [13] (Hamiltonian systems). Hypothesis H(f)(v)
dictates a p-linear growth for F(z, -) near —co for almost all z € Q. Evidently this is the case, if for
almost all z € Q, the function f(z,-) is (p — 1)-linear near —oo.

Example 3.1 The following function f({) satisfies hypotheses H(f) (for the sake of simplicity we
drop the z-dependence).
SLP2+27 )+ 1 i <=2,
-2¢-3 if Je[-2,-1),
f@ =~ + 2107 if ¢e[-1,1],

1 1
gp-1(1n5+ —)— Salif 1<
p p
with —2!"? < ¥ < 0 and 1 < p < d < 2p. Then hypothesis H(f)(iii) is satisfied with any r > p. So

taking r € (p, min{p*, p + %2})’ we have that %N < p and we can check that (3.4) in hypothesis
H(f)(iv) holds for any 7 € (%N, pl. As for H(f)(v), we have

pF()
m
{——00 |{|P

= 9<0 and lim (pFQ) = fQ)) = ~eo.

Finally, for H(f)(vi), we have that F({) < O for all |[{| < &y = (%)ﬁ for ¢ = —1 we have
F(co) =2 - i > 0 and for any R > 0, & = 2.
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Let ¢: W,i’p (€©2) — R be the energy functional for problem (1.1), defined by

o(u) = Il)nvuug— f F(zu(z))dz Yue WP(Q).
Q

Evidently ¢ € C! (W,;’p (Q)). As we mentioned our approach also uses suitable truncation techniques.
For this reason we introduce the following truncations and modifications of the nonlinearity f(z, -).

For £ € (0, 1), we define:

o { 0 if £<0,

"+ f(z,0) if (>0,

fzO it (<0,
f&0 = {0 if 23>0

Both are Carathéodory functions. We set

¢ ¢
Fi(z,0) =f0ff(z,s)ds and F_(z,0) :Lf,(z,s)ds

and we introduce the C'-functionals ¢%, ¢_: W,{ ?(Q) — R, defined by

1 £
@5 (u) ;IIVullﬁ + ;Ilullﬁ - f Fo(z,u(x))dz Vue Wy (Q),
Q

¢ () %nwnﬁ— f Fou(@)de Vue W™ @),
Q

Proposition 3.1 If hypotheses H(f) hold, then ¢ satisfies the C-condition.
Proof. We consider a sequence {u,},>1 C Wi’p (), such that
lp)| < My Vn>1,

for some M| > 0 and
(1 + lluplg’ () — O in WP (Q)"

If
Nw)() = fu) Yue WyP(Q),

then from (3.9), we have

En 1
< ——|lnll Vh e W,"(Q),
L+ [funl

’(A(un), hy — f N(u,)hdz
Q

with g, N\ 0, where A is defined by (2.3).

Claim. The sequence {i,},>1 € W, () is bounded.

(3.8)

(3.9)

(3.10)

We proceed by contradiction. So, suppose that the Claim is not true. Passing to a subsequence

if necessary, we may assume that
lletnll —> +o0.
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Let
Uy
Yo = n>1.
llunl|
Then |ly,|| = 1 for all # > 1 and so, passing to another subsequence if necessary, we may assume
that
v — vy weakly in W, (Q), (3.11)
Yy — Y in L'(Q). (3.12)

We divide (3.10) by ||u,||”~" and exploiting the (p — 1)-homogeneity of A, we obtain

N(uy,) En Lp
A(y,), h) — < ————— Wl VheW,”(Q). 3.13
o o Tl TS T Tl “ G4
In (3.13) we choose h = y* € WLP(Q). Then
N(u,
(u_) yidz < &+ (A, y") < & +aly’ll, (3.14)
o llugllP~!
for some ¢y > 0 (see (3.11)).
Suppose that y© # 0. Then from (3.14), we obtain
. N(u,) y*
lim su f dz < cy. (3.15)
e Jo TatallPT Ty !

On the other hand, by virtue of hypothesis H(f)(iv), we can find 8 > 0 and M, > 0, such that
PF(z,0) +BLT < f(z, )¢ foralmostall z € Q, all & > M,

SO
PF(z,0)

4
Therefore, using hypothesis H(f)(iii) and (3.16), we have

N + , + , +
f (un)1 Y g - f fz Mill) y+ d“f fz ui? y+ d
a Il |7~ ly* ] tuyzaa) NtnlP=1 Nyl tuy<tta} ttal P~V
f flzouy) y* J

oo di— o
{

upsz) eI~ [yl

-1
f pF(z,uy) uh  y* o
— — 2
{un>M,)} uﬁl’ ”un”p ! ||y+||

F(z, oyt
p (Z[, un)yg 1 y+ dZ -, (3 17)
{un>M>} uy ”y |

+B7' < f(z,¢) foralmostallze Q, all & > M. (3.16)

