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Abstract

Random invariant manifolds are geometric objects useful for understanding com-
plex dynamics under stochastic influences. Under a nonuniform hyperbolicity or
a nonuniform exponential dichotomy condition, the existence of random pseudo-
stable and pseudo-unstable manifolds for a class of random partial differential
equations and stochastic partial differential equations is shown. Unlike the in-
variant manifold theory for stochastic ordinary differential equations, random
norms are not used. The result is then applied to a nonlinear stochastic partial
differential equation with linear multiplicative noise.
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1 Introduction

Invariant structures in state spaces are essential for describing and understanding
dynamical behavior of nonlinear random systems. For random dynamical systems,
these invariant structures are usually random geometric objects. Stable, unsta-
ble, center, and inertial manifolds, as special random invariant structures, have
been considered in the investigation of stochastic partial differential equations or
stochastic evolutionary equations in infinite dimensional spaces. More precisely, an
inertial manifold for a stochastic partial differential equation driven by white noise
is constructed in [5] . Some inertial manifolds have been used in [15] to construct
a stationary solution for such kind of an equation. Backward integration ideas for
stochastic equations are used in [11] with more general noise. Invariant manifolds
related to a stochastic pitchfork bifurcation are studied in [8]. In [12], a graph trans-
form has been developed, based on a random fixed point theorem, to obtain random
invariant manifolds. The existence of smooth random invariant manifolds is proved
in [13]. In [19] one can find a general theorem about random invariant manifolds for
a stochastic partial differential equation with linear diffusion part, while in [27] it is
shown that an invariant manifold is asymptotically complete, and use this manifold
to study stationary solutions to hyperbolic stochastic partial differential equations.
More detailed historical account of this subject may be found in [8, 12].

In this paper, we are concerned with invariant stable or unstable manifolds for
infinite dimensional random dynamical systems, especially those systems generated
by stochastic or random partial differential equations (SPDEs or RPDEs), under
some weak conditions. Our approach for establishing invariant manifolds for infi-
nite dimensional random dynamical systems is based on a nonuniform exponential
dichotomy, also called nonuniform pseudo-hyperbolicity, for the linearized random
dynamical systems. When a multiplicative ergodic theorem (MET) holds [21, 18],
nonuniform pseudo-hyperbolicity also holds. Moreover, unlike the invariant mani-
folds theory for finite dimensional random dynamical systems [28, 2], we make no
use of random norms. To be more precise, the structure of our analysis is the fol-
lowing. Before proving the existence of invariant manifolds for a nonlinear (random
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or stochastic) partial differential equation (PDE), we analyse the linear system as
a first approximation. We prove that the fundamental solutions of our linear PDE
generates a random dynamical system that is linear and compact (for every positive
time ¢). The partial differential operator generating this equation is supposed to
be uniformly elliptic and random. The long-time behaviour of this linear random
dynamical system is analysed under a nonuniform pseudo-hyperbolicity condition,
which also implies an exponential dichotomy result. We then use a cut-off procedure
to obtain the existence of local (pseudo) invariant stable and unstable manifolds for
nonlinear random systems by using the Lyapunov-Perron technique.

The paper is organized as follows. In Section 2, we recall some basic concepts
for random dynamical systems. In Section 3, we discuss multiplicative ergodic the-
orems and exponential dichotomies for linear cocycles. We prove that when a mul-
tiplicative ergodic theorem (MET) holds in an infinite dimensional Hilbert space,
a nonuniform exponential dichotomy (i.e., nonuniform pseudo-hyperbolicity) also
holds (Theorem 3.4) in the same Hilbert space. Furthermore, we obtain sufficient
conditions under which a stochastic partial differential equation generates a con-
tinuous random dynamical system (Theorem 3.5). We then prove pseudo-stable
and pseudo-unstable manifold theorems for random and stochastic partial differen-
tial equations (Theorems 4.1 and 4.2), under nonuniform pseudo-hyperbolicity (see
Definition 4.1), in Section 4. Finally, in Section 5, we demonstrate our invariant
manifold theorem for an example of stochastic partial differential equations.

