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Abstract

In the present article we study global existence for a nonlinear parabolic equation having a
reaction term and a Radon measure datum:

(p), =Apv = [, D+ @) +u in Qx (0, +00),
vix,t)y = 0 on 9Q x (0, +00),
v(x,0) = wvy(x) in Q,

where 1 < p < N, Q is a bounded open subset of RY (N > 2), Apu = div(|VulP2Vu) is

Isl

-1
the so called p-Laplacian operator, ¢(s) = [(l + E)p - l] sign 5., p(vp) € L'(Q), pis a
finite Radon measure and f € L*(Qx (0, 7)) for every T > 0. Then we apply this existence
result to show wild nonuniqueness for a connected nonlinear parabolic problem having a

gradient term with natural growth.

2000 Mathematics Subject Classification. 35K15, 35K55, 35B65, 35K65, 35K67.
Key words. Quasilinear parabolic problems, reachable solutions, problems with critical growth in the gradient, measure data and nonunique-

ness.

1 Introduction and statement of main results

In this paper we will consider two related problems. The first one is a doubly nonlinear parabolic
equation having a reaction term and a measure datum:

((p(v)), - A[? v
v(x, 1)
v(x, 0)

fl,H 1+ @) +u in Q X (0, +00),
0 on 0Q x (0, +c0), (1.1)
vo(x) inQ,

where Q is a bounded open subset of RY (N > 2), f € L®(Q x (0,T)) for every T > 0, Apy =
div (|Vv|p‘2Vv), with 1 < p < N, u is a Radon measure whose total variation is finite in Q X (0, T")
for every T > 0, and ¢(vg) € L'(Q). Here and in what follows

w(s) =

-1

(1+ st ) - 1] sign s. (1.2)
p—1

The related equation,

Apw = (wp_l)r

has been studied in [23]. The behavior of this equation is absolutely different, for instance the
homogeneity implies a classical Harnack inequality that is not true for (1.1).
The second one is a nonlinear parabolic problem having a gradient term with natural growth:

u—Ayu = |VulP + f(x,1) in QX (0,+00),
u(x,t) = 0 on dQ x (0, +0), (1.3)
u(x,0) = wuy(x) inQ.
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Notice that for p = 2, this equation is used to model some phenomenon in the physical theory
of growth and roughening of surfaces, where it is known as the Kardar—Parisi-Zhang equation (see
[21]). A modification of the above problem is studied by Berestycki, Kamin, and Sivashinsky as a
model in flame propagation, see [7]. We refer also to [5], [16], [14] and the references therein for
existence results to parabolic problems with gradient term.

Assume, for simplicity, that nonnegative data are considered, which imply that all solutions are
positive. If i = 0, then both problems are formally connected by means of the Cole—Hopf change of
unknown: v = (p — 1)(€ﬁ — 1) transform a solution u to (1.3) in a solution v to (1.1) and vice versa.

The main goal of this work is to analyze questions of regularity, uniqueness and non uniqueness
of solutions to problems (1.1) and (1.3). This was done, when p = 2, in [2] (see [1] and [22] for the
elliptic case). In that paper, it was proved that, if f > 0 and u > 0, then there exists a one—to—one
correspondence between solutions to problem

u—Au = |VuP+ f(x,1) in QX (0,+c0),
ulx,t)y = 0 on 9Q X (0, +0), (1.4)
u(x,0) = up(x) inQ.

and weak solutions to problem

vi—Av = fx,H(1+v)+u in Qx (0, +),
vix,ty = 0 on 0Q X (0, +00), (1.5)
v(x,0) = o™ 1] inQ,

via the change of variable v = ¢ — 1. Formally, if one takes a solution « of (1.4) and sets v = " — 1,
then v satisfies problem (1.5) with 4 = 0. This is what actually happens if one considers locally
bounded weak solutions of (1.4). However, if one considers an unbounded solution u of (1.4),
such that u € L*((0,7T); W(;’z(Q)), for all 7 > 0, then something subtler occurs, and a singular,
nonnegative measure y appears in (1.5). By “singular”, we mean that it is concentrated on a set of
zero parabolic capacity (see next Section) contained in the cylinder Q = Q X (0, +00). Viceversa,
if one takes a distributional solution v of (1.5), with y singular and nonnegative, then, by setting
u = log(1 + v), u becomes a weak solution of (1.4): the singular measure u vanishes in the change
of variable. This means that problem (1.4) has infinitely many weak solutions, which may have
prescribed singularities (since “u = +00” on the arbitrary set where u is concentrated).

Our aim here is to analyze if there is a similar wild non—uniqueness for problem (1.3) by check-
ing an analogous correspondence in the general case 1 < p < N. We begin by considering problem
(1.1) in Section 3. For any bounded Radon measure we define the notion of reachable solution or
solution obtained as limit of regular solutions to some approximating problems and we prove the
existence of a reachable solution, and in the case where u € L (Qr) an uniqueness result is obtained,
in this case through the entropy formulation.

Section 4 deals with the main multiplicity result, namely Theorem 1.2. In the case p = 2 these
results have been obtained in [2] where a complete classification of the positive solutions is obtained.
In the case p # 2 it is necessary to make precise the sense of the solutions that we consider. The
main idea is to consider a reachable solution v to problem (1.1) with a singular measure y and then
to use the Cole-Hopf change of unknown. This needs to be justified using the regularity of the
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reachable solution v. To this end, we will apply some additional properties of gradients of reachable
solutions, proved in Subsection 4.1.

In Subsection 4.3 we prove another multiplicity result by considering singular measures as initial
data, then the Cole—Hopf change of function allow us to reach a solution to problem (1.3).

In Section 5 we treat the inverse question, namely, given a solution u to problem (1.3), by using
the inverse of the Cole—-Hopf change, we get a reachable solution v to problem (1.1) obtaining a
precise measure ¢ which depends on u. We analyze some properties of this measure, it seems to be
an open problem to show that u is a singular measure with respect to the parabolic capacity.

In Section 6 we deal with some fine properties of solutions to problem (1.3), more precisely un-
der suitable hypotheses on p and ug, we prove the existence of a finite time extinction phenomenon.

Let us now summarize the main results of the article.

Theorem 1.1 If o(vy) € L'(Q), f € Ly ([0, 00); L*(Q)) and u is a Radon measure such that p or
has bounded total variation for every T > 0, then there exists a function v which is a reachable
solution to problem (1.1) (see Definition 3.2 below).

When u € Llloc((O, +00); L'(Q)), there is uniqueness of entropy solutions (see Definition 3.3 be-
low)

Theorem 1.2 Let u be a positive, singular (with respect to the parabolic p—capacity, see Definition
2.2 below) Radon measure in Qr such that u has bounded total variation for every T > 0.
Let f(x,t) and uy(x) denote nonnegative functions such that f € L;° ([0, c0); L™(Q)) and " €

loc
LY(Q). Consider v, a reachable solution to problem (1.1) with initial datum vy = (p — 1)(6"%‘ -1)
(see Definition 3.2 below), and set u = (p — 1)10g(p%1 +1). Then u € Lf;c([O, 00); W(;’p(Q)) N
C([0, ); LY(Q)) and is a weak solution of (1.3) with initial datum u.

Theorem 1.3 Let u € C([0, 00); LY(Q)) N L ([0, o0); W(i’p(Q)) be a weak solution to problem (1.3),

loc

where f € L7 ((0, 00); L*(Q)) is a nonnegative function. Assume that u satisfies

u (o]
e €L,

((0, +00); L'(Q)), (1.6)

then

Bu
er1 e’
loc

((0, +00); WiP(Q))  forall0 < B < ijl . (1.7)

If we setv = (p — 1)(61’%‘ — 1), it follows that v € Llloc((O, o0); LY(Q)) and there exists a bounded
positive Radon measure u such that v solves

(), =Apv=f+ev)+u inD(Q).

Moreover u can be characterized as a weak limit in the space of bounded Radon measures as fol-
lows:

1
u = lim Vuf? e/ 01 — m) inQx(0,T) forallT>0. (1.8)
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Remarks 1.1

1. Expressions v = (p — l)(e# — 1) define a correspondence between solutions to problem
(1.3) and solutions to problem (1.1) with a measure y which depends on u. Moreover if v
is a reachable solution to problem (1.1) with u a singular measure with respect to parabolic

capacity, then u = (p—1) log(

1 + 1) gives a solution to problem (1.3). Notice that if p # 2
p—
we don’t know if there is a bijection between measures in Theorem 1.2 and solutions.

2. We point out that uniqueness for problem (1.1) implies that there is indeed a bijection between
measures in Theorem 1.2 and solutions. Nevertheless, we are only able to see uniqueness for
problem (1.1) when the measure is absolutely continuous respect to cap, ,—capacity using the
techniques in [19] (see also [27]).

3. There exists a unique entropy solution to problem (1.1) when the initial datum belongs to
L'(Q) (see Theorem 3.3 below). So that if p = 0in Theorem 1.2, then the reachable solution
we found to problem (1.1) it is actually the unique entropy solution. As a consequence, the
associated solution to problem (1.3) is unique. Since this solution is the most regular solution,
it follows that there exists a unique most regular solution to problem (1.3).

4. Given u a solution to problem (1.3), consider v = (p — 1)(6# — 1) and then define

m= (M), = Apv—fx,) (1 + () inD'(Q).

Thus, the measure y is uniquely determined by u. Therefore, although we only show that (1.8)
is satisfied up to subsequences, we may state that (1.8), indeed, holds true.

5. In the case p # 2, our results are not as precise as those proved in [2]. Indeed, we do not
know whether every solution to problem (1.3) has the regularity required in (1.6) of Theorem
1.3. Moreover, even when this is true, we cannot prove that the measure y defined by (1.8) is
singular with respect to the parabolic capacity (see Definition 2.2 below).

2 Notations, definitions and useful results

Let Q be a bounded domain in RN with N > 1. We denote by Q the cylinder Q x (0, o); moreover,
for 0 < t; < tp, we will denote by Qy,, Oy, s, the cylinders Q X (0, t;), Q X (11, t2), respectively.

The symbols L4(€2) denote the usual Lebesgue spaces. We define Marcinkiewicz spaces M9(Q2)
as follows. For a measurable function f we set ¢ (k) = [{x € Q : [f(x)| > k}| where |E| denotes the
classical Lebesgue measure of E C Q. We say that f is in the Marcinkiewicz space M?(Q) if there
exists C > 0 such that ¢ (k) < Ck™ for every k > 0. Notice that in the case where Q is bounded,
then L7(Q) c M(Q) c L774(Q) for all € > 0.

We will denote by W(; “I(Q) the usual Sobolev space, of measurable functions having weak deriva-
tive in L9(Q) and zero trace on dQ. Moreover, we will denote by W=7 (Q) the dual space of Wé’q(Q).
Here ¢ is Holder’s conjugate exponent of ¢ > 1, i.e., é + qi = 1. Finally, if 1 < ¢ < N, we will
denote by ¢* = Ng/(N — g) its Sobolev conjugate exponent.
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If T > 0, the spaces L'(0, T'; LY(Q2)) are defined as follows:

L'(0T; L) = {u such that f T( f lu(x, t)|qu)§dt<oo}.
0 Q

It is clear that for ¢, » > 1, L"(0, T'; LY(€2)) is a Banach space equipped with the norm
T r 1
lleellzr0.7:29(02)) = ( f ( flu(x, t)lqu)"dt)’ )
0
Q

In the same way we define the space L"(0, T'; Wg “9(€Q)). We refer to [20] for more details.
For the sake of brevity, instead of writing “u(x, t) € L"(0, 7; Wol‘q(Q)) for every 7 > 07, we shall write
u(x,1) € L, (10, 00); Wy ().

loc
Throughout this paper, we will use two auxiliary real functions: given k > 0, we define

S, if |s| < k;
Ti(s) =
(s kS ifls > k:
Gi(s) =5 —Ti(s).

