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Abstract

We consider nonlinear elliptic Neumann problems driven by the p-Laplacian.
Using variational techniques together with Morse theory (in particular, critical
groups and the Poincaré-Hopf formula), we prove some multiplicity results: ei-
ther three or four distinct nontrivial solutions are guaranteed, depending on the
geometry and smoothness of the nonlinear term.
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1 Introduction

Let Z ¢ RY be a bounded domain with C?-boundary 0Z and consider the following
nonlinear Neumann problem driven by the p-Laplacian differential operator

Aya() = Jza() o Z )
% =0 on 07,
where f : Z x R — R is a Carathéordory function, A,(-) = div(||D(o)||§7\,2D(~))
is the p-Laplacian, 9% = ||Dgc||§1_\,2 (Dz,v)rn, v being the outward unit normal on

0Z and 2 < p < co. The purpose of this paper is to prove multiplicity results for
problem (P).

While for the Dirichlet problem with the p-Laplacian there have been several
multiplicity results, the case of the Neumann problem — in some sense — is lag-
ging behind. Within the Neumann context, we mention the works of Anello [1],
Cammaroto-Chinni-Di Bella [6], Faraci-Kristély [10], Marano-Motreanu [18], Ric-
ceri [22], where the existence of infinitely many solutions for certain nonlinear elliptic
problems are established by imposing certain oscillatory assumption on the nonlin-
ear term. In the aforementioned papers the inequality p > N was crucial, exploit-
ing the fact that the space W1P(Z) is compactly embedded into C'(Z). Nonlinear
eigenvalue problems subjected to Neumann boundary conditions were studied by
Bonanno-Candito [4] who prove a three solutions theorem using an abstract result
of Ricceri [23]. Binding-Drabek-Huang [3] consider a right hand side nonlinearity
of the form Aa(2)|z|P~22 + b(2)|z[P" ~%x + h(z) with a,b € L=(Z),, h € L®(Z)
and they prove the existence of one or two positive solutions. Filippakis-Gasinski-
Papageorgiou [11] use the second deformation lemma to establish the existence of
at least two nontrivial smooth solutions for (P). Finally, Motreanu-Papageorgiou
[20] prove a multiplicity result for Neumann problems with a nonsmooth poten-
tial (hemivariational inequalities) using the nonsmooth local linking theorem (see
Gasinski-Papageorgiou [13]) to obtain two nontrivial smooth solutions.

The hypotheses and methods used in the aforementioned works are completely
different from ours. More precisely, by applying Morse theoretical arguments (criti-
cal groups, Poincaré-Hopf formula), we are able to prove the existence of either three
or four distinct nontrivial solutions for problem (P), depending on the geometrical
behaviour as well as on the smoothness of the nonlinear term f. We emphasize that
no symmetry assumption is required on the nonlinearity f and significant technical
difficulties should be overcome in order to treat the quasilinear problem (P). In
order to illustrate the type of results we obtain, we consider here the z-independent
(autonomous) case. We assume that f : R — R is a locally Lipschitz function such
that f(0) =0 and

(f1) there exist C7,Cy > 0 such that
lu| < Oy + Colz|P~2 for all u € Of (x) and x € R;

(Here, 0f(x) denotes the generalized gradient of f at € R, see §3.)
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(f2) there exist C5,Cy < 0 such that

iminf L@ (@) :
O = R b = T o =

(f3) there exist 6 > 0 and C5 < 0 such that

F(z) < %|m|p for all z € [-6,0], where F(z) :/ f(r)dr;
0

(f4) there exist Cs < 0 < C7 such that F(Cg) > 0 and F(C7) > 0;
(f5) there exists Cg > 0 such that —Cs|z|? < f(x)x for all z € R.

As a simple consequence of Theorems 3.2 and 4.1, we obtain the following

Theorem 1.1 Let f: R — R be a locally Lipschitz function which satisfies (f1) —
(fs) and 2 < p < oo. Then, problem (P) has at least three distinct nontrivial
smooth solutions. Moreover, if f : R — R is of class C' and p = 2 (semilinear
case), problem (P) has at least four distinct nontrivial smooth solutions.

Example 1.1 a) Let
Slalp —In(1 + |zfP),  ifjz <1
p

c
f];|x|p - §|x\q +Ek,  if |z > 1,

where 2 <g<p,pln2<c<p, B=p/2—2c, k=2¢/p—1n2+ (/q, and g(z) =1
or g(z) = 2+ sgn(x). Then the locally Lipschitz function f(z) = F'(x) verifies the
assumptions (f1) — (f5), and one has at least three distinct nontrivial solutions for
(P). When g(x) = 2 4 sgn(z), the nonlinear term f has no symmetrical property.

b) Let F(z) = —1z% + cIn(g(x)z* + 1) with ¢ > 1 and the function(s) g from
a). Then the C'-function f(z) = F'(z) verifies (f1) — (f5) with p = 2, and one has
at least four distinct nontrivial solutions for (P).

In the next section we recall various notions (mainly from Morse theory) and
prove two results which are of independent interest. The first one gives a Brézis-
Nirenberg [5] type result, comparing minimizers of the energy functional in different
spaces related to our problem (P). Next, a recent result of Perera-Schechter [21]
is extended to Banach spaces; to the best of our knowledge, Theorem 1.1 (and
Theorems 3.2 and 4.1) is the first powerful application of [21]. In Section 3 we
prove two independent multiplicity results for (P); both of them guarantee the
existence of at least three distinct nontrivial solutions of (P). Finally, in the last
section, within the semilinear context (p = 2), we guarantee the existence of at least
four distinct nontrivial solutions of (P).
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2 Mathematical background

First, let us recall some basic notions and results from Morse theory which we will
need in the sequel.
Let X be a Banach space and ¢ € C*(X). For every ¢ € R, we set

¢ ={x € X :p(x) <c} (the sublevel set at ¢ of ),

K={ze€ X :¢(r) =0} (the set of critical points of ¢),
K.={z € K:p(x)=c} (the set of critical points of ¢ at level c).

If (Y1,Y3) is a topological pair with Y5 C Y; C X, for every integer n > 0, we
denote by H,(Y1,Y5) the n*t-relative singular homology group of the pair (Y1, Ys)
with integer coefficients. The critical groups of p at an isolated critical point g € X
with ¢(zg) = ¢, are defined by

Cn(p,x0) = Hy (e NU, ¢ N U \ {xo}) for all n >0,

where U is a neighborhood of g such that K N°NU = {zo}. By the excision
property of singular homology theory, we see that the above definition of critical
groups is independent of U (see Chang [8], and Mawhin-Willem [19]).