2 Random dynamical systems

We now recall some basic concepts in random dynamical systems. First we introduce
an appropriate model for a noise. Such a model is given by a metric dynamical
system defined by a quadrupel (2, F,P,0), where (Q2, F,P) is a probability space
and 6 is a measurable flow with time set T being R or Z:

0:(TxQ,B(T)®F) — (Q,F).
For the partial mappings 0(t,-) we use the symbol 6;. We then have
000, =00, =0, fort, 7T, 0y = idg.

The measure P is taken to be ergodic with respect to the shift operators 6;; see [6].
The standard example for a metric dynamical system is induced by the Brownian
motion. Let V be a separable Hilbert space and let C(R, V') be the set of continuous
functions on R with values in U which are zero at zero equipped with the compact
open topology. We denote by F the associated Borel-o-algebra. Let P be the Wiener
measure on F which is given by the distribution of a two-sided Wiener process with
trajectories in Cp(R, V'). For the definition of a two-sided Wiener process see Arnold
[2] page 547. The flow 6 is given by the Wiener shifts

Orw(-) =w(-+1t) —w(t), teR, weN=CuHR,V).
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In this case the measure P is ergodic with respect to the flow 6.
For some Polish space (complete separable metric space) H a random dynamical
system is given by a mapping

o (T* x Q x H,B(T*) ® F @ B(H)) — (H, B(H))
which has the cocycle property:

pt+ mw,z) = ot 0w, o(1,w, x)), t, 7eTT, weq, 2.1)
¢(0,w, ) = . '

Cocycles are generalizations of semigroups reflecting some non-autonomous dynam-
ics.
Suppose that for some flow 6 the differential equation

' = f(Ow,u), u(0)=x€H

possesses a unique solution on any interval [0,7] for 7' > 0. Then, the solution
mapping (t,w, ) — (¢, w, x) defines a cocycle. If this operator depends measurably
on its variables then ¢ defines a random dynamical system.

In what follows, we have to transform one random dynamical system into an-
other. To do this, we need the following lemma.

Lemma 2.1 Consider the mapping
T:Qx H— H,

and assume that T(w, ) is a homeomorphism for any w € Q, and T(-,z), T(-,z)~!
are measurable for any x € H. If ¢ is a continuous random dynamical system, then
so is ¥ defined by

Y(t,w,x) = T(Ow, p(t,w, T(w,z) ™).

The proof is straightforward. We note that, by the assumptions of the lemma,
the mappings T and T~ are measurable from Qx H to H, see Castaing and Valadier
[9], Lemma IT1.14.

For our purpose, a class of random variables will be crucial. A random variable

X (Q.F) = R\ {0}, BRT\ {0})) (2.2)
is called tempered if
+
Jim w —0

for w contained in a {6, };cgr invariant set of full measure. Such a random variable
X is called tempered from below if X! is tempered. We note that, in the case of
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ergodicity, the random variable defined in (2.2) is either tempered or, alternatively,
there exists a {6; }+cr invariant set 2 of full measure such that

log®™ X (0 -
lim sup M =400, we
t—too

A random variable is tempered if and only if there exists a positive constant A and
a positive random variable Cp (w) such that

X (Oiw) < Cp(w)ert for teT (2.3)

for w in some {6;}+cr invariant set Q of full measure.

We need the following definitions and conclusions about the measurability of
linear operators.

Let H;, Hy be separable Hilbert spaces. A mapping w — B(w) € L(Hy, Hs)
is called strongly measurable if w — B(w)h is a random variable on Hy for every
h € H;.

Lemma 2.2 Let Hy, Hs, Hs be three separable Banach spaces. Let B be a strongly
measurable operator in L(Hy, Hy), and let C be a strongly measurable operator in
L(HQ,Hg,). Then

(i) B:Q x Hy — B(w)h € Hy is measurable.

(ii) C o B is strongly measurable in L(Hy, Hs)

(i) w — || B(w)|| Lk, 1) 5 Mmeasurable.

(iv) Let H, a dense set in Hy, and suppose that w — B(w)h is measurable for
h e H,. Then B is strongly measurable.