Next we will introduce the notion of parabolic capacity. In the case p = 2, the parabolic capacity
was defined by M. Pierre in [28]; Droniou, Porretta and Prignet in [19] generalized the definition of
M. Pierre for general p > 1. This notion will clarify the meaning of “singular’” measure.

Consider V = W(;’p (©Q) N L*(Q), endowed with the natural norm

Il = o, + 191l
Then for T > 0, we define the Banach space Wy by setting
Wz ={ueLP(0,T;V), u € LV (0,T; V')},
equipped with the norm defined by
lullw, = llullero.rvy + el o757
We remark that Wy < C([0, T1; L*>(Q)) with continuous embedding.

Definition 2.1 If U C Qy is an open set, we define
cap, ,(U) = inf {|ullw, : u € Wr, u = Xy almost everywhere in ~ Qr}

(we will use the convention that inf ) = +oo), then for any Borelian subset B C Qr the definition is
extended by setting:

cap, ,(B) = inf {cap, ,(U), U open subset of Or, B € U}.
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We refer to [19] for the main properties of this capacity. We observe that, if B ¢ Qr C Oy, then
the capacity of B is the same in Q7 and in Q7. Therefore we will not specify the value of 7 when
speaking of a Borel set compactly contained in Q7 for some 7 > 0.

We recall that, given a Radon measure p on Q and a Borel set E ¢ Q, then yu is said to be
concentrated on E if u(B) = u(B N E) for every Borel set B.

Definition 2.2 Let u be a positive Radon measure in Q. We say that u is singular if it is concentrated
on a subset E C Q such that

cap; ,(EN Q) =0, for every T > 0.

In the case where E' =]t;, o[XB, then cap; ,(E) = 0 if and only if capip(B) = 0 where cap‘l’,p is the

elliptic capacity defined in Wé”’ (€2). So any measure u concentrated on the set B X (0, +c0), where
B c Qs a borelian set with cap| (B) = 0, is singular with respect to the parabolic capacity cap .

3 Global existence for the parabolic problem with a Radon mea-
sure

We will consider the general problem

(M), = Apv J A +eW) +pu in Qx (0, +c0),

vix,t) = 0 on 0Q X (0, +c0), 3.9)
v(x,0) = wvo(x) in Q,
where p > 1,
w(s) = (1 + pli' 1)p_l - 1] sign s,

w(vo) € L'(Q), and for every T > 0, we have f € L*(Qr) and u is a Radon measure whose total
variation is finite in Q7.

This whole Section will be devoted to giving suitable definitions of solutions and to proving
Theorem 1.1.

3.1 Weak solutions

Definition 3.1 Assume that y € L, ([0, +00) : L¥(Q)) and ¢(vo) € L*(Q).
We say that v € L ([0, +o0); Wé’p(Q)) N L ([0, +00); L¥(Q)) is a weak solution to (3.9) if

loc loc

1. The function p(v) € C([0, +o0); L1 (Q)) for all g < oo (so that the initial datum has sense) and
satisfies ((v)), € LY ([0, +00); W17 (Q)).

loc

2. Forevery ¢ € L' ([0, +0); Wé’p(Q)) and every T > 0, the following equality holds:

loc

T T T T
f () ) + f f VU2V Vg = f f F(L+ o) + f f uo.  (3.10)
0 0 Q 0 Q 0 Q
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Theorem 3.1 Assuming u € Ly ([0, +00), L¥(Q)) and ¢(vy) € L¥(), there exists a unique weak
solution to problem (3.9) in the sense of Definition 3.1.

Proof. In [3], the authors find a function v € L ([0, +c0); Wé’p (Q)) such that

@(v) € L ([0, +00); L' (Q)), (¢(v)), € Lﬁm([o, +00); WL (Q)) and (3.10) holds, which satisfies the
initial datum in the following sense:

For every T > 0 and every ¢ € LP(0, T, W(;”’(Q)) N W0, T; L*(Q)) with ¢(T) = 0

T T
f (W), 9y + f f (1) — @(vo))p: = 0.
0 0 Ja

1. v e LY ([0, +00); L¥(Q))

We will check

2. ¢(v) € C([0, +00); L1(Q)), for all g < co
3. The solution is unique.

(1) In order to find an L*—estimate, we may follow the arguments in [17]. To this end, we fix
T > 0 and k > max{1,|[voll~}, and denote A; = {(x,1) € Qr : [v(x,t)| > k}. Givent € [0,T], by a
standard approximate procedure, we can take G(v(x, T))x[0,(7) as test function obtaining

f Hew(0)) dx f H(vo) dx + f f VG

; ff(1+<p(V))Gk(V)+f ka(V)H,

where Hy(s) = f ¢’ (0)Gi(0) do. On account of Hy(vy) = 0, it yields
0

tg{lngfHk(V(t))dX+f f|VGk(V)|p<f f |f|(1+|90(V)|)+|#|)|Gk(V)| (.11

Considering separately the cases p > 2 and 1 < p < 2, we may perform some manipulations in
(3.11) and prove, as in [17], that for every € > 0 there exists a positive constant C(€) such that

T
max f wi(x, 1) dx + f f [Vwil” < Cle) f (1wl e + &),
€[0.T1 Jo 0 Ja A

where wy is defined by
GVl ifp>2;
Wi =

PWMIPGWHP, ifl<p<2.

Now one follows the argument in [17] and deduces the required L™—estimate.

(2) The solution obtained in [3] is a limit of functions which are piecewise constant in the variable
t. Once this solution is obtained, consider the bounded function g = f(1 + ¢(v)) + i and, for a given
h > 0, approximate this g by a function g, which is constant in ¢ in each interval ((k — 1)h, kh)
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and here take the value gﬁ. Then we define v, as a step function in time which in the time interval
((k = 1)h, kh) takes the value V]Z obtained as the solution of the following elliptic equation:

(k) — (i)

- — A = g,

where v = vy, the initial datum.
In [6], Section 7, the following estimate is proved

llei) =ellr < lfi = Lol

where v; is a solution of ¢(v;) — Adiv (Vv;i|P2Vv;) = f;, with 4 > 0. Now following the proof of
Crandall-Liggett’s Theorem (see [12]), we have that those steps functions v, uniformly converge to
v and the limit satisfies ¢(v) € C([0, 00); L!(Q)). Since ¢(v) € L ((0, 00); L®()) NC([0, 00); L1 (Q)),
it easily follows that ¢(v) € C([0, +o0); L7(Q)) for all finite g.

(3) Assume that v is a solution with initial datum vy and w is a solution with initial datum wy.
Fix t > 0 and k > 0. Take %Tk(<p(v) — p(w)) as test function in the weak formulation of v, it yields

loc

f f (@) Telov) — W)y + — f f VP2V - VT (0(v) — o)
- f f AL+ 0(0) + ) Ti(o(v) — o))
0 Q
Analogously, we obtain
f f (W) Telp(w) — @) + ~ f f VWP 2V - V() — (1))
=2 f f AL+ () + ) Ti((w) — ¢()
0 Q
We add both expressions to get
1 f
: f f (@) — (W), T(ov) — p(w))
0 Q
i1 f f VP2V — (Vw2 V) - VTa(p(v) — ¢(w))
k 0 Q

1 3
) Ef f F@e) — o) Tile(v) —pw)) . (3.12)
0 JQ

In order to analyze the second term, we write it depending on ¢(v) and ¢(w), obtaining
(IVVP20y — [VwP=2Vw) - VTi(p(v) = p(w)) =

Vel Vel
((HW)D,, V)~ e Ve VT (60) ~ 0 2

|<1 FleD2 (1 + g 19 9T = g0
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Observe that the function s — W is Lipschitz—continuous, since its derivative is bounded
+ |s])P-
by |p — 2|, so that we deduce that
1

1
|<1 +leMDP2 (1 + [pw))r-2

|1Vl 9 T((v) - @)l

<Ip = 2e®) = eW)|IVeW)IPHVTi(e(v) = e(w))|
<klp = 2 [VeW)IP~ [V Ti(e(v) — o(w))|

holds in the set {|¢(v) — ¢(w)| < k}. Hence the elliptic term in (3.12) may be estimated as follows

= f f (Vv 2Vv = [Yw]P2Vw) - VTi(p(v) = (W)
kJo Ja

<lp-2| V)" [V(e() = o(w))|
{lg()—¢(w)l<k) y ]
<ip-2( [ o) ( [ V(60 - ¢upP)”
{lo(v)—p(w)|<k} {le(v)—p(w)l<k}

Observe that the right hand side in the above equation tends to 0 when k goes to 0, we will denote it
by writing w(k). Therefore, equation (3.12) becomes

] 3
z f f(so(v)t - QD(W)t, Tk(QD(V) — ‘,D(W)))
i
<t [ [ 16 - eoniceon - o + ot

< f f A1le) — )] + w(k)
0 Q

Hence, denoting Ji(s) = f T(o) do, it follows that
0

1 1
: f T () = gw() - ¢ f Je(e(v0) = p(wo))
Q Q

Sf flfl lew)) = W)l + w(k) ,
0 JQ

Letting k goes to 0, the following inequality holds:

f (D)) — p(w(D)] < f 16(v0) — @(w)] + [1flle f f o) — ()],
Q Q 0 Q

Finally, applying Gronwall’s lemma, we obtain

fg le(w(1) — pw(t))| < e/l fQ lp(vo) — e(wo)l

Therefore, vy = wy implies ¢(v) = ¢(w) and, since ¢ is increasing, v = w. |
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3.2 Reachable solutions

We now introduce the notion of reachable solution for parabolic equations with measure data. For
elliptic equations this notion was introduce in [18] to deal with solutions which can be reached by
approximation (see also [13] for a similar concept).

Definition 3.2 Assume that p is a Radon measure whose total variation is finite in each Qr and
@(vo) € LY(Q).
We say that v is a reachable solution to (3.9) if

1. Ty() € L ([0, +00); Wy () for all k > 0.

loc

2. f(1+ @) € Ly, ([0, +o0); L' ().

3. Forall t > O there exist both one-side limits lim,_,+ o(v(-, T)) weakly-* in the sense of mea-
sures.

4. o(v(-,1)) = @(vo(-)) weakly-* in the sense of measures ast — 0.

5. There exist three sequences {vy}, in Ly, ([0, +0c0); Wé’p(Q)),

{hatn in Ly ([0, +00); L¥(Q)) and {g,}, in L™ () such that each v, is a weak solution to prob-
lem
(@), = Dpva = [, (1 + @) + hy in Qx(0,+c0),
vo(x,t) = 0 on 0Q X (0, +0) , (3.13)
i(x0) = ¢ (gn(x) inQ,
and satisfying

(a) gn — ¢(v) in L'(Q).
(b) hniy as measures.
N+p
N+p-1
([0, +00); L'(Q)) and @(v,) — @(v) strongly in

(c) [Vvu|P72Vv, — |[Vy|P~2Vy strongly in Ly ((0, +0); L7(Q)) for 1 < o <

(d) The sequence {¢(vy)} is bounded in Ly,
N+p

0, W 1Q 1<
(10, +00): Wy /() for all 1 < q < 7—=.

loc

Remarks 3.1

1. As a consequence of (5) (d), we obtain ¢(v) € L® ([0, +c0); L'(Q)).

loc

2. The estimates stated in Proposition 3.1 bellow imply that every reachable solution v satisfies
(a) P e LP(0,T; Wl‘p(Q)) forall0<B<(p—-1)/p
(b) ¢(v) € LT (0, 00); L7(Q)) for all | < o < 2*2
© [, ks < oo foralla > 0.

+|v|)n+l
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3. Since each v, is a solution to (3.13) in the sense of distributions, letting n go to oo, it follows
that a reachable solution to (3.9) is always a distributional solution.