\%

for some ¢, > 0. Note that

uy,(z) — +oo  for almost all z € {y > 0}.
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So, if in (3.17) we pass to the limit as n — +oco and we use Fatou’s lemma and hypothesis H(f)(iv),

we obtain N .
lim f (”")1 Y 4z = +oo. (3.18)
n—>+o Jo luy|IP~1 [yl

Comparing (3.15) and (3.18) we reach a contradiction, which means that y* = 0 and so y < 0.
In (3.10), we choose & = u, € W"(Q). Then

Al + [ emndz < o vz 1. (3.19)
On the other hand, from (3.8), we have

IVully, — fﬂ pF(zu)dz < pM; Vn> 1. (3.20)
Adding (3.19) and (3.20), we obtain

[ U - preu i < M s, (321)
Q
for some M3 > 0. From hypotheses H(f)(iii) and (iv), we have

BT —c3 < f(z,0){ — pF(z,{) foralmostall z € Q, all £ >0, (3.22)

for some c¢3 > 0. Using (3.22) in (3.21), we obtain
f (f(z, up)u, — pF(z,u,))dz +ﬁf(u,f)’ dz < My Vn>l1, (3.23)
{1, <0} Q

for some M4 > 0. Hypotheses H(f)(iii) and (v) imply that there exists M5 > 0, such that
f@O¢ — pF(z,{) > —Ms foralmostall z € Q, all £ <O0. (3.24)

Using (3.24) in (3.23), we have
f(u;)sz < Mg VYn>1, (3.25)
Q

for some M > 0, so the sequence {u },>1 € L7(Q) is bounded.

In (3.10), we choose h = u;} € W,l’p(Q) and we have

||Vu:;||§—ff(z, udurdz < & VYn> 1. (3.26)
o

From hypothesis H(f)(iii), for almost all z € Q and all n > 1, we have
f@u, (@), (2) < calluy @] + luy ), (3.27)
for some ¢4 > 0. Using (3.27) in (3.26), we obtain

IViglly < &+ cs(lluglly + gl Vn> 1, (3.28)
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for some ¢s5 > 0.

From hypothesis H(f)(iv), it is clear that we can always assume that 7 < r < p*. So, we can find
t € [0, 1), such that % = % + pL Invoking the interpolation theorem (see e.g., Gasifiski-Papageorgiou
[14, p. 905]), we have

lepll < ey |2 e 15 V> 1,
so, if N # p, using also (3.25), we obtain
gl < Mallugl™ ¥Yn>1, (3.29)

for some M7 > 0. If N = p, in the above argument replace p* by g > r large.
Using (3.29) in (3.28), we have

IVuplly < co(l+lluyll + Ny IT) - Vo> 1, (3.30)
for some cg > 0. Also, from (3.25), we have
lHll? < Mg Vn>1, (3.31)
for some Mg > 0. From (3.30) and (3.31), it follows that
g llf + 1Vuylly < Mo + co(llugll + lluall™)  Vn > 1, (3.32)

for Mg = Mg+ce > 0. Recall that ||-||7 +|V - ||}, is an equivalent norm on W, (Q) (see e.g., Gasiriski-
Papageorgiou [14, p. 227]). Moreover, the hypothesis on 7 (see H(f)(iv)), implies that tr < p. So,
from (3.32), it follows that the sequence {u; },51 C W,l’p () is bounded.

Next, in (3.13), we choose h =y, —y € W,i’p(Q) and so

N(u,) & Alyn =Yl
(yw —y)dz| < )
o lluyllP=1-" R 17| 78

'(A(Vn),yn - - (3.33)

Note that due to hypotheses H(f)(iii) and (v) and from the boundedness of the sequence {u}},>1 C
W,P(€), the sequence {24} ¢ 17'(Q) (with % + 1% = 1) is also bounded. So

[ty |P=1
Ny
fﬂ(yn—y)dz 0,
Q

llunllP~!

thus
n1—1>er <A(YI1)7yn - y> = O

and, by the (S); property of A (see Proposition 2.2), we have

Yo — v inW,"(Q)

and so
il = 1. (3.34)
From (3.13) and the boundedness of the sequence {u },51 C W,i ?(Q), we see that
Nl—u-
'(A(—y;), hy - T (_”l;fl)hdz < gkl Yhe W,:’p(Q), (3.35)
Q iy,
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with &), \, 0. Note that
—u, (z) — —oo foralmostall z € {y < 0}.