Proof. (i) Follows from Castaing and Valadier [9], Lemma II1.14, and (ii) is a conse-
quence of (i). (iii) follows because the unit ball in H; contains a dense countable set
and, for (iv), we note that B(:)h, h € Hy, is the pointwise limit for some sequence
(B(-)hn), hy € Hy. 0

3 Multiplicative ergodic theorem and exponential
dichotomy

In this section we introduce random dynamical systems U consisting of linear contin-
uous operators U(t,w) € L(H, H). In particular, we study linear random dynamical
systems generated by random linear evolution equations

d
ditl + A(frw)u =0, u(0) =z € H. (3.4)
Our intention is to show that this equation generates a random dynamical sys-
tem. To describe the properties of the operator A, let (H, (-,-), ||-|1), (H1, (-, )1, ]1-]11)
be two separable Hilbert spaces, where H; is densely and compact embedded into
H. We assume that A is given by linear operators A(w) € L(Hi, H) such that
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w — A(w) is strongly measurable. In addition, —A(w) are generators of an analytic
Cy-semigroups on H denoted by e~ 74« 7 > 0, and the function ¢t — A(Orw) is
Holder continuous with values in L(H;, H). Namely, the function

is in C?(R,L(H,H)) for p € (0,1). For the definition of this space see Amann
[1], page 40f. We also assume that there exists a random variable ki (w) > 0 so
that the resolvent set of — (k1 (w)id+ A(w)) denoted by p(—(k1(w)+ A(w))) contains
R*, and the mapping ¢ — ki (6;w) is supposed to be Holder continuous. We define
A, (t) == A(Oiw), k10 (t) = k1(0iw) for w € Q. According to the above properties,
A, generates a fundamental solution U, (or a parabolic evolution operator), see
Amann [1]. For our application we need the following parts of the definition of a
fundamental solution. Let J denote either the interval [0,T], for T" > 0, or R*.
Then

Uy € C(Ja,Ls(H)), Ja={(t,s) € J*t>s} (3.5)

t—U,(t,s)x,x € H,t >s solves

d

detL + Au(tyu =0, u(s) =z, where U,(-,s) € C*(J N (s,00); L(H)).

U, (t,t) =id, U,(t,s) =U,(t, 7)o U,(7,s), T>t>712>s. (3.7
sup (¢ — s)[|Aw (1)U (, 8)[| < oco. (3.8)

T>t>5>0

Ls(H) denotes the strong convergence on the set of continuous linear operators
L(H) on H. For the operator norm in L(H;, H), and in L(H) we simply write || - ||.
In addition, we have

[Us(t, 9)|| < Coe= =) (3.9)
for appropriate constants C,,, p,, see Amann [1], Theorem 11.4.4.1.

We consider the following simple transform
Uk w(t,s) :=¢€" Jo Fro(MAryy (4 s)elo Frw(mdr, (3.10)
These operators are fundamental solutions of an equation generated by
Apy w(t) = k1o (t)id + Ay (t).

We have ki1 ,,(t) < Ky, 1 on every interval [0,7]. Then, we can introduce the
operator
Ay w,r(t) = Ky wrid + Au(t).

For such a K; ,, 7, condition (I1.4.2.1) in Amann [1], page 55, is satisfied on [0, 1.
This gives us the existence of a unique fundamental solution with generator Ag, ., 1,
and hence with generator A ; see [1], Corollary 11.4.4.2. In particular, for any T > 0
there exists Mr,, such that

Mzl < 1Ak, wr @zl < Myl
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We then can conclude by (3.8) that

sup (t - S)HUKl,w,T(t7 8)”1 < MT,W sup (t - S)”AKl,w,T (t)UKI,w,T (tv S)” <00
T>t>5>0 T>t>5>0

such that Uk, , . (t,5), s <t € J and hence U,(t,s) for t > s are compact linear
operators by the compact embedding H; C H. For the case t = 0, see [1].
Our intention is now to derive from the fundamental solution a random dynam-
ical system. We set
Ul(t,w) :=U,(t,0).

By A, (t) = Ag,(t — s), t > s, the cocycle property follows directly from (3.7)
Ult+7,w)=U(t,0;w) o U(T,w). (3.11)

Replacing A, by the operator given by (3.10) we can assume that the resolvent set
of —A(w) contains RT.
Consider the Yoshida approximations

A% (w) = A(w)(id + cA(w)) ! € L(H, H).

By our assumptions on the resolvent set, these operators are defined for € > 0.
Then, the solution of the equation

du
— + A°(Qiw)u=0, u(0)==zx
dt
can be constructed by Picard iterations so that the associated fundamental solution
U¢ forms a random dynamical system if A¢ is strongly measurable. In particular,
we note that from Amann[1] (I1.6.1.9), it follows that

t = [[A%(0w)|

is Holder continuous, hence locally integrable.