4. Furthermore, (3) and (4) in the above definition allow us to give sense to good representatives
of the solutions (that is, solutions can be defined for fixed r > 0). As a consequence, different
weak formulations can be stated (see Corollary 3.3 below).

We will now prove the existence of a reachable solution to problem (1.1).

3.3 A priori estimates

Let us consider the following approximating problems:

(X, 1) 0, (x,1) € 0Q X (0, 00), (3.14)
Va(x, 0) © 1 (gn(x)), x€Q,

{ en)i = Bpvn = f(L+00n) +ha,  (x,1) €0,

where g, — (o) strongly in L'(Q) and A, — u in the weak-* sense in Q. The existence of weak
solutions to these problems follows from Theorem 3.1.
The following Lemma can easily be proved by approximation.

Lemma 3.1 Let u € L”(0,T; Wé’p(Q)) satisfy o(u); € LV (0, T; W= (Q)), where ¢ is defined by
(1.2). Assume that ¢(s) : R — R is a locally Lipschitz—continuous function such that $(0) = 0.
Then, if we define

D(s) = fo () (o) dor, (3.15)

the following integration by parts formula holds:

f <90(u)t’ ¢(u)>W*‘vF'(Q),Wd"’(Q) dr = js; O(u(x, 1)) dx — \fg; O(u(x, 1)) dx, (3.16)
forevery0 <t <t

Proposition 3.1 Let {v,} be a sequence of solutions of the approximate problems (3.14) and let T >
0. Then, for each 0 < B8 < (p— 1)/ p, the sequence {|v,|P}, is bounded in the space LP(0,T; W(;"”(Q)),
and the sequence {@(v,)}, is bounded in the space L™ (0, T; L'(Q)) N L0, T; WH4(Q)) N L7 (Qy) for
all1 <g< %andforalll <o < %

Moreover,

[Vv,|?
0 W <C foralla > 0. (3.17)
T n

Furthermore, the sequence {|Vv,|}, is bounded in M9(Qr) for all g = Nepp=) {vp}, is bounded

N+p-1
in M7 (Qy) for all o = W.
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Proof. We will begin by proving several basic estimates.
Consider ¢x(v,,) = Tx(Vi)x (0, Withk > 0and 0 < ¢ < T, as test function in the weak formulation
of (3.14). Then, using Lemma 3.1, we have

fq)k(vn(x,t))dx—f®k(¢_l(gn(x)))dx+f VT (wa)l”
Q Q O

<k . IF1CL + le(va)D) + klul(Q0) . (3.18)

where Oy (s) = fos Ti(0) ¢’ (0)do (note that this defines an even, nonnegative function). Since
D (s) < klp(s)|, it follows from (3.18) that

f Dk (vu(x, Dldx + | VTR’ < ck [ (1 +lewa)l) + ck. (3.19)
Q Qf QI
Now, dropping a nonnegative term, dividing by k and letting k goes to 0, it yields
[ wooniar<e [ e
Q O
Thus, Gronwall’s Lemma implies that
sup f lo(vu(x, )ldx < C. (3.20)
1€[0,71 JQ
Moreover, going back to (3.19) we get
VT (v)IP < Ck. (3.21)
Or

In order to prove the next estimate, we define ¢(s) = (1 — (1 +|s[)™) sign s, with 0 < «, and we
take ¢(v,)x(0,r) as test function in the approximating problems. Then we reach the inequality

f ®n(T)dx - f O (gn)dx +a f _Ivwl
Or I+ |Vn|)a+1
i (3.22)

Q
< fQ I+ o) +

where @ is defined by (3.15). Hence, disregarding a nonnegative term and having (3.20) in mind,
(3.17) follows.

Observe thatif 0 < @ < p — 1 and we define auxiliary functions by 1 +w, = (1 + %)ﬂi, then
(3.17) becomes

f|Vw,,|pSC foralln e N,
T

-1
and so the sequence {|v,|’}, is bounded in L*(0, T’; W(;”’(Q)) forall 0 <8 < P—_
p
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Next, we are going to estimate the sequence of approximate solutions in Marcinkiewicz spaces
following the arguments in [4], but we remark that the procedure introduced in [11] could also be

1
applied when p > 2 — Nol Observe that one obtains from (3.20) and the definition of ¢ that there

exists a positive constant C such that

C
fxe Q : v,(x,0)| > k}| < i for almost all t € [0,T], allk >0and all n € N. (3.23)

On the other hand, by Sobolev’s inequality and (3.21),

! : T T P\l
f (tx € Q : e, nl = K" dr < f (;) dt
0 0 kP

T VT, (x, O C
scf ”"(k—i))””dtsﬁ forallk>0andalln e N. (3.24)
0

Therefore, (3.23) and (3.24) imply the following estimate

{(x,0) € Or = [valx, )] 2 K}l

T
- f (xeQ : Wl =KD" ((x e Q & a0l = KI) dr
0

C VN, C c
g( ) ( )=— forallk>0andallneN. (3.25)
k

1 —1 (P=D(N+p)
kP kr T

A similar estimate for the gradients is now easy to obtain. Indeed, for every &, k > 0, we have

[{(x,1) € Or : [Vvu(x, D) > hl)

<N, € O & e, DI 2 k) + [{(x, 1) € Or = [VTi(va(x,0))| = A

c VT ()P c  Ck
(p—l;leer) ’ hp < k(,,,l),ilm,z) h_p P
and taking k = hN/N+P=D it yields

C

{(x, 1) € Or @ |Vvu(x,0)| = h}| < m forall > 0andalln e N. (3.26)

It follows from (3.25) and (3.26) that the sequences of approximate solutions and their gradients
are bounded in some Lebesgue spaces:

N -1
vl <C forall 0 <p< NFPP D (3.27)
or N
-1
Vil <C forall0< < N FPP D (3.28)

or N+p—1
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N+p.

When p > 2, it leads to an estimate of the sequence {¢(v,)}, in LI(0, T; WH4(Q)) forall 1 < ¢ < Vil

indeed, by Holder’s inequality,

[Val \ap-2)
et = [ (14w

qlr [Val V(e DT
<([ 1) (f (1+ 11)rq<p =)ol
Or Or I

Or

rqp-2 (N+plp-1)

and it follows from (3.27) and (3.28) that we have an estimate whenever N
r—q

N+p)p-1),
N+p-1
work and we need a different approach. Let A be a fixed positive number to be determined. Then

V17
f Vel = f s

Vvl [Val \4
= f,,, (1 R M)q(z_mﬂ(l + P 1)

p-1
Vv, |P qlp SN NGl
S(f |V|(2_)M) (f (1+_|v|l)p4) .
v \PC-P)+E p—
L
By (3.17) and (3.27), the right-hand side is bounded if we check
{ﬂZpHM>1

P Waplp-)
r=q N

N +
andg <r < ; that is, when ¢ < v +11). If 1 < p < 2, then this argument does not

- DN N
Taking A = w, the above inequalities hold if and only if g < i p. So in any case
p(N+1) N+1
the sequence {¢(v,)}, is bounded in LI(0, T; W'4(Q)) forall 1 < ¢ < x:’l’ [ |

We remark that it also follows from (3.28) that the sequence {|Vv,|’~'}, is bounded in L7 (Qr)
foralll < o < N;’_’ -. The equations (3.14) then give us an estimate of {(¢(v,)),} in L'(Qr) +

N+
L7(0,T; W= (Q)) for some o > 1. Since {¢(v,)} is bounded in L(0, T’; W4(Q)) for some q>1,
applying a result by Simon (see [32]), we obtain that the sequence {¢(v,)}, is compact in L'(Qr)
and so we may extract a subsequence (also labelled by n) such that ¢(v,) converges pointwise to a
measurable function. Therefore, there exists a measurable function vy such that v, — vy a.e. in Q7.
Applying a diagonal argument we obtain a measurable function v such that

Vv, >V ae. in Q. (3.29)

Moreover, the pointwise convergence and estimate (3.21) implies that the same subsequence
satisfies

Ti(vy) = Ti(v)  weakly in L (0, 00; W, 7(Q)), (3.30)

loc
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for all k > 0.
Finally, we also point out that (3.27) implies an estimate of the sequence {¢(v,)}, in
LT ((0,+00); L7()) for all o < 22 So, by (3.29), it satisfies

loc

o(v,) = @(v) strongly in L7 ((0, +c0); L7 (Q)) (3.31)

loc

foralll <o < % In particular, we deduce that

S +evy) = f(+ @) strongly in Ll ([0, +c0); L'(Q)). (3.32)

loc

3.4 Pointwise convergence of the gradients

In this subsection we are going to see that the sequence of gradients {Vv,}, converges to Vv pointwise
in Q. As a consequence we will obtain that the sequence {v,}, satisfies condition (5) (c) in Definition
3.2.

Proposition 3.2 Let {v,}, be a sequence of solutions of the approximate problems (3.14). Assume
that this sequence converges pointwise to a measurable function v and that (3.30) holds. Let T > 0
and k' > 0. Then, up to subsequences,

VT (v,) = VT (v) almost everywhere in Qr . (3.33)
As a consequence of diagonal arguments, we also obtain

VT (vy) = VT (v) almost everywhere in Q Yk >0, (3.34)
Vv, = Vy almost everywhere in Q. (3.35)

Proof. To begin with, fix ¥’ > 0 and T > 0, and denote k = ¢(k’), w, = ¢(v,) and w = ¢(v). By
(3.29), we already know that
W, > W a.e.in Qr.

Vil

al )HVTkwn = VTyv, and (1 +
p—1
almost everywhere of VT;w, in Q7 implies the same convergence of VT v,. Thus, our aim will
be to prove that the sequence {VT;w,}, converges to VTw pointwise in Q7. To this end, some
preliminaries are necessary. We have to introduce the time—regularization of functions due to Landes
(see [24], [25]). For every v € N, we define (Tw), as the solution of the Cauchy problem

2—
We point out that (1 + ] ) " 0, so that the convergence

1
;[(Tkw)v]t + (Tw)y = Tyw;

(Tw), (0) = Tk(gv)
Then, using the assumptions on the approximations of the initial datum, one has:
(Tyw), € LP(0, T; Wy () (Tw) )i € LP(0, T Wy (),

I(Tew)llz=cor) < NTxwllz=o,) < k,
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and as v goes to infinity

(Tww), — Tyw strongly in LP(0, T’ W(;’p(Q)).
From now on, we will denote by w(n, v, €) any quantity such that

lim lim sup lim sup |w(n, v, &)| = 0.

"
£20" 00 n—oo

If the quantities we are dealing with do not depend on some parameters, we will omit them. So
w(n,v) will denote a quantity which goes to zero as first n and then v go to infinity, and w(v) will
denote a quantity which goes to zero as v goes to infinity. On the other hand, w”*(n) will denote a
quantity which goes to zero as n goes to infinity, for every fixed £ and v. Moreover, observe that

o) = (= D|(1+1s)7 - 1} sign s,

and so
(@9 =(1+Is) .

As a consequence, the problem satisfied by w,, is the following
wa)e = div (14wl P (Vwa P2V, ) = £ (14 wy) + hn, (x,1) € O,
wu(x, 1) =0, (x,1) € 0Q % (0,T), (3.36)
wa(x,0) = gu(x), x € Q,

with g, — (vo) strongly in L'(Q) and h,, — u in the weak-* sense in Q.

We are now able to begin with the proof. The first step consists of proving the estimate (3.40)
below. Taking Te(w, — (Tyw),) as test function in (3.36), we obtain

T
f(; (W s Te(wy, — (Tyw),)) dt
’ f (1 * |W”|)2_p |an|p_2VWn : VTS(Wn - (TkW)v)
Or

= fQ fA + w)Te(w, — (Tyw),) + fjg‘ hy Te(wa — (Txw),).

We will analyze the integrals which appear in the previous equality.

