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Abstract

We use the theory of selfdual Lagrangians to give a variational approach to the homoge-
nization of equations in divergence form, that are driven by a periodic family of maximal
monotone vector fields. The approach has the advantage of using I'-convergence methods
for corresponding functionals just as in the classical case of convex potentials, as opposed
to the graph convergence methods used in the absence of potentials. A new variational
formulation for the homogenized equation is also given.
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1 Introduction

We consider the homogenization of the problem

T.(x) € B(é, Vu,(x)) xe€Q,
{ —div(t,(x)) = u(x) x € Q, (1.1)
u,(x) = 0 x € 09,

where Q is a bounded domain of RY and B : Q x RV — R is a measurable map on Q x R" such

that B(x, -) is maximal monotone on R" for almost all x € Q, and such that B(., &) is Q-periodic for

an open non-degenerate parallelogram Q in R”. This problem has been investigated in recent years

by many authors. We refer the interested reader to [1, 5, 6, 8, 11, 14, 15, 24] for related results.
The particular case where the maximal monotone operator is a subdifferential of the form

B(x, &) = 0y (x, £), (1.2)

with i : @ x R¥ — R being a convex function in the second variable is particularly appealing and
completely understood. Indeed, under appropriate boundedness and coercivity conditions on ¥, say

Co([ElP = 1) < Y(x,&) < C1(|€)F + 1) for all (x,&) € Q x RY,

where 1 < p < oo and Cy, C; are positive constants, one can then use a variational approach to
identify for a given u* € W~'/(Q), the solution (u,7) of (1.1) as the respective minima of the
problems

inf {f w(x, Vu(x)) dx — f w(u(x)dx; ue Wé’p(Q)} s (1.3)
Q Q
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and
inf { f U (x, T(x)) dx; div(r) = u*}, (1.4)
Q

where " is the Fenchel-Legendre dual (in the second variable) of ¢. In this case, the classical
concept of I'-convergence —introduced by DeGiorgi— can be used to show that if #;, — u™ strongly
in W4(Q) with g = p%l, then up to a subsequence u, — u weakly in Wé‘p (Q) and 7, — 7 weakly
in L9(Q; RY), where u is a solution and 7 is a momentum of the homogenized problem

7(x) €  Bpom(Vu(x)) a.e. x€Q, (15)
=div(r(x)) = u"(x) a.e. x € Q. :
Here B,,, can be defined variationally as follows: for & € RV, Brom(€) = OWpom(€), where
. 1
Ynom(§) :=  min f W(x, & + Vo(x)) dx, (1.6)
gew!”(0) 191 Jo
and
W,"(Q) = {ue W (Q); f u(x)dx =0 and uis Q — periodic}. (1.7)
9]

As mentioned above, a similar result can be obtained for general maximal monotone maps B :
QxRN — RY with appropriate boundedness conditions (see below), by using the more cumbersome
graph convergence (or G-convergence) methods. In this case, B, is defined by the following non-
variational formula

Biom(© = | fQ g dy € RY; g € LYQ;RY), g(») € By, € + Vy(y) ae. in Q

for some ¥ € W;‘p(Q)}, (1.8)

where
LYQ;RY) := {g € LYQ;RY); fQ (8(). Vo())av dy = 0 for all ¢ € WQ*”(Q)}. (1.9)

More recently, the first-named author proposed a variational approach to deal with general maximal
monotone operators, including corresponding equations of the form (1.1) via the theory of selfdual
Lagrangians on phase space [17, 18]. Our goal here is to describe how this approach is particularly
well suited to deal with the homogenization of such equations, first by showing that —just as in the
case of a convex potential (1.2)— the limiting process can be handled again through I'-convergence
of associated selfdual Lagrangians, and secondly by giving a variational characterization for the
limiting vector field (1.8) in the same spirit as in (1.6).

We first recall that a selfdual Lagrangian L on a reflexive Banach space X is any convex lower
semi-continuous function on phase space L : X X X* — R U {+co} that satisfies the following duality
property:

L*(u*,u) = L(u,u™) forall (u,u*) € X X X*, (1.10)
where X* is the Banach space dual to X, and L* is the Fenchel-Legendre dual of L in both variables,

ie.,
L*(u*, u) = sup{{v, ") + {u,v*) — L(v,v") : (v,v") € X x X*}.
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Such Lagrangians satisfy the following basic property:
L(u,u*) — (u,u*)y > 0 for every (u,u*) € X x X*.

We then consider the corresponding —possibly multivalued— selfdual vector field oL : X — 2¥
defined for each u € X as the —possibly empty— subset dL(«) of X* given by

OL(u) = {u* € X*: L(u,u”™) — (u,u*y = 0} = {u" € X*; (u*, u) € OL(u, u")}. (1.11)

Here JL is the subdifferential of the convex function L on X x X*, which should not be confused
with 6L.

Before going further, let us note that selfdual vector fields are natural and far reaching exten-
sions of subdifferentials of convex lower semi-continuous functions. Indeed, the most basic selfdual
Lagrangians are of the form L(u, u™) = ¢(u) + ¢*(u*) where ¢ is a convex function in X, and ¢* is its
Fenchel dual on X* (i.e., ¢*(u*) = sup{{u, u*) — ¢(u); u € X}, in which case

OL(u) = 0p(u).

More interesting examples of selfdual Lagrangians are of the form L(u, u*) = ¢(u) + ¢*(-Tu + u)
where ¢ is a convex and lower semi-continuous function on X, and I' : X — X" is a skew adjoint
operator. The corresponding selfdual vector field is then

OL(u) = Tu + Op(u).

Actually, both dp and d¢p + I are particular examples of the so-called maximal monotone operators,
which are set-valued maps 8 : X — 2% whose graph in X x X* are maximal (for set inclusion)
among all monotone subsets G of X X X", i.e., those G satisfying

(x=y,p—q) >0 forevery (x, p) and (y, g) in G. (1.12)

It turned out that the class of maximal monotone operators and the one of selfdual vector fields
coincide. Indeed, the following was proved in [17].

Theorem 1.1 If B : DB) ¢ X — 2% is a maximal monotone operator with a non-empty domain
D(B), then there exists a selfdual Lagrangian on X x X* such that 3 = OL.

Conversely, if L is a proper selfdual Lagrangian on X x X*, then the vector field u — OL(u) is
maximal monotone.

This means that selfdual Lagrangians can be seen as the potentials for maximal monotone oper-
ators, in the same way as convex lower semi-continuous energies are the potentials of their own
subdifferential, leading to a variational formulation and resolution of most equations involving max-
imal monotone operators such as the one in (1.1). This was indeed done in [17] in the case where
[ does not depend on the state x € Q. We shall however need to consider in this paper mea-
surable families B(x,.) : Q x R¥ — R of maximal monotone operators with suitable bound-
edness and coercivity conditions, and the possibility of associating to them measurable families
L(x,-,) : Qx RV x RV — RV of selfdual Lagrangians on RV — R" that reflect these conditions.
For that we recall the definition of the class Mg, p(RN ) introduced in [8].
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Definition 1.1 For a domain Q in RV, p>1and % + 37 = 1, we denote by Mg’p(RN ) the class of all
possibly multi-valued functions B : Q@ x RY — RY with closed values, which satisfy the following
conditions:

(i) B is measurable with respect to £(Q) x B(R") and B(R") where L(Q) is is the o-field of all
measurable subsets of Q and B(RY) is the o-field of all Borel subsets of RY.

(ii) For a.e. x € Q, the map B(x,.) : R¥ — R" is maximal monotone.

(iii) There exist non-negative constants m;, m,, c; and ¢, such that for every & € RN and n € B(&),

c c
& mrv ZmaX{—llglp—ml,—zlnlq—mz} (1.13)
4 q
holds, where (., .)g~ is the inner product in RY.

The following is the main application of the results in this paper.

Theorem 1.2 Let Q be a domain in RN, g, p > 1 with 1—1) + é = 1, and assume u, — u* strongly in

W=b9(Q). Let u, (resp., T,) be (weak) solutions in W(;’p(Q) (resp., momenta in L1(Q;RN)) for the
Dirichlet boundary value problems (1.1), where B : Q x RN — RN belongs to Mg, ,(R").
If B(., &) is Q-periodic for an open non-degenerate parallelogram Q in R" then, up to a subse-
quence
Uy — U weakly in Wé’p (Q),

T, > T weakly in LY(Q; RY),

where u is a solution and 7 is a momentum of the homogenized problem

7(x) € Bpom(Vu(x)) a.e. xe€Q,
—div(t(x)) = u"(x) a.e. xef, (1.14)
ue Wy ().

Here Bom = OLnom, With Liom being a selfdual Lagrangian on RN x RN defined by

1
Lyom(a,b) ;== min — f L(x,a + Do(x),b + g(x))dx, (1.15)
eewt ) 101 Jo
SELY(QRY)

where for each x € Q, L(x, -,-) is a selfdual Lagrangian on RN x RN such that
B(x,-) = OL(x,-). (1.16)

The above theorem will be a byproduct of several results which have their own interest. In
section 2, we consider various topologies on the class of selfdual Lagrangians that are relevant for
homogenization. It turns out that the standard concept of I'-convergence is equivalent to the stronger
notion of Mosco-convergence in the context of selfdual Lagrangians. This has a direct implication
on the corresponding maximal monotone operators. We also extend to selfdual Lagrangians one of
the most attractive properties of the Mosco convergence of convex functions, which is that it implies
the convergence of the graphs of their corresponding subdifferentials in the topology of Kuratowski-
Painlevé on sets. We shall show in section 2 that similarly, the map L — 0L is continuous when we
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equip the class of selfdual Lagrangians with the topology of I'-convergence and the class of maximal
monotone operators with the topology of G-convergence.