We have to prove that the Yoshida approximations are strongly measurable.
Indeed, for h € H, the operator (Aid + A(w))~! exists for every A > 0 as an
operator in L(H,H;). By Skorochod [25], Chapter I1.6.3, the random variable
(Mid + A(w))~1h is measurable with respect to B(H). But we have

B(H)N Hy = B(Hy),

see Vishik and Fursikov[26], Chapter 11.2, which gives the strong measurability of
A®. Then, by the convergence of the Yoshida approximations, we have the pointwise
limit

lim U (t,w)x = U(t,w)x

e—0
for every x € H (see Amann [1] Theorem II.6.2.4) which shows that U is a random
dynamical system. In particular, it holds, by (3.5), that the mapping ¢t — U, (¢, 0)z
is continuous for ¢ > 0. Hence, due to Castaing and Valadier [9], Lemma II1.14.,

(t,w) — U,(t,0)x
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is measurable. Similarly, since (t,w) — U, (t,0)x is measurable for fixed z € H,
and the mapping © — U, (t,w)z is continuous, we have that

(t,w,2) = Uu(t,0)z

is measurable. Together with (3.11), U defines a continuous random dynamical sys-
tem. If we consider the original random dynamical system by the inverse transform
to (3.10), we can conclude that A generates a random dynamical system.

Summarizing the above discussions, we have the following theorem on linear
cocycles.

Theorem 3.1 (Generation of linear cocycle) Let A(w) € L(Hy, H) be genera-
tors of analytic Cy—semigroups on H. The separable Hilbert space Hy is compactly
and densely embedded in the separable Hilbert space H. In addition, we assume that
t — A(bw) is Holder continuous in L(Hy,H), and Q 3> w — A(w) € L(Hy,H) is
strongly measurable, and the resolvent set of —A(w) contains the interval [k (w), 00)
where k1 > 0 is a random variable. Then (3.4) generates a random dynamical sys-
tem of compact linear operators on H.

We consider the following example. Let A be the following linear differential
operator over a bounded domain O € R? with C*°-smooth boundary 90:

A(z,w,Dyu= > (~1)"'DY(a,s(z,w)D%)u. (3.12)

Iv];[8]<m

We suppose that a. s forms a stochastic process

(t,w) = ay5(0iw,-) € C™(O)
which has Hoélder continuous path. The principal part of A,
Ao, Dyu= 3 (=)D (ay 5w, w) DY,
[v],18]=m
is supposed to be uniformly elliptic, i.e.,
Z ay5(T,w)zy2s > 2ko(w)|2]™, 2= (", 2y, )
[v],16]=m

where the vector z is indexed by the multi-index . The random variable kq(w) €
(0, 00) is supposed to be independent of € O. We also assume that ¢ — ko_l(etw)
is Holder continuous. The differential operator will be augmented by boundary

conditions 5 5 .
u u"

— — = 3.13

uloo = 7 -loo 51100 (3.13)

where n denotes the outer normal. We set

H=1%0), V=H"0), H =VnH™O)



Random and stochastic partial differential equations 31

where H* and H?™ are standard Sobolev spaces. A more specific example is A = A
(Laplace operator), under the zero Dirichlet boundary condition.

We introduce the following continuous bilinear form on V,

by (u,v) = Z (ay,5(w)D%u, DY) + ki (W) (u, v),

v,0<m
satisfying the Lax—Milgram condition
b (1, v) 2 ko(w)|ull3-

Then, A(z,w, D) generates an analytic Cp—semigroup in H with generator denoted
by A(w), and D(A(w)) = H; for every w € Q. We note that

w— A(,w,D)h € H, h e C§(0)

is measurable, so that w — A(w)h, h € H, is measurable. In addition, by the
remarks about the processes a. ;(0:w,-), the operators A(f:w) are in L(Hy, H) so
that we have to ensure that terms like

sup 1(A(Bew) — A(Bsw))h]>
heCs(0),Ihlli=1

are Holder continuous for w € €. Indeed, for appropriate v, § we have

/ | D (ay,5(0sw, ) — ay,5(Orw, (I}))Déh(l‘)Pd!L‘
1)

< sup |D7%a, 5(x,0sw) — DVa, 5(x, Htw)|2/ |D°h(x)|2dz
z€O

< lay,5(0sw) = ay,5(0ew) [ () 11l 2m 0

We note that k; can be calculated by an interpolation argument. Then, by the
assumptions on a, s and ko, it follows that ¢ — ki (6,w) is Holder continuous.