Integral : We will see that

> wn, v, e). (3.37)



750 B. Abdellaoui, A. Dall’Aglio, 1. Peral, S. Segura

Indeed,
T
f <(Wn)t 5 Ta(wn - (Tkw)v» dt
0
T
= l}‘ <(Wn - (Tkw)v)t 5 Ts(wn - (Tkw)v)> dt + f ((Tkw)v)t Ts(wn - (Tkw)v)
Or
- fg Joow(T) = (Tow)(T)) dox - fg Ju(gn - Tigy) dx
vy f (Tow = (o)) Tolw — (Tw),)
Or

=[A1]+[A2]+[A3],

where
Je(s) = f T.(o)do .
0

Note that

0<Jg(s) <es.

Therefore the first integral is nonnegative. On the other hand, as far as the integral is
concerned, we can write

0< f Je(gn — Trgy) dx
Q
- fg Jo(p(v0) — Tagy) dx + @"(n)
- fg T (p(v) — Teg(v)) dx + & (n,v)
< sf o) dx + w(n,v)
Q
=w(n,v,e).
Finally

. f (Tew = (Tew),) Tolw = (Tew),) + 0™(n) > **(n).
Or

Indeed, the function in the last integral is always nonnegative (this is obvious on the set where
[w| < k, while on the remaining set this follows from the inequality |[(T;w),| < k). Therefore (3.37)
is proved.

Integral : In this step, we will prove that

2
B> f f T (w) - VTL(Tx(w) = (Tow)) + v (338)

{lwn|<k} (1 + |Wn|)p 2
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Indeed,
= ff (1 + Wl IV TP 2V T (W) - VTo(Ti(w) — (Tew),)
{lwn|<k}
+ ff (1 + |Wn|)27p|vwn|p_2vwn . VTE(WH - (Tkw)v)
“W)l‘>k}
= ﬂ (1 + w2 IV TP 2V T (W) - VTo(Ti(wy) — (Tow),)
{lwn|<k}

- ff (1 + wal)> P [VWal? 2V, - V(Tiw), .
{wal>k, w,—(Trw),|<e}

Since [|(Txw), |l < k, the last integrand is different from zero only on the set where |w,| < k + €.
Therefore the last integrand is bounded by

c1(k, p) [ff |VTk+.sWn|p] [ff |V(Tkw)v|p)([|wn|>k]}
0 0

ff |V(Tkw)v|p/\/{|w,,|>k|]

LJJO

=k, p,e) ff [V (Tw) |PX ik
LJJO

=cy(k, p, &) ff VT wlPX ik
LJJ O

Here we have used the a.e. convergence of X/, >k t0 X{jwj>ky @5 n — +oo, which holds for all &
except a countable set (see for instance [10]).

Integrals : These terms are easy to estimate, since f € L*(Qr), and both sequences {1 + w,},
and {h,}, are bounded in L' (Q7). Hence,

< alk, p. €)

»
+ w’’(n)

»
+ w®(n,v) = W¥(n,v).

<ce, (3.39)

for some positive constant ¢ only depending on the parameters of our problem. Therefore, our

analysis of the terms , and yields the following estimate

ff (1 + T ))* P IV T w2V Ti(wy) - VTo(Tiw, = (Tyw), )

0
- f (1 + Wwal) IV T P2V Tiw) - VT o — (Tiw),) (3.40)
{Iwn|<k}
< w(n,v,e).
We now define the function
(1 +|s)>PlepP2¢, if|s| < k;
ar(s, &) = (3.41)
(1 +k)>PiEgr2e,  if|s| > k.
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Observe that —div a;(«, Vi) supply us a Leray—Lions type operator defined in the space

LP0,T; Wé’p(Q)); to see it, we just have to consider separately the cases | < p <2 and p > 2.
With this notation, our next step is to see that estimate (3.44) below holds true. We remark that,

on account of (3.41), the inequality (3.40) becomes

f f ar(Tr(wn), VTr(wn)) - V(Tiwn — (Tew ) )X (T 0w ~(Towy <8} < W@, V, €) . (3.42)
This implies that
f fQ (T, VT3 0m)) - V(T = Tt o

= f f ar(Trwn), VT (wy)) - V(Tiwn = (TaW) X (T 0w ~(Tow), 1<e)
,

+ f f a(Te). VT 0,)) - V((Tew)y = Tow ot <o
,

< w(nve)+ f fQ G (Te09), TTe0)) - V((Tew)y — T (i <ol -
,

Thus, since {ay(Tx(W,), VT(wy,))}, is bounded in L” (Q7) and V(Tyw), — VTw strongly in LP(Q7),
it follows that

[ axCron. 910 - 9T, = T = 050,
Therefore, we have obtained
I 000 973000 ¥ T sz < vl e G4
T
On the other hand, we have that

ff ak(Tk(Wn), VTkW) : V(Tkwn - TkW)X{ITk(w,,)—(TkW)V\sa} = LUV’E(”) 5
T

since ai(Tp(wy), VTxw) — ap(Ty(w), VT,w) strongly in L” (Qr) and VTyw, — VTiw weakly in
LP(Qr). So we deduce from (3.43) that

(a(Tk0wn), VTewn)) = a(Tiwy), VTiw)) - V(Tiowy = Tew)
(ITk(wn)—(Trw)y <€}

<w(,v,e). (3.44)

Denoting ¥, = (ak(Tk(w,,), VTi(w,) — ar(Ti(wy), VTkw)) - V(Tyw, — Tyw), we have seen that

f f Vo < 0, v, 8). (3.45)
(T (wn)—(Tiw)y|<e}
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Our aim is to prove that, for fixed0 < 6 < 1,

lim ff P =0. (3.46)
n—oo QT ”

To see this, we consider that £ > 0 is such that

XUTeOw)=(Tew)l>e) = XUTeon)~(Tew) &) strongly in L(Qr),Vp > 1. (3.47)

Since almost every € > 0 satisfies that condition (see [10]), we will assume that & tends to 0,
satisfying (3.47). Now we split the integral in (3.46) into two parts.

0 6 6
[w-[[  wef[  we ow
T {Tkwn)—(Trw)yI<e} (ITkwi)—(Trw)y|>€}

Applying Holder’s inequality the first integral may estimate taking (3.45) into account

0
4 1-6
ff LPn,k S |QT| < ff lyn,k) = C()(n, V’ 8) ’
Tk (wn)—(Tiw)y|<e} {(ITe(wn)—(Trw),|<e}

As far as the second integral in (3.48) is concerned, we apply that {‘I‘Z }n 18 bounded in LY°(07)
and X (7,0~ (T, l>e) = X{Tion-(Tony ¢ Strongly in LY1=9(0r); so that

ff ‘szk =w(n,v).
(T (wn)—(Tiw), >}
ff ‘I’Z’k < w(n,v,e).
Or

Having in mind that ¥, ; > 0, we get f f ‘P’ik = w(n,v, &) and so (3.46) holds true.

Therefore, we deduce that

T
In summary, we have proved that

. 0
tim [[[ (@@, 72000 = (i), TT00) - 9T, = T =0,
n—oo QT

where 0 < 6 < 1 and the function g, defines a Leray—Lions type operator. It is well known (see [10])
that this implies that VT,w,, — VT;w almost everywhere in Qr, as desired. [ |

Corollary 3.1 Let {v,}, be a sequence of solutions of the approximate problems (3.14). Assume that
this sequence converges pointwise to a measurable function v and that (3.30) holds. Then

[Vv,[P2Vv, — |Vv[P=2Vv strongly in LY. ((0, +00); L7 ()

loc

N+p
N+p—-1°

forall1 <o <

Proof. This result is a straightforward consequence of (3.28) and the pointwise convergence of the
gradients. |



754 B. Abdellaoui, A. Dall’Aglio, 1. Peral, S. Segura

Corollary 3.2 The following equality holds

T T
—fammmnmm:fj}mq+f~ﬁwwwwm>
Q 0 Jo 0 Jo
T T
=f ff(1+<,o(v))<l>+f f@dy, (3.49)
0 Q 0 Q

for every T > 0 and every ® € C”(@T), with ©(-,1) € Co(Q) forall t € (0,T) and O(x,T) = 0 for
all x e Q.

Proof. Just take such a @ as test function in (3.14) and apply g, — @(vo) strongly in L'(Q), h,, — u
in the weak-* sense in Q, (3.31), (3.32) and Corollary 3.1. |

3.5 Continuity in the time variable

This subsection is devoted to prove (3) and (4) in Definition 3.2. Denoting by Co(£2) the space of all
continuous functions # : Q — R satisfying u| 50 = 0, we recall that the dual space of Co(€2) is the
space of all Radon measures on Q with finite total variation. So, we will see that

For every T > 0, there exist lir}{ f ev(x, 1))p(x)dx. (3.50)
—1= Q
ll_i}g)q fg e(v(x, D)P(x) dx = L e(vo(x))p(x) dx, (3.51)

for every ¢ € Cy(L2). We obtain them as a consequence of the following claim.

Lemma 3.2 Let T > 0 and ¢ € C;(Q) be fixed. Then the function defined by

&) = fg e(v(x, 1)p(x) dx

is of bounded variation.

Proof. For every ¢ € C;(0,T) such that [/l < 1, we take ®(x, 1) = ¢(x)y(¢) as test function in
(3.49) getting

T T
—f fgo(v(x, ))p(x) Y’ (1) dxdt+f fIVv(x, t)lp_ZVv(x, 1) - Vo(x) u(t) dx dt
0 Jo 0o Ja
T T
= j; fg;f(x, (1 + e(v(x, 1)))p(X(1) dx dt + fo L PCOY() dy .

Thus,

T
< f f IVv(x, )P~ Vé(x)| dx dt
0 Q

T T
+j‘fvaUmemmwmwm+ftfwmw=M,
0 Q 0 Q

T
fo EOY' (D dt
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for every ¢ € C;(0,T) such that /]l < 1. Hence, & is a bounded measure on (0,7) and & is a
function of bounded variation. [ |

As a straightforward consequence of Lemma 3.2, we obtain:

Fixed T > 0O, there exists lir;l ftp(v(x, N)P(x)dx, forall ¢ € C7(Q). (3.52)
=T+ Jo
There exists lir(r)l f e(w(x,D)p(x)dx, forall p € CJ(Q). (3.53)
—0* Q

Now let ¢ € Co(€2) be fixed. To see (3.50) and (3.51), consider a sequence ¢, € C’(Q) such that
¢, — ¢ uniformly on Q.

Proor oF (3.50). Recall that (3.52) implies that there exists

L: = lim f o((x, ))pp(x) dx . (3.54)
t—1= Q

Limit (3.50) will be obtained by applying the uniform convergence of ¢, to ¢. We begin by observing
that the sequence {L}, is a Cauchy sequence since

Ly — L] < ¢ — dmlloolleO)l1o0.741:21 )

and {¢,}, is a Cauchy sequence. So that there exists L* = lim,_,c L.
Given € > 0, fix n € N big enough to have

€
1 = PimlleolleW zo0,7+1:01 ) < 5
for all m > n. Hence, |L} — L*| < €/2 and

| f V(. D)) dx - f PV 1) (1) | < .
Q Q

Therefore,

+€,

| fg e(v(x, ))(x) dx — L*| < | fﬂ e(v(x, )y (x)dx — L

so that (3.50) follows from (3.54). [ ]

Proor oF (3.51). As in the previous proof, it follows from (3.53) that there exists

Ly = lirglf(p(v(x, N)p(x)dx . (3.55)
—=0* Jo

So, to prove (3.51), all we have to see is

Ly = fg @(vo(x))(x) dx . (3.56)
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For each n € N, we consider the function defined by &,(7) = f e(v(x,1))p,(x) dx and the set
Q

E, ={t € (0,+00) : tisnotaLebesgue point of &,}.