In the sequel, we assume that ¢ satisfies the standard PS-condition. Suppose
—o0 < inf(K), and choose ¢ < inf p(K). The critical groups of ¢ at infinity are
defined by

Crn(p,00) = Hy (X, ¢°) for all n >0,

see Bartsch-Li [2]. If ¢ € C}(X) and K = {x¢}, then Morse theory tells us that
Cn(p,00) = Cp(p, ) for all n>0.

In particular, if o is an isolated critical point of ¢ and C,(p, ) # Cy (¢, o) for
some n > 0, then ¢ must have one more critical point distinct from zy. Moreover,
if K is finite, then the Morse-type numbers of ¢ are defined by

M, = Z rankC, (p,x) for all n > 0.
reK

The Betti-type numbers of ¢ are defined by
B = rankC), (¢, 00) for all n > 0.

By Morse theory (see Bartsch-Li [2], Chang [8] and Mawhin-Willem [19]), we have
the Poincaré-Hopf formula

DD M, =D (1) Ba. (2.1)
n>0 n>0

In the analysis of problem (P), we will use the following two spaces:

WhP(Z) ={x e W(Z) : 2, — x in W' (Z),z, € C(2), %iy" =0on 07},
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Ox
5 =0 on 82}

ClZ)={zecC(2):
We know that both spaces are ordered Banach spaces with order cones given by

Wy ={x e W?(Z):2(2) >0ae. on Z}

and
C, ={xeClZ):x(z) >0 forall z € Z}.

Moreover, we know that intC, # () and
intCy ={z € Cy :x(2) >0forall z € Z}.

In the sequel, we denote by || - ||, and || - || the usual norms of the spaces L”(Z) and
WP (Z), respectively. The norm of the space W1P(Z) is also || - ||.

Lemma 2.1 If u € WYP(Z), then ut,u™,|u| € WYP(Z). (We use the notation
u® = max{4u,0}.)

Proof. We do the proof for u; the proof for v~ is done similarly, while |u| = u*+u~.
Consider the sequence of functions &, : R — R defined by

0, if t<0,
En(t) = —nilt"i, if telo,1],
1 .
t*m, lf t>1

It is clear that &, € C*(R) and we have

0, if t<0,
E(t) =9 tv, if te[o1],
1, if ¢t>1.

Moreover, £/, € Cy(R) (= the space of bounded continuous functions on R) and
&n 1 X(0,00) @8 M — 00.

Since u € WLP(Z), by definition, we can find a sequence {u,} C C*(Z) such
that u, — u in W'?(Z) as n — oo and % = 0 on 07 for all n > 1. We have
&nou, € CH(Z) for all n > 1. Also, we know that &, ou € WHP(Z) and D(&,0u)(z) =
& (u(z))Du(z) a.e. on Z for all n > 1 (see for example Gasiniski-Papageorgiou [14, p.
194]). Note that (£, 0u)(2) T u™(2) a.e. on Z and D(&, ou)(z) = &, (u(z2))Du(z) —
X{us>0}Du(z) = Du™(z) a.e. on Z, as n — co. Since ||D(&, ou)(2)|rr < |[[Du(z)||rn
a.e. on Z for all n > 1, from the Lebesgue dominated convergence theorem we have

D(&, 0u) — Du™ in LP(Z,RY) as n — oo, (2.2)
while from the monotone convergence theorem, we obtain

épou—ut in LP(Z) as n — . (2.3)
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From (2.2) and (2.3) it follows that
Epou—ut in WHP(Z) as n — oo.
Moreover, from the definition of &, and Stampacchia’s theorem we infer that

Hgn oup —&po u”p — 0 and Hgiz(un)Dun - g;z(u)DuH:D — 0 as n — oo.

Consequently, we have ||&, o u, — &, ou| — 0 as n — oo, thus, &, ou, — u™ in
WP(Z) as m — oo. Since &, ou,, € C1(Z) and w =&\ (up) % =0 on 97,
we conclude that u™ € WLP(Z). O

The next result compares C1(Z) and W}!P(Z)-local minimizers of the energy
functional associated with problem (P). It extends to Neumann problems earlier
results of Brézis-Nirenberg [5] (p = 2) and Garcia Azorero-Manfredi-Peral Alonso
[12] (p # 2), who had Dirichlet boundary conditions. In order to prove the result
we spoke about, we introduce a generic nonlinearity g : Z x R — R satisfying the
following hypotheses:

(Hy): (i) for all z € R the function z — g(z,z) is measurable;
(79) for almost all z € Z, the function x — g(z,x) is continuous;

(i73) for almost all z € Z and all € R we have
l9(2,2)] < ag(2) + cqla" ™

with ag € L®(Z)4, ¢g > 0 and 1 < r < p*. As usual, p* = Np/(N — p)
if N>p,and p* =0 if N < p.

Let G(z,2) = [ g(x,r)dr and consider the functional v : W}?(Z) — R defined by
1
~v(x) = ;HDQ:Hﬁ —/ G(z,2(2))dz for all x € WHP(Z).
z

We know that v is well-defined and it belongs to C*(W 1P (2)).

Proposition 2.1 Ifzg € W}YP(Z) is a local CL(Z)-minimizer of vy, i.e., there exists
r1 > 0 such that

v(z0) < (20 + h) for all h € CL(Z), 1Pl caz) < 1,

then xo € CL(Z) and it is a local WYP(Z)-minimizer of vy, i.e., there exists ro > 0
such that
v(z0) < y(xo +h) for all h € WEP(Z), ||h| < ro.

Proof. Let h € CL(Z). If A € R with |A| small, then y(x) < v(z¢ + Ah). Conse-
quently, -
0 < (y(zo),h) for all h € CL(Z). (2.4)
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Hereafter, by (-, -) we denote the duality brackets for the pair (WP (Z), WLP(Z)*).
Since C}(Z) is dense in W1P(Z), it follows that (2.4) holds for all h € WLP(Z).
Hence we have

Y (x0) =0 in W) P(Z)"

Let A: WYP(Z) — WLP(Z)* be the nonlinear maximal monotone operator defined
by

/ | Dz||p~ >(Dx, Dy)gndz for all z,y € WhP(Z).

Also let N, : WP(Z) — L"(Z) (1/r + 1/r" = 1) be the bounded continuous
nonlinear Nemltsky operator corresponding to the nonlinearity g, defined by

N,(@)() = gl 2(-)) for all z € W) P(2).