In the following we describe the stability behavior of linear random dynamical
systems with an infinite dimensional state space. To do this we formulate an infinite
dimensional version of the multiplicative ergodic theorem; see Ruelle [21]. A version
of this theorem for continuous time can be found in Mohammed et al. [19].

Theorem 3.2 Let U be a linear random dynamical system of compact operators
fort >0 on H satisfying the following integrability condition:

E sup log" [|U(t,w)|| + E sup log™ |U(1 —t,6,w)| < oo.
0<t<1 0<t<1

Then, there exist finitely or infinitely many deterministic numbers Ay > g > ---
(with —oo possible) and linear spaces H = Vi D Va(w) D - -+, such that
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(i) Each linear space V;(w) has a finite co-dimension independent of w.
(ii) The following limits and invariance conditions hold:

1
tlim n log ||U (¢, w)x|| = A; for x e Vi(w)\ Vip1(w)
—00
U(t,w)V;(w) C Vi(6w) for t>0
fort >0 and for allw contained in a set Q of full measure such that 8,Q C Q, t > 0.

The numbers A;, Ao, --- are called the Lyapunov exponents associated to U. The
set of these numbers forms the Lyapunov spectrum.

By the above theorem we can derive the following exponential dichotomy con-
dition for U; see Mohammed et al. [19].

Theorem 3.3 Suppose that the following exponential integrability condition is sat-
isfied:
D(w) :=log™ sup ||U(t1,0:,w)|l, ED < oo, (3.14)
t1,t2€[0,1]

and suppose that A € R is not contained in the Lyapunov spectrum. Then, there
exists a {0;}ter tnvariant set Q of full measure such that, for w € §, we have the
following properties: There exist linear spaces E*(w), E*(w) such that

H=FE%(w)® E°(w).

The space E*(w) has a finite dimension independent of w;

U(t,w)E"(w) = E"(6w)

U(t,w)E*(w) C E°(6w)
fort > 0. The restriction of U(t,w) to E*(w) is invertible. There exist measurable
projections II*(w), II*(w) onto E*(w), E*(w). In the case that A\ < A we have
E* = {0}.

Suppose that Ay > X and let Ay be the smallest Lyapunov exponent bigger than

A, and let A_ be the biggest Lyapunov exponent smaller than A. Then, we have for
any e >0

Ut w)zll = lzle* forz € E*(w), t=7(w,ex), a=Ai—¢

[UEw)z| < [lz]le” forze E5W), t>7(w.e), [=AI +e
where € is chosen so small that a > (.
Remark 3.1 i) The integrability condition of Theorem 3.3 ensures the integrability
condition of Theorem 3.2.
ii) The space E*(w) is given by V;(w) if A_ = A;.
iii) It follows directly from the invariance of the spaces E*(w) and E*(w), that
M (6iw)U (t,w) = U(t, w)I"(w),
IT° (6iw)U (t,w) = U (¢, w)IT*(w),

on a {0, }iecr-invariant set of full measure.
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We denote the restriction of U(t,w) to E*(w), E*(w) by Uy(t,w), Us(t,w):
Us/u ¢ . Es/u R Es/u 0
Vot w) s B (w) v (Ow).

In the following we need the norm of these operators U i/ “(t,w) which should be

denoted by ||U§/u(t7 Osw)| L(Be/)(0.w), B2/ (0,4.0))- But to avoid these long expres-
sions in the norm we simply write || - || for the norm. From the context, this is not
to be confused with the norm in H.

Lemma 3.1 Suppose that the integrability condition of Theorem 3.3 is satisfied.
Then, there exists a {0; }1er invariant set of full P-measure and a constant H® such
that

(ULt w)|| < HAeM fort >0, w e Q,

for all sufficiently large A.