Denoting E = (U2 | E,) U {t € (0,+0c0) : |u|({t} x Q) > 0}, we have that E is a null set. Let ¢ ¢ E,
fix € > 0 and consider the real function defined by

1, if0<s<t;
ne(s)=1{ Le—-s)+1, ift<s<t+e; (3.57)
0, ifs>r+e.

Making a standard approximation procedure, we may take ®(x, s) = ¢,(x)n.(s) as test function in
(3.49); it yields

1 I+€
- f @(vo(x))pu(x) dx + — f f e(v(x, 5))n(x) dxds
Q € Jr Q
+ f f Ne(IV(x, IP2V(x, 5) - Vb (x) dx ds
0 Q

= f(; fg ne($)f(x, s)(1 + o(v(x, $)))pn(x) dxds + jo‘ fg ()G (x)du. (3.58)

Since t is a Lebesgue point of &,, we have

lim lj‘t%f‘ga(v(x, ou(x)dxds = f(p(v(x, 1))pn(x)dx .
€ J; Q Q

e—0*
lim sup | f f 7e(8)bu () dpt - f f $u(x) |
e—0* 0 Q 0 Q

On the other hand,
< lim sup Il |uel((2, 2 + €) X Q) = 0
e—0*
since ﬁ ((t,t + €) x Q) = 0. Thus, it follows that

>0
lim f f Ne($)pa(x) d = f f Bu(x) dpt.
€ 0 Q 0 JQ

Letting € go to 0 in (3.58), we obtain
fg @(v(x, D) ¢n(x) dx - fQ @(vo(x))¢pn(x) dx

+ f f IVv(x, $IP2Vv(x, 5) - Vu(x) dxds
0 Q

=fff(x,s)(l+<,o(v(x,s)))¢n(x)dxds+ff(bn(x)du. (3.59)
0 JO 0 Jo
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The next step is let ¢ ¢ E go to 0. Observe that it follows from m ((0,1) x Q) = 0 that

>0

lim [41((0, ) x ©) = 0,
t—0*

3
m{ff%mwza
t—0* 0 Q

Therefore, we may let r ¢ E go to 0 in (3.59) and get

and so

lim Q¢(V(x,l))¢n(x)dx= L @(vo(x))n(x) dx.

t—0

t¢ £

The uniform convergence of ¢, to ¢ implies that

lim fg e(v(x, 1)(x) dx = fg P(vo(x))d(x) dx .

t— 0"

t¢ E

Finally, it follows from (3.55) that (3.56) holds, so that (3.51) is completely proved. [ |

Proposition 3.3 Denoting by o(v(x, T)) and o(v(x, T™)) the one—side limits
lim;7+ @(v(-, 1)), the equalities

T
fqmﬁmqnnm—fqmmwxwuiff}wq
Q Q 0 Q

T T T*
+f\ﬁWWWmef‘fﬂuww@+f f@@,em)
0 Q 0 Q 0 Q

hold for every T > 0 and every ® € C'(Q x (0, T)) such that ®(-, 1) € Co(Q) for all t € (0, T1.

Proof. We prove that equation (3.60) holds for the right—side limit. Consider € > 0 and the real
function defined by

1, if0<s<T;
1

M) =0 —(T-s5)+1, ifT<s<T+e; (3.61)
€
0, ifs>T+e€.

For every ® € C'(Qy), we extend it to Q7. by defining ®(x, s) = ®(x, T) for s € [T, T +€]. Making
a standard approximation procedure, we take n.(s)®@(x, s) as test function in (3.49), replacing 7 with
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T + €. Then we obtain

T+e T
— f e(vo(x))D(x,0)dx + 1 f f ev(x, s)D(x, T)dxds — f f (v)D;
Q € Jr Q 0 Ja

T+e
+ f f ()| Vv(x, s)|p_2Vv(x, s) - VO(x, s)dxds
0 Q

T+e T+e
= f f () f(x, $)(1 + @(v(x, $))D(x, s) dxds + f f Ne($)D(x, s) du.
0 Q 0 Q

Next we may argue as in the proof of 3.51 to let € go to 0, which yields (3.60) for the right—side
hml’i;o prove that equation (3.60) holds for the left—side limit, the same argument works. We just
have to consider € € (0, T') and, instead of (3.61), the real function defined by
1, if0<s<T-¢;
ne(s)={ LT -e-s)+1, ifT—e<s<T;

0, ifs>T.

3.6 L' case: entropy solutions

In this subsection, we define entropy solutions to parabolic equations to get uniqueness of solutions
with L'-data. This formulation was introduced in [6] for elliptic equations, and then extended to
parabolic equations in [4] and [30]; a different formulation for parabolic equations, called renormal-
ized solution, was introduced in [8] (see also [19] and [26]).

Definition 3.3 Assume that ji € L ([0, +0c0); L'(Q)) and ¢(vo) € L'(Q).
We say that v is an entropy solution to (3.9) if

1. ¢(v) € C([0, +o0); L' (Q)).
2. Tu(v) € LY ([0, +o0); WP () for all k > 0.
3. f(1+ ) € LL ([0, +00); L' ().

([0, +00); W1 @) n Ly ([0, +00); L*(Q)) satisfying that its distributional
([0, +00); W' (Q)) + L} ([0, +00); L'(Q)), and every

4. For every ¢ € L’

loc
derivative ¢, belongs to the space LlOC
k, T > 0, the following equality holds:

loc

f Je(T)) - 6(T)) + f f VP2V - VT4(e(v) — @)

f (G0 Tele) - @) + f f (1 + 000 + ) Tle) - )
f Jep(vo) — $(0)).
Q
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where Ji(s) = f T (o) do.
0

Remark 3.1 We point out that a result by A. Porretta (see [29]) implies that test functions ¢ in (4)
belong to C([0, +c0); L'(Q)), so that ¢(T) and ¢(0) make sense.

Theorem 3.2 Assume that u € Llloc([O, +00); LN(Q)), and consider v a reachable solution to (3.9)

(obtained by approximation of u as a measure). Let {v,},, {gn}n and {h,}, be as in the definition 3.2,
and assume that h, — p weakly in L'(Qr) for all T. Then

1. @(vn) = @) in Ly ([0, +00; L'(Q)), and s0 ¢(v) € C([0, +00); L'(Q)).
2. v is an entropy solution to (3.9).

Proof. To prove (1), first observe that condition (5) of 3.2 implies ¢(v,) — @(v) strongly in L'(Q7)
for all T > 0. For fixed T > 0 we follow the arguments in [15] Proposition 6.4.
(2)Fix T > 0and k > 0 and let ¢ € L ([0, +0c0); W(l’p(Q)) N L2 ([0, +00); L* () satisfy that its

distributional derivative ¢, belong to the space Ll’:; ([0, +00); WLP(Q)) + Llloc([O, +00); L1(Q)).
Consider Ty (¢(v,) — ¢) as test function in the weak formulation of v, and integrate by parts to

get

fg Je(@(n(TY) - §(T)) - fg o =600 + | 190290, VTiCptor) ~ 0

= - fQ 6 Ti(g(v,) - 9) + fQ (F(1 + @) + )Tl (v) = 9).

Letting n goes to co, we prove the desired formulation. |

Theorem 3.3 Ifu € L' ([0, +c0); L'(Q)), then there exists a unique entropy solution to (3.9).

loc

Proof. The existence of an entropy solution is a consequence of the existence of a reachable solution,
and Theorem 3.2. It remains to prove the uniqueness.

Let ¥ be an entropy solution with initial datum ¥, and let v a reachable solution with initial datum
vo. Fix T > 0.
We may assume that the sequence {/,}, in L} ([0, +o0); L*(€2)) converges to u in L'(Q7) and a.e.
in Q7 and, by Theorem 3.2 there result that the sequence {v,}, in Ll’; ([0, +00); W(;’p (Q)) is such that
@(vp) = @(v) in C([0, T]; L' ().

Take ¢(v,) as test function in the entropy formulation of ¥ and take T (¢(v,) — Tx(¢())) in the
weak formulation of v,. Adding both identities, it yields
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fg Je@(O(T)) — (ra(TY) - fg Je(e(0) - g0)
N f VOV - VTe((P) — o(vn)
. f V072V, - VTp(vn) = Th(@ ()

or (3.62)
= - fQ (o), - (Te(e(®) = @(v) + Te(@(v) = Tul(@()))))
+ f (£ + @) + 1) Tl (D) = @(v))

* ], (£ + @) + ) Tilp(v) = Ta(@(P))) .

We will analyze each line of the above equality, when & goes to infinity; so that we may assume that
h >k + |le(vy)ll. We begin by considering the second line. Observe that

f VO399 - VTu(e(D) = ¢(v,))
{le(@)1>h)

+ VVal" Vv, - VTu(@(v) = Tilp(9)) = 0.
{lp()I>h)

Hence, we only have to study the term
f (IV917299 = [0, P2 V0,) - Vi) = ¢(vn)).
{le@)I<h}

and this can be analyzed as in the proof of Theorem 3.1. In the end, we obtain

1
- f VOIP2V = (VP 2V, ) - VT (D) = 9(v))
{le®)I<h}

1’ 1
sp-2( [ mewar) ([ 9T -eor) . G
{le()—p(va)l<k} {le()—p(va)l<k}

We next turn our attention to the third line in (3.62). Since

Jim Tip(va) = Ti(p()) = Tile(vn) = ¢(@))  in L0, T Wy ()

and (¢(v,)), € L” (0, T; W=7 (Q)), one deduces

Jim fQ (), » (Tr((®) = (i) + Til(v) = Tr(p(9))))) = 0. (3.64)
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The fourth line is easy to deal with, since we have pointwise convergence. We get

Jim | fQ (0 00+ ) Tule() = pn)
v fQ (0 ) + )Tt = Te®))
= fQ T (£ = @) + (1 = 1)) Tlp(D) = ¢ (v,))
< Il fQ T () = evn)| + K fQ T = ha|. (3.65)

Therefore, having in mind (3.63), (3.64) and (3.65), and dividing by £, identity (3.62) becomes

1 1
: f JT) = (TN = f Je(e(0) - g2)
Q Q

<Ip—2I( web) ([ IVTi) = gOOP)’

{lo(®) (vl <k} {lp(®)=p(vn)l<k

}
W [ o0 =g+ [ fu-l.
Or Or

Now we let k tends to 0, and so we arrive at the following inequality

fg 16((T)) = (v ()

T T
Sflsﬂ(f’o)—gnlﬂlflloof f|¢(\7)—¢(vn)|+f flﬂ—hnl-
Q 0 Q 0 Q

By Gronwall’s Lemma, we obtain

T

f (D)) ~ (T < "V f () = gl + f (G f i = hl)
0

Q Q Q

Finally, letting n goes to oo, it follows that

fQ lp(X(T)) = ()] < "Vl fg lp(%0) = (o)l
Therefore, p(Vg) = ¢(vo) implies ¢(V(T)) = ¢((T)) and, since ¢ is increasing, ¥(T) = v(T') for all
T > 0. [ |

4 Nonuniqueness for the problem having a gradient term

This Section is devoted to proving the multiplicity result. Throughout it we will assume that all data
in problem (3.9) (f, vo and u) are nonnegative and, as a consequence, so is the solution.
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4.1 Strong convergence of the truncations.

This subsection is devoted to proving the following result.
Proposition 4.1 Assume that u is a positive measure which is singular with respect to the p-capacity.
Let v be a reachable solution of problem (1.1), and let {v,},, {h,}, and {g,}, be as in Definition 3.2.
Then, for every T > 0 and k > 0,
Tv(v,) = Tr(v) strongly in LP(0, T Wé"” (Q)). (4.66)
The technique that we will use is adapted from the paper [26] by Petitta. We will need the
following lemma, which is Lemma 5 in [26]. Here it is essential that x4 is concentrated on a set E of

Zero p-capacity.