We know that
0 =7'(xo) = A(xo) — Ny(z0). (2.5)

From the representation theorem for the elements of W~=1*'(Z) = Wy *(Z)* (1/p+
1/p’ = 1) (see for example Gasinski-Papageorgiou [14, p.212]), we have

—div(|| Do~ ’Dxy) e W (2). (2.6)

We take duality brackets of (2.5) with v € C1}(Z) (= C*(Z) functions with compact
support in Z). Then

/ | Do n %(Dxg, Dv)gndz = / Ny(zo)vdz. (2.7)
From the definition of the distributional derivative, (2.6) and (2.7), we have
(fdiv(HD:vOHf{gQon),v)o = (A(z0),v) = /ZNg(mo)z)dz = (Ng(zo), v)o, (2.8)
where (-, )¢ denotes the duality brackets for the pair (Wy**(Z), W=1#'(Z)). Since
CL(Z) is dense in W, P(Z), from (2.8), it follows that
fdiv(||Dx0(z)H%fD:co(z)) = g(z,29(2)) a.e.on Z. (2.9)

Invoking the nonlinear Green’s identity of Casas-Fernandez [7] and Kenmochi [15],
we have for all v € WHP(Z) that

/[dlv(||on| *Duxo)] vdz—l—/ | Doy~ *(Dxo, Dv)gndz = <% tr(v )> . (2.10)
0z

Here, (-,-)oz denotes the duality brackets for the pair (Wi’p(aZ), W_ﬁ’p/((?Z))
and tr is the trace map on W1P(Z). Using (2.9) and (2.10), for every v € WP(Z)
we obtain

| gz zo@vdz + [ | DzolErE (Do, D)endz = ( 222 tr(w)) . (2.11)
/. /. (Foo),,
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Combining (2.7) and (2.11), we have that

<8$0,tr(v)> =0 forallv e WhP(Z). (2.12)
ov 0z
But tr(WhP(2)) = Wﬁ’p(aZ). So, (2.12) implies that

% =0 in W7 (82). (2.13)

Because of (2.9) and Ladyzhenskaya-Uraltseva [16, Theorem 7.1, p. 286], we have
that xg € L>°(Z). Then, the regularity result of Lieberman [17] applies and gives
xg € CY(Z). This fact together with (2.13) shows that zo € CL(Z).

Now, suppose that x( is not a local W}?(Z)-minimizer of . Let B. = {h €
WLP(Z) : ||h| < e}, e > 0. This set is w-compact. Moreover, it is easily seen that
v is weakly lower semicontinuous. Therefore, by the Weierstrass theorem, we can
find h. € B, such that

Y(2o + he) = min{y(zo + h) : h € Bc} < (o). (2.14)
From the Lagrange multiplier rule, we know that we can find A. > 0 such that
Y (w0 + he) + A€l (he) = 0, (2.15)
where &.(h) = %(Hh”p — &P). Then, from (2.15), we obtain
A(zg + he) — Ng(xo + he) + AcA(he) + A Kp(he) =0, (2.16)

with K, : LP(Z) — LP (Z) being the bounded continuous nonlinear map defined by
K,(h)(-) = |h(-)|P~2h(-). Due to the compact embedding of W}?(Z) into LP(Z), the
function Kply1.0 (5 is completely continuous from WP (Z) to LV (Z) € Whr(Z)*.
Combining (2.16) and (2.5), we have

A(zo + he) — A(zo) + AcA(he) = Ny(xo + he) — Ng(z0) — AcKp(he).  (2.17)
From (2.17), we obtain

_Ap(mo + hg)(z) + Apa:o(z) - )\sAp(hs)(Z) =
= g(z, (w0 + he)(2)) — 9(z,0(2)) — )\5|h5(z)|p_2h5(z) a.e. on Z. (2.18)

We introduce the function S : Z x RV — R defined by
S(z,y) = |Dwo(2) + yllhn” (Do (2) +y) — | Dxo(2)[[5x” Do (2) + Acyllon’y-
Clearly, the function S is Carathéodory, hence it is jointly measurable on Z x RV

and also has a (p — 1)-polynomial growth in the y € RY variable. We rewrite (2.18)
in terms of the map S and we have

—divS(z, Dhe(2)) =
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= g(z, (zo + he)(2)) — g(2,0(2)) — Ac|he(2)[P 2he(2) a.e. on Z. (2.19)

By (2.16), (2.18) and (2.19), and using as before the nonlinear Green’s formula of
Casas-Fernandez [7] and Kenmochi [15], we obtain

Oh.
ov

—0 W 77 (92). (2.20)

In particular, h. € CL(Z).
Because 2 < p < oo and A. > 0, we see that there exists ¢ > 0 such that

(S(z,9),y)rn > éllylhy forae. z€ Z, ally e RN,

Then (2.19), (2.20), [16, Theorem 7.1, p. 286], [17, Theorem 2], and the continuity
of the Lagrange multipliers A. on the parameter ¢ € (0,1] imply the existence of
a € (0,1) and 8 > 0, both independent of € € (0,1] and A > 0 such that

he € Cy*(Z) and ||he||c1.a ) < B- (2.21)

We consider a sequence {e,} C (0,00) such that ¢, — 0 and set h,, = h. . Since

the space C1¥(Z) is embedded compactly into C}(Z), see [24, Theorem A.4, p.
213], due to (2.21), and by passing to a suitable subsequence if necessary, we may
assume that h, — h in C1(Z) as n — oo. But recall that ||h,|| < &,. Therefore,
hyp, — 01in W1P(Z) as n — oo. Consequently, we have h=0. Then, for large n > 1,
we have Hh””@ 7) < 1. Due to our hypothesis, we have

Y(20) < ¥(x0 + hn),

which contradicts (2.14). This proves that zop € CL(Z) is also a local WP (Z)-
minimizer of ~. (]

The next result will be useful in computing critical groups at infinity. It extends
a corresponding result of Perera-Schechter [21, Lemma 2.4] from Hilbert spaces to
Banach spaces.