Proof. 1) We show that on a {6, }+cgr invariant set of full measure
lim sup ||U§f(t,w)||L(H)e_At < 0.
t—o0
By
IUX ()| < I @)

we have that Elog" ||U(1,w)|| =: A < co. By Kingman’s theorem (see Ruelle [21])
there exists a set of measure one such that, for any w in this set, we have that

1 _
lim - log || Uy (i,w)|| = A. (3.15)
1—00 1
Hence 1
QL == {w e Q: limsup = log |UL(i, 0,w)|| < A} € F,
i—oo
and set

0=

neEZ

This set is {0; };ez—invariant and has probability one. Let Q2 be the {6;}icz—
invariant set so that

1
lim —=D(0;y,w) =0, n € N.

i—doo 1
By the integrability condition (3.14) and by
D(0iw) < D(0141qw) + D(0gw)
we have that 2 has full measure

1

t—too t
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such that {6;};cg—invariant.

2) Since Q' N O? is {0, }1ez invariant, we can restrict ourselves to the case that
s € (—1,0) for the invariance with respect to continuous time.
We have, for w € Q' N Q2 that
log U (t, 6sw) || <log™ [[UX (s +t = [s + ], O |
+log U3 ([s + 1], w) || +log™ [UX (~s, sw)]| (3.16)
<D (05 4gw) +log [|UX ([s +t], w) -
(Note s < 0). Thus, limsup,_, . log |U(t,0sw)||/t < A. The same is true if we

replace w by 0,w, n € Z. Hence §,w € Q' and, therefore, f;w € Q' N Q2. On the
other hand, for s = 0 we obtain the conclusion. O

The following lemma states that one can restrict a metric dynamical system to
a smaller invariant set of full measure.

Lemma 3.2 Let Q be defined in Lemma 3.1 and let F& be the trace o algebra of F
with respect to Q. Then, 0 is

(Fg ® B(R), Fg) — measurable.
Proof. A’ € Fg if and only if there exists an A € F such that A’ = AN Q. Hence
=1 (A =071A) N (2 xR) e (FNB(R)) N (Q xR)

by the invariance of Q. Let R be the set of measurable rectangle sets of Q x R. Tt
follows from Halmos [16], Section 5, Theorem E, that

(FNBR)N(QxR)=a(R)N(QxR)=0c(RN(QxR)) = Fs @ BR).

This completes the proof. O

Let P be the restriction of P to Fg- In the sequel we will denote the new
restricted metric dynamical system (Q,]—'Q,]f", 0) by (Q,F,P,0).

Our considerations are based crucially on the following theorem, which says that
multiplicative ergodic theorem (MET) (i.e., the existence of Lyapunov exponents)
implies nonuniform exponential dichotomy in infinite dimensional Hilbert spaces.

Theorem 3.4 (MET implies nonuniform exponential dichotomy) Assume
the assumptions of Theorem 3.3. Suppose that A1 > X and let A be the smallest
Lyapunov exponent bigger than A, and let A\_ be the biggest Lyapunov exponent
smaller than X. Then, there exist a tempered random variable K3 (w) and a tempered
from below random variable K3 (w) such that, fort >0, w € Q and € > 0,

U (t,w)|| > K (w) e +—e)t
||U§(t7w)H < Kf\(w) e(A-te)t
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Remark 3.2 This nonuniform exponential dichotomy is also called nonuniform
pseudo-hyperbolicity; see Definition 4.1 in the next section.

Proof. We start with K}. By Lemma 3.1 we can assume that
ULt w)|| < HAeMt for t>0,weQ, (3.17)

where A is chosen bigger than A (see Lemma 3.1, (3.15)) and |\, |. Sufficient for
the conclusion of the first part is to show that

1 (N —e)t (N —e)t
sup

K@) 120 [UF G e 103G w)]
is a tempered random variable in (0,00). Indeed, to see that 1/K) is a random
variable we note that t — ||[U}(¢,w)|| is continuous on (0, c0) by the finite dimen-
sionality of E*(w). In addition, by U(-,w) € C(R*, Ly(H)) the norm ||U{(t,w)|| is
bounded away from zero for ¢ — 0. Indeed, we have