In section 3, we start by extending Theorem 1.1 above by establishing a correspondence between
state-dependent measurable maximal monotone operators in Mq ,(R") and the following class of Q-
dependent selfdual Lagrangian on Q x RY x RV,

Definition 1.2 An (Q, p)-dependent selfdual Lagrangian on Q x RY x R" is a measurable function
L:QxRY xRN - R such that

1. For any x € Q, the map (a, b) — L(x, a, b) is a selfdual Lagrangian on RV x RV,
2. There exist non-negative constants Cy and C; and ng, n; € L'(Q) such that

Co(lal? + b7 — no(x)) < L(x,a,b) < Ci(lal” + |b|? + n;(x)) for all a,b € RV, (1.17)

As in Theorem 1.1, any map  : Q x RY — R" in Mg ,(RY) can be seen as a potential of an
Q-dependent selfdual Lagrangian L : Q x RY x RY — R, that is 0L(x,a) = B(x, a) for almost all
x € Q. We then proceed to use the above representation of 3 to give a variational resolution for the
problem

feBlx,Vulx)) ae xeQ,
—div(f) = u", (1.18)
ue Wy (@),
by “lifting” the corresponding Q-dependent selfdual Lagrangian L on Q x RY x RV to a selfdual
Lagrangian on the function space Wé P(Q) x W~4(Q) via the formula:

F(u,u*) := inf{ f L(x, Vu(x), f(x)) dx; f € LYQ;RY), —div(f) = u*}. (1.19)
Q

A solution can then be obtained by simply minimizing for a given u* € W~19(Q) the non-negative
functional
I(u) = inf f [L(x, Vu(x), f(x)) — (u(x), u™ (x))ry | dx
Q

feL1(Q;RY)
—div(f)=u"

on Wol’p (Q). We end the section by showing that if dL(x,.) = B(x, .), then
Bhom = 5Lh0m7 (120)

where B,,,, is defined in (1.8) and Ly, is as in (1.15).

We start section 4 by a homogenization result via I'-convergence for general Q-periodic La-
grangians which are not necessarily selfdual. This is then applied to obtain the result claimed in
Theorem 1.2 above in the case of selfdual Lagrangians. The last section is an appendix meant for
auxiliary results that are needed throughout the paper.
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2 Preliminaries on selfdual Lagrangians

We first recall the needed notions and results from the theory of selfdual Lagrangians developed
in the book [18]. We shall also establish new ones, in particular those regarding the convergence
properties in suitable topologies of selfdual Lagrangians and their associated maximal monotone
vector fields. X will denote a real reflexive Banach space and X* its dual.

2.1 A variational principle for selfdual Lagrangians

As mentioned in the introduction, maximal monotone operators 3 can be written as 8 = OL, where
L is a selfdual Lagrangian on X X X*, in such a way that solving the equation

u* € B(u), 2.21)

amounts to minimizing the non-negative functional /(u) := L(u, u™)—{u, u*). The following existence
result is essential for the sequel. It gives sufficient conditions for the infimum of selfdual Lagrangians
to be attained, and —as importantly— to be zero.

Theorem 2.1 Let L be a selfdual Lagrangian on a reflexive Banach space X X X*, let u* € X* be
such that (0,u™) € Dom(L), and consider the functional I(u) := L(u,u") — (u, u*). If the functional I
is coercive on X, then there exists u € X such that

1(@) = min I(u) = 0 and u* € DL(@) (2.22)

Note that since L,(u, v*) := L(u,u* +v*) — (u, u”*) is a selfdual Lagrangian whenever L is, it suffices
to assume that u* = 0. The above theorem is then a consequence of the following result originally
established in [16] (see also [18]) under a slightly stronger coercivity condition.

Theorem 2.2 Let L be a selfdual functional on a reflexive Banach space X X X* such that for some
uy € X, the functional v: — L(ug, v*) is bounded above on a neighborhood of the origin in X*. Then
there exists it € X such that 1(it) = mi}? I(u) = 0.

Ue.

Proof of Theorem 2.1. Since L is a selfdual Lagrangian on X X X*, so is its A-regularization,

1 A 1 A
Law,u'y = inf (L, v") + =l = vIF + §||V||2 + oyl = VIR + Euv*u?;

veX, v eX),

for each A > 0, by virtue of Lemma 3.2 in Chapter 2 of [18]. Note that the Lagrangian L, satisfies the
boundedness condition of Theorem 2.2. It then follows that min,cx L,(«,0) = 0. On the other hand,
because of the properties of Yoshida regularization for convex functions, for each (u, u*) € Dom(L)
we have liminf,_o L (u, u*) = L(u, u*). Now if I is coercive then the minimum is attained for some
i € X,ie., I() = L(1,0) = 0 and consequently i is a solution of 0 € OL(i0).
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2.2 Mosco and I'-convergence of selfdual functionals

We first recall the main definitions and statements in the theory of variational convergence for func-
tionals, as well as the graph convergence for possibly multi-valued operators. A complete study
relating the various modes of convergence of convex functions and their subdifferentials can be
found in [10].

Definition 2.1 Let F,, and F be functionals on a reflexive Banach space X. The sequence {F} is
said to I'-converge (resp., Mosco-converge) to F, if the following two conditions are satisfied:

1. For any sequence {u,} C X such that u, — u strongly (resp., u, — u weakly) in X to some
u € X, one has
F(u) < liminf F,(u,).

2. For any u € X, there exists a sequence {u,} C X such that u, — u strongly in X and

lim F,(u,) = F(u).

The following is a fundamental property of Mosco-convergence.

Lemma 2.1 Ler F,, F be a proper convex lower semi-continuous functionals. Then {F,} Mosco-
converge to F if and only their Fenchel-Legendre duals {F},} Mosco-converge to F*.

In the following we note that this property implies the agreable fact that Mosco and I'-convergence
are actually equivalent for a sequence of selfdual Lagrangians {L,}, as long as the limiting La-
grangian L is itself selfdual.

Theorem 2.3 Let {L,} be a family of selfdual Lagrangians on X X X*, where X is a reflexive Banach
space, and let L be a Lagrangian on X X X*. The following statements are then equivalent:

1. {L,} Mosco-converges to L.
2. Lis selfdual and {L,} I'-converges to F.

3. Lis selfdual and for any (u,u”) € X X X*, there exists a sequence (u,,u,) converging strongly
to (u, u*) in X X X* such that

lim sup L, (un, 1) < L(u, u™).
n
Proof. For (1) — (2) we just need to prove that L is selfdual since Mosco convergence clearly

implies I'-convergence. Since L is the Mosco limit of L,, it follows from Lemma 2.1 that L is a
Mosco limit of L;. Denoting

L,f(u*, w) := L,(u,u") and LT (u*, u) := L(u, u"),

it follows that LT is a Mosco-limit of LI on X* X X. On the other hand, by selfduality of L, we have
that LT = L} from which we obtain that LT = lim, LT = lim, L} = L*, and therefore L” = L*, and L
is therefore selfdual.
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(2)—(3) follows from the definition of I'-convergence.
For (3)—(1) we let (1", u) € X* X X and consider a sequence {(u,, u,)} C X* X X such that (u,, u,) —
(u*, u) weakly in X* x X. By the definition of Fenchel-Legendre duality we have

liminf L (), u,) = liminf  sup  {{up, v*) + (v, u;,) — L,(v,v")}. (2.23)
n n (v,v*)EXXX*

Consider now an arbitrary pair (i1, &) and let {(i,, it;)} be the recovery sequence given in item (3).
It follows from (2.23) that

4

liminf L, (1) > lminf (G, ) + (g, 1)) = L@, 7))

Cu, @)y + (i, u™y — L(it, id™).

Since (@, &*) is arbitrary, taking the supremum over all (&1, #*) yields
liminf L} (u),, u,) > L*(u*, u).

Since both L, and L are selfdual, this implies that

liminf L, (u,, u,) > L(u,u"),
n
and therefore that L is a Mosco-limit of L,,.

Remark 2.1 Note that while the Mosco convergence of selfdual Lagrangians automatically implies
that the limiting Lagrangian L is itself selfdual, this fails for I'-convergence as shown in the following
example.

Let H be an infinite dimensional Hilbert space. Consider a set {e,,} with |le,]| = 1 and e, — O
(For example, the orthonormal basis of the space). Define

Ly(u,u") := 5w — enl® + 1K >+ u*, en),

in such a way that L, is selfdual. It can be checked directly that for any (u,, u;) = (u,u*) in H X H
we have lim, L,(uy, uy,) = L(u, u*), where

1 1 1
L@u,u*) = =|lul® + <’ + =.
(u,u”) 2Ilull 2Ilu I >
This means that L is a I['-limit of L,. On the other hand, it is easily seen that L is not selfdual and
therefore we do not have Mosco convergence.

2.3 Continuity of L — JL for the I'-convergence of selfdual Lagrangians

One of the most attractive properties of Mosco convergence is the fact that for convex functions it
implies the graph convergence (or Kuratowski-Painlevé convergence) of their corresponding subd-
ifferentials [2, Theorem 4.2]. We shall extend this result to selfdual Lagrangians by showing that
their Mosco (or I'-convergence) also yield the graph convergence of their derived vector fields (i.e.,
their corresponding maximal monotone operators).
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Considering a sequence of sets {A,} in X, the corresponding sequential lower and upper limit
sets are respectively given by

Lix(A) ={ue X : Au, > u, u, € A,},

and
Lsx(Ay) ={ue X : Tk(n) — oo, Juuqy — u, tngy € Al

In other words, Li(A,) corresponds to the collection of all limit points of the sequence {A,} and
Ls(A,) is the collection of all cluster points of the sequence {A,}. We clearly have Lix(A,) C
Lsx(Ay).

Definition 2.2 A sequence of subsets {A,} of X is said to converge to A C X, in the sense of
Kuratowski-Painlevé, if Lsx(A,) = A = Lix(A,).

