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Abstract

We establish compact embeddings of the radial Sobolev space Hr';’d(RN ) into weighted
Lebesgue spaces L{,(R") under various assumptions on the weight function w. We use
these, along with a variety of variational techniques, to prove the existence of nontrivial
nonnegative solutions for a class of nonlinear Schrédinger type equations.
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1 Introduction

In recent years there has been considerable interest in nonlinear elliptic equations involving singular
potentials of Hardy type. In particular, the existence of positive solutions of these equations both in
R and on bounded domains has been extensively investigated. We refer to the papers [5], [12] and
[9] in which bibliographical references can be found. The aim of this paper is to study the existence
of nontrivial and nonnegative solutions of the Schrodinger type equation

—Apu + AulP2u = |x™(ul?u + h(|x]) f(|x], u) in RY, (1.1)

where A, = div(|Du|P~2Du) is the p-Laplacian, 1 < p < N,0 < a < pandp < g < N. We
also consider the case 1 < g < p < N. The assumptions on the nonlinearity f and the weight
function & will be formulated later. The existence of solutions of equation (1.1) has been studied
in [12], but the techniques developed in the current paper mean that we can establish the existence
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of solutions of (1.1) in a number of cases not covered by those authors. We also mention that a
variety of embeddings theorems for weighted radial Sobolev spaces into weighted Lebesgue spaces
have been established in the paper [19]. However, the embedding results presented in this paper are
new, and are not covered by those in [19], nor do they follow from those authors’ methods. In the
recent papers [7] and [8] the existence of solutions for (1.1) has been established in the special case
p =2 and f = 0 with the coefficient |x|~* replaced by a radial function behaving as |x|™ close to 0
and infinity. Equations of this type arise in the study of standing wave solutions of a nonlinear time
depending Schrodinger equation (see [6]).
By H'"P(RV), 1 < p < o0, we denote the standard Sobolev space equipped with norm

[[ze]|” =f (IVul? + |ul”) dx.
RN

We denote by Hrlg’fd(RN ) the subspace of radial functions. It is known that H lr’; d(RN ) is compactly
Np

embedded into L*(RM) for p < s < p*, where p* = N is the critical Sobolev exponent. However,
this is not true for s = p and s = p* (see [3]).

Throughout this paper, in a given Banach space X, we denote strong convergence by “ — ” and
weak convergence by “ — 7. The norms in the Lebesgue spaces LP(Q), 1 < p < oo, are denoted by
-z

The paper is organized as follows. In Section 2 we prove embedding theorems for Hé{fi’ (RM) into
weighted Lebesgue spaces. Sections 3, 4, 5 and 6 are devoted to the existence results for equation
(1.1) under various assumptions on the weight function 4. In particular, in Section 3 we consider
equation (1.1) in the case that the nonlinearity f depends only on u. This is extended in Section 4
to the case in which the nonlinearity f depends on x and #. We point out that the weight function h
in these two sections is singular at O and remains bounded for large |x|. In Section 5 we also allow
the weight function to be unbounded for large x. In Section 6 we consider the concave-convex case,
thatis, 1 < ¢ < p < N. In this situation we prove the existence of at least two distinct solutions.

2 Compact embeddings
As in the paper [12] we introduce the following class of weight functions for a fixed 8 > 0:

Ws = {w e L*(RY \ B(0,R)) forevery R > 0,w > 0onR", lllin}) IxPw(x) = 0}.
For w € Wy we denote by L (RV), 1 < s < oo, the weighted Lebesgue space

L,RY) = {ue Ly (RY): fR . |u(x)[*w(x) dx < oo}

equipped with norm
1

s

s = fK W)

If w(x) = |x|~®, we use the notation L2 (RM).
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Lemma 2.1 LetO < < p, 1 < p <N andw € Wy. Then the embedding oerl‘jfd(RN) into LS (RN)

— PIN-B)

is compact for p < s < p; =Ny

Proof. For p < s < p; this follows from [12]. This can also be deduced from Theorem 1 in
[19]. We sketch the proof of this case in order to show how the constant p; has been obtained. Let

{u,} C Hrlg’d(RN ) be a bounded sequence. After passing to a suitable subsequence we may assume
thatu, — uin Hrlg’d(RN yand u, — uin L*(RY). Given € > 0 we choose § > 0 such that w(x) < e|x|™?
for O < |x| < 8. We then write

f |, — u|*w(x) dx dx
RN

o lan = uff
|x}?