Lemma 4.1 For every § > 0, there exists a compact set K5 C E such that

HWEN\Ks) <9, (4.67)

and there exists Y5 € C(l)(Q) such that
0<ys<1, Ys=1lonKs. (4.68)
[l g, @)l (4.69)

1 < , Sy <
LP(0,T5 Wy () LY (0,T; W, " (@)+L'(Qr)

Therefore, ys — 0 =-weakly in L*(Qr) and, up to subsequences, almost everywhere as § — 07.
Moreover,

f (1 = s) hy dx = w(n, o), f (I =ys)du<o. 4.70)
Or Or

Proof of Proposition 4.1. Proving (4.66) is the same as proving that, for every k > 0,
Tyw, — Tew  strongly in LP(0,T; W, (Q)), (4.71)

where w, = ¢(v,) and w = ¢(v). To prove this, it will be enough to show that

limsupfv IVTiw,|? Sf VTP . 4.72)
Or Or

n—+oo

For m > 2k, we set

1 if |s| <m
_J2m-s5 .
Hu(s) ={=—= ifm<|s| <2m
m

0 if 5] > 2m.
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Then

f |VTkWn|p = f |VTkWn|pHm(Wn)
Or Or

_ f IV T2V Tt - V(Tiw), Hn(9,)
or
. f Va2 Viws - (VT = V(Tew),) Hon(o9,)
or

- f VT + f Va2V - (VT — V(Tew),) Hn) + o, )
or Or

where we have used the convergence V15,,w, — VT,,w a.e., and the a priori estimate

< ; ..
||T2’”W"”LP(O,T;W(}"’(Q)) < c(m). Therefore, in order to prove (4.72), it is enough to show that

f , VWP~ 2V W, - (VTiw, — V(Tew),) Hu(wy) < w(n, v). (4.73)
r
If Y5 is the function defined in Lemma 4.1, we can write
] I, (VT = V(T0,) )
T
- [ VTl

- f Va2 V0ws - V(T Hon) Ui
or

b [[[ 192 (T, = T H 1 = ).
Or
The integral E is the easiest to estimate:

=~ ff |VT2mWn|p_2VT2mWn ' V(Tkw)v Hm(Wn) l/’&
Or

__ f IV Lo 72 T - F(Tiw), Hon) s + 00" (1)
QO

=_ f f IVTwl? ¥s + w(n, v)

= w(n’ V’ 6) b

by the properties of /.
We wish to show that

< wn,o). (4.74)
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To this aim, we use (k — Tyw,) Y5 as test function in (3.36), and we obtain:
- [[[ mimor+ [[ = o) Db, - vu,
Or Or
- f (L+ wa)* 7 IVTew,l” s
Or

=f f(1+Wn)(k—TkWn)l!/6+f (k= Tewy) hy s 2 0,
Or Or

where ]
Ii(s) = fé(k— Tio)do .
Therefore 0
cawfa] < - ([ romws,
+ foT(Tk — Towp) VWP 2Vw, - Vi
One has

. f fQ FL00) W) + 6°(n) = w(n,6)

by the properties of s (note that I';(w) is a bounded function). On the other hand
= [[[ = 19T 2910, - 90
Or
= f (k — Tew) IVTewlP 2V Tew - Vs + 0’ (n) = w(n, 8) .
Or

Therefore (4.74) is proven.
In order to study the integral , We write

= [ wnoar v, - @1, - V@A -
{lwnl<k}

- ff Va2V - V(T Ho) (1 = )
{lwn|>k}
4.75)

The term is easy to estimate:
-CZ =— ff VT2 WlP 2V Tawy - V(Tew), Hyp(w) (1 = s)
{Iwnl>k}
=- ff IV T2WlP 2V T - V(Tiw), Huw) (1 = yis) + 0”9 (n)
{Iwl>k)

=— f f IVwP2Vw - VTew (1 — ths) + °(n, v) = °(n, v),
{Iwl>k}
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since the last integral is zero.
To estimate , we use U, (1 — ) as test function in (3.36), where

Un,v,h = T2k(Wn - ThWn + Tkwn - (TkW)v) 5

and i > 2k (note that VU, , = 0 on the set where w,, > h + 4k) and we obtain

T
f s U (U = uehyd
0
. f f (14 W) 219w P2V, - VU (1 )
T
- f (1 + W) PV P2V w,, - Vg Ui
Or

= f S A +wy) Upyn (1 — )

Or
+ ff Un,v,h (1 - wﬁ)hm

To begin with, we observe that

V]| SZkff (1= s hy = (n, ).

On the other hand,

= f f F A+ w) Tor(w = Tyw + Tew — (Tiw),) (1 = ¢is) + 0™ (n)
Or

f F (L +w) Top(w = Tyw) (1 = g) + " (n, v)
Or

wd(n, v,h).

As far as the term is concerned, we observe that, by Corollary 3.1,

(1 4+ w,) > P IVwu P2V w, = Vvl 2Vy, — (1 + w)> PV’ Vw

strongly in L'(Q7); and therefore

Vw|P—2V
m - - f e s Tauow = Tyw + Tow = (Tyw)y) + ()

(1 +w)yr2
Or

= w(n,o).

— ]
EREREREN=

765

(4.76)
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Now we turn to estimate the term ﬂ; one has

> ck[Cl] ff + w2 P IVl VW, - V(w, = Tywa) (1= )

{wn>k , Wy —=Tpwn+Tiew,—(Tew), | <2k}

- f f (14 w02 VP20, - V(T (1 = )

{wn>k Wy =Tywa+Tiw,—(Tiw), |<2k}

> ck[Cl] ff (A + w2 IVl 2V, - V(Tiw), (1 — )

(wi>k , Wy =Tpwy+Tw,—(Tiw)y <2k}

The last integral can be estimated using [VT g wul?™" — |VTj.quw|P~" weakly in L (Qr), due to
the pointwise convergence of the gradients, as follows:

(1 + W) PV 2Vw,, - V(Tyew), (1 = )

{wn>k Wy =Tpwy+Tew,—(Trw), | <2k}

< f (1 + Trraown) IV sl [V(Tew)
{wy,>k}

- f (1 + Tpsg) P [V sl [VTew] + w(1,) = oo, ).

{w>k}

Therefore, we have shown that

> c(k) +w(n,v).
Finally, we will show that
> w(n, v, h). 4.77)
Once this is done, by putting together all the estimates for integrals , we obtain that the term
in (4.75) satisfies
< w(n,v,o).
This in turn will imply

< w(n,v,0),

and this will complete the proof of (4.73), and therefore of Proposition 4.1. In order to prove (4.77),
we observe that

Uiy = Thox(wy — (Taw)y) = Tnok(wy = Tiwy)
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Therefore

= fo (Ot — T ) T — (Tiwd) (1 — gy
all (B0 Ty = T (1 =)
- fo (O Tyokoa = Tow) (1 gy
- fo (ot — (T ), (1~ ) di Ia
+ fQ (000 Tias = T 1 =) b

T
- f (Higw)), (1~ vy dr Te
0

where § §
Jnii(s) = f Th(o)do, Hj(s) = f Ty (o - Tio)do .
0 0

Let us remark that, for fixed & and k, the functions J.x and Hj have linear growth. Observe also
that in the integrals of | I |, we can not pass to the limit when considering the value of a function at
the point 7. As far as the integral is concerned, we can write:

[a)= [ Jhostna) = T s [ Daton = Towoyds
Q
+ ﬂ Tnekw = Tiw) (o), + 0™ (n, v)

where wy = ¢(vp). Similarly,

= — | Huwa(T)dx+ | Hyx(wo)dx — Hyx W) Wo), + ().
Q Q

Or
Moreover, by the definition of (T;w),,

_y f f (Tow = (Tew)y) Trkwn = (Tew)y) (1 = )
—y f (Tow = (Tow)) Tosalw — (Tow),) (1 = hg) + 0™9(n) > 9 (n)
or

since the last integral is nonnegative. Therefore we have shown that

> "(n,v) + fg [Jhsk W (T) = (Tew)AT)) = Hywn(T))] dx [a]

+ ff [JhekOw = Tiw) = Hyp (W) (Ws);
Or

+ f [Hpi(Wo) = Jnak(wo — Tiwo)] dx.
Q
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Let us show that the term [ a | is nonnegative. For fixed z such that 0 < z < k, let us define
R(s) := Jpii(s — 2) — Hpp(s) .

We want to show that R(s) > O for every s > 0. Indeed, this is easy to see for 0 < s < k, while, for
s >k,
R'(8) = Tpur(s —2) = Tpi(s —k) = T (s = Tp(s) + k—2) > 0.

Let’s now look at term . If we define
Py(s) := Hyi(8) = Jppi(s — Tys) ,
then
Pi(8) = Tpi(s = Ties) = Than(s — k) = =Tox(s = Tys + Tys — k) ;

therefore |P(s)| < 2k, which implies |Pp(wo)| < 2k|wo|. Since Pp(s) goes to zero pointwise for

h — +oo, one has
= ’(h)

by Lebesgue’s dominated convergence theorem. For similar reasons, the same holds for the integral
. This concludes the proof of (4.77) and of Proposition 4.1. [

4.2 Proof of Theorem (1.2)

Since v is a reachable solution, we may find three sequences: {v,},, {h,}, and {g,}, as in Definition
3.2.

Notice that then, for every T > 0, Ty (v,) — Tx(v) strongly in LP(0, T’ Wg’p (€2)), by Proposition
4.1.

We set u,, = (p — 1) log(

Vn

p—1

+ 1). Then by a direct computation one can check that

hy, L,
(up); — Apl/t,, = |Vlztn|p + f + m in D'(0). (478)

Fixed T > 0, observe that, by using the definition of v,, and having in mind

(pv—nl + l)pi1 — (pi ] + 1)’771 strongly in LI(QT),

we may conclude easily that

u, —» uin LY(Qr), forallg< co. 4.79)
We claim that 5
— in D'(Q). 4.
7000 — 0in D'(Q) (4.80)

To prove the claim let ¢(x, ¢) be a function in C7’(Q); we want to prove that

hy
lim ——dx=0
fusl ffg Yo+ 1
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We assume that supp ¢ C Qr, and we use the assumption on : let A € Qr be such that cap,(A) = 0
and u,L_ Q7 is concentrated on A. Then for all & > 0 there exists an open set U, C Qr such that
A c U, and capp(US) < g/2. Thus, we can find a function ¢, € Wr such that ¢, > Xy, and
Wellw, <

Let us take Ve

L+ o(vy)
ff QO(Vn)tws ff [Vv,|P~ 2VVn VWS ff 90 "Vl Vv, P
. 1+ ¢(vy) . Lo .+ (1 +@(va)?
_ hae
= I, 2o,

Having in mind that f, . > 0, two terms can be dropped and so we obtain
hy e
ff e = o s
Ue " 2 (4.81)
ff Qo(vn)l‘//é‘ ff [Vv,|[P==Vv, - Vll’s '
, T+e(v) . L)
To estimate the first integral in the right hand side of (4.81),0bserve that
f f V) e
T ] + ‘p(vn)
= f log (1 + o(va(x, T)))lyl/s(x, T)dx - f log (1 + gn(x))ws(x, 0)dx
Q Q

- f fQ log (1 + g(r) (W),
< fﬂ log (1 + @(vy(x, TYWe(x, T) dx — f fQ log (1 + ()W), = [11]-[12].

Using Holder’s inequality we obtain that

as test function in (3.13) to get

IA

( f log*(1 + p(v,(x, T)))dx% f Ws(x, T)|2dx)%

Q 1
o [wnnPay)
Q

IA

where in the last estimate we have used the inequality log?(s + 1) < s + ¢ and the bound

max ftp(vn(x, 1)dx <C(T).

1€[0,T]
Q

It follows that

1

< 24dx)? < <
< ¢ max ([ WuteoPd)' < i, <Ce.
Q
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by the fact that Wy c C([0, T']; L*(Q)) with a continuous inclusion. We now estimate .