This definition, when X is replaced by the phase space X X X* and when the subsets A, are graphs
of maps from X to X*, is also refered to as graph-convergence (see Definition 3.5 on [8]).

Recall that for a selfdual Lagrangian F' on X X X", its associated vector field at u € X is denoted
by 0F (1) and given by 0F (u) = {u* € X*; F(u,u*) = (u, u*)}. We shall therefore also denote by OF
the graph of dF in X x X*, i.e.,

(u, u*) € OF if and only if u* € OF (u).
The following is the main result of this section.

Theorem 2.4 Let X be a reflexive Banach space and suppose {F,} is a family of selfdual La-
grangians on X X X*. If F : X X X* — R U {+co} is a selfdual Lagrangian that is a T'-limit of
{F.}, then the graph of OF, converge to the graph of OF in the sense of Kuratowski-Painlevé.

For the proof, we shall make use of the following theorem that can be seen as the counterpart of
the Brgndsted-Rockafellar result for convex functions [23].

Lemma 2.2 Let L : X X X* — R U {+oco} be a selfdual Lagrangian and assume that for a pair
(o, ug) € X X X*, we have L(uo, uy) — (uo, uy) < &. Then, there exists a pair (u., u;) € OL such that

L lug — uoll < Ve,
2.l - wyll. < Ve,
3. |L(ug, uy) — L(uo, ug)| < 2& + e(lluoll + [lug]l.).

Proof. First assume that M is a selfdual Lagrangian such that M(0,0) < &. We claim that there exists
then a pair (v,, v;) € M such that

L |vell € Ve,
2. Ml < Va,
3. IM(ve, vyl < &
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Indeed, denote by J the duality mapping from X to X* and use the fact that AM is a maximal
monotone operator to find & € X such that

—Jii € OM(iv).
It follows that M(i1, —Jit) = (@i, —Jit) = —|Jii||>. Now, since M is selfdual, we have
M(0,0) = M*(0,0) = sup —M(u,u") > —M(ii, -Jii) = ||l
(" )EXX X"
from which we obtain that ||i]|* < &. Since |[i]| = ||/ill., it suffices to set v, := i and vi = Ji, to

obtain that [|[ve|| = [[Vi]l. < V& and [M(ve, vO)| = [Vl < &.
To complete the proof of Theorem 2.2, we set

M(I/l, I/l*) = L(M + U, u + MS) - <Ma M8> - <I/l(), M*> - <M0, u8>a
which is a selfdual Lagrangian on X X X*. The hypothesis yields that
M(()’ O) = L(M(), M(*)) - <MO’ M6> <e

It then follows from the above that there exists a pair (v, Vi) € OM such that ||[v,]| < Ve, Vil < Ve
and |[M (v, V)| < e. Setting u, := v, + up and uj; := v + uy, and since M(vg, v;) = (v, v;), we have
L(utg, u®) = (ug, u®), and therefore (u,, u’) € AL. Note also that [|u, — uo| < V& and |ju’; - uylls < Ve.
Finally, we have

L(ug, uy) — L(uo, uy) = M(ve, vy) + (v, ugy) + (uo, vy — M(0,0),
which together with |[M (v, v%)| < &, yields that
\L(ue, ) — L(ug, ug)| < 2& + Ve(lluoll + llugl)).

Proof of Theorem 2.4. Fix (u,u*) € OF. There exists then in view of the I'-convergence, a sequence
(un, u;,) converging strongly to (u,u*) in X X X* such that F,(u,,u,) — F(u,u*). We then have
F(u,u*) = (u,u*) = lim,(uy, u,), and therefore if we define ¢, := F,(uy, u;,) — {u,, u,), we obtain
that lim, &, = 0. Hence, by Lemma 2.2, we have the existence of a pair (i,, i) € OF ,, such that
lluy, — finll < +f&, and ||u; — i;|l. < +/&,. Clearly &t, — u and @i, — u* as &, — 0. This shows that
9F C Li(3F,). B B B

To complete the proof, we just need to show that Ls(0F,) C JF. Letting (v,v*) € Ls(0F),),
there exists some sequence (v, v, ) € dF, such that v,qy — v and u,qy — v*. Now take an
arbitrary (u,u*) € OF. From what we have shown, there exists a sequence (u,,u,) € OF, such
that (u,, 1)) — (u,u*). For each k we have (u,q) — Vn(k)’”jl(k) - VZ(k)> > 0, and as k — oo we get

(u—v,u* —v*) > 0. The above holds for all (u,u") € OF and so by the maximality of OF we obtain
that (v, v*) € 9F, which completes the proof.

3 A selfdual variational approach to existence theory

In this section, we first establish a correspondence between maximal monotone maps in Mg ,(R")
and a class of Q-dependent selfdual Lagrangians. We then proceed to give a variational formulation
and resolution to equation (1.1) even in the case where the maximal monotone operator S is nor
derived from the potential of a convex function.
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3.1 Selfdual Lagrangians associated to maximal monotone operators

Definition 3.1 Let Q be a domain in RY.

(i) A function L : Q x RY x RN — R U {+00} is said to be an Q-dependent Lagrangian on
Q x RN x RV, if it is measurable with respect to the o-field generated by the products of Lebesgue
sets in Q and Borel sets in RY x RV,

(ii) Such a Lagrangian L is said to be selfdual on Q x RY x RY if for any x € Q, the map
L, : (a,b) = L(x,a,b) is a selfdual Lagrangian on RV x RV i.e., if L*(x,b,a) = L(x,a,b) for all
a,b € RN where

L*(x,b,a) = sup{(b, E)py + (a, My — L(x, &) (£,m) € RV xRV},

The following was proved in [17] for a single maximal monotone operator.

Proposition 3.1 If B € Mg ,(RY) for some p > 1, then there exists an Q-dependent selfdual La-
grangian L : Q x RN x RY — R such that B(x,.) = 0L(x,.) for a.e. x € Q and

Co(lal? + |b|? — no(x)) < L(x,a,b) < Ci(lal” + b7 + ni(x)) forall a,b e RV, (3.24)
where Cy and C, are two positive constants and ny,n; € L' (Q).
Conversely, if L : Q x RY x RN — R is an Q-dependent selfdual Lagrangian satisfying (3.24),
then dL(x,.) € Mg ,(R").
Proof. LetN : QxRN x RNY — R U {+o0} be the Fitzpatrick function [13] associated to B, i.e.,

N(.X, a, b) = Sup{<b9 f)RN + <a - 57 U)RNQ ne B(X, 5)}

Note that measurability assumptions on 3 ensures that N is a normal integrand. Also, by the proper-
ties of the Fitzpatrick function [18], it follows that

N*(x,b,a) > N(x,a,b) > {a, byg~ for a.e. x € Q and for all a, b € RV,
Moreover,
n € B(x, &) if and only if N*(x,n,&) = N(x,&,17) = (,E)ry a.e. x € Q. (3.25)

Define L : Q x RV x RV — R by
L(x,a,b) = inf{lN(xa b)+lN*(xb a)+i|a —a|p+i|b - by
.a, = FNGa,b) + 5 brax) + lan = al”+ 2o 1by = bafts
1 1
(a,b) = E(al,bl) + E(az,bz)}-

We shall show that L is Q-dependent selfdual Lagrangian such that

N*(x,b,a) > L(x,a,b) > N(x,a,b) fora.e. x € Q and for all a,b € RV, (3.26)
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Fix a,b € RY. We have
L*(x,b,a)

sup {(&, DYry + {a, Mgy — L(x, &, m)}
£neRN

1 -
sup {(é‘:a b)RN + <a’ n)]RN - EN(-X’ é‘:l’nl) - EN (X, 621 772)
EneRN

el — Ll @ = @ + @)
4[7 1 2 4q771 mis 1 _2 1M ) 2,12

sup (&1 + €0, bYry + (@i + mday — N(x.E1,m1)
&6 ERY

N =

. 1 1
N 2m) = 7ok — ol = 5ol - ml?).

Using the fact that the Fenchel dual of some of two functions is their inf-convolution, we obtain

1
L'(x.b.a)= > inf [N'(x.brar) + N(x.2a-a1,2b - b))

ap,bieRN

Zq—l p-1
+—1Ib - b1|q +
q

Ia—all”}.

Setting ay = 2a — a; and b, = 2b — by we have a = ”‘;’“2 and b = %. It then follows that

L*(x,b,a)

1
5 inf N5 by,a) + N(x, az, by)
2 arbrarbreRY

2a-1 by — by 2P‘1|a1 —a
2 w2

_|—|q

1 1
i (@.b) = S(arb) + 5(a. b))
1

. N 1 1 1
inf (SN (x. br.an) + N a2, b2) + aglb1 ~bal! + ol — ol

1 1
(a.b) = 5@ by) + 5 (@, by))

L(x,a,b).

Thus, L is a Q-dependent selfdual Lagrangian. Inequalities (3.26) simply follow from the definition
and selfduality of L. We shall now prove that L satisfies the estimate (3.24). Note first that for all

n € B(x, &) we have

my+my
cr+cy

N(x,a,b)

Setting ¢ =

IA

IA

1 1
;lflp + 5|77|p <my+my + (cp + )E Mpy.

it follows from the definition of the Fitzpatrick function N that

sup{(h, E)py + (a — & mpv;n € B(x, &)}

1 1
sup (b, E)ry + {a, My — €17 — nl? + ¢
nEB(EE){ < E plct +¢2) d q(cy +¢2) i }
1
sup (b, E)ry + (@, Mry — €17 — nl? +¢
§,7;e]1€1\’{ S e plct +c2) d q(ci +c2) 7 }

(c1 + )P lal? + (c1 + cp)!

b7 + 2. (3.27)
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Let no(x) € B(x, 0). By assumption [170(x)|? < my + (0, 1n9(x)) = m, for a.e. x € Q, from which we get
no € L1(Q). It also follows from (3.25) that N*(x, no(x),0) = 0 for a.e. x € Q. From the definition of
L and (3.27), we get that

1 1 24 2°
L(x,a,b) < =N(x,2a—mn0(x),2b) + 5N"(x,10(x),0) + —b|? + —la — no(x)|”
2 2 4q 4p

IA

Ci(lal” +1b|* + ni(x)) a.e. x€Q,

where C is a positive constant and n; € L'(Q). The reverse inequality follows from the selfduality
of L.
Conversely, let L be a Q-dependent selfdual Lagrangian satisfying (3.24). If n € L(x, ¢) then

(& m = L(x,&m) = Collgl” + Inl* = no(x)),

from which we conclude that dL(x, .) € Mq ,(RV).