(Wl =@M\ B(0,6)) f |, — ul® dx.
RN\B(0,5)

IA

m
)
X
e
>

s

|

+

Since the embedding of Hrléfd(RN ) into L*(RV) is compact, the second integral on the right-hand side
of this inequality converges to 0 as n — oo. The first integral, denoted by I, can be estimated in the

following way:
|y — ul? ; 6P, 5
I< ( _— dx) ( |ty — u|@H dx) .
B  |xIP B(0.6)

Since s < p; one can easily check that % <p'i= NN—i (the Sobolev critical exponent). Therefore
applying the Holder, Hardy and Sobolev inequalities we can show that 7 is bounded independently
of n and the result follows in this case. If s = p; we split the corresponding integral in a similar way:

f lun — ulPw(x)dx < ef | — ulP?|x| 7P dx
RN

B(0,6)

1,2
+ ||W||L°°(RN\B(0,5))f luy — ul’> dx = €I, + I.
RN\B(0,5)

Since > 0, we have p; < p* and consequently /2 — 0 as n — oco. We now use the Holder
inequality to estimate I!:

o= [l
B(0,6)
I3 2B
P M )
< (f ity = w7 dx) (f = " dx) "
B(0.6) B(0.,6)
The Hardy and Sobolev inequalities yield the boundedness of I} which completes the proof. [ ]

Inspection of the proof of Lemma 2.1 shows that in the case p < s < p; the assumption
limyyyo [x/Pw(x) = 0 can be replaced by lim sup), _, [xFPw(x) < co.

The case s = p will be treated later in Lemma 2.3. We now consider the case 8 = 0. This case
is well known. For the sake of completeness we provide a proof of this result in Lemma 2.2 below.
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We need the following estimate for functions in H;;’d(RN) (see [11], [12], [14], [17] and [18]):

eNF -5t i
()| < { (pr wy" |1Dull,|x| ifO<|x| <R @

_1 _
(max(p — 1, D)7 @y lullo ™7 if 1 > R

Lemma 2.2 Let w € Wy with B = 0. Then HrI;’d(RN ) is compactly embedded into L’ (RM).

Proof. If g = 0, then p; = p*. By the definition of Wg, limjy_ow(x) = 0. Given € > 0 we choose
6 > 0 so that w(x) < € for x € B(0, ). Let {u,} be a sequence as in Lemma 2.1. By (2.1) we have

: _ -1y
lu, —ul’ < Clx|” ¥» for|x|] > 6. 2.2)

‘We now have
luy — ul’ wdx < ef |ty — ulP” dx + f |ty — ul” wdx = €l! + I (2.3)
RN B(0.5) RY\B(0.6)
Since le_% e L'RN \ B(0,6)) and w € L°(RN \ B(0,6)) , by (2.2) and the Lebesgue dominated

convergence theorem we deduce that lim, I,zl = 0. Since {u,} is bounded in L? (R") the result
follow from (2.3). |

To obtain a compact embedding in the case s = p we change assumptions on w.
Lemma 2.3 Suppose that w(x) = w(|x|) is measurable , w > 0, # 0 and
(i) f;o w(s)ds < oo and
(ii) fo(s w(s)sP~ 1 ds < oo for some § > 0.
Then Hrlélpd(RN ) is compactly embedded into LE,(RN).

Proof. Let {u,} be a sequence as in Lemma 2.1. Then

f Iun—ul”wdxﬁf Iun—ulpwdx+f Iu,,—ulpwdx:I,',-i-I,%.
RN B(0.,6) RM\B(0,6)

By (2.1) we have
|ty — ulPw < Clx|"™Pw for |x| < 6.