Lemma 2.2 If (X, || - ||) is a Banach space, (t,x) — pi(x) is a function belonging
to C1([0,1] x X) such that x — Oppi(z) and x — @},(x) are both locally Lipschitz
functions, and there exists R > 0 such that

inf{]|@}(2)[l« : t € [0,1], |z > R} >0, (2.22)

and
inf{gi(@) : ¢ € [0,1], ]2 < R} > —o0, (2.23)

then
Crn(po,0) = Cp(p1,00) for all n > 0.
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Proof. First, note that because of (2.22), for every ¢ € [0, 1],
K;={z € X : p,(x) =0} C Bg. (2.24)

Due to (2.24), the function ¢ € C1([0,1] x X) admits a pseudogradient vector field
b = (vg,v) : [0,1]x(X\BRr) — [0, 1] x X. Taking into account the construction of the
pseudogradient vector field, one can assume that vo(¢,2) = 9yp¢(x). By definition,
the map (¢, z) — v¢(z) is locally Lipschitz and in fact, for every t € [0,1], v; is a
pseudogradient vector field for the function ¢, see Chang [8, p. 19]. In particular,
for every (t,z) € [0,1] x (X \ Br), we have

(pi(), ve(@)) 2 [l ()2 (2.25)
The map 5
X\Broz+— f%vt(m) = w(z) € X (2.26)

is well-defined and locally Lipschitz. Due to (2.23), one can fix
a < inf{p(z) : t € [0,1],]|z]| < R} (2.27)

such that p§ # 0 or ¢§ # 0. (If no such « can be found, then C,(¢g,00) =
Chp(p1,00) = 8y 0Z, and we are done.) To fix our ideas, we assume that ¢ # ), the
argument being similar for ¢ # (0. Let u € p$ and consider the Cauchy problem

d
pri we(n) for all t € [0, 1], n(0,u) = u. (2.28)

The local existence theorem (see for instance Gasiriski-Papageorgiou [14, p. 618])
implies that there exists a local flow 7. Then, we have

%wt(n) = <<p£(77)75t77>+8m(n)
(@i (), we(n)) + depe(n)  (see (2.28))

—|0vpr(m)| + Orpe(n)  (see (2.26), (2.25))
0.

<
<

Consequently, the function t — ¢;(n) is non-increasing and we have

eie(n(t,u)) < po(n(0,u)) = wo(u) < a.

On account of (2.27), we have ||n(t, u)|| > R for every t € [0,1]. Hence, ¢}(n) # 0, see
(2.22), and the solution is global. In particular, n(1,-) is a homeomorphism between
6 and a subset of ¢. Now, by reversing the time-dependence from ¢ to 1 —¢ in
¢, due to the uniqueness of the solution of the new Cauchy problem corresponding
to (2.28), we obtain another flow 7 instead of n, with 7on = no7 =id and 7(1,-) is
a homeomorphism between ¢¢ and a subset of ¢§. Consequently, n(1,-) defines a
homeomorphism between ¢ and ¢, which implies that H, (X, ¢§) = H,(X, ¢$)
for every n > 0. This proves the lemma. O



Neumann problems involving the p-Laplacian 93

3 Three nontrivial solutions for problem (P)

In this section we establish two multiplicity results where the nonlinearities have
different geometry. Both of them guarantee the existence of at least three nontrivial
solutions for problem (P). In the first case, our hypotheses on the nonlinear term
f(z,x) are the following:

H(f)1: f:Z xR — R is a function such that f(z,0) =0 a.e. on Z and

) for all z € R the function z — f(z,x) is measurable;
(#) for almost all z € Z, the function = — f(z,z) is continuous;
)

for every r > 0, there exists a, € L>(Z)4 such that

|f(z,2)] < ap(z) foraa. zec Z and all || <7r;

(iv) there exist functions 6,0 € L°°(Z) such that 6(z) < 6(z) < 0 a.e. on Z, 6 # 0,
and uniformly for a.a. z € Z

0(z) < liminf 1(z2) < limsup 1(z7) < 0(z);

|| —o00 |x‘p Zr |z|— 00 |:L'|p721'

(v) there exists § > 0 such that

f(z,x)x >0 foraa. z€ Z, all 0 < |z| < 6;

V1) 1 z as z r r, there exist p € (1,p), ¢ € (p,p*) and some constants
i) if F( N )dr, th pe (1 *) and tant
c1,c2 >0 such that

uF(z,x) — f(z,x)x > c1]|z]P — colz|? for a.a. z € Z, all z € R;

(vii) there exists c¢3 > 0 such that

—c3|lz|P < f(z,z)x fora.a.ze€ Z, all z € R.

Theorem 3.1 If hypotheses H(f)1 hold, then problem (P) has at least three distinct
nontrivial solutions ¢ € intCy, vg € —intCy, and yo € CL(Z).

A simple verification shows that the function f : R — R (we drop for simplicity the
z-dependence), defined by

B o[+ =20 — |z~ 22 + |29 22, if |z <1
f(@) =g(z)- { |l 2x+ e if [z > 1

satisfies hypotheses H(f); whenever 1 < u < p < g < p*, p > 2, and g is from
Example 1.1 (see §1).
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In order to state the next result which guarantees again three nontrivial solutions
for (P) within a new framework (modifying the behavior of the nonlinearity f near
the origin), we recall some basic notions from the nonsmooth calculus.

Let X be a Banach space, X* its topological dual and we denote by (-,-) the
duality brackets for the pair (X*, X). If ¢ : X — R is a locally Lipschitz function,
the generalized directional derivative ©°(x;h) of o at x € X in the direction h € X,
is defined by

¢%(x;h) = limsup pla’ + M) = go(:c').

2/ —z;A—01 A

It is easy to see that h — ¢°(x;h) is sublinear continuous and so it is the support
function of a nonempty, convex and w*-compact set dp(x) C X* defined by

Op(x) = {z* € X* : (x*,h) < ¢°(x;h) for all h € X}.

The multifunction z — Op(x) is called the generalized (or Clarke) subdifferential of
. Note that, if ¢ : X — R is continuous convex, then ¢ is locally Lipschitz and
the generalized subdifferential of ¢ coincides with the subdifferential in the sense of
convex analysis, given by

Ocp(z) ={z" e X" : (%, y —z) < p(y) —p(x) forallye X}.

Also, if ¢ € CH(X), then clearly ¢ is locally Lipschitz and dp(x) = {¢'(z)}. The
generalized subdifferential has a rich calculus, which generalizes the classical calcu-
lus and the subdifferential calculus of continuous convex functionals. For details we
refer the reader to Clarke [9].

The new hypotheses on the nonlinearity f(z,z) are the following:

H(f)2: f:Z xR — R is a function such that f(z,0) =0 a.e. on Z and

) for all z € R the function z — f(z, ) is measurable;
(7) for almost all z € Z, the function x — f(z,z) is locally Lipschitz;
) there exist @ € L*°(Z) and ¢ > 0 such that

lu| < a(z) +clz[P™? fora.a. z € Z, all z € R and all u € df(z,z);

(iv) there exist functions 6,0 € L>(Z) such that 6(z) < 6(z) < 0 a.e. on Z, 0 # 0,
and uniformly for a.a. z € Z

N . . f(Z,fL') 3 f(Z,f) .
Y0 < i o = P fap—2g =060

(v) there exist § > 0 and a function § € L>®°(Z) with 5(z) <0 ae. on Z, 8 #0
such that
B(z)

F(z,z) < ==%|z|P for a.a. z € Z, all |z| < 4;
p
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(vi) there exist c— < 0 < cq such that [, F(z,cs)dx > 0;
(vii) there exists ¢3 > 0 such that

—c3lzP < f(z,x)x for a.a. z€ Z, all x € R.