3.2 Self-dual Lagrangians on Wé’p (Q) x W H4(Q)

We now show how one can “lift” an Q-dependent selfdual Lagrangian to a selfdual Lagrangian
on the phase space WS”’ (Q) x W 4(Q). This will allow us to give a variational formulation and
resolution —via Theorem 2.1- of equations involving maximal monotone operators in divergence
form. The following extends a result in [17].

Theorem 3.1 Let 8 € Mg ,(R") for some p > 1, then for every u* € W-14(Q) with ﬁ + ‘ll =1, there
exist it € Wé’p (Q) and f(x) € L1(Q; RY) such that

(3.28)

feBx,Vi(x)) ae xeQ
—div(f) = u*.

It is obtained by minimizing the functional

I(u) ;= inf N f [L(x, Vu(x), f(x)) = (u(x), u”(x))py ] dx
g Jo

on Whr(Q), where L is an Q-dependent selfdual Lagrangian on X RN x RN associated to B in
such a way that 0L(x, -) = B(x, -) for a.e x € Q.

The above theorem will follow from the representation of a maximal monotone map in Mg, ,,(RN )
by an Q-dependent selfdual Lagrangian on Q x RY x R¥ (Proposition 3.1) combined with the fol-
lowing two propositions.

Proposition 3.2 Suppose L is an Q-dependent selfdual Lagrangian on Q x RN x R such that
L(-,0,0) € L'(Q). Then the Lagrangian defined on Wé”’ (Q) x W= 9(Q) by

F(u,u) := inf{f L(x, Vu(x), f(x))dx; f € LY (Q; RY), —div(f) = u*}, (3.29)
Q

is selfdual.
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Proof. Denote Wé’p (Q) by X and its dual W=19(Q) by X*. For a fixed (v*,v) € X* x X, we have
F'(v',v) = sup{{u, vy +u",v) — Flu,u™);u € X,u" € X*}

sup {(u, VY + Ut vy — f L(x, Vu(x), f(x)) dx}
FeLAQRY) Q

—div(f)=u"*

(u,u*)eXXX*

sup  {(u, vy = (div(f),v) = f L(x, Vu(x), f(x)) dx}
FeLi@RY) “

sup  {{u, vy + (f, Vv) — f L(x, Vu(x), f(x)) dx}.
feLféR”) “

Now set E := {g € LP(Q;RM); g = Vu, u € X} and let yx be the indicator function in L”(Q;RY),
e.g.,

] 0 g€k,
XE(g) = { 400 elsewhere.
An easy computation shows that
o on_ |0 div(f) =0,
Xelf) = { +o0 elsewhere.
Fix fy € L1(Q; RN) with —div(fy) = v*. It follows that
Forv) = sup (g o) + (V0 - f L(x. g0, f() dx ~ x£(9))
geLP(Q;RY) Q
feL1(Q;RN)

= inf| f L*(x, fo = £, V) dx + x5 (f); f € LUQRY)}
Q
Note that we have used the fact that
([t @n = [ Lo

that holds since L(.,0,0) € L'(Q). We finally get

F*(",v) = inf{ f L*(x, fo — £, Vv)dx; f € LYQ; RY), div(f) = 0}
Q

inf{f L(x, Vv, fo — f)dx; f € LYQ; RY), div(f) = 0}
Q

inf{f L(x, Vv, f)dx; f € L1 (Q; RN), —div(f) = v"}
o
F(v,v").

Here is our variational resolution for equation (3.28).
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Proposition 3.3 Suppose L is Q-dependent selfdual Lagrangian on Q x RN x RN, Assume the
following coercivity condition:

L(x,a,b) > m(x) + C(|la|’ + |b|?) for all a,b € R", (3.30)

where m € L' (Q) and C is a positive constant. Then for every u* € W=9(Q) the functional

I(u) = inf N f [L(x, Vu(x), f(x)) = (u(x), u”(x))py | dx
L 2

attains its minimum at some i € Wé’p (Q) such that I(it) = 0, and there exists f € LY(Q;RN) such
that

f(x) € OL(x, Vii(x)) a.e. x € Q
—div(f) = i,

Proof. Take fy € LI(Q;RY) with —div(fy(x)) = u*(x). Since L is an Q-dependent selfdual La-
grangian, M(x,a,b) := L(x,a,b + fo(x)) — (a, fo(x)) is also an Q-dependent selfdual Lagrangian on
Q x RN x RV, It follows from the above proposition that

F(v,v"):= inf f M(x, Vv(x), f(x))dx
feL/(QRY) Jo
—div(f)=v"
is a selfdual Lagrangian on W(;’p (Q) x W H4(Q). In view of the coercivity condition, Theorem 2.1
applies and there exists & € Wé"” (€2) such that

F(i,0) = inf f M(x, Va(x), f(x))dx = 0.
feL1(QRY) Jo
—div(f)=0

Using again the coercivity condition, we get that the above infimum is attained at some f; €
L1(Q; RN) with div(f;) = 0. Thus,

0 = F(i1,0)

f M(x, Va(x), fi(x) dx
Q

fg [LCx, Vaa(x), fi(x) + fo(x)) = (Vi(x), fo(x))rs]dx

L [L(x, Via(x), f1(x) + fo(x)) = (Via(x), fi(x) + fo(x))ry] dx.

Taking into consideration that L(x, Vii(x), fi(x) + fo(x)) — (Viu(x), fi(x) + fo(x))gv > 0, we obtain
that the latter is indeed zero, i.e.,

L(x, Vi(x), fi(x) + fo(x)) — (Va(x), fi(x) + fo(x)rv =0 fora.e. x e Q.

Setting f := f + fy, we finally get that f(x) € L(x, Vii(x)) for a.e. x € Q and that —div(f) = u*.



Homogenization of maximal monotone vector fields 339

3.3 Variational formula for the homogenized maximal monotone vector field

Given a maximal monotone family  in Mg’p(RN ) that is Q-periodic for an open non-degenerate
parallelogram Q in R", its homogenization B, is normally given by the non-variational formula
(1.8). In this section, we shall give a variational formulation for the vector field B,,, in terms of a
suitably homogenized selfdual Lagrangian Ly, derived from the Q-dependent selfdual Lagrangian
associated to B.

Theorem 3.2 Assume B € MQYP(RN ) is Q-periodic and let L be an Q-dependent selfdual La-
grangian such that B(x,.) = OL(x,.) given by Proposition 3.1. If the operator By is given by
(1.8), then Bpom = OLyom where Ly, is the selfdual Lagrangian on RN x RN given by

. 1
Lyom(é,m) = min — f L(x, & + Vo(x),n + g(x)) dx. (3.31)
eewt ) 101 Jo
geLy(QRY)

The proof will follow from the following propositions. First, we show that the homogenized La-
grangian Ly, inherits many of the properties of the original Q-dependent Lagrangian L such as
convexity, boundedness and coercivity.

Proposition 3.4 Assume L is an Q-dependent Lagrangian on Q x RY x RV satisfying (3.24) for
some p,q > 1. Then Ly, is convex and lower semi continuous, and for every a*,b* € R",

1
L@ ,b"y = inf  — | L*(x,a" + g(x),b" + Vo(x)) dx, (3.32)
veWl () 10l Jo
geLl (Q;RY)

where £ + L = 1and L + L = 1. Furthermore,
PP 9 q
Co(lal? + |b|? — 1) < Lpgm(a,b) < C1(1 + |al” + |b|?) foralla,b € R". (3.33)
The following gives the relation between the subdifferentials of Ly, and of L.

Proposition 3.5 For each a,b € R", the subdifferential map 0Ly,m(a, b) is given by
1
OLimta.b) = 5 [ DL+ T20).b+ 20)
0
where § € W;’p(Q) and g € LI(Q;R") are such that

1
Lhom(as b) = @ LL(y’a + V@(y)’ b+ g()))) dy

We need a few preliminary facts. For each 1 < r < oo, set
E.:={f =Vue L'(Q;R"); for some u € W;”(Q)}

and
E,+R":={f+n : feE, neR").
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The Poincaré-Wirtenger inequality which states that for D bounded open and convex, there exists
K := K(r, D) > 0 such that

e = 5 Jpy wllrip, < KlIVullro ) for every u € W' (D)
implies that E,+R" is a convex weakly closed subset of L(Q; RY). The indicator function of E,+R",

(o fE€E +R",
XE+ri(f) = { +oo fe L (Q;RV)\ (E, + R,

is therefore convex and lower semi-continuous in L"(Q; RY). Assuming that 7’ is the conjugate of r,
ie, 1+ L =1, define

E::={ge L (Q;RY) f(f(x),g(x))RN dx=0 forall feE, +R"}.
Q

The Fenchel-Legendre dual x}. . of x£,+r» is then given by,

Xosel® = sup | [ (0800 dx =)
fEL(QRN) ~JOQ

sup fQ (F0 gy dx = x5 8),

fEE +R"

for all g € L"(Q;RY). Also due to the convexity and lower semi-continuity of yg,,g» one has
X*EJ- = xE,+r. Similarly one can deduce that,

X*E:;Jr]R/x(f) = XE,(f)
for all f € L"(Q; R"). Note also that E, is the isometric image of W;’V(Q) by Vand E;- = Ly(Q; RM).
Proof of Proposition 3.4. We first prove (3.32). Fix (a*,b") € R" x R" and write

L;;om(a*’ b*) sup {a, a >RN +<b, b*>]RN = Lyom(a, b)}

(a,b)eR"xR"

1
sup — f <@, a"an + (b, ")
(@,b)eR" xR 10l Jo
(6.8)W, " (QXL{(Q:RY)

~L(x,a+ Ve(x),b + g(x)| dx

1

- sp o [ [@ate G0
@herixrr [0l Jo
(fsg)EE/)XE;'

—L(x,a+ f(x),b+ g(x))] dx.
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Setting A(x) = a + f(x), B(x) = b + g(x) and substituting above we have

L:l()i?l(a)’< ’ b*)

1
sup  — f (A @ Yex + (B, b")py — L(x, A(x), B(x))| dx
A€E,+R" 10 1]

BeE +R"

1

= s {— f [(A.a")en + (B.b")py — L(x. A, B)| dx
aerrrn 101 Jo
BeLI(Q;R")

—XE, ke (A) = XE3 420 (B)}.