Since s
f X"V Pw(x]) dx = wy f w(s)sP ' ds < oo,
B(0,0) 0

by the Lebesgue dominated convergence theorem lim,,_,., I} = 0. Similarly for |x| > &

[ty — ulPw < Clx|"™ Dy

f "M Dy(|x]) dx = wy f w(s)ds < co,
RNM\B(0,6) )

$0 lim,, e I = 0. ]

and
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Remark 2.1 Condition (ii) of Lemma 2.3 is obviously satisfied if

‘I}Ir%) IxPw(x) = 0 with 0 < < p.

Remark 2.2 Lemma 2.3 continues to hold with (i) replaced by
(i) we L2 (RY —{0}) and limy—, w(|x]) = 0.

loc

In this situation the integral I> can be estimated in the following way

1,2, = f lu, — ulP dx + ef |, — ul? dx,
6<[x|<R [x|>R

where R > ¢ is chosen so that w(|x|) < € for |x| > R. Since u,, — u in L{; C(RN ) the first integral tends
toOasn — oo.

Remark 2.3 Lemma 2.3 is related to the second assertion of Theorem 1 in [19], where (i) is replaced
by w(x) = O(|x) with b < 0 for large |x|, and (ii) is replaced by w(x) = O(|x|™®) as |x| — 0, with
B <b.

We now consider weight functions that are unbounded at infinity.

Lemma 2.4 Let0 <8 < N](\,”_]l) and % < q < pj. Suppose thatw > 0 on RN and w € Li‘(’)C(RN -

{0}), and moreover w satisfies the following two conditions
(@) limyyo [xPw(x) = 0 and

(b) w(x) < Clx|" for |x| = R (for large R) with 0 < r < %q - N.
Then H;;’d(RN ) is compactly embedded into LL(RM).

N(p-1)

N-1
sense to consider the exponent ¢ satisfying % < ¢ < pg. Let {u,} be a sequence as in Lemma 2.1.

Proof. First, we point out that the inequality 0 < 8 < guarantees that % < p;; so it makes

Given € > 0 we choose § > 0 and R > 0 such that w(x) < elx|* for |x| < § and R¥*"~ 74 < €. Then
we have

luy, —ulfwdx < € f x| P u, — ul? dx + f |y — ulTw dx
RN |x|<6 0<|x|<R

+ f Iun—ulqwdxzelrl[+lﬁ+ln3.
[xI>R
As in Lemma 2.1 we can show that I! is bounded. It is clear that lim,_., 7> = 0. Using (2.1) we

now estimate />:
N-1 0 N-1
Cf x™ 7 Ydx = Cwa sV s
[x[=R R

eCwy

IA

3
I n
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Hence lim, oo [[, [ty — ul?w dx = 0. =

It is clear from the proof of the above lemma that in the case ;V E<qg< pﬁ assumption (a) can

be replaced by lim supy, [xPw(x) < oo.
Remark 2.4 If g = 0, then p; = p*. Taking ¢ = p* in Lemma 2.4 we obtain an improvement

of Lemma 2.2. In this case we can allow w to satisfy the inequality w(x) < Clx|" with 0 < r <
NY=L N = N2=L
N-p N-p*
Remark 2.5 If p < g < p! and 0 < @ < p, then H P (RN ) is compactly embedded into LL(RN). If
0 < a < p this continues to hold for g = p.
We now establish a compact embedding of H_ - Lp (RN ) into Lq(RN ) with ¢ < p. In general, the
space H" d(RN ) cannot be embedded into LY(R") W1th q < p. For example the function u(x) := 1+\x|2
for x € R4 belongs to H;;&r‘s(R“) for every 6 > 0 but u ¢ L>(R*). On the other hand u € ﬁ(R“) for

every 0 < § < 4. In Lemma 2.5 we formulate conditions on ¢, p, with ¢ < p, and 8 allowing us to
embed Hlp (RN) into q(RN).