Using hypothesis H(f)(v) and reasoning as in the proof of Proposition 5 of Motreanu-Motreanu-
Papageorgiou [21], we show that

N(-u,)

= nlylP~2y  weakly in L (Q), (3.36)

8n

where n € L*(Q), £(z) < n(z) < ¥(z) for almost all z € Q. So, if in (3.35) we pass to the limit as
n — +oco and we use (3.36), we obtain

(A(),h) = fnlyl”’zyhdz Yh e W,i‘p(Q),
Q

SO
AQY) = nhlP?y,
and thus

{ ~Apy(@) = 1P @ inQ,
(3.37)

o% = 0on JdQ.

(see Motreanu-Papageorgiou [22]).

Recall that y < 0 and  # 0. So, from (3.37), it follows that y = 0, a contradiction to (3.34).
Hence the sequence {u,},>1 C W,E’p (Q) is bounded and this proves the Claim.

Because of the Claim, passing to a subsequence if necessary, we may assume that

u, — u  weakly in W,7(Q), (3.38)
u, — u in L' (Q). (3.39)

In (3.10) we choose h = u, —u € W;’p(Q). Passing to the limit as n — +co and using (3.39), we
obtain

lim (A(u,),u, —u)y = 0,

n—+oo

and, by the (S), property of A (see Proposition 2.2 and (3.38), we have
u, — u in WP(Q).

This proves that ¢ satisfies the C-condition.
Next we show that ¢f also satisfies the C-condition.

Proposition 3.2 If hypotheses H(f) hold, then ¢ satisfies the C-condition.
Proof. Let {u,}n>1 C W,%’p (Q) be a sequence such that
5| < Mo Vn>1, (3.40)

for some My > 0 and ]
(I + lletnll)(@5) () — 0 in W, ()" (3.41)
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From (3.41), we have

‘(A(u,,), h)y + sf |unl?2uh dz — f fi(z, uph dzl
Q Q

< —Z Wl Yhe W' (@), (3.42)
1+ [Juy |

with &, \, 0.
In (3.42) we choose h = —u; € Wy”(Q). Then

IVu, |l + elluylly, < & VYn=1,

SO
u, — 0 in W,”(Q). (3.43)

Next in (3.42), we choose i = u} € W, (Q). Then

—IVu Il — elluy Il + Lff(z, uurdz < & Ynzl (3.44)
Moreover, from (3.40) and (3.43), it follows that
IS5+ el - [ pFEGa)dz < My > 1 (3.45)
for some My, > 0. We add (3.44) and (3.45). Then
[ UG = pFt Gy dz < i v 1,
for some M, > 0, so
fg (f @ upuy = pF(z,uy))dz < My Vn > 1. (3.46)
From (3.22), we have
BUN —c3 < f(z, {7 = pF(z, ") foralmostall z € Q, all £ € R. (3.47)

Using (3.47) in (3.46), as in the proof of Proposition 3.1, we infer that the sequence {u; },51 € L7(Q)
is bounded.
Hypothesis H(f)(iii) implies that there exists @ € L®(Q), and ¢ > 0, such that

|f(z.0)¢| < a(z)+7Ll" foralmostall z € Q, all £ € R. (3.48)
If in (3.42) we choose h = u} € W,”(Q), then
IVurlly + elluglly < &, +fff(z, uuy dz Vn> 1,
Q

S0, using (3.48), we have
IVuillh < er(L+lfll) Vn> 1, (3.49)
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for some ¢7 > 0 and there is ¢ € [0, 1), such that % = % + pi (again, if N = p, we replace p* by
q > rlarge). From (3.49), as in the proof of Proposition 3.1, via the interpolation inequality and the

boundedness of the sequence {u;f },-1 € L7(Q2), we infer that
IVuylly < es(1+lluylly) V> 1, (3.50)

for some cg > 0.
Suppose that the sequence {u;; },51 € W,}‘p (Q) is not bounded. Passing to a suitable subsequence
if necessary, we may assume that
lluyll — +oo.

Let

Yo = tn n>1
llunll
Then |ly,|| = 1 for all n > 1 and so, passing to another subsequence if necessary, we may assume
that
Vo — Y weakly in W, (Q), (3.51)
Yo — Y in LP(Q). (3.52)
From (3.50), we have
1
p . +)0r
1950, < es{ g * i) ve> 1 (3.53)

Recall that tr < p (see hypothesis H(f)(iv)). So, if in (3.53) we pass to the limit as n — +oco and we
use (3.52), we obtain

IVyll, < 0,
SO
y=¢&eR,
(note that y > 0).
If £ = 0, then
Vy, — 0 in LP(Q;R")
and so

Yo — 0 in WyP(Q)

(see (3.52)), a contradiction to the fact that |[y,|| = 1 for all n > 1.
If £ > 0, then
ur(z) — +co foralmostall z € Q.