Now using the fact that the Fenchel dual of a sum is their inf-convolution, we obtain

(a”,b")

hom

1
inf  {— f L*(x,a" — g(x),b" — f(x))dx
rerd orm 101 Jo

geL” (Q:R")

+xes (8) +xe, ()}

= fEEq |Q|fL*(xa —g(x),b" — f(x))dx

gEE

1
inf L (x,a" + g(x),b" + Ve(x)) dx.
e<W,” ) 17]
geLl (QRY)

This proves (3.32), which then implies that L;” ==
semi-continuous.

We now prove estimate (3.33). In fact, the upper bound simply follows from

= Ly, and therefore Lj,,, is convex and lower

Lyom(a,b) < — f L(x,a,b)dx < Ci(lal’ + |b|? + 1).

For the lower bound, note first that since Cy(lal” + |b|9 — 1) < L(x, a, b) for all a,b € RY, it follows
that

Co(p - 1)| 1 Cog-1)

—|a ~1blY +Cy forall a,beRV.
(Cop)” (Cog)* ’

L*(x,a,b) <

On then gets from (3.32) that

-1 , -1
Co(p )| v L Golg— 1)

=ap b7 + C
(Cop)? (Coq)? 0

L; .(a,b)< —fL (x,a,b)dx <

forall a,b € RY, from which we get that Ly, (a, b) = L}

hom

(a,b) > Co(lalP+|b|7—1) forall a, b € RV,

Proof of Proposition 3.5. Setting A(a, b) := ol fQ OL(y,a + V@(y), b + g(y)) dy, we shall first show
that A € 0Ly,,,. For that consider (a;,b;) € RY xRV, ¢ € W# P(Q) and g € LI(Q;R"). From the
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convexity of L:

L(y, a1 + Vo(y), b1 + g(»))

\%

L(y,a+V@(y),b + &)

HOIL(y,a + V@), b + g)), a1 + Vo())ry
+01L(y,a + V@), b + (1)), —a — V@(y))ry
HOL(y,a + V), b + &), b1 + 8())r~
HL(y,a+ V), b + &), =b — 8())r~-

Averaging the above on Q implies that
1
0l f L(y,a1 + Vo), by + 8(3)) dy = Lyom(a, b) + (A(a, b), (a1 — a, by — b))rvsry,
Q

from which we get
Liom(ar,b1) 2 Lyom(a, b) + (A(a, b), (a1 — a,by — b))rvywy.

This implies that A C dLy,,,. To prove the reverse inclusion, let (d, ¢) be in dLj,,(a, b). Since Ly,
is convex and lower semi-continuous, we have

Liom(a, b) + Ly,,,,(d, ¢) = (a,d)rx + (b, ).

It follows from Proposition 3.4 that there exist ¢ € W;’q/(Q) and g € Lﬁ/(Q; RY) such that

1
L (a.,b)=— f L*(x,a" + g(x),b" + Vo(x)) dx,
10l Jo
and therefore
1
(a,d)ypny + (b, c)pv = 0l f L(y,a+V@(y), b+ g(y)) dy
(4]

+L L*(x,d + g(x), c + Vo(x)) dx.
101 Jo

On the other hand,

(a dys + (b, = f (a+ VP09, d + g0)v + f b+ 50, + Vo)) dy.
0 Q

1 1
10l 10|
which together with the previous equality yield

0 = [ [L0:a+ Vo010 + ) + L0+ g0 + V)
Q
—a+Vo(y),d + gy)ry = b+ 8(y), c + Vo(y)rv] dy.

Taking into account that the integrand is non-negative we obtain the integrand is zero for almost all
y € Q. This implies that

(d+gy),c+Vo(y) € IL(y,a+ V@), b + g(y)) ae.y€ Q.
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Integrating the above over Q implies that

1
dc)e - f OL(y.a + V(). b + Z0)).
a0 Jo

which completes the proof.

Proof of Theorem 3.2. Let ) € 0L, (€) in such a way that Ly, (&, 1) = (£, n)rv. From the definition
of Ljym, we have

. 1
Lhom(*f’ 77) = min A f L()C,.f + V‘P(x), n+ g(x)) dx.
eewt ) 101 Jo
geLi(QRY)

From the coercivity assumptions on L, it follows that there exist ¢ € W;’p (Q)and g € LZ(Q; RY)
such that

1
Lyom(&.m) = — f L(x,& + Do(x),n + g(x)) dx.
10l Jo
Hence

0 = Lham(f’ 77) - <‘fa 77>]RN
1
- L f L(x.€ + V(. + () dx — (& s
0l J,

1
= fQ [L(x, € + Vo(x),n + g(x)) = (¢ + Ve(x), 7 + g(x))rv ] dx,

and since the integrand in non-negative we obtain

L(x,& + Vo(x),17 + g(x)) — (€ + Vep(x), 7 + g(x))rv = 0 forae. x € Q,

from which we have )
n+8(x) € IL(x, & + Vo(x)) = B(x, £ + Vp(x))

and finally 5 = f (1 + g(x)) dx. This implies that OLpom C Bpom and the equality follows since Ly,
is itself a maximal monotone operator.

4 A variational approach to homogenization

We start by studying the homogenization of a class of Lagrangians that is more general than the one
introduced in Proposition 3.2. We shall then apply this result to deduce Theorem 1.2 announced in
the introduction.

4.1 The homogenization of general Lagrangians on W'7(Q) x LI(Q; RY)

The following homogenization result does not require the Q-dependent Lagrangian L to be selfdual
nor that the exponents p and g to be conjugate.
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Theorem 4.1 Let Q be a regular bounded domain and Q an open non-degenerate parallelogram in
R™ Let L : Q x RY x RV — R be an Q-dependent Lagrangian such that:

(1) For each a,b € RN the function x — L(x, a, b) is Q-periodic.

(2) There exist constants Cy, C1 > 0 and exponents p,q > 1 such that for every x € Q,

Co(lal” +|b|? — 1) < L(x,a,b) < Ci(Jal” + |b|? + 1).
Let {G; & > 0} be the family of functionals on W'P(Q) x L1(Q; RN) defined by

G.(,7):= inf f L(E, Vu(n), 7o) + f(x) dx,
feli@QRY) Jo €
divf=0

and set

1
Lyom(a,b) == min — f L(x,a + Vo(x),b + g(x)) dx. (4.34)
eewl?0) 101 Jo

geLL(O:RY)
Equip L1(Q; RN) with the following topology denoted by T~ : T, — 7 for T if and only if
7, — T weakly in LY(Q; RY) and div(t,) — div(7) strongly in W™4(Q).

There exists then a Lagrangian Gpop on WP (Q) x LI(Q;RN) that is a T-limit of {Gg;e > 0} as
&g — 0. Moreover, Gy, is given by the formula

G0y = i | Ly (T, 72 + f) 435)
FeLUQRY) Jo
divf=0

Remark 4.1 Note that when the Lagrangian L is independent of the third variable, i.e.,
L(x,a,b) = ¢(x,a) forall (x,a,b) e QxRN xR",

for some function ¢ : Q x RV — R, this homogenization problem is completely understood. Also,
when the Lagrangian L is independent of the second variable then this problem can be dealt using
the bi-continuity of the Fenchel dual (see for instance [1, 10]). The proof for the general Lagrangians
consists of two parallel parts corresponding to each of these variables and should be done simulta-
neously for both. The part regarding the first variable is rather standard and the same argument can
be found for instance in [1].

The proof of Theorem 4.1 will follow from the following two lemmas.

Lemma 4.1 For any (u,7) € WHP(Q) x LI(Q;RN), there exists a sequence (ug, ) € WH(Q) x
LI(Q; RN) such that u, — u strongly in LP(Q), T, — T strongly in LY(Q; RY) and

lim sup G.(ug, 7e) < Gpom(u, 7).
£e—0
Lemma 4.2 Let f € LY(Q;RY) with div(f) = 0. For any (u,7) € W'"(Q) x LY(Q;R") and any
sequence (U, Ts) such that u, — u strongly in LP(Q) and T, — T with the T -topology in L1(Q; R"),
we have

lim inff L(z, Vi (x), Te(x) + f(x) dx > f Liom(Vu(x), 7(x) + f(x)) dx.
Q Q

-0
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We first show how Theorem 4.1 follows from the two lemmas above.