Lemma 2.5 Suppose that 1 < g < pand N — q — qu_ <K< N(” D Then H 7 (RN) is compactly
embedded into LI, (RV).

q+K

N(p q)

Proof. First we notice that inequality N — g — q holds for g < p. Hence the exponent

is well defined. Let {u,} C Hra d(RN ) be a sequence as in the proof of Lemma 2.1. Then for § > 0

we have
u, —ul? u, — ul? U, —
[t gl [ Mty [ Wy,
ry || BOg) X[ RV\BO.s) X7

By Holder’s inequality we have the following estimate for /,,:

I, < (f ity = uf” dx)z(f dx dx)p’;’q
1n = >
Bos |xP B0.5) |x[77
q P-q
u, — ul? » s =
(f 17 | dx)ﬁ(wa N-1-L di’) ? .
gy |xlP 0

|t —u|?

By the Hardy inequality the integrals |, G dx are bounded independently of n. Therefore, we
can choose ¢ small enough so that I}, < €. To estimate I, we use inequality (2.1) and observe that

N-qg—-«- N7_1q<0,t00btain
b, < Cfoo PN T
n <
s

7 1dr < oo,
where C > 0 is a constant independent of n. It follows from the Lebesgue dominated convergence
theorem that I, — 0 as n — . [ |

We now observe that if ¢ < we have

Nivlf’_l, then N — ¢ — qNT_l > 0 while for p > g > Ni\;f_l
N—-g—g®1 < 0. Hence « is allowed to be negative. However, we always have k+¢ > N—¢%1 > 0
P p

since g < p.
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3 Existence of a solution in the case f(|x|,u) = f(u)

In this section we establish the existence of a solution of equation (1.1) in the case where the non-
linearity depends only on u, that is,

—Apu + QulP2u = |x™|ul2u + h(|x]) f(u) in RY, (3.1

where 0 < @ < p < g < p;, and A > 0 is a parameter. It is assumed that f : R — Rand 2 :R* - R
are continuous. Here we use notations R(’; = [0,0) and R* = (0, 0). Since we are interested in
positive solutions, f is extended by 0 for x € (—c0,0). It follows from the assumption (A,) below
that f(0) = 0.

Throughout this section it is assumed that:
(A)) he Wgn L'RN \ B(0,6)) for some ¢ > 0and 0 < 8 < p;

(A;) There exist constants a > 0, b > 0, s € (p, pz;] such that
If ()| < auP™" + bu*™" foru > 0;

(A3) lim,_o, u"PF(u) = 0, where F(u) = fou f(s)ds;
(A4) There exists }] <0< % such that
ouf(u) — F(u) > g(u) for u >0,
where g(u) is a continuous and bounded function on [0, c0);
(As) F(u) > 0 for u € (0, ).

As an example of a function f satisfying (A»), ..., (As) we consider f(u) = ae™*u’~" + bu*~" for
u>0and f(u) =0 foru <0, where p <r < s < pz; and @ > 0 and b > 0 are constants. It is easy to

see that f satisfies (A,), (A3) and (As). To verify (A4) we take max(é, H<o< é. Then

ouf(u) — F(u)

U b
o(au’e™ + bu®) — af et dr — =’
0 N

[\

U
., a _ a ~
cau'e™ — —e My — —f e 't dt .= g(u).
r r Jo

It is clear that g(u) is a bounded function on [0, c0). We point out that ¢ may change sign. In
particular, if o < %, then g is negative. Hence condition (A4) is more general than the Ambrosetti -
Rabinowitz condition [1].

A solution will be obtained as a critical point of mountain-pass type of a functional J defined by

J(u) = lf (IDul” + Aul?) dx — lf | x|~ |u|? dx —f h(|x)F(u) dx.
P Jry q JrvV RN

It is easy to check that J is a C'-functional.
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Theorem 3.1 Let 0 < @ < p < g < pi. We assume that (Ay), ....,(As) hold. Then equation (3.1) has
a nontrivial nonnegative solution.

Proof. We begin by checking that J has a mountain-pass geometry. We have
in(1, A 1
s> BBy - = et [ P du
p q Jrv R¥

It follows from (A;) and (A3) that for every € > 0 there exists a constant Ce > 0 such that
F(u) < €lul’ + Cul® for u € R.