The first part of Theorem 1.1 follows at once from the following

Theorem 3.2 If hypotheses H(f)2 hold, then problem (P) has at least three distinct
nontrivial solutions ¢ € intCy, vg € —intCy., and yo € CL(Z).

In the sequel, we are dealing with the proof of Theorems 3.1 and 3.2, respectively.
To do these, we prove certain intermediate results.

Lemma 3.1 If0 € L>(Z), 0(z) <0 a.e. on Z and the inequality is strict on a set
of positive measure, then there exists & > 0 such that

Y(x) = ||D:r||£ - /Z 0(2)|z(2)|Pdz > &l|z||P for all z € Wl’p(Z).

Proof. Tt is clear that 1 > 0. Suppose that the lemma is false. Since 9 is p-
homogeneous, we can find a sequence {z,} C W1P(Z) such that ||z,| = 1 and
¥(xn) | 0 as n — oo. By passing to a suitable subsequence if necessarily, we may
assume that

T, 5z in WHP(Z), z, — x in LP(Z), £,(2) — x(2) a.e. on Z and

|z, (2)] < k(z) a.e. on Z, for all n > 1, with k € LP(Z)..

We have that || Dz||) < liminf, . [|Dz,[|h, while from the dominated convergence
theorem, it follows that [, 8|zy[Pdz — [, 0|z[Pdz. So, (x) < liminf, o ¥(z,) =
0. Consequently,

| Da|lr < / 0|z |Pdz < 0. (3.29)
Z

In particular, z = c € R.

If ¢ = 0, then |Dz,|[, — 0 as n — oo, so x,, — 0 in W1P(Z), a contradiction
to the fact that ||z,| =1 for all n > 1.

If ¢ # 0, then from (3.29) and the assumption on ¢, we have

0< \c|p/ fdz < 0,
zZ
a contradiction. This proves the lemma. (I

Let 74 : R — R be the truncation functions defined by

0, ifz<0

z, ifz<0
xz, ifx>0 and Tﬁ(z)_{

T“”:{ 0, ifz>0.

Using these functions, we introduce the following truncations of f

fr(z2) = f(z,74(2)) and f_(z,2) = f(z,7-(2)).
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Note that both f and f_ are Carathéodory functions and
fi(z,2) =0 foraa.z€ Z, allz <0, and f_(z,2) =0 for a.a. z€ Z, all z > 0.

We set Fy(z,2) = [ f+(z,r)dr. We introduce the functionals ¢, 4 : WEP(Z) — R

defined by
1
pla) = 1Dall - [ Plea()iz
p z
and .
o+ (z) = ;OHD:CHZ —/ Fi(z,2(2))dz for all x € W)P(Z).
zZ

Clearly, ¢, 1 € CY (WP (Z)).
By means of these functions, we will produce two nontrivial smooth solutions of
constant sign for (P).

Proposition 3.1 If hypotheses H(f)1 hold, then problem (P) has two solutions
xo € intCy, vo € —intCL which are local minimizers of .

Proof. By virtue of hypotheses H(f); (iii) and (iv), given € > 0, we can find
ac € L*(Z)4 such that

f(z,2) = fi(z,2) < (0(2) +e)aP~ ! +a.(z) foraa.z€ Z, all z > 0.
Therefore,

Fi(z,2) < =(0(2) + €)a” + a=(z)z fora.a. z € Z, allxz > 0. (3.30)

Then, for every x € W, we have

oi(e) = }Qnmnz— / Fy (2, 2(2))d

1 1
> —||Dz|h - f/ O|lz|Pdz — E”ZL'HP —callz||  (for some ¢4 > 0, see (3.30))
p pPJz p
50 — € p
> TH:UH —callz|| (see Lemma 3.1). (3.31)

If we choose € < &p, then from (3.31) we infer that ¢ is coercive on W... Moreover,
exploiting the compact embedding of WP (Z) into LP(Z), we can easily verify that
w4+ is weakly lower semicontinuous on W, . Consequently, we can find zo € W,
such that

o (w0) = int{p, () 2 € W, }.

From Clarke [9, p. 52], we have —¢/, (x0) € Nw, (20), where Ny, (2¢) is the normal
cone to W, at xg. By definition,

Nw, (z0) = {v* € WP(Z)* : (v*,v — o) <0 forall v e Wy}

Hence
0 < (¢! (20),v —xo) forallve W,. (3.32)
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Given ¢ > 0 and h € W}P(Z), set v = (zg + eh)t = (zg +eh) + (xo + h)~ € W,.
We use this as a test function in (3.32) and we obtain
— (¢! (20), (o +eh) ™) < e (x0), h). (3.33)

Note that ¢/, (x9) = A(xo) — Ny, (v0) and let Z7 = {2z € Z : (zg + €h)(2) < 0}.
Then
— (¢4 (20), (w0 +eh)™) =

= / | Do ||%%” (Do, D(xo + €h))gndz — / f+(z,20)(xo + ch)dz >
Ve 2= {zo>0}
> < [ |1 Dallga? (Do, Dhjanz + < [ 1F+(z 20(2) o
zs ZZ M{zo>0}
Combining this inequality with (3.33), we obtain
(@0l ) = [ IDaollZa* (Do, D)z + Fe(zizo(z)lhdz. (3:34)
Ze Zz N{zo>0}

But note that |Z. N {zg > 0}|xy — 0 as € — 0. Also, by Stampacchia’s theorem,
Dzo(z) =0 a.e. on {xg = 0}. Hence, if in (3.34) we pass to the limit as e — 0, we
obtain

<90/+(33‘0), h> > 0.

Since h is arbitrarily, we have ¢/, (x9) = 0, i.e., A(xg) = Ny, (20). Reasoning as in
Proposition 2.1, we have that —A,zo(z) = f+(z,z0(2)) a.e. on Z, and % =0 on
0Z. Since xy € Wy, then fi(z,20(2)) = f(2,20(2)), so, g is a solution of (P).

Note that zg # 0. Indeed, due to hypothesis H(f)1 (v), for every 0 < s <, we
have F(z,s) > 0 a.e. on Z. Thus, ¢, (s) = — [, F(z,s) < 0. Since the constant

function s belongs to W, then ¢, (z9) < ¢4 (s) < 0= p(0), i.e., zg # 0.