The limsup property in the definition of I'-convergence readily follows from Lemma 4.1. For
the liminf property we must show that for any (u,7) € W'"P(Q) x LI(Q;RM) and any sequence
{(ug, 7)) € WHP(Q) x LI(Q; RY) such that

ue — u strongly in LP(Q) and 7. — 7 inthe 7 — topology,

we have that
lim lélf Gg(ug, Tg) > Ghom(uv T)'

By Lemma 4.2 we have

lim inf f L Vi, 7, + fdx > f Liom(Vit, 7 + f) dx,
Q € Q

-0

for every f € L4(Q;R") with div(f) = 0. Since

X X
inf liminf f L(=,Vug, 7o + f)dx = liminf  inf f L(=, Vug, 7o + f)dx,
FELIQRY) e=0  Jo € e=0  feliQRY) Jo €

divf=0 div f=0

we obtain that liminf,_,o G.(ug, Te) = Gpom(u, T), as desired. m|

Proof of Lemma 4.1. Note that without loss of generality we may assume L > 0. Assume first that u
is an affine function and 7 is constant on Q, that is

u(x) = {a,x) + a and 7(x) = b,

for some a and b in R” and @ € R. Fix n € R” and let ¢ and g to be the minimizers on the formula
for Ly, given by (4.34):

1
Lyom(a,b+1n) = @ LL(x,a + Vo(x), b+ 1+ 2(x)). (4.36)

Define
ug(x) ;= u(x) + &p(2) and 7(x):=T7.

Note that by Lemma 5.4 in the Appendix, & can be extended by periodicity to an element of

Ll (RN;RY), still denoted by g such that div(g) = 0. It follows that

. . . X X
limsup G,(us, 7,) = limsup inf f L(=,a+ V@(=),b+ f(x))dx

& & feL1QRY) Jo € &

divf=0

. . X X
< inf llmsupfL(—,a+V<p(—),b+f(x))dx

FELI(RY) & o € &

divf=0
<

lim sup f L(f, a+ V@(f), b+n+ g(f)) dx.
Q E & &

&
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By Lemma 5.2 of the Appendix we have as € — 0,

j‘(—a+V¢()b+n+g()ﬁh—+Ej L(y,a+ V@), b +1n+ &) dy.

It then follows from (4.36) that

hm Sup Ga(”as Ta) < |Q|Lhom(as b + 77)9

-0

and since 7 is arbitrary, we have that

limsup Gg(ug, 7o) < 1nf Q| Lpom(a, b+ n).

-0
By Lemma 5.1 of the Appendix we have
inf f Lyom(a,b + f(x))dx > inﬂ{ |Q|Lpom(a, b +n),
neR”

FeL4(Q:RY) Jo
divf=0

and thus we conclude, as desired
lim sup Gs(usa Ts) < inf f Lhom (Cl, b+ f(x)) dx = Ghom(uv T)‘
Q

&e—0 SELI(QRY)
divf=0

Assume now that u is a piecewise affine function and 7 is a piecewise constant function on €2, that is
for {Q2}} jer, and {4} e, , both finite polyhedral partitions of Q, we have

u(x) ={aj, x) +a;forx € flj and  7(x) = by for x € O,

for fixed a; € R" and by € R" and constants ;. By considering non-empty intersections Q ;N (o}
and re-indexing them, we can consider {€;},; a polyhedral partition of Q such that

u(x) ={a;, x)y +a;forxe Q; and 7(x)=b; forx € Q;.

Analogous to what was done previously, fix {n;} C RY and let @; and g; be such that
1
Lpom(ai, bi + ;) = 0l f L(x, a; + V@i(x), b + n; + gi(x)) dx,
Q

and set u(x) := u(x) + £@;(%).

Unfortunately, we cannot consider u, as the piecewise construction of the above functions, as
the ¢; won’t necessarily match along the interface between the €); and thus will not in general be a
function in W!?(Q). This can be remedied by the following standard construction (see for instance
[1]): Let X be the interface set between the Q;, and define for 6 > 0, X5 := {x € Q : d(x,X) < §}.
Consider a smooth function ¥ so that

_ 1 x625
T“”‘{o x€Q\ T,
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and define
ud(x) := (1 = Ys(x)ul(x) + Ps(x)u(x) forxe Q; and 7,:=1

It can be checked that the function ¢ lies in W!'P(Q). Note that by Lemma 5.4 of the Appendix,
each g; can be extended by periodicity to an element of L;’UC(RN ;RM), still denoted by g; such that
div(g;) = 0. Thus div(n; + g“,-(ﬁ)) = 0 on R" and in particular on ; \ Zs. Define Jeos(xX) =1m; + g’i(f)
on Q; \ Zs5. One can also extend (using Theorem 2.5 and Corollary 2.8 in [20]) fs to an element in
L1(Q; RY), still denoted by f. s such that || f; 4| rervy is bounded and div(f;s) = 0. Take now any
0<1t<1,then

Gg(tug,rg) = inf fL(Vtug, Te +f) dx
feL1(Q:RY) Jo
divf=0

f L<Vmg’ Tet fs,(y) dx
Q
Z fﬂi\za L(g (1 = W5) Vit + 1¥5Vu

t

(I-1
+f L(Vtug,‘ra+fg,5) dx

25

IA

+(1-1) (u— W)V, by + i + () dx
&

Since L is convex in the middle variable and since #(1 — Ws) + t¥s + (1 — ¢) = 1, we obtain

Gutd.7) < ) f (1= YOL(=.ai + VB(2). by + i + §i(5)) dx
T YQNZs € & &€

-1

+f l“I’,jL(E, Vu, bl' +n + g,(f)dx
225\ Zs € €

X t : X
+§ 1 - 0L(=, ———u—ul)V¥s, b; + n; + §i(=)d
i L‘\Z(s( )(8 t(u ua) ’ 7 g(g) *

+f L(Vtug,fg+f8,5) dx.

s

For the first term on the right hand side of this inequality we have
[ varCa vab e ) <
Q\Z; € € €
[t Ve ) a
oz € € €
Using the boundedness of L we get the following estimate for the second term,

X t ; X
1 - 0OL(=, ——(u — u)VW¥s, b + n; + §:(=)) dx <
fm( )(8,(1_0(»{ WV, b+ 1+ §i(2)) da

t .
Cll=0 | (== =)Vl + oy + i+ @I + 1),
oy, (1=1) £
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and similarly
f t‘P(;L(E,Vu,bi+m+g,~(j—c))dxs
255\ & €
X
¢ f (1+19ul +1b; + i + G(O)I7) dx
Z5\Zs &
as well as

| elendn s go)ax s cr [ (14TneP +in gl ax

s 25

It then follows that

Guntery = 3 [ rffae Ve a)d
: 7 Q\Zs & & &

+C1(1—t)Z:fQ\2 1_t)(u—u )v\p6|ﬂ)
+Ci(1=1) ) fg . (1bi+ 7+ GO + 1) dx

wC [ (1w e 2 dx
205\ Zs &

+C1 [ (141908 i+ o) ax
Zs

By taking lim sup,_,, on both sides and considering u. — u on L”(€);), and then letting t — 1 and
0 — 0 we finally get,

1€2i]

lim sup lim sup G (14, 75) < Z L(x a; + V@i(x), b; + n; + 8i(x)) dx. (4.37)
(fi_)(l) £—0 |Q|

Also note that,

Z ||S;|| L(x, ai + Vi), bi + i + 8i(x)) dx = Z QU Liom (@i, bi + ;).

A diagonalization argument yields from limit (4.37) the existence of some #(¢) and d(¢) such that
1(e) - 1 and 6(s) — 0 as & — 0. Defining u, := 1(e)u’®, we obtain

lim sup G (e, ) < Z [ Lnom(ai, bi + ),

&—0

and since the {;} is arbitrary one has

lim sup G (i, 72) < Z 19 inf, Lion (i, bi + 1)

-0
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Now we use Lemma 5.1 of the Appendix to obtain

0 int Lundanbitn) < int | (Va7 + f(0)
- ni€R" feL1@RY) Jo
! divf=0
from which we get lim sup,_,, G:(ie, Te) < Ghom(u, 7).
Finally, consider any (u, ) € W'P(Q)xLI(Q; RY). There exists then a sequence {u, } of piecewise
affine functions and a sequence {7,} of piecewise constant functions such that (u,,7,) — (1, 7). By
Proposition 3.4, the function Gy,,, are continuous, so we also have

lim Ghom(um Tn) = Ghom(ua T)~

For each n, we have shown the existence of (u,75) such that  — u, and 7, — 7, in LP(Q2) and
L9(Q; RV) respectively and
lim sup GE(MZ, T;) < Ghom(um Tn):

-0

so we get
lim sup lim sup G (11, 75) < Gpom(u, 7).

n =0

From the same diagonalization argument as before, there exists some n(g) such that n(e) — oo as
& — 0 for which, by defining (u,, 7.) := (ui(a), Ti(s)) we obtain

u, — u strongly in LP(Q), 7, — 7 strongly in LI(Q; RY)
and

lim sup G (5, 75) < Gom(u, 7).
8—)0

This concludes the proof of Lemma 4.1.