Assumption (4,) implies that & € L'(R"). Indeed, we have

0 6N—ﬁ
f h(s)dsSCfsN_ﬁ_'dsz < o0
0 0 N-B

for some constant C > 0. So conditions (i) and (ii) of Lemma 2.3 are satisfied. Then by Lemmas
2.1 and 2.3 we have

f h(|xDF(u)dx < C(ellull” + |lull*) for u € Hrla‘g(RN).
RN
Since 0 < @ < p, we have by Remark 2.5 that

X "|ul? dx < Cllu||? forall ue H"" (RN,
RV rad
for some constant C > 0. Hence

min(1, 2)
J(u) = » —lull” - EIIMII" C(ellull” + Nlull*).

‘We now choose € > 0 so that
such that

w —Ce > 0. Since g, s > p, we can find constants p > 0 and x > 0
J(u) > forall ue HP(RN)with |lul| =
Let ¢ € C'(R") be a radial function with compact support, ¢ > 0 and ¢ # 0. Then by (As) we have

P q
Jay < f (V6P + AlgP) dx — f Il dx < 0
P Jry q JrN

for t > O sufficiently large. Letting ¥ = t¢, with ¢ > 0 large, we have ||y]| > p and J() < 0. We
now check that J satisfies the (PS), condition for every ¢ € R. Let {u,} C ng (RM) be a sequence
satisfying

P

J(y) — ¢ and J'(u,) — 0 in H_\P'®Y), p’ = Pt (32)

First we show that {u,} is bounded in H L (RN ). Let o be as in assumption (A4). Then

J(uy) o(J (uy), up) > (; — o) min(1, )|l (3.3)

+

1
(0— - 5)”””3,& + \[RN(O—unf(un) - F(u,,))h(lxl) dx

\%

1
(= = o) min(1, V)llu,|l” +f h(|xDg(u,) dx.
p RN
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Since h € L'(R"), the last integral is bounded independently of n. Therefore inequality (3.3) yields
the existence of constant C; > 0, independent of n, such that

1 .
Cr(1 + lluyll) > (; — o) min(1L, A)lun]l”.

This inequality shows that {u,} is bounded in H;:d(RN ). We can assume that u,, — u in Hrlélpd(]RN ),
u, — win Ly(RY), L*(RY) and LE(RY). To show that u, — u in Hrl;lpd(RN ) we write

RN<|Vu,,|P—2Vu,, - \VulP*Vu, u, — u)dx (3.4)
+ ﬂfRN(Iunl”‘zun — P u)(uy — u) dx
= fR R Py = )y — ) dx
e [ M) = S, = d

Both integrals on the right-hand side converge to 0 as n — co. (For the last one we use Lemma
2.5 from [12] and the Lebesgue convergence theorem.) To the left-hand side of (3.4) we apply the
following inequality (see [10], [16]): for all £, € RY we have

c(E1P2€ = 1EP20)E = O) for p =22,

) 2p 3.5
P2 =12 E= O (P +16P) T for 1< p<2. G-

|§—§I"S{

This yields u, — u in Hrlg’d(RN ). The fact that u can be taken nonnegative follows from Theorem 10
in [2]. [ |

Remark 3.1 Assumption (A4) was used to show that a (PS). sequence is bounded. Inspection
of the proof of Theorem 3.1 shows that this theorem continues to hold if in assumption (A4) the
boundedness of g is replaced by

(A7) Tim, e 2% = ¢ where c € Rand 1 < 7y < p.

u'l

In this situation inequality (3.3) takes the form

1
Jun) - 0—<Jl(un)a”n>2(l_? —(T)min(l,/l)llunll”—fRN h(|xD)g(un) dx

[\

1
L~ o) min(, Dl - f h(xDg (i) dx
p lita|<R

= (el +1) h(|xDlu,|™ dx,

|un| =R

where R > 0 is chosen so that |g(u)| < (|c| + 1)|u|™ for |u| > R. The first integral on the right hand
side of this inequality is bounded independently of n because h(|x|) € L'(RM). We now estimate the
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integral over {|u,| > R}. To estimate the second integral we fix R; > 0 and split the integration
[ swras < [ nr as
ltta|=R B(O.Ry)
o I dx = g+
RM\B(O,R,)
Since h € L'(RY) n L*(RN \ B(0, R,)) for each R; > 0, by Young’s inequality, we have for small

e>0
Jop <€ f lu,|P dx + C(e€) f h(x) 7 dx,
RN RM\B(O,R))

where C(e) > 0 is a constant. To estimate J,; we observe that inequality N — ?rl > B yields

px—:ﬁ > p > ri. Soby (2.1) we get

R N-p
Jut < Clluy|I™ f ST ds = Cullwll™
0

Obviously this allows us to show that {u,} is bounded in Hrla’é' (RM).
We now give an example of a nonlinearity satisfying conditions (A1), (A2), (A3), (A}) and (As):

r—1

(1 +u)