The nonlinear regularity theory implies that zo € Cy. Moreover, from H(f);

(vit) we have that

Apxo(2) < ezxh ™' (2) ae. on Z. (3.35)

Invoking the nonlinear strong maximum principle of Vazquez [25], from (3.35) we
infer that zo € intC. Since p4|c, = ¢|c,, we can find r > 0 small enough such
that

o(w0) < w(zo +h) forall h € CL(Z), 7llcrz) <

In other words, zg is a local C}(Z)-minimizer of ¢. By virtue of Proposition 2.1,
we have that zg € intC} is a local W,'P(Z)-minimizer of .

In a similar fashion, working with ¢_ and —W, instead of ¢4 and W, respec-
tively, we find a solution vg € —intC. of (P) which is also a local W}'?(Z)-minimizer
of . O

Note that = 0 is critical point of ¢, hence a solution of problem (P). We
may assume that it is an isolated critical point of ¢; otherwise, we already have a
whole sequence of distinct nontrivial solutions of (P) and so we are done. Next, we
calculate the critical groups of ¢ at = = 0.
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Proposition 3.2 If hypotheses H(f)1 hold, then C,(¢,0) =0 for all n > 0.

Proof. Because of hypothesis H(f); (vi) and since p < ¢, we can find §; < min{d, 1}
(6 > 0 as in hypothesis H(f)1 (v)) such that

wF(z,2) — f(z,2)x >0 for a.a. z € Z, all |x| < §;. (3.36)
By (3.36) and hypothesis H(f); (v), after integration (as in the case of the Ambro-
setti - Rabinowitz condition, see for instance Gasinski-Papageorgiou [14, p. 298]),
we obtain
F(z,z) > cslz|* fora.a. z€ Z, all |z| < 4§ and with ¢5 > 0. (3.37)
Combining (3.37) with hypotheses H(f)1 (vi) (vii), we have

F(z,x) > cs|x|* 4 cglz|P — co|z]? for a.a. z € Z, all x € R, (3.38)

with ¢g = ¢1 — ¢3, and ¢z > 0 from H(f); (vi).
Let x € WP(Z)\ {0} and ¢ > 0. Then

"
olte) = DDaly~ [ Flata(2)iz
p z
"
< —||pr7/(05t“\x|“+cﬁtp|x|pfCth\x|q)dz (see (3.38))
p z
"
< Zlalp - cstol ~ cot” ol + ot (.39)

Since p < p < ¢ and ¢5 > 0, from (3.39) we see that we can find tg = to(z) € (0,1)
small such that
p(tz) <0 forall t € (0,tp). (3.40)

Now, consider z € W,P(Z) such that p(z) = 0. Then

= (¢ (tx), )

d
—(t
dt(p( z) t=1 t=1

| D]l / f(z 2)zdz

L= ) D2t + [ (uF(z,2) - f(z.2)a)dz  (since p(x) = 0)
(1-5) iz |

Y

(1= 2) 1al + xllol; ~ calisl - (see hypothesis H()s ()

Y

crl|lz||? — esllz||?  (for some c7,cs > 0, since pu < p). (3.41)

Because p < ¢, from (3.41) we see that we can find r € (0,1) small enough such
that

%cp(tm)‘ >0 for all z € W,'P(Z) such that o(z) =0, 0 < ||z|| <. (3.42)
1
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Consider x € W}P(Z) such that ||z|| <7 and p(z) < 0. We claim that
p(tz) <0 forall t € [0,1]. (3.43)

We argue indirectly. So, we suppose that we can find ¢y € (0, 1) such that p(tox) >
0. Since ¢ is continuous, there exists ¢; € (fo, 1] such that ¢(t;2) = 0. We set
to = min{t € [to,1] : p(tx) = 0}. Then

p(tx) >0 for all t € [to, ta). (3.44)

Let u = tax. Since ¢(u) =0 and 0 < ||Jul| < 7, on account of (3.42), we have

Ep(tu)hzl > 0. (3.45)

On the other hand, due to (3.44), for every t € [tg,t2), we have

0= p(u) = p(t2z) < p(t).

Consequently,

p(tz)],_, =1lim pltr) = pltar) _ (3.46)

d () d
o =4
at P\ le=1 7 g iy t—to =

t
But (3.45) contradicts (3.46). This means that (3.43) is true.

Now, we fix r € (0,1) so that the origin is the unique critical point of ¢ in B,..
Let h: [0,1] x (B, N¢") — B,.N¢° be defined by h(t,x) = (1—t)z. Due to (3.43), h
is well-defined. Moreover, it is a continuous deformation and we have that B, N °
is contractible in itself.

Fix z € B, such that ¢(x) > 0. We claim that there exists a unique ¢, € (0,1)
such that

p(tzz) = 0. (3.47)

The existence is clear. Indeed, relation (3.40), ¢(x) > 0, and the continuity of
t — o(tx) imply the existence of t,, € (0,1) as in (3.47). Now, we assume that there
are 0 < tL < 2 < 1 such that ¢(tlz) = ¢(t2z) = 0. Due to (3.43), p(tt2x) < 0
for every t € [0,1]. In particular, t} € (0,1) is a local maximum of the function
t— o(tz), t € [0, 1]. Thus,

d 1
&@(ttxl') }tzl = 07

which contradicts (3.42). Consequently, (3.47) is true, and for every z € B, with
o(x) > 0 we have

p(tx) <0 forallt € (0,t,), and @(tz) >0 for all t € (t,1]. (3.48)
Next, let £ : B, \ {0} — (0,1] be defined by

£(x) = 1, if x€ B,\{0}and p(x) <0;
" | ts, if x€ B, and p(x) >0 (t, being from (3.47)).
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Due to the above reasons, the function ¢ is well-defined. Moreover, due to (3.42),
(3.48) and the implicit function theorem, we also have that ¢ is continuous. Then
we define the map 3: B, \ {0} — (B,.N ")\ {0} by

[ &x)x, if xe€ B, \{0} and ¢(z) > 0;
Bla) = { z, if z€ B,\{0} and :zi(x) < 0.

The definition of £ implies that £(z) = 1 whenever p(z) = 0. Therefore, § is well-
defined and since £ is continuous, the same is true for §. Moreover, we have

B(z) =z forall z € B, \ {0}, ¢(z) <O0.