2] = | f fQ log(1 +@(v,) (W), dxdr

[l log(1 + @)l @ell

LP(0,T;V) LY (0,T;V")
< elllog(1 + o)l

IA

A

LP0,TV)

Therefore, we only have to show that the last norm is bounded. Since the function belongs to LY(Qr)
for every g < oo, we only have to prove that

f L [V(log(1 + ev)))|” < C.

This is due to the estimate (3.17) since

p_ @ )P |Vval? [Vv,|?
fLT lV(log(l +‘/’(Vn)))' - fQT a +§0(Vn))p ffT (a+ Lnl)p

Therefore, it yields
ff <P(Vn)t'ﬁp Cs. (4.82)
T 1 + QO(VH)

As far as the second integral in the right hand side of (4.81) is concerned, it is enough to apply
Holder’s inequality to get

[V, P2V, - Vt,bp [Vv,|P ]L
ffr L+ ¢(v,) ffr 1+ ¢(Vn))p ffT |V¢$|P < Ce, (4.83)

by (3.17). It follows from (4.81), (4.82) and (4.83) that

hn
— " dxdt<Cs.
ffug 1+ ¢@(vy)

Now, by the property of u we deduce that

| ffg O ey

IA

18lleo [fy, Trgiy dxdt + [, 181 hn dxdt

Clill &+ f f 0l hy dxdr
Or\U,

Since h,, — p weakly in M(Q7) and u is concentrated on A C U,, we conclude that

ff gl h,dxdt - 0 asn — oo.
Or\Us

By the arbitrariness of € we get the desired result, hence the claim (4.80) follows.
To complete the proof we have just to show that

IA

IVito|” = [Vul” in L'(Qr)
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that means that

[Vv,|P [Vv|? |
; - — in L'(Qr).
G+l Gy !
Since the sequence Vv l” converges a.e. in Qr to vvi? then by Vitali’s theorem we onl
q ( Vi + 1)/’ g .C. T v + l)p’ y y

p—1 p—1
have to prove that it is equi-integrable. Let E C Qr be a measurable set. Then, for every é € (0, p—1)

and k > 0,
[Vv,|? f f [Vv,|? f f A
ff( +1)pd xdt = ( +1)pd xdt + ( +1)p dt

En{v,<k} En{v,>k}

[Vv,|?
4
SHIVTk(vn)I dxdt+ T Wﬁ( PRI dxdt.
E

Since p — 6 > 1, then using (3.17), it follows that the last integral is uniformly bounded with
respect to n. Therefore choosing k large, the corresponding term can be made very small. More-
over, since Ty(v,) — Ti(v) strongly on LP(0, T; W(;”’ (Q)) for any k > 0, it follows that the integral
fE VT (v)IP dxdt is uniformly small if |E| is small enough. The equi—integrability of |Vu,|” follows
immediately. Hence we may let n go to oo in (4.78) and so check that u solves

u, — Apu = |Vul? + fin D'(Q).

4.3 Nonuniqueness induced by singular perturbations of the initial data

In this subsection we will prove another multiplicity result for problem (1.3) by considering a suit-
able class of singular measures. Without loss of generality we will assume that f = 0. Let us begin
with the following definition.

Definition 4.1 Let u be a spatial Radon measure on Q whose total variation is finite. We say that v
is a reachable solution to problem

() — = 0inD(0),
v f) = 0ondQx (0,0, (4.84)
e(v(x,0)) = g,
if
1. T(v) € L (0, +00); Wy () for all k > 0,

2. Forall t > 0 there exist both one—side limits lim,_;= ¢(v(-, T)) weakly-* in the sense of mea-
sures.

3. e(v(-, 1)) = u weakly-* in the sense of measures ast — Q.
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4. There exist two sequences {v,}, in L' ([0, +00); Wé’p (Q)) and {h,}, in L= (Q) such that v, is a

loc
weak solution to problem

(e(vn), =Apva = 0 in Qx (0, +c0),
va(x,t) = 0 on 8Q x (0, +0), (4.85)
ep(x,0)) = hy(x) nQ,

and satisfying

(a) h, — pu weakly-* in the sense of measures ast — 0.

N*p
N+p-1

([0, +00); L'()) and ¢(v,) — ¢(v) strongly in
+p

N
b
([0, +00); Wy (Q)) forall 1 < g < N1

(b) |Vv,P~2Vv, — |Vv|P2Vv strongly in LZ ((0, +00); L7(Q)) for 1 < o <

loc

(c) The sequence {¢(v,)} is bounded in L

loc
Lq
loc

Combining the arguments introduced in Subsection 3.2, the result obtained in [9] and [31] we get
the existence of a reachable solution v enjoying the above properties. Nevertheless, some changes
are needed to prove the strong convergence of the truncations. First of all we now take

!
T =v [Ty ds.
0

Moreover, following [9], we have to replace the sequence {¢/s}s with another sequence {ps}s, which
will next be defined. Assume that u is concentrated on a subset E C Q such that |E| = 0. Then, for
every 0 > 0, there exists a compact set K5 C E such that

IE\Ks| <0,
and there exists ¢s € C;7(€2) such that

0<¢s<1, ¢s=1onKs.

Now consider the solution ps(x, f) to problem

Ws)i—Apps = 0 in Qx(0,+0c0),
ps(x,t) = 0 on 0Q X (0, +00), (4.86)
ps(x,0) = ¢5 InQ.

It is straightforward that ps — 0 strongly in L7(0, T’; W(;’p (Q)) and p, — 0 strongly in
LP(0,T; W-P(Q)). Then the same techniques of subsection 4.1 allow us to deduce that T(v,) —
Ti(v) strongly in LP(0, T'; W(l’p(Q)) forall 7 > 0 and k > 0.

Once we have reachable solutions in this case, we are able to state and prove the next multiplicity
result.
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Theorem 4.1 Let u be a bounded positive measure in Q, concentrated on a subset E CC Q such
that |E| = 0. Let v be a reachable solution to problem (4.84). Define u = (p — 1) log(p%1 +1). Then

u € L ([0, 00); Wy”(Q)) and verifies
w—Apu = |[Vul” inD'(Q),
ulx,ty = 0 on 0Q X (0, 00), (4.87)
ux,00 = 0 inQ.

Proof. Let {h,}, ¢ L*(Q) be such that i, > 0 and h, — u weakly-* in the sense of measures
as n — oo. Consider v, the unique solution to the approximated problem (4.85). We set u, =
(p — Dlog(2= + 1), it is clear that u,, € L” ([0, c0); Wé”’(ﬂ)), and u, solves

p—1 loc

() — Apun = |Vu,|? in O'(Q),
uy(x,t) = 0 on 0Q x (0, ), (4.88)
u,(x,0) = logh,+1) inQ.
Following the same argument used in the proof of Theorem 1.2 and using the same techniques
developed in Section 3 we obtain that |Vu,|? — |Vu|? strongly in L'(Q7) for all T > 0.
We claim that log(h, + 1) — 0 strongly in L'(Q). It is clear that {log(h, + 1)}, is bounded in
L1(Q)) for all 1 < g < oo. Since u is concentrated on a set £ cc Q with |E| = 0, it follows that,

for € € (0, 1), there exists an open set U, such that £ ¢ U, c Q and |U,| < &. Recalling that
log(1 + s) < Cs'/? and log(1 + s) < s, for s > 0, one has

f log(h, + )dx = C f h\2dx + f h,dx
o U Q\U,

1/2
sc(f hndx)/|U8|]/2+f hndsts'/2+f hydx.
s Q\U, Q\U,

Since u is concentrated on E, the last integral goes to 0 as n goes to co and then the claim follows.
Hence, u solves problem (4.87). |

5 Generation of a solution with measure data from a solution of
the problem with gradient term

Proof of Theorem (1.3). Let T > 0 be fixed. We begin by proving that, for each § € (0, 1], there is
a positive constant such that

U 6
VulPer (1 -

. m) <C Ve>O0. (5.89)
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Since [VulP € L'(Qr), then we reach that u is the entropy solution to problem (1.3). Thus we can
use (61% — Dxo.1) as test function in (1.3) to get

0 u
f‘i"e(g(u(T)) dx - f Wes(uo) dx +f —ZeﬁIVulp
Q Q or (1 + EM)

=f (e%—l)wuvwf fle™ - 1), (5.90)
T T

where Ws5(s) = f (e% - l)dO'. We remark that 0 < Ws5(s) < %e‘” <
0

%es for all s > 0. So it

1
f‘}’ﬂ;(u(T))dx— f Yes(up)dx < — sup fe” dx<C.
Q Q 0 re0,11 Ja

Since u € L([0, T1; W, (€2)), (5.90) becomes

follows that

f flema —1)+ f VulP e (1 - L) <| vur+c<c, (5.91)
Or Or

(1 + eu)? or

and so f(el% - 1) > 0 implies that (5.89) is proved. Fixed ¢ < 1, then we can pass to the limit in &

to reach that er [VulPe® < C for all § < 1. Thus the regularity estimate (1.7) follows. Let us take
0 = 1. Then

u 1
Vulfea(l - —) < C Ye>0.
LT| uf’e ( (1+€M)2) €

Hence, up to subsequences, there exists a positive Radon measure u such that

. Y 1
p=lim VulPera(1 - m) (5.92)

the limit being taken weakly-* in the sense of measures in each Q7.
Now consider the following auxiliary functions

u(x,r) . u(x,r) s
ve(x, 1) = f eP-De (s and we(x, 1) = f ems ds, (5.93)
0 0

and observe that ve(x,7) T v(x,t) and we(x,7) T ¢(v(x,1)). Then performing easy computations, it
yields

_u_ L 1
(We)t + APVE = felw + |Vl/l|p€”5”(1 — m) .

Thus, for every ¢ € C°(Q X (0, +00)), we have

) ) 1
n—2 e Yeu T+eu -
-fwf¢,+f|vv5|l va-w;_ffel ¢+f|Vu|”e (1 (1+6u)2)¢, (5.94)
Or Or Or Or

where T > 0 is such that supp¢ € Q x (0, 7).
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In order to let € go to 0 in (5.94), we will analyze each term in (5.94). Since
e(v) = e" =1 € L™((0,T); L'(),

Levi’s monotone convergence Theorem implies w, — @(v) in L'(Qr), and it follows that
lim [ weg, = f o). (5.95)
€ QT T

To handle the second term of (5.94), we have to see that e“|Vul[P~! € L'(Qy). To this end, we apply
the Gagliardo—Nirenberg inequality to the function

P € LI, T); WH(Q) 0 L2, T LVH(Q) - VB < ”le ,

getting
e e L7(Qr) forallo <1+ %. (5.96)

Soifd>1- ﬁ, then 6+ (1 - 6)p < 1+ £ holds; thus (5.96) implies e ¢! =7 € L'(Qy). Since

we also have e |VulP € L'(Qr) for all § < 1, by (1.7), it follows from Holder’s inequality (using
e as a weight function) that

eu|vu|p71 - e6u |Vu|p71 e(l*(i)u c LI(QT)»
and therefore

lim | [Vv Vv, - Vo = lim f eTa [VulP>Vu - Vo
e—0 0 e—0 0
T T

= f & |\VulP2Vu - V¢ = IVVP2Vy - Vg, (5.97)
T Or

The first term in the right hand side of (5.94) can be easily handled: by (5.91) there is a positive
constant satisfying

f fera <C  Ye>0,
T

thus applying Levi’s monotone convergence Theorem, it yields

lim [ ferap= | fe'¢= | f(+ew)g. (5.98)
U Jdor Or Or

Finally, we may let € goes to O in the last term, by the definition of u:

u 1
: P o Tren — =
lim fQT VulPema (1 0 Eu)2)¢ LT bdu. (5.99)
Hence, having in mind (5.95), (5.97), (5.98) and (5.99), one deduces from (5.94) that

W) = Apv = (1 + () +
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in the sense of distributions.
Notice that for all £k > 0, we have

u 1
IVl e T (1 = s Wt = 0

strongly in L'(Q7) as & — 0 and then in this formal sense we could say that the measure u is
concentred in the set {# = co}. To show that u is a singular measure seems to be an open problem.