Hence by virtue of hypothesis H(f)(iv) and Fatou’s lemma, we have

. Flzuy) F(z,u,) ,
HEIPOOLWdZ = nl—IEIDOLWy” dz = +oo. (3.54)
From (3.40) and (3.43), it follows that

< Mz Vnzl,

1
|4W@M—ijmDﬂ
P Q
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for some M3 > 0, so
1
wf‘F(z,u;)dz < My + ~ Vi1,
Q p

thus .
F(z,u, M 1
j‘(+)dz< B Ly
o lluill? ey ll? p
and so .
F ’
lim sup f @) o (3.55)
n—o+o0 JQ ”“;{”p

Comparing (3.54) and (3.55) we reach a contradiction. This shows that the sequence {u}},>1 C

W,l”’ (©Y) is bounded and so also the sequence {u,},>1 C W,;”’ (Q) is bounded (see (3.43)). Hence,
passing to a subsequence if necessary, we may assume that

U, — u weakly in W, (€),

u, — u in L'(Q).
As before (see the proof of Proposition 3.1), using Proposition 2.2, we conclude that
U, — u in WP(Q).

This proves that ¢} satisfies the C-condition.
Concerning the functional ¢_ we have the following result.

Proposition 3.3 If hypotheses H(f) hold, then ¢_ is coercive.
Proof. By virtue of hypotheses H(f)(iii) and (v), for a given € > 0, we can find 3, > 0, such that
fz,0) = @) +e)|P2¢ - B, foralmostall z € Q, all £ <0,

o)
1
F(z,0) < —(9(2) + &)lL|P + B:|¢] for almostall z € Q, all  <O0. (3.56)
P

Then, using Lemma 2.1, for every u € W,z’p (Q), we have

1
o) = WWWifRQMﬁ
1 °
&
> —wwpuxfwwa——ww—mwn
lf P Jao )4
> =l =Bl (3.57)

Choosing € € (0, &), from (3.57) and since p > 1, we infer that ¢_ is coercive.
Next we compute the critical groups of ¢ and ¢ at infinity.

Proposition 3.4 [f hypotheses H(f) hold, then Ci(¢,0) = 0 for all k > 0.
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Proof. Lety = ¢

@

. Nonlinear regularity theory (see e.g., Gasinski-Papageorgiou [14, pp. 737-

738]), implies that ¢ and ¢ have identical critical sets. Recall that the embedding C} Q) c W,i Q)

is dense. Invoking Proposition 16 of Palais [23], we have
Hy (W, (Q),¢%) = H(CLQ),y") YaeR, k> 0.
Let K C C}(Q) denote the common critical set. We choose
a < infe(K) = infy(K)

and we have
Ci(p, ) = H(W,"(Q),¢%) = H(W,"(Q),¢%) Vk>0

and
Cr(y, ) = H(CHQ), ¥ = H(CHQ),§") Yk > 0.

From (3.58), (3.59) and (3.60), it follows that it suffices to show that
H(CQ),y") = 0 VYk>0
and for all a < 0 with |a| large. To this end, we introduce the following two sets
0B
OB,

lueCh@: llul,_ =1},

()

{u € 0BS : u(z) > 0 for some z € Q}.

Consider the homotopy 4. : [0, 1] X 6B€ L an ,» defined by

(1 = Hu + fug
I(1 = B)u + fug|

Y(t,u) € [0,1] x B¢

1+

h+(ta u) =

@

(3.58)

(3.59)

(3.60)

where U is the L”-normalized principal eigenfunction of the negative Neumann p-Laplacian, i.e.,

— 1 —
ug(z) = T Vze Q.
1[5

‘We have -
Ug

heO,u) = u and hio(l,u) = ———.

! ’ I[doll

Cr(@)

This shows that the set an . is contractible in itself.
Choose u € an+ and let 7 > 0. Then

tP
o(tu) = —IIVMIIZ—fF(Z,tu)dZ
p Q

[P
= Zivair - f Fletu®) e — f Fle—tu™)de.
P Q Q

(3.61)
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Hypotheses H(f)(iii) and (iv) imply that, for a given 8 > 0, we can find ¢z > 0, such that
F(z,0) > gg“p —c¢p foralmostall z € Q, all { > 0. (3.62)
Also, hypotheses H(f)(iii) and (v) imply that we can find Sy > 0 and c9 > 0, such that
F(z,0) > —’%Ml” — ¢y foralmostallz e Q, all £ <0. (3.63)