Consequently, 3 is a retraction of B,.\ {0} onto (B, N¢°)\ {0}. But since W1?(Z2)
is an infinite dimensional Banach space, B, \ {0} is contractible in itself. Recall
that retracts of contractible spaces are contractible too. Therefore, (B, N¢°)\ {0}
is contractible in itself. It follows that

Cnlp,0) = Hy(B, N’ (B, N %)\ {0}) =0 for all n >0,
which proves our assertion. O

Proof of Theorem 3.1. First of all, the hypotheses H(f); imply in a standard manner
that ¢ satisfies the PS-condition. Next, Proposition 3.1 implies the existence of two
solutions zy € intCy, vg € —intCy for (P) which are local minimizers of . As
before, we may assume that both xg,vg are isolated critical points of ¢. Thus, we
can find r > 0 small enough such that

p(wo) < inf{p(z) : [z —xo|| =7} and ¢(vo) < inf{p(v) : |v —wvol| = 7}.

Without any loss of generality, we may assume that ¢(vg) < ¢(zg). Consider the
sets
D = 0B, (zy), E = [vg,x0], and Ey = {vg, zo}.

It is clear that {E, Eo} and D are linking in W,1'?(Z). Then, by the abstract linking
theorem (see for instance Gasiriski-Papageorgiou [14, p. 644]), we can find a critical
point yg € WP(Z) of ¢, which is of mountain pass-type and

p(vo) < p(x0) < ¢(Yo),
i.e., yo # xo and yo # vg. Moreover, since yp is of mountain pass-type, we have
rankC (p, yo) > 1, (3.49)

see Mawhin-Willem [19, p. 195]. Comparing (3.49) with Proposition 3.2, we see
that yo # 0. Since yo is a critical point of ¢, as before, we verify that it is a solution
of (P) and the nonlinear regularity theory implies that yo € C1(Z). O

Now, we are going to prove Theorem 3.2. The crucial result here is
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Proposition 3.3 If H(f)2 hold, then Cy(p,00) = 6,,0Z for all n > 0.
Proof. A standard argument shows that ¢ satisfies the PS-condition. Consider the
one parameter family of functions ¢, : WP(Z) — R, t € [0,1], defined by
() = ]%HD:EHZ - t/ Fz,2(2))dz — %/ 0(2)|e(2)["dz for all x € Wh(Z).
zZ zZ

We have
Opot(z) = —/ZF(z,x(z))dz—i—%é9(2)|m(z)|pdz (3.50)

and

pi(r) = A(z) — tNp(z) — (1 — 1)K, (2), (3.51)
with A : WIP(Z) — WEP(Z)* as before, Ny : WhP(Z) — LP (Z) is the Nemitsky
operator corresponding to f, i.e., N¢(x)(-) = f(-,z(-)) for all z € W}P(Z) and
K, : LP(Z) — [P (Z) is defined by K,(z)(-) = |z(-)[P~2z(-) for all z € WP (Z).
Because of the compact embedding of W'?(Z) into LP(Z), we can easily verify that

both maps Ny and K, are completely continuous.
From (3.50) and Clarke [9, p.83], we have that the map

x +— Oppr(x) is locally Lipschitz. (3.52)

Since 2 < p, the maps = — A(z) and = — K,(x) are both locally Lipschitz.
Moreover, due to hypotheses H(f)2 (i), (ii), as in the proof of Clarke [9, Theorem
2.7.5, p. 83], using the nonsmooth mean value theorem (by Lebourg), we can show
that « +— Ny (z) is locally Lipschitz. On account of (3.51), we have that the map

x — py(x) is locally Lipschitz. (3.53)
We claim that there exists R > 0 such that
inf{||¢} ()] : t € [0,1], =[] > R} > 0. (3.54)

We proceed by contradiction. So suppose that the claim is not true. We can find
{t,} € [0,1] and {x,} C W}P(Z) such that

tn = t, ||lza|| = 00 and ¢} (z,) — 0 in W,P(Z)" asn— oco. (3.55)
Let yn = 327, n > 1. Then llyn]l = 1 for all n > 1 and so we may assume that

Yn =y in WhP(Z), yp — y in LP(Z), yo(2) — y(2) a.e. on Z and

lyn(2)| < k(2) a.e. on Z, for all n > 1, with k € LP(Z)...
Due to (3.55), we have

(@, (zn),u)| < epnlul|l for all u € W) P(Z) with &, | 0. (3.56)

Let u = x,,. We obtain

< enll@nll-

’||Dxn||£—tn/ f(z,xn)mndz—(l—tn)/ Oz |Pdz
A 7
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Consequently,

< = én, (3.57)

\nDynnz (1= t) [ olunlras

|| [« H" !
with &/, — 0 as n — oco. From H(f)s (iii) after integration, we have
/(2. 2)| < ar(2)]a] + eaafP~ (3.58)

for a.a. z € Z, all € R and with a1 € L>(Z)4, ¢1 > 0. From (3.58) it follows
that the sequence

{Un( )= f(,xn())} C L”/(Z) is bounded (1/p+1/p' = 1).

(R (C
By passing to a suitable subsequence if necessarily, we may assume that
M %0 in LP (Z) as n — . (3.59)
For every € > 0 and n > 1, we introduce the following two sets

Czn:{zEZ:xn(z)>0, é(z)—ggJW

< 0(2) +e}

and

o T lza(2) [P (2)

Note that z,(z) — +o0 a.e. on {y > 0} and z,(z) — —o0 a.e. on {y < 0} as
n — oco. Then hypothesis H(f)2 (iv) implies

Co —{zeZ:xn(z)<O, é(z)s<f(z’xn(z))§0(z)+s}.

Xc+, (2) =1 ae on {y >0} and xo- (2) =1 ae on {y <0}

The dominated convergence theorem and (3.59) imply

Xt =n in LY ({y > 0}) as n— o, (3.60)
and ,
Xoo, M —n in L7 ({y <0}) as n— oo. (3.61)
We have
X, (2)02) =i (2) < Xep, ()n(2) < Xer (2)O(2) +e)yh ™ (2) (3.62)

a.e. on {y > 0}, and

Xez, (2)(0(2) + &)lyn ()P *yn(2)

IA

Xcz, ()1 (2)

e,n

Xz, (2)(0(2) = &)lyn(2)["*yn(z) (3.63)

e,n

IN
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a.e. on {y < 0}.
We pass to the limit as n — oo in (3.62) and (3.63) and we use (3.60) and (3.61),
Mazur’s lemma and let € | 0. So we obtain