Proof of Lemma 4.2. Let (u,7) € WH(Q) x LY(Q;RM) and f € LI(Q;RY) with div(f) = 0. We
assume that u, — u strongly in LP(Q) and 7, — 7, in 7. For constant vectors a;, b;,17; € R”",
consider as before functions @; € W;’p (Q) and g; € LL(Q; RY) such that

1
Lyom(ai, bi + ;) = 0l f L(x,a; + Vi(x),b; + n; + gi(x)) dx.
(@]

Denote 0, L the subdifferential of L with respect to the middle variable and 9, L the subdifferential
of L with respect to the last variable. From the above we have both

div(1L(y.a; + DE;(y). bi + 1 + &(»)) = 0 aee. y € Q, (4.38)

and
f OrL(yra; + DEO). by + 11 + B0))s g0 dy = 0, 439)
Q

for any g € L1(Q; RY). It follows from (4.39) that

O L(y, a; + Vi(»), bi + 1 + 8i(») = Vw(y) ae.yeQ, (4.40)
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for some w € W;;” (Q). It also follows from Lemma 5.3 that w can be extended by periodicity to an

element in Wllo’f (RM). Now, let it € W'P(Q) be a piecewise affine functions and 7 € LI(Q; R") be a
piecewise constant function such that for some partition {€;} of QO we have

iu(x) = {a;, x) + a; for x € ; and 7(x) = b; for x € Q;.
Consider now for x € Q;,
g (x) := 0(x) + e@i(3) and T,(x) := T(x).
Setting Le(x) = L(%, Vue(x), To(x) + f(x)), from the convexity of L we get
L) = LC Vi), 700 + 0+ 3(5)

HOL(Z, Vit (0, 7o) + 1+ B2, Vit () = Vit ()

HOL(E, Vitg (3, 2500 + i+ Bi(5)), 7o) = 70

HOL( Vitg (0, 2500+ i+ (), 00 =i = B

Consider now smooth functions ¥; : Q; — R with compact support such that 0 < ¥; < 1.

Multiplying the above convexity inequality by ¥;, integrating over €; and adding over all i, we get
the following:

X X ~ X
f Lxdx > f L(Z.a;+ VEi(2). i+ mi+ Gi()¥ilx) d
Q — Jo,
+ 3 [ O VB b+ ) T - VY,
— Jo, P & &
X X X R
> f (@L(= @i+ V@), by + 0+ Bi(2)), T = 20,
— Jo, £ P g
X X X
+ 3 [ OLCat Vo S -,
— Jo, P & &
X X X X
+ 3 [ @ a s Ve b+ 22D
— Jo, € £ € €

Now we deal with each term independently. For the first term on the right hand side of the above
expression we have

f L(Z, a; + V@i(2), by + i + 8i())¥i(x) dx — f Liom(as, by + 1) (x) dx,
Q. E E E Q;

i

by virtue of Lemma 5.2.
For the second term, by integrating by parts and by then taking into account (4.38) we obtain

f L ar + VB by + 1+ 3C), Vitg () — Vi, (0)Fi(x) dx
o, £ £ £

X X by
= - f (O L(=,a; + VGi(=), bi + mi + &i(2)), (ue — 1) V¥i(x)) dx.
Q e e e



Homogenization of maximal monotone vector fields 351

It follows from Lemma 5.2 and Proposition 3.5 below, that if € — 0 then,
X X . X N
f (O1L(=, a; + Vi(=), b + m; + gi(=)), (s — 1) V¥i(x)) dx —
o £ £ &
f (O Liow(at, by + 1), — V().
Q;
Integrate by parts on more time to get
f (01 Lyom(ai, by + 1), (u — ) V¥;(x))y dx =
Q;
- f (On Liow(ais by + 1), Vit — VaYFi(x)di,
Q;
from which one has
X X X
f (O1L(=, a; + V@i(=), bi + n; + 8i(=)), Vug(x) — Vit (x))¥;(x) dx —
o & & &
f (01 Lpom(ai, by + 1;), Vu — Vity¥;(x) dx.
Q;

For the third term, we use (4.40) to get 0,L(Z,a; + D@;(2),b; + n; + gi(3)) = Vw(Z) for some
we W;”’ (Q). Using an integration by parts, we obtain

f w0 — 2 (YF (O e = - f (S )ivV(Ta() — 2 (ONW) dx
Q; & Q. &

i

- f ew(S) VW), 75(x) — 75(1)) dx,
Q; &

i

which goes to 0 as € — 0 since 7, — 7 in the 7 -topology.
Similarly as above, the fourth term can be seen to converge to

f (O Lyom(ar by + m0)s £00) = 7)) do,
Q;

while for the fifth term, we first observe that the function
mi(x) 1= (02 L(x, a; + V;i(x), b; + nj + §i(x)), §i(x))

is Q-periodic, and thus setting (m;)¢(x) := m;(%), it follows from Lemma 5.2 that (m;), — m; weakly
in L', where

1
= fQ OrL(ysas + V@), by + 1 + B))s—E()) dy,

which is equal to O in view of (4.39). The fifth term therefore disappears as € — 0.
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Putting now all of the above together we obtain that

3 [ Liontarsby+ myicx
i Vo

+ 3| @ Lnonta, b + i), Vu - Vy¥; dx
i Vo

lim inf f L, Vi, 7 + f)dx
Q E

-0

\%

+ Z <02Lhom(ai» bi + T]i),f - ni)qji dx.
iV

By taking into account the estimate

|0Ljom(a, b)) < M(1 + |al’~" + |b|77") forall a,b € RV,
which follows from estimate (3.33) in Proposition 3.4, and letting '¥; T 1 on each Q;, it follows from
the dominated convergence theorem that

=0

lim inf f L(g,wg,ra +fdx > f Liom(Vax), #(x) + f(x)) dx
Q Q
+ f (01 Lnom(Vit, 7 + ), Vi — Vit dx
Q
+ f<82Lhom(Vﬁ, T+ f)7 f - f) dx.
Q

where f € LY(Q;RY) is a function defined by f(x) = 7; on ;. The above is valid for arbitrary
piecewise affine function i, and piecewise constant functions 7, f. We can then let# — u in Whr(Q)
and # — 7and f — fin LY(Q;R") to obtain

lim inf f L(g,vug,rg+ fdx> f Liom(Vu(x), 7(x) + £()) dx.
Q Q

-0

This completes the proof.

Before proceeding to the next subsection, we note the following slight extension of Lemma
4.1, which will be needed for Proposition 4.1 below. We note that the proof is known when G is
independent of the second variable, and here we show that the same proof with minor modification
works for general Lagrangians just as in Theorem 4.1.

Lemma 4.3 Let G, and Gy, be as in Theorem 4.1. Then, for any (u,7) € WHP(Q) x LI(Q;RM),
there exist a sequence (ug, Ts) such that u—u, — 0 weakly in W'P(Q) and T, — 7 in the T -topology.
Furthermore, u — u, € Wé P(Q) and for this sequence:

limsup Gg(ug, 7e) < G(u, 7).
£—0
Proof. From Theorem 4.1, there exist a sequence (i, ;) with i, — u in LP(Q) and 7, — 7 in the
7 -topology, such that
Ghom(”v T) = llII}) Gs(ﬂ.ea Ts)-
E
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Up to a subsequence one may assume that
ity — u weakly in WP (Q).
Pick any ¢ € Wé’p (Q) with ¢ > 0 in Q. Define:

fig u(x) — o(x) < ity < u(x) + @(x)
ug(x) := { u(x) — p(x) ftg(x) < u(x) — @(x)
u(x) + ¢(x) u(x) + p(x) < ite(x)

Note that u, — u € Wé"” (Q) and since i, — u weakly in W'(Q), so u, — u weakly in W'P(Q).
Note that L + Cy > 0. For any f € L1(Q; R") with div(f) = 0 we have

Guunt) + Gl < [ (LT £+ 7,00) + Col
{us#iie}

+ f [LC. Vi 0. () + 7200) + Co dv.
{ue=iic}

For x in the set {1, # ii.}, the norm of Vii.(x) is controlled by the norm of [Vu(x)| + [Ve(x)|. It
follows that

Golte, 7o) + ColQ) - < f [C1((Vul + V@) + I + f19 + 1) + Co| dx

{ues#iis}

+ f |L(E, Vit (o), f(2) + 1) + Co | dx.
Q &

Take now the infimum over all f € LI(Q; RY) with div(f) = 0 and subtract the latter by C|Q|. Since
{u, # iz} = 0 and Gppp(u, 7) = lim, G(ii,, T,), we obtain

limsup G(u,, 72) < G(u, 7).

=0

4.2 Variational homogenization of maximal monotone operators on Wé”’ (Q)

In this section we establish a homogenization result for selfdual Lagrangians on W(;’p (Q)x W 4(Q)
where ]l] + é = 1 and then proceed to prove Theorem 1.2.

Theorem 4.2 Let Q be a regular bounded domain, Q be an open non-degenerate parallelogram in
R" and L : QxRN x RN — R be an Q-dependent selfdual Lagrangian such that:

(1) For each a,b € RN the function x — L(x, a,b) is Q-periodic,

(2) For some constants Cy, Cy > 0, we have for every x € RV,

Co(lal” +1b1") < L(x,a,b) < Cy(lal” +1b|" + 1), (4.41)

where p > 1 and L + 1 = 1. Let u} — u* strongly in W="9(Q) and let u, be solutions and t, be
momenta for the Dirichlet boundary value problems

T,(x) € (FiL(é, Vu,(x)) ae. xeQ
—div(,(x)) = up(x)  x€Q (4.42)
U, € Wy (Q).
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Then, up to a subsequence,
u, — u weakly in W(;’p (Q) and 1, — T weakly in L1(Q; R"),

where u is a solution and t is a momentum of the homogenized problem

—div(t(x)) =u'(x) xe€Q (4.43)

T(x) € éLhom(VM(X)) ae. xe€Q
ue Wy (),

where Ly is the selfdual Lagrangian on RN x RY defined by

1
Lyom(a,b) == min — f L(x,a + Do(x), b + g(x)) dx. (4.44)
peW,"(Q) |0l 0
geL1(QRY)

This will follow from the following proposition.

Proposition 4.1 Let Q, Q and L be as in Theorem 4.2, and let {F; & > 0} be the family of selfdual
Lagrangians on Wé’p (Q) x W=4(Q) defined by

Fo(w,u*):=  inf f L(E, Vux), () dx.
feL/QRY Jo €
—divf=u"

Then, there exists a selfdual Lagrangian F,, on RN x RN that is a T-limit of {F,;e > 0} on
W(;‘p(Q) x W(Q). It is given by the formula

Fhon(tt,u’) = inf f Lion(Vu(). £(2) dx,
feL1(QRY) Jo
Zdivf=u*

where Lyon is the selfdual Lagrangian on RN x RN defined by (4.44), and which satisfies for all
(a,b) e RN xRN
Co(lal” + 161" = 1) < Lyom(a, b) < Ci(lal” + [b1? + 1).