Using (3.62) and (3.63) in (3.61), we obtain

t” pt? Bot” _
p(tu) < —|IVully = —Illu"ll; + =—llu"ll; + 1o
1; p p
t
< ;(IIVMIIﬁ = Bllu1ly + Bollully) + c1o, (3.64)

for some c19 > 0. Since u € 9B ,, we see that [[u*||, # 0. Since 8 > 0 is arbitrary, we can always
choose it such that

IVall, + Bollull, < Bllull

and so from (3.64), we infer that
p(tu) — —oco ast — +oo. (3.65)
In addition, hypotheses H(f)(iv) and (v) imply that there existﬁ> 0, M4 > 0 andy > 0, such that

PF(z.0) - f(z.0)¢ < —B¢° foralmostall z € Q, all £ > My, (3.66)
pF(z,0) - f(z,0)¢ < 7y foralmostallz € Q, all £ <0. (3.67)

Letue W,i’p (). From (3.66), (3.67) and hypothesis H(f)(iii), we have

f(pF(z, u) — f(z,wu)dz = f (pF(z,u) — f(z,u)u)dz
Q {u<0}

+ (PF(z,u) — f(z,wu)dz
{O<u<M, 4}
+ (PF(z,u) — f(z,wu)dz
{M14<u}
< cen-B u' dz, (3.68)
{M14<u}

for some c1; > 0. We consider the embedding i: C}l(ﬁ) — Wi’p (). We have
Y = gol,
s0, by the chain rule, we have

W) = i'¢'(u) YueClQ). (3.69)



798 L. Gasiriski, N. S. Papageorgiou

Let (-, -). denote the duality brackets for the pair (C! Q) c) (ﬁ)). Then, using (3.69) and (3.68), we

have

d
El//(lu)
e\ f Fletudz
Q

= l(IIV(tu)Ilﬁ— f f(z,tu)tudz)
t Q

< l(IIV(IM)Ilﬁ—pr(z,tu)dz+c11)
t Q
1

= ;(P‘P(m)+011).

By virtue of (3.65), we see that, if # > 0 is so large that ¢(fu) < —%, then

d
Ti) < 0.

From Proposition 3.3, we have
ygw = ygsa > —ci,
for some c2 > 0. Let
a < min{ - C12, —CL, igflﬁ},
BI
where

By = weClQ): ull, <1}

cl@

Because of (3.70), we can find a unique A(x) > 1, such that

Y(tu) >a it t €0, A(n)),
Y(tu) =a if t= ANuw),
Yltu) <a if t> Au)

and
v = {tu: uedBy

1+

t> Au)).

The implicit function theorem implies that 2 € C(9B¢ _;[1, +0)).

Let

C .
1+

D, = {tu: uedB{ ,t>1}.

1,+°

W), uy, = @' (tw),uy, = (¢ (tu),u)

(3.70)

(3.71)

Using the radial retraction, we see that dBf , is a retract of D, and D, is deformable onto 4B, in

c) (Q). Invoking Theorem 6.5 of Dugundji [12, p. 325], we infer that 0B , is a deformation retract

of D, . Hence
D, and 0B , are homotopy equivalent.

Next, consider the homotopy ’li : [0,1] X Dy — D, defined by

hy(s,tu) = { it 1> Aw).

(1 = s)tu + sAwyu if 1 € [0, A(un)),
tu

(3.72)
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Note that, using (3.71), we have
7,(0,) = id, h.(1,tu) € y* VtueD,

and .
hi(s, ), = id|,..

So, it follows that ¢ is a strong deformation retract of D, hence
D, and ¢“ are homotopy equivalent. (3.73)
From (3.72) and (3.73), it follows that
¥ and 9B{ , are homotopy equivalent

and so _ _
H(Co(Q),y") = H(Cp(Q).0B;,) VYk>0 (3.74)

(see Granas-Dugundji [18, p. 387]). But from the first part of the proof, we know that 9B | is
contractible. Hence

Hy(CH©Q),0B5,) = 0 Vk>0 (3.75)
(see Granas-Dugundji [18, p. 389]). From (3.74) and (3.75), it follows that
H(CYQ).y") = 0 Vk>0,

SO
Ci(p,00) = 0 Vk=0.

A suitable modification of the proof of Proposition 3.4 gives the following result.
Proposition 3.5 If hypotheses H(f) hold, then Ci(¢%, c0) = 0 for all k > 0.

Proof. From hypotheses H(f)(iii) and (v) (similarly as in (3.62)), we see that for any S > 0, we can
find ¢g > 0, such that

B+e

Fi(z,0) > ——(")" — ¢z foralmostallz € Q, all{ € R. (3.76)
p

Let
S, = {ue WyP(Q): |lull = 1, u* # 0}.