S =u"+

for u € [0, 00),

where g < s <r<p.andr :=r—dwith0 <r—d < p. Indeed, we have
fw) <uP™' +u" for u>0.

Thus condition (A,) is satisfied. Conditions (A3) and (As) are obviously satisfied. Finally, let % <
o< % Then

d U t d
of(wu — F(u) > —;ﬁ Wdt > Cu' ¢,
where C < 0 and (A4) holds.
Remark 3.2 If ¢ = p, we consider the equation
—Apu + AlulP~2u = plx ™ u)Pu + h(|x|) f(u) in RY,

where u € R is a parameter. The mountain-pass structure is valid for ¢ small. In this case we use a
compact embedding of Hr]a’g (RY) into LE(RY). The case ¢ < p, that is, an equation with a concave -
convex nonlinearity, will be discussed in Section 6.

Remark 3.3 If p < s < g < p*, then assumption (As) is not needed. In this situation F(u) = O(|u|*)
for large |u|. Hence, we can find a radial function ¢ of class C' with compact support such that
J(¢) < 0and ||gll = p.

Remark 3.4 Theorem 3.1 remains true if assumptions (A;) and (A4) are replaced by
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(A’l) he Wp and limyy—,e A(]x]) = 0,
(A}) There exists é <o < 1—1) such that

ouf(u) — F(u) >0 for u>0,

respectively.

4 Existence of a solution for problem (1.1)

In this section we consider equation (1.1), where the nonlinearity f depends on x and u. We assume
that 0 < @ < p < N, and p < g < p}. It is assumed that the function £ satisfies

H) he Wgn L'@®RN \ B(0, 6)) for every 0 > 0, where 0 < 8 < p.

) g opB
‘fbh(s)sf”_1 ds < Cf sPPlas=cC < 00,
0 0 p—-B

both Lemmas 2.1, 2.3 are applicable to A(|x|). Moreover, we assume that

Since

(F1) f e CR" xR, R), f(Ix],0) = 0. Since we are interested in positive solutions we extend f by
0 foru < 0.

(F) There exists R, > 0 such that for every R > R, there exist constants ag > 0, bg > 0 and
g € (p, p;] such that

|f(1xl, w)] < agu®" + bg for u > 0 and x € B(O, R).

(F3) There exist p < s < pz, and constants a > 0, b > 0 such that
flxl,u) < au”™' + bu*™" for u >0, x e RY
and lim sup,,_,,, F(|x|, u)u™” < 0 uniformly in x € RY, where F(|x|, u) = fou f(lxl, s) dx.
(F4) There exists é <0< [l] such that
ouf(x|,u) — F(lx|,u) > 0
foru >0, x € RV,
(F'5) There exists R; > 0 such that F(|x|,u) > 0 for u > 0 and x € B(0, R;).

(Fg) For every 6 > O there exist constants M > 0 and R, > 0 such that [f(|x], u)| < Mlxl% for
[x]| >Ryand 0 < u < 6.
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We now give an example of a nonlinearity f satisfying conditions (F),. .., (Fg). Let
ur—l
(1 +uy

and f(|x|,u) = 0 foru < 0 and x € RV, where p < 1,5 < pZ,, s,q > rand d > 0. We make the
following assumptions on the functions A(|x[) and C(|x|):

Flxl, u) = A(xDu™" + C(x) for u>0, xeRV

(a) A(x]) > 0onR", A is continuous and bounded on R¥;
(b) C(lx]) < 0onRY, C is continuous on R";

(¢) there exist constants M > 0 and R > 0 such that
IC(xDl < MIx|"7 for |x|>R; and

(d) there exists Ry > 0 such that C(|x]) = 0 for x € B(0, Ry).