0(2)yP 1 (2) < n(z) < 0(2)y* " (2) a.e. on {y >0} (3.64)
and
0(2)ly(2)""*y(2) < (=) < 0(2)ly(2)P"*y(2) ae. on {y <0} (3.65)
Moreover, from (3.59) it is clear that
n(z) =0 a.e. on {y=0}. (3.66)
From (3.64), (3.65) and (3.66), it follows that
n(2) = g(2)|y(2)""*y(2) a.e. onZ (3.67)

with g € L°°(Z) such that 0(z) < g(z) < 6(z) a.e. on Z. So passing to the limit as
n — oo in (3.57) and using (3.67), we obtain

1Dyl < /Z(tg(Z) + (1 =1)0(2)ly(2)[Pdz < 0. (3.68)
Thus, y = ¢ € R. We know from (3.56) that

‘<A<yn>,yn—y>—tn [t =9z = =) [ 0P iz| <

En

< W\Iyn -yl (3.69)

Clearly,
/ M (yn —y)dz — 0 and / 0|yn|p72yn(yn —y)dz — 0 as n — oo.
z z

Thus, from (3.69), it follows that

Jim (A(yn), yn —y) = 0. (3.70)
But A is maximal monotone, it is generalized pseudomonotone and so from (3.70)
we have limy, oo (A(yn), yn) = (A(y),y), see Gasinski-Papageorgiou [14, p. 330].
Consequently, || Dy, ||, — ||Dyll, as n — oo. We also have Dy,, = Dy in LP(Z,R"N)
and L?(Z,RY) being uniformly convex, it has the Kadec-Klee property. Therefore,
Dy,—Dy in LP(Z,RN). Thus, y,—y in WIP(Z). In particular, ||y| = 1, ie.,
y = ¢ # 0. Due to (3.68),

IDy|2 < [cf” /Z (tg(2) + (1 — £)6(=))dz < 0,

a contradiction. This proves that there exists R > 0 such that (3.54) is true.
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It is clear that
inf{p.(z) : t €[0,1], [|z|| < R} > —o0. (3.71)

Then (3.52), (3.53), (3.54) and (3.71) permit the use of Lemma 2.2; thus
Cr(po,00) = Cp(p1,00) for all n > 0. (3.72)

Note that

o(z) = %nmug - %/ 0(2)[2(=)|Pdz = 2u(z) for all z € WHP(2),
Z

bS]

see Lemma 3.1, and
o1(x) = p(z) for all z € W, *(Z).

From Lemma 3.1, we know that @ = 0 is a minimizer of ¢y = 9/p and its only
critical point. So,

Crn(p0,0) = Cr(po,0) = dp,0Z for all n > 0. (3.73)
From (3.72) and (3.73) it follows that
Cr(p,00) = Cp(p1,00) = 0 0Z for all n > 0.

The proof is complete. O

Next, we compute the critical groups of ¢ at zero. Without loosing the generality,
we can assume that 0 is an isolated critical point; otherwise, we already have a
sequence of distinct nontrivial solutions of (P). We have

Proposition 3.4 If H(f)2 holds, then Cy(p,0) = 8, 0Z for all n > 0.

Proof. Let x € CL(Z) be such that |z(z) < §| for all z € Z. (§ > 0 is from H(f)2
(v).) Then

1
o) = IDslp~ [ Pz

p z
1 1

> f||Dx||5—f/ﬁ\m|pdz (see hypothesis H(f)a (v))
p pPJz

> @Hxﬂp (see Lemma 3.1).
p

Therefore, z = 0 is a local C(Z)-minimizer of ¢. Invoking Proposition 2.1, we infer
that = 0 is a local WP (Z)-minimizer of ¢. Then C,,(p,0) = §,,0Z for alln > 0. O

Proof of Theorem 3.2. In a standard way, hypotheses H(f)o imply that ¢ satisfies
the PS-condition. Note that H(f)q (i7i) implies H(f); (4ii), while H(f)2 (iv) and
H(f)1 (iv) are the same. Thus, the conclusion of Proposition 3.1 remains valid also
within the context of H(f)s. Therefore, we obtain zy € W, and vg € —W, two local
minimizers of ¢. This time, the nontriviality of o and vy is a consequence of H(f)2
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(vi). As before, the hypothesis H(f)a (vii) permits the use of the strong maximum
principle of Vézquez [25], which implies that z¢ € intCy, vo € —intCy and they
are solutions of (P). From a well-known characterization of the critical groups at a
local minimizer of a C'-functional (see Chang [8, p. 33] and Mawhin-Willem [19,
p. 175]), we have that

Cr(p,z0) = Cp(p,v0) = On0Z for all n > 0. (3.74)

Suppose that {0,z,vp} are the only critical points of . Using relation (3.74),
Propositions 3.3 and 3.4, and the Poincaré-Hopf formula, we obtain that

(=1 + (=1)° + (1) = (-1)°,

a contradiction. So, there exists yo € WP(Z) one more critical point of ¢ distinct
from 0, zo,vo. Again, this is a solution of (P) and by nonlinear regularity theory,
we have yo € CL(Z). This completes our proof. O

4 Four nontrivial solutions for problem (P): the
semilinear case

In this section we assume that

H(f)s: f:Z xR — R is a function such that f(z,0) = 0 a.e. on Z, hypotheses
H(f)s (i), (i), (iv), (v), (vi), (vii) are the same as hypotheses H(f)2 (7), (iii), (iv),
(v), (vi), (vii) with p = 2, and

(i) for a.a. 2z € Z, the function z — f(z, ) is a C'-function.

Theorem 4.1 If hypotheses H(f)s hold, then problem (P) has at least four distinct
nontrivial solutions xo € intC, vy € —intCy, and yo,wo € CL(Z).

Proof. Note that in this case p € C?*(W}2(Z)). As before, we obtain zg € intCy and
vp € —intC two solutions which are local minimizers of . So (3.74) is valid. Since
xo, vg are local minimizers of ¢, by the linking theorem (see Gasiriski-Papageorgiou
[14, p. 644]), we obtain another critical point yo € W1?(Z) which is of mountain
pass-type. Therefore,

Cn(p,y0) = dp1Z for all n > 0. (4.75)

Comparing (4.75) with Proposition 3.4, we infer that yo # 0. Now, let us suppose
that {0, x0,v0,yo} are the only critical points of ¢. Then, from relations (3.74),
(4.75), Propositions 3.3 and 3.4, and the Poincaré-Hopf formula, we have that

(~1° + (<10 (-1 + (~1)! = (1),

a contradiction. This means that there exists a fourth critical point wy € W1?(2)
of ¢ which is distinct from 0, g, vo,yo. As before, yo, wo are both solution of (P)
and standard regularity theory implies that yo,wo € CL(Z). O
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