Then, for u € S ., we have

. P et .
@2 (tu) ;IIVMII,; + 7llull,, ~ Fi(z,tu)dz

N

tP
;(IIVullﬁ +ellully = (& +Bllu’lp) + ci3, (3.77)
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for some c¢y3 > 0. Since u € S, ||u*l|, # 0. Also, as 8 > 0 is arbitrary, we can choose 5 > 0 large
enough, such that
IVully + ellu”ll, < Bllutlly.

So, from (3.77), it follows that
¢5(tu) — —oo ast — +oo. (3.78)

Also, similarly as in (3.66), for all u € W,i’p (Q), we have
f (pFi(zouw) - fi(z,wudz) = f (pF(z,u) = f(z, wudz)
Q {u>0}

. f (pF(z,u) - f(z, wudz)

{O<u<M4}

' f (PF (o) — £z upudz)
{M14<u}

< cu-8 u” dz, (3.79)

{Mya<u}

for some cj4 > 0. Then, using (3.79), we have

d
— ¢ (tu)

1
= (@) (tu), uy = ;(ﬂ’“VuHﬁ + stl’||u||£ — f Si(z, tutu dz)
Q

N

1
;(tl’||Vu||Z + et |lull), - f PFi(z, tu) dz + C14)
Q

1
= ;(P‘Pi(m) +Cl4)s

So, for all ¢ > 0 large, such that ¢% (tu) < —%4, we have
d &£
E%“(m) < 0.

Let p < —<%, Then, we obtain a unique A, («) > 0, 1, € C(S ;) (from the implicit function theorem),
such that
e (Ae(wu) = n YueS,. (3.80)

Let
E, = {ue WyP(Q): u* #0)

and define

~ 1
1) = —A+(i) VuekE,.
(el \ el

Evidently ’/L € C(E,) and from (3.80), we have that
¢ (A (wu) = n YuekE,. (3.81)
Moreover, if ¢% («) = 1, then ’/L(u) = 1. We define

() = { ! it g <, (3.82)

L) if @Sw) > .
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Evidently A, € C(E). We consider the homotopy h: [0,1] X E, — E,, defined by
hotu) = (1 - Du+tA.u Y, u) € [0,1] x WH(Q).
Using (3.81) and (3.82), we note that
haO.u) = u, hi(Lu) € (@)

and a
he(t,u) = u Y(t,u) € [0,1] X (¢)".

This shows that (¢%)" is a strong deformation retract of E,, hence
E. and (¢%)" are homotopy equivalent,

SO
Hy(W,"(Q), E.) = H(W,"(Q), (¢5)") Yk > 0. (3.83)

Assuming with any loss of generality that the critical set K¥* of ¢° is bounded (otherwise we already
have a sequence of distinct positive solutions in int C; of (1.1) and so we are done) and choosing

. . : & Cl4
n < mm{mf(pi(K‘”), —7},

we have
H(W,P(Q), (¢5)") = Ci(gh,0) Yk >0 (3.84)

(see Section 2). Also, consider the homotopy %y: [0, 1] X E, — E, defined by

(1 = tu + fuy
ho(t, = —_—.
o = T
Note that .
Uo
ho(l,u) = —
’ ol
and so E. is contractible in itself. Hence
H(WP(Q),E.) =0 Yk>0 (3.85)

(see Granas-Dugundji [18, p. 389]). From (3.83), (3.84) and (3.85), we conclude that

Ci(¢5,0) = 0 Vk>0.

Remark 3.2 Such a result was first proved for p = 2 and for a nonlinearity bilaterally superlinear
(i.e., in both R, and R_) and satisfying the Ambrosetti-Rabinowitz condition, by Wang [28].

Proposition 3.6 If hypotheses H(f) hold, then u = 0 is a local minimizer of ¢ and ¢5.
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Proof. Letu € C,',(ﬁ) be such that ||u||cl@ < 09, with 69 > 0 as in hypothesis H(f)(vi). Then by
virtue of that hypothesis, we have

F(z,u(z)) < 0 foralmost all z € Q.

So, if u € C}(Q) with llull 5 < o, then

1
o(u) = —IIVullﬁ—fF(Z, uz)dz > 0 = ¢(0),
p Q

so u = 0 is a local C}(Q)-minimizer of ¢.
Invoking Proposition 2.1, we conclude that # = 0 is a local W,i”’ (€)-minimizer of ¢.
The proof for ¢7 is similar.
Now we are ready for the multiplicity theorem.

Theorem 3.1 If hypotheses H(f) hold, then problem (1.1) has at least three nontrivial smooth so-
lutions
up €intC,, v € —intCy, yo € Cl(Q).