We only check condition (F4). We choose max(%, é) <o < % Since C(Jx]) < 0 on RN and o < %

we see that

ouf(lxl.w) = F(la, u>>(cr——)C(le>( Ra ) f T

and condition (F4) follows.

Theorem 4.1 Assume (F1),...,(F¢) and (H). Then equation (1.1) has a nonnegative nontrivial
solution in Hrla’dp (RM).

Proof. We use some ideas from the paper [15]. We commence by showing that the functional J has
a mountain pass structure, that is, there exist constants « > 0 and p > 0 such that

Jw) =« for ue HP®RY) with [lull = p. 4.1

We have by Lemmas 2.1, 2.3 and (F3)

Jw > m‘“ﬁj min(L D e - f W) dx — f h(xDlul” dx

s min(l, ) s
- Ce fN h(xDlul” dx > » ——lull” = Cllull” — eCllull” — CCllull’.
R

Taking € > 0 and p > 0O sufficiently small, inequality (4.1) follows. We now choose v € Hr PRN),
v # 0, v > 0 and with supp v € B(0, Ry). Then by (F5) we get for ¢ > 0 large that ||tv|| > p and

t” min(1, A 11
vy <T@ f x| dx < 0.
P q Jry

Letting ¥ = tv we put

=inf J(y(t
c= lynr max (@),
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where
I = {y € C([0, 1], H."®Y)): 7(0) = 0, y(1) = 7}.

Obviously, we have x < c¢. The mountain - pass level ¢ generates a sequence {u,} C Hrlédp RM),

j=1,2,... such that

J() — ¢, and J'(u,) = 0 in H_J7 (RY) asn — oo,

We now show that {u,} is bounded in Hrla’g (RM). Using assumption (F4) we write

1 1
Jn) = (T (Un), un) > (; — o) min(L, Dllu,|l” + (o = a)llunllﬁ,q

+

fN(U'MnfUXL ) — F(\x], u,))h(|x]) dx
R
1 , , -
> (= —o)min(1, Dllu,|l” + (o = =)llunllcq»
p q
and the boundedness of {u,} in H'”(R") follows. We may assume that u, — u in Hrl,;g (RV) and

u, — uin quxl,‘,(RN ). Testing J'(u,) — 0 with u, we get that u, — 0 in Hrlég (R). We now show

that u, — u in Hrl;é’ (RM). We distinguish two cases: (i) 2 < p and (ii) 1 < p < 2. In the case (i) we

have by (3.5) form > n
/lf e, — 1 |P dx
RN

C f (VP =V = Vit Vity, Vit — Vi) dx
RN

+

|Vu, — Vu,,|’ dx
RN

IA

+ C/lf ettty = V"2t )ty — 14,) dx
RN
e f ()T 2! — )T oty — 1)
RN
+ C LN hAxD(FAx], wn) — FUx], )y — ) dx

gl 2
= I+, .

Since u, — uin LL(RN), I} — 0 asn,m — co. We now estimate I2,. We use assumptions (F,) and
(F¢) to estimate I,%m:

fR . R(xDCf (X1, ) FAx], w)) @ty — w) dx

. Hs e, )

- f RO F e )ty = ) dox = Ty + 12
RN

N-1

Let 6 > 0 be given. By (Fg) we can find R, > 0 and M > 0 so that |f(|x|, u)| < M|x| » for |x| > R,
and 0 < u < §. Using estimates (2.1) we can assume that |u,,(x)|, [u,,(x)| < 6 for [x| > R, by taking
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R, larger, if necessary. We then have by (F3)

Oy -1

1 2
< aRz( f ROt — s dx) e ( f Bl dx) :
|x|<R> |x|<R>

v be, f Bty — ] dx + f B )t — th] .
[x|<Ry

[x|=R>

It clear that the first two terms on the right-side converge to 0 as n,m — oo. Indeed, we apply
Lemma 2.1 to the first term. The second integral can be estimated, using the Holder inequality, in

the following way
f Bty — | dx < ( f hdx)?l( f Al — 1, dx);,
[x|<R> [x|<R> [X|<R,

where | + 5 = 1 and p <'s < pj. Again, by Lemma 2.1 this integral tends to 0 as n,m — co.
We now use assumption (Fg) to estimate the last integral. Given € > 0 we choose R3 > R, so
that [, h(x)dx < e. Then

f BDLE (s et — ] dx - < f B )ty — 0] dx
[x|>R> Ry<|x|<R3

+ fl . R f (1xl, )it = v dx.