Proof. Note first that the selfduality and uniform bounds of L;,,, follow from Proposition 3.4. It also
follows from Proposition 3.2 that both F and F/,,, are selfdual Lagrangians on Wé’p Q)X Wh4(Q).

Given (i, u*) € W(l’p (Q) x W=19(Q), we now show the existence of a sequence {(u,, u?) € W(;”’(Q) X
W-14(Q)} with u, — u weakly in Wé"” (Q) and u? — u* strongly in W=19(Q) and such that

lim sup Fo(ug, ;) < Fpom(u, u*). (4.45)

-0

For that we consider {G; € > 0}, a family of functionals on WhP(Q) x L1(Q; RY) defined by

Gg(u,7):= inf f L(f, Vu(x), 7(x) + f(x))dx,
feri@rM Jo e
divf=0
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and

Gan )= int [ L (Tu. 72 + f)

FeL1(QRY) Jo

divf=0
Take T € LY(Q;RM) such that div(r) = u*. It follows from Lemma 4.1 and Lemma 4.3 that there
exists (ug, T,) € Wé’p (Q) x LI1(Q; RN) such that u, — u strongly in L”(Q) and 7, — 7 strongly in
L4(Q;RY) and
lim sup G¢(ug, ) < Gpom(u, 7).

e—0
The sequence u, is bounded in W(; P(Q), so we may assume u, — u weakly in W(;”’ (Q).Sincet, > 7
strongly in L9(Q; RN), it follows that u} := div(r,) — div(r) = u* strongly in W=19(Q). Thus, the
inequality (4.45) follows by noticing that G (ug, Tc) = Fe(ue, uy) and Guom(u, 7) = Fpom(u, u™).

We shall now show that if (i, u*) € WS”’(Q) x W h(Q) and u, — u weakly in Wé’p(Q) and

u: — u* strongly in W=14(Q) then

From(u,u™) < lim i(?f Fe(ug, uy). (4.46)
Take an arbitrary element in (v,v") € Wé”’ (Q) x W4(Q). From the above, there exists (v,, V%) €
Wy P(Q) x W4(Q) with 7, — v weakly in W, ”(€) and v} — v* strongly in W~14(€Q) and such that

limsup Fe(ve, V) < From(v, v').
&—0

By the self duality of F, we have

Fo(ug, uy)

F:(”Zs ME)
= sup{{ute, W) + (Ul w) — Folw, w); (w, w) € Wy x W)

(Utg, Vi) + (U, ve) — Fo(ve, vy),

v

from which we get

lim iglf Fy(ug,uy) > lim iglf{(us, Vi) + (U, ve) — Fe(ve, vi)}
£l &>
= (u,v")y+ W, v) —limsup Fe(ve, V)
£
> (U, V") + U v) = From(v,v°).

Since the above holds for an arbitrary (v, v*) € W(;’p (Q) x W=14(Q), we obtain

F " u) < liminf F(u,, uy).
&e—0

Taking into consideration that F,,, is selfdual we obtain

From(u,u*) = Fp (1", u) <lim i(glf Fo(ug,uy),
E—

as desired.
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Proof of Theorem 4.2. Since (u,, T,) are solutions of (4.42), it follows that

0

f L, Vi (9, 70() dx - f (Vita (), 10O dx
Q En Q

f L(i, Vu,(x), 7,(x)) dx — f Uy ()i, (X) dx. 4.47)
Q Q

Due to the coercivity assumption on L and the strong convergence of u, it follows that the sequence

u, is bounded in W(;’p (Q) and 7, is bounded in L4(Q; RY). Thus, up to a subsequence, u,, — u weakly

in Wé’p (Q) and 7, — 7 weakly in LY(Q; RY). We also have div(r,) = u} — u* = div(r) strongly in

W-14(Q), from which we indeed have 7, — 7 in the 7 -topology (introduced in Theorem 4.1).
Taking f € LI(Q; RY) with divf = 0, it follows from (4.47) that

f u(X)u,(x) dx
Q

—fun(x)div(‘r,, + f)dx
Q

f L(i, Vu,(x), T,(x)) dx
Q E

n

f(Vu,,(x), T, + IRy dx
Q

IA

f L(i, Vu,(x), 7, + f(x)) dx.
Q En
This indeed shows that

f L(i, Vi (x), 7,(x)) dx = inf f L(i, Vi (x), 74(x) + f(x)) dx.
Q En FeLUQRY) Jo €En

divf=0
Let

G, (v,?):= inf f L(i, Vv(x), #(x) + f(x)) dx.
feL1QRY) Jo  &n
divf=0
It then follows that fQ L(Z, Vu(x), 7,(x)) dx = Gg, (4, 7,). Define H : Wé’” Q) x LI(Q;RY) - R
by Hv,T) = fQ<Vv(x), 7(x))ry dx. Note that H is continuous if we consider the weak topology of

Wé”’ () and the 7 -topopogy for LI(Q; R"). It then follows from Lemma 4.2 that

f Lyom(Vu(x), 7(x))dx — H(u,7) < lim igf [Ge, (U, T) — H(up, 7]
Q &=

lim inf [ f L(si’ Vu,(x), 7,(x))dx
Q n

&£,—0

- f 1, ()div(T,(x)) dx]
Q
0.

On the other hand, we have that

| BV 70 = H. ) = [ [ (F7) = (Tt dx > 0
Q Q
(4.48)
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which means that the latter is indeed zero, i.e.,
[ [2aon(Fu21 70 = (Fut). s Jaz = .
Q

Since the integrand is itself non-negative we have
Liom(Vu(x), 7(x)) = (Vu(x), 7(x))pv =0 a.e. x € Q,

which together with —div(7(x)) = u*(x) yields

—div(t(x)) = u*(x), x€eQ,

{ 7(x) € OLpom(Vu(x)), a.e.x € Q,
ue W, (Q).

S Appendix
We shall here state some of the results used throughout the proof.

Lemma 5.1 Assume L : R" X R" — R is a convex function such that Co(la|’ + |b|? — 1) < L(a,b) <
Ci(lal” +|bl? + 1) for all a,b € RN where p,q > 1 are two constants. Suppose Q is a bounded open
domain in RN and 7, € LP(Q;R") and v, € LI(;RN) are two piecewise constant functions such
that

T1(x) =a;, x€Q,andt(x)=b;, x€Q;

where {Qj}ic; is a finite polyhedral partitions of Q, and {a;}ics, (bi}ier are two sequences € RV . Then

min f L(t1, 12(x) + f(x))dx > Z || inf L(a;, b; + n;).
feL1(QRY) Ja 7 ni€R”
divf=0 1€
Proof. We first prove a stronger result (actually an equality) when the set index [ is a singleton. For
any constant 7 € RY we have

min f L(a,b + f(x))dx < f L(a,b +n)dx = |Q|L(a, b + n),
FeL1QRY) Jo Q
divf=0

from which we obtain

min f L(a,b+ f(x))dx < inf |Q|L(a,b + 7).
feL/(QRY) Jo neRN
divf=0

Let now f be the element in L4(Q; RY) with divf = 0 such that

f L(a,b+ f(x))dx= min f L(a,b + f(x))dx.
Q fEﬁ‘?(?;ﬂ(%;N)) Q
1V =
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Using Jensen’s inequality, we obtain

inf |QIL@,b+n) < |QLab+— f F(x)dx)
neRV Q|

|Q|L(@ adx, @ fg b+ f(x)dx)

f L(a,b + f(x))dx
Q

IA

min f L(a,b + f(x))dx.
FeL1QRY) Jo

divf=0
This completes the proof for / being a singleton. Now we prove it for the general case. Note first
that, using the above argument on each Q; we have

inf f L(ai, b; + g(X)) dx = inf || L(a;, b; + T]l) (5.49)
geL1(Qi:RY) Jo, n;€ERN
divg=0

One also can easily deduce that

inf f L(71(x), 72(x) + f(x)) dx > Z inf f L(ai, by + fi(x)) dx.
feLI(Q;RY) fieL4(QiRN)
divf=0 div f;=0

(5.50)

In fact if
inf f L(t1(x), T2(x) + f(x))dx = L L(11(x), T2(x) + f(x))dx

FELIQRY) Jo
divf=0

for some f € LY(Q; RY) with div(f) = 0, then

fg L), 12(x) + f() dx

Z f L(ai, b; + f(x))dx

iel

\%

Z inf f L(a;, b; + fi(x))dx.
fieL1(Q;;RY)
divfi=0

The proof therefore follows from combining (5.49) and (5.50).

The following three Lemmas are standard and we refer to [25] for the proofs.

Lemma 5.2 Let r > 1 and f € L'(Q). Then f can be extended by periodicity to a function (still
denoted by f) belonging to LIDC(RN ). Moreover, if (&) is a sequence of positive real numbers con-
verging to 0 and g (x) = g(Z -

If 1 <r<oo, then fi » M(f) = ol fQ f(x)dx weakly in L7 RM),

loc

and
if r = oo, then fi — M(f) weak* in L*(RM).
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Lemma 5.3 Letr > 1 and u € W;’r(Q). Then u can be extended by periodicity to an element of
W (RN,

loc

Lemma 5.4 Letr> landr = -~ Let g € L" (Q; RY) such that
f(g(x), VW(x)dx =0 for every Ve Wé’r(Q).
(¢

Then g can be extended by periodicity to an element of LZ) C(RN iRV, still denoted by g, such that
div(g) = 0 in D'(RV).
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