Proof. From Proposition 3.6, we know that # = 0 is a local minimizer of ¢%. We may assume that
it is an isolated critical point of ¢%. Indeed, if this is not the case, then we can find the sequence
{ttp}us1 € WP (Q), such that

(@) (uy) =0 VYn>1 (3.86)
and
u, — 0 in WP(Q). (3.87)
From (3.86), we have
A(un)+‘9|un|p_2un = Nj.(un)s (3.88)

where
Ne)() = f(ou()) Ve Wy (Q).

On (3.88), we act with —u; € W,"”(Q) and obtain
IVu, I} + elluy |l = O,
sou, =0,1i.e.,u, > 0forall n > 1. Therefore (3.88) becomes
A(up) = N(up),

where
N@)() = f(u) Yue W, (),

SO

Ouy,
(;}‘1 = 0ondQ

{ ~Apity(2) = f(zoun(2)) in Q,
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(see Motreanu-Papageorgiou [22]). So, we have generated a whole sequence of distinct nontrivial
solutions {u,},>1 € C, (by the nonlinear regularity theory) of (1.1), which converge to u = 0 in
Wi’p (Q) (see (3.87)). Hence we are done.

Now, assuming that # = 0 is an isolated critical point of ¢% and reasoning as in Motreanu-
Motreanu-Papageorgiou [21, proof of Proposition 6], we can find o > 0 small, such that

¢50) = 0 < inf{l@) : llull = o} = n. (3.89)
Moreover, hypothesis H(f)(iv) implies that
¢5(c) — —co asc — +oo, c € R. (3.90)

Then (3.89) and (3.90) together with Proposition 3.2, permit the use of the mountain pass theorem
(see Theorem 2.1). So, there is uy € W;’p (), such that

@10) = 0 < 1y < @i(uo) (3.91)

and
(¢5) (ug) = 0. (3.92)
From (3.91), we have uy # 0, while from (3.92), we obtain

A(uo) + eluol’ug = N%(uo). (3.93)
As before, acting on (3.93) with —u; € W,:"’ (), we obtain that uy > 0, uy # 0. Hence
A(uo) = N(uo),

SO

{ —Apup(z) = f(z,up(2)) in Q,

P)
% = 0 on 4.

Nonlinear regularity theory (see Gasifniski-Papageorgiou [14, pp. 737-738]), implies that uy € C \
{0}. Moreover, if R > ||up||«, then by virtue of hypothesis H(vi), for almost all z € Q, we have

—Apug(2) + Erup@)P ™ = flz,u0(2)) + Erup()PT > 0,

)
Apup(z) < f;zeuo(z)”’1 for almost all z € Q

and using the nonlinear maximal principle due to Vazquez [26], we obtain
uy € intC,.

From Proposition 3.3, we know that ¢_ is coercive. Also, exploiting the compactness of the embed-
ding W;”’(Q) C LP(Q), we can easily check that ¢_ is sequentially weakly lower semicontinuous.
So, by the Weierstrass theorem, we can find vy € W,i”’ (Q), such that

¢_(vo) = infe_. (3.94)
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From hypothesis H(f)(vi), we know that there exists ¢y < 0, such that

p_(co) = —fF(Z,CU)dZ <0,

SO

¢-(vg) = infp_ < 0 = ¢_(0)
and thus

vo # 0.
From (3.94), we have
¢ (vo) = 0,
o)
A(vo) = N-(vo),

where

N-@)O) = f-(ou() Yue W," (@),
On (3.97) we act with v, € WP (Q) and obtain
IVvglly = 0,
s0, using (3.96), we have
vy (2) = vo(z) = & foralmostall z € Q,

with € € R, \ {0} and thus
p-(vo) = ¢-(&) =0,

a contradiction to (3.95). Therefore v(’; = 0 and so vg < 0. Hence (3.97) becomes
A(vg) = N(vo)
and so

(9\/()

{ —Apvo(z2) = f(z,v0(2)) in Q,
— =0o0ndQ.
on

(3.95)

(3.96)

(3.97)

Nonlinear regularity theory implies that vy € (—C) \ {0} and as before, using hypothesis H(f)(vi)

and the nonlinear maximum principle of Vazquez [26], we obtain

vg € —intC,.

Now assume that {0, uo} are the only critical points of ¢7. Indeed, if u ¢ {0, up} is another critical
point of ¢%, then reasoning as above, we can show that # € intC, and so it solves (1.1). Then
{vo, up, u} are three nontrivial smooth solutions of (1.1) (all of constant sing) and so, we are done.