It is clear that the first integral on the right-hand side of this inequality tends to 0 as n,m — co. The
second integral can be estimated in the following way:

f hCxDLf (1xl, un)llitn — unl dix < Cf h(lx) dx < Ce.
[xI>R;

[X[>Rs3

Here we have used assumption (Fg) and estimate (2.1). In a similar way we show that I2, — 0 as
n,m — co. The case (ii) is treated in a similar manner. Finally, using (F) it is easy to show that u is

a weak solution of (1.1) in a distributional sense. [ |

S Problem with a weight function tending to oo as |[x| —» o

In this section we consider equation (3.1) with nonlinearity f depending only on u. As in Section 3
we assume that f : R — Rand & : R* — R" are continuous and 0 < @ < p, p < g < pj,.
We make the following assumptions on f and A:

(a) helLy (R—{0);

(@2) limyoo [xPh(x)) = 0,0 < g < M=l

(a3) There exist constants a > 0, b > 0 and % <51 < 8§ < p; such that

If ()| < au ™' + bs™>! for u>0;
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(a4) There exist constants C > 0, R >0and 0 < r < %sl — N such that
h(|x]) < Clx|" for |x| > R;
(as) There exist a constant é <0< % such that
ouf(u)— Fu) >0 for u>0 and xeR".

Since we look for nonnegative solutions we extend f by 0 for u € (—c0, 0).

Theorem 5.1 Let O < @ < pand p < q < p,. Assume (ay),...,(as) hold. Then there exists
nonnegative and nontrivial solution of equation (3.1).

Proof. The proof is similar to that of Theorem 3.1. We only point out that by Lemma 2.4 the space
Hrlég (RY) is compactly embedded into L;'(R") and L;*(R"). Moreover it follows from (a3) that
lim, 04 % = 0. Therefore we can repeat the proof of Theorem 3.1 with some obvious modifica-

tions. [ |

6 Multiple solutions

As an application of Lemma 2.5 we consider equation

—Ap + Al u = %W—Zu + h(lx)f(u) in RY, ©.1)
X

where 4 > 0 and p > 0 are parameters, ¢ < p and @ = g + k, where « is a constant from Lemma 2.5.

Solutions will be obtained as critical points of the functional

1 u e
Ju(u) = — f (IVul” + Aul” dx)dx — = f —dx — f h(|x)F(u) dx.
P Jry R RN

q Jrv |xI*
Theorem 6.1 Suppose that assumptions (Ay), ...,(As) hold. Moreover assume that 1 < q < p,

N-q- %q <k < w and a = q + k. Then there exists y, > 0 such that equation (6.1) has at
least two nontrivial nonnegative solutions for 0 < u < .

Proof. Using Lemmas 2.1, 2.3 and 2.5 we obtain the following inequality

min(1,4) ;
Ju(u) = TIIMII’ - Cgllullq = C(ellull” + Mlull®),

where C > 0 is a constant. We choose € > 0 so that 2inl-b
constants p > 0 and y > 0 such that

(min(l,/l)

We then choose o > 0 so that y — Cuolul|? > 5 for 0 < u < u, and [lul| = p. Let ¢ be nonzero
function in Hrla’g (RM). Since ¢ < p it is clear that Ju(t¢) < 0 for t > O sufficiently small. This shows
that inf,<, J(#) < 0. It is now routine to show that equation (6.1) has a mountain-pass solution. A
second solution, which is a local minimizer of J,, is obtained with the aid of the Ekeland variational
principle [4]. [ ]

— Ce > 0. Since s > p we can find

—COullP — Cllull* =y for ue HP®Y) with [lull = p.
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