Corollary 5.1 There is, at most, a weak solution u of problem 1.3 satisfying

&P _1e LIIZ)C((O’ 0); W(;”(Q)) N L ((0, 00); LP(Q)) .

loc

Proof. 1f u is a weak solution to problem 1.3 satisfying the regularity stated above, then

¢"IVul” € L}, (0, 00); L'(Q)),

loc
and it follows from Lebesgue’s Theorem that

1

VulPera(] = ——
[Vul’e ( (1 + su)?

)= 0 strongly in Ly, (0, 00); L'()) .

By Theorem 1.3, v = (p — 1)(6""%‘ — 1) solves problem

(QD(V)), - AP v
v(x, t)

fx,0) (1 + o(v)) in Qx (0, +0),
0 on 9Q x (0, +0),

W50 = (p-DEF —1)  inQ,

so that Theorem 3.2 implies that v is an entropy solution. Therefore, uniqueness for problem (1.3)
follows from Theorem 3.3. u

6 Finite time extinction

In this section we will show that in the case where p < 2 and f(x, ) = 0, the “regular” solutions of
(1.3) become zero in finite time, provided the initial datum u, is summable enough.
Let us begin by defining the meaning of “’regular” solutions to (1.3).

Definition 6.1 We say that u is a regular solution to problem (1.3) in Qr if
/") — 1 € LP((0,T); Wy (@) N C(I0, T LM (Q), g € L ((0,T); W™ ()

and for all ¢ € LP((0,T); Wé’p(Q)) we have

T T T
f (s ) + f f Vul?2Vu - Vg = f f Vul’e. (6.100)
0 0 Q 0 Q
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We are able now to state the next result.

Theorem 6.1 Assume that

< p < 2. If u is the regular solution of problem (1.3) in the sense

of Definition 6.1, then there exists a positive, finite time t), depending on N, p and ugy such that
u(x,t) = 0 fort > ty.

Proof. Since u is a regular solution to (1.3), we have
fep’f’l“f)(x) dx < co. (6.101)
Q
Multiplying (1.3) by e“(e*/?~" — 1) and integrating in x, one obtains:

4 f P(u(x, 1)) dx + c(p) f |V(e%—1)|”dx=0, (6.102)
dt Jo o
where §
‘P(s):f e (er1 — 1) do.
0

It is easy to check that
W(s) < c(p)(erT —1)>  forevery s > 0.

Therefore, by Sobolev’s and Holder’s inequalities,

u(x.) P u(x.r) P p/p
Ve - D vz ewp [ @ -1y
Q Q
() 2 p/2 p/2
> eV, 162 f @ -1 = ewp ) f Vx|
Q Q

where we have used the inequality p* > 2, which is true under our assumptions on p. Then, if we
set

&0 = f W(u(x, 1) dx,
Q

it follows from (6.102) that

&'
f(t)l’/z <=y < 0.

Note that the assumption on ug corresponds to £(0) < co. Integrating in ¢, one obtains

2 2-p 2-p
2—(§(f)T —&0)7) < —cat.
-p

Thus, as long as &(¢) > 0, one has

2-p 2-p 2 -
&7 <£0)7 -y

Therefore, &(t) = O for ¢ large enough. [ ]
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2N

N2

Theorem 6.2 Assume now that 1 < p <

@-p)(N-p)

f SR g < oo (6.103)
Q

If u is the regular solution of problem (1.3), then there exists a positive, finite time t), depending on
N, p and the integral (6.103) such that u(x,t) = 0 for t > 1.

Proof. By an approximation argument and using the hypothesis on u, we reach that

@-pXN-p)
fe e (D) dx+f f|Vu(x t)|pe e s dx < oo,

Multiplying (6.100) by e“(¢/?’~D — 1)®, with @ > 1, one obtains:

d , . oV
< f W(u(x, 1)) dx + —— f IVu(x, P e (5 — 1)* dx = 0, (6.104)
dt Q p - 1 Q
where §
Y(s) = f e (er1 — 1) dor.
0
Equality (6.104) can be read as

a+p-1

‘{I(u(x 1) dx + c(a, p)f|V(etn D—1) »

- |”dx = (6.105)

On the other hand, it is easy to see that
Y(s) < cla, p)(erT — 1)**! for every s > 0.

Indeed, one has

;l(eﬁ%l—l)‘”rl ass — 0",

¥(s) ~ 2
a

a+p-1
P(s) ~ e as s — +oo.

Therefore, if we choose

2N
a=""-N+D>1,
p

then, by Sobolev’s and Holder’s inequalities,

u(x,1) atp=lp u(x,1) (tl+]1 Hp* plp
|V(e T —1)"r | dx > cl(a,N,p) (e mT—1) ]
Q

u(x, r/
=ci(a,N, p) f(e’” - 1)"dx

P plp
> eo(@. N, p)[ f W(u(x. 1)) dx
Q

Therefore we have shown that

d plp*
< f W(u(x. 1)) dx + c3(a. N, p)[ f W) dx| <0,
dt Jo Q
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and from here one can conclude as in the previous Theorem, provided

f WY(u(x,0))dx < +o0,
Q

which is equivalent to (6.103). [ ]

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

B. ABpELLAoUL, A. DALL AcLio, 1. PERAL, Some remarks on elliptic problems with critical growth in the
gradient, J. Diff. Eq. 222 (2006), 21-62.

B. AperLaour, A. Darr’ AgLio, 1. PErAL, Regularity and nonuniqueness results for parabolic problems
arising in some physical models, having natural growth in the gradient , J. Math. Pures Appl. 90, no. 3
(2008), 242-269.

H.W. Arr, S. LuckHaus, Quasilinear elliptic-parabolic differential equations, Math. Z. 183 (1983), 311-
341.

F. Anpreu, J.M. Mazon, S. SEGura DE LEON, J. ToLEDO, Existence and uniqueness for a degenerate
parabolic equation with L'-data, Trans. Amer. Math. Soc. 351, no. 1 (1999), 285-306.

A. Ben-Arrtzr, P. SoupLet, E.B. WEISSLER, The local theory for the viscous Hamilton-Jacobi equations in
Lebesgue spaces, J. Math. Pure. Appl. 81, no. 4 (2002), 343-378.

Pu. BEnmaN, L. Boccarpo, TH. GaLLouiT, R. Gariepy, M. PiErrE anp J. L. VAzquez, An L' theory of
existence and uniqueness of solutions of nonlinear elliptic equations, Ann. Scuola Norm. Sup. Pisa CI.
Sci. 22 (1995), 241-273.

H. Berestycki, S. Kamin, G. SivasHINSKY, Metastability in a flame front evolution equation, Interfaces
Free Bound, 3, no. 4 (2001) 361-392.

D. BraNcHARD, F. Murat, Renormalised solutions of nonlinear parabolic problems with L'-data: exis-
tence and uniqueness, Proc. Roy. Soc. Edinburgh Sect. A 127, no. 6 (1997), 1137-1152.

D. BLANCHARD, A. PORRETTA, Nonlinear parabolic equations with natural growth terms and measure initial
data, Ann Sc. Norm. Sup. Pisa cl. 30, no. 3-4 (2001), 583-622.

L. Boccarpo, A. DaLr’ AcLio, T. GALLOUET, L. OrRsINA, Nonlinear parabolic equations with measure data,
J. Funct. Anal. 147, no. 1 (1997), 237-258.

L. Boccarpo, T. GaLLouir, Nonlinear elliptic and parabolic equations involving measure data, J. Funct.
Anal. 87, no. 1 (1989), 149-169.

M. G. CranpaLL aND T. M. LiGGerT, Generation of semigroups of nonlinear transformations on general
Banach spaces, Amer. J. Math. 93 (1971), 265298.

A. DALL AGLio, Approximated solutions of equations with L'—data, Application to the H-convergence of
quasi-linear parabolic equations, Ann. Mat. Pura Appl. (4) 170 (1996), 207-240.

A. DALl AGLio, D. GiacHETTI AND J.-P. PUEL, Nonlinear parabolic equations with natural growth in general
domains, Boll. Un. Mat. Ital. Sez. B 8 (2005), 653-683.

A. Darr’ AgLio, D. Giacherti, C. LEONE AND S. SEGURA DE LEON, Quasilinear parabolic equations with
degenerate coercivity having a quadratic gradient term, Ann. Inst. H. Poincaré, Anal. Non Linéaire 23,
no. 1 (2006), 97-126.



780

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]
[29]

[30]

[31]

(32]

B. Abdellaoui, A. Dall’Aglio, I. Peral, S. Segura

A. DaLr’Aguio, D. GiacHETTI, S. SEGURA DE LEON, Nonlinear parabolic problems with a very general
quadratic gradient term, Diff. and Integral Equations 20 (2007), 4, 361-396.

A. DaLL AcLio, D. GiacHETTI, S. SEGURA DE LEON, Global existence for parabolic problems involving the
p-Laplacian and a critical gradient term, Indiana Univ. Math. J. 58, no. 1 (2009), 1-48.

G. DaL Maso, A. MaLusa, Some properties of reachable solutions of nonlinear elliptic equations with
measure data, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 25, no. 1-2 (1997), 375-396.

J. Droniou, A. PorrReTTA, A. PRIGNET, Parabolic capacity and soft measures for nonlinear equations,
Potential Anal. 19, no. 2 (2003), 99-161.

L. C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, 19, Amer. Math. Soc.,
Providence (1998).

M. KARDAR, G. Parist, Y.C. ZHANG, Dynamic scaling of growing interfaces, Phys. Rev. Lett. 56 (1986),
889-892.

L. Korkut, M. Pa§i¢, D. ZUuBrINIG, Some qualitative properties of solutions of quasilinear elliptic equations
and applications, J. Dift. Eq. 170, no. 2 (2001), 247-280.

J. Kinnunen, T. Kuusy, Local behaviour of solutions to doubly nonlinear parabolic equations, Math. Ann.
337, no. 3 (2007), 705-728.

R. LANDEs, On the existence of weak solutions for quasilinear parabolic boundary value problems, Proc.
Royal Soc. Edinburgh Sect. A 89 (1981), 217-237.

R. LanpEs, V. MusToNEN, On parabolic initial-boundary value problems with critical growth for the gra-
dient, Ann. Inst. H. Poincaré Anal. Non Linéaire 11 (1994), 135-158.

F. PeTITTA, Renormalized solutions of nonlinear parabolic equations with general measure data, Ann.
Mat. Pura Appl. 187, no. 4 (2008), 563—-604.

F. PeTITTA, A. PONCE, A. PORRETTA, Approximation of diffuse measures for parabolic capacities, C. R.
Math. Acad. Sci. Paris 346, no. 3-4, (2008), 161-166.

M. PierRE, Parabolic capacity and Sobolev spaces, SIAM J. Math. Anal. 14, no. 3 (1983), 522-533.

A. PORRETTA, Existence results for nonlinear parabolic equations via strong convergence of truncations,
Ann. Mat. Pura Appl. 177 (4) (1999) 143-172.

A. PRIGNET , Existence and uniqueness of “entropy” solutions of parabolic problems with L'~data, Non-
linear Anal. 28, no. 12 (1997), 1943-1954.

J.M. Rakotoson, A compactness lemma for quasilinear problems: application to parabolic equations, J.
Funct. Anal. 106, no. 2 (1992), 358-374.

J. Smmon, Compact sets in the space L (0, T; B), Ann. Mat. Pura Appl. 146 (1987), 65-96.