Claim. Ci(p, ug) = 01Z for all k > 0.
We choose
po< @0) =0 <n < < ¢ilu)
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and then we consider the following triple of sets
@) C @) c W =W, Q.
For this triple of sets, we consider the corresponding long exact sequence of homology groups
J a.
o HGW (@0 — HlW, (09)) — Him (07, (00 .. (3.98)

where j, is the group homomorphism induced by the inclusion (W, (¢5)*) € (W, (¢5)") and 9, is
the boundary homomorphism. Using Proposition 3.5 and Proposition 3.6, for all £ > 0, we have

H(W, (¢2Y) = Cilgl, ) =0, (3.99)
HW, (00" = CileS, uo), (3.100)
Hi1 (D)7, (5Y) = Cre1(9,0) = 0112 = 6. (3.101)

From (3.99), (3.100) and (3.101), we see that in the long exact sequence (3.98), only the tail k = 1
is nontrivial. So, we focus on it and using (3.98)—(3.101), we have

rank Cy(¢%, uo) rank H, (W, (¢3)7)
= rankkerd, + rankimd,
rank im j, + rankim 9,

0+1. (3.102)

N

On the other hand, since u is a critical point of mountain pass type, we have
rank C(¢%, up) > 1. (3.103)

From (3.102) and (3.103) (and recalling that the critical groups are trivial for k > 1), we conclude
that
Ck(goi,uo) = 012 Vk > 0. (3.104)

We consider the homotopy A: [0, 1]: Wy”(Q) — W, "(€Q), defined by
h(t,u) = (1 =) + to5(u) Y(t,u) € [0,1] % W,i’p(Q).

As in the proofs of Propositions 3.1 and 3.2, we can check that for all # € [0, 1], A(z,-) satisfies
C-condition. Suppose that we could find two sequences {#,},>1 C [0, 1] and {u,},>1 C W,{’p (), such
that

u, — up in WP(Q), (3.105)
B (tyty) = 0 VYn>1.

From the equation in (3.105), we have

{ t, — t in]0,1],

AGty) + talun” 1y = (1= t)N(uy) + 6N () Y > 1,

SO
~Apttn() + 1D un(2)
= (1 = 1) f(z, un(2)) + o fE(z, un(2)) in Q, (3.106)
I _ 6 on 602

n
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(see Motreanu-Papageorgiou [22]). From (3.106) and due to hypothesis H(f)(iii), we know that we
can find M > 0, such that .
lunl < M Vn>1

(see e.g., Gasinski-Papageorgiou [14, p. 737]). Invoking Theorem 2 of Lieberman [20] (see also
Gasinski-Papageorgiou [14, p. 738]), we can find s € (0, 1) and M, > 0, such that

u, € C*(Q) and IIM,,IICLJ@ < My VYn>1. (3.107)

Recalling that the embedding C},’S(ﬁ) cC ,l,(ﬁ) is compact and using (3.105), we have
U, — uy in C,I,(ﬁ).

But we know that 4 € int C,, so we can find ny > 1, such that
u, € intC, VYn > ny.

Therefore for n > ny, u, is a solution of (1.1) (see (3.106)). So, we have produced a whole sequence
of distinct positive solutions of (1.1) and so we are done. Hence, we _may assume that there exists
r > 0, such that ug € int C, is the only critical point of {A(%, -)};cj0,1] in B(up), with

B(ug) = {ue Wy"(Q): |lu—uoll < r).

Invoking the homotopy invariance property of the critical groups (see e.g., Chang [4, p. 334]), we
have
Ck(h(03 '), uO) = Ck(h(ls ')9 MO) Vk > 03

SO
Cilp,uo) = Cr(¢f,up) Vk>0

and thus, from (3.104), we have
Ck(gD, Mo) = (5](,12 Yk > 0.
This proves the Claim.

Recall that vo € —intC, is a minimizer of ¢_ and ¢_| ., = ¢|..,. Hence vy is a local C}l(ﬁ)-

minimizer of ¢ and so by virtue of Proposition 2.1, it is also a local W,: "’(Q)-minimizer of ¢. There-
fore

Cilp,vo) = 6koZ Yk > 0. (3.108)
Moreover, from Propositions 3.4 and 3.6, we have
Ci(p,00) = 0 Vk=0 (3.109)
and
Ci(p,0) = 6koZ Vk>0. (3.110)

Suppose that {0, ug, vo} are the only critical points of ¢. Using the Morse relation (2.2), with t = —1,
we obtain
D'+2(-1" =0,

a contradiction. This means that there is another critical point yy of ¢, such that yo ¢ {0, ug, vo}. Then
Yo is a solution of (1.1) and nonlinear regularity theory implies that yo € C}(Q).
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