IUX () 2 JUXE w)zll, 2]l =1, 2 € E¥(w),
where the right hand side converges to one as t — 0. Similarly, we have on (2
(>\+7E)t 6(>\+7E)t

limsup ——— < limsup

u < T ooy <00 (=l =1)
t—oo [IUX(HW)| T o IUR(E w)2]

which follows from Theorem 3.3. According to Lemma 3.1

At HY
e < et —— forany t > 0.
U3 (& w)ll
We then see that, for s > 0,
1 (Au—e)t
- 672/\5 = sup eu 672A5
KX (Osw) t>0 HU)\ (t, Osw)l

(Ay—e)t (A y—¢)s
€ € —AsgA —(Ap—¢)s
<sup ” e MH e M
>0 U (L, 0.w)[|UX (s, w)|

e —2)(t+s)

< sup efAsHAef()\+75)s
120 [|UX(t + 5, 0| N

A
< {—{w efAsef()urfa)s
K3(w)

which goes to zero for s — co. Thus the condition (2.3) gives the first part of the
conclusion.

Now we show the existence and temperedness of K3 (w) on the stable space. We
first show this for discrete time and then extend it to continuous time. Define

103 ()]

s .
K3 (w) := sup SO o)

teRY
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We use the Kingman subadditive ergodic theorem (see Theorem A. 1 in Ruelle [21]).

Define F,(w) = log ||U3(n,w)||. We can check that F,, satisfies the conditions in
the Kingman subadditive ergodic theorem. Therefore, together with Ruelle’s MET
[21], there exists a {6 };ez—invariant measurable function F(w) such that

1 1
F(w)= lim —F,(w) = nlLrgo log ﬁ||U§(n,w)H < A (3.18)

n—oo N

Now set G(w) = A_. Then G(w) > F(w). As a consequence of Kingman’s subaddi-
tive ergodic theorem (see Corollary A.2 in Ruelle [21]), for every £ > 0, there exists
a finite-valued random variable K.(w) such that for n > m,

log || U5 (n — m, 0w)|| < (n—m)A_ + n% + K. (w), a.s. (3.19)

To see the temperedness of K73 is sufficient to show that
Slirgo K{(B.w)er® =0,

for some sufficiently large A. But this follows from the definition of K3 and from

[UR(t, 0sw)|| < NUQ+¢ —[t] — 1 = [s] + 5,014 qw) [

X [JUX([t] = 1,014 )1 U (1 = s + [s], 0sw) |

< eD(9[5]+[t]+1w)eD(9[5]+[t]w)eK€(w)+s([s]+1)+(>‘—+%)([t]_1)€D(0[S]w)’
for ¢ > 1, and similarly for ¢ € [0, 1]. O

We now are ready to show that the random partial differential equation

% + A(Gw)u = F(Oyw, u), u(0) =z € H, (3.20)
via its solution mapping, defines a continuous random dynamical system. Here
the nonlinear term F' does not depend on the gradient of w. A similar result for
stochastic partial differential equations can be found in [14]. However, in contrast
to our approach, non-random differential operators are studied but these partial
differential equations there have the interpretation of an Ito-equation.

Theorem 3.5 (Generation of cocycle) Let F : Q) x H — H be a mapping such

that F(-,z) is (F,B(H)) measurable for x € H, and F(w,-) is Lipschitz continuous
for w € Q with a Lipschitz constant L(w) such that

b
/ L(fsw)ds < o0, for —oo < a<b< 0.

Then, (3.20) has a unique (mild) solution on any interval [0,T] for any w € Q
which generates a continuous random dynamical system.
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Proof. We consider the Polish space Cr,, := C([0,T], H) of continuous functions u
with values in H and «(0) = z. This space is equipped with the norm

lulll = sup e 2| lu(t)|| for some A > 0.
t€[0,T]

We consider the mapping

T (w)[t] :== U(t, w)u(0) —|—/0 Ut — s,0,w)F(Osw,u(s))ds, te€l0,T], u€CCry.

(3.21)
According to Amann [1], page 46 f, we have that 7,(u) € Cr,. Due to (3.9) we
obtain
Ut = 5,0.w)|| = [Us(t, 5)|| < Cupekot=2),

We now choose A sufficiently large such that

¢
max]/ e~ A== (f,w)ds < A > ko, (3.22)
0

telo,T

DN =

where p = p(w), C = C,,. Indeed s — C L(f,w) is an integrable majorant for the
integrand in the above integral with respect to A. As A — oo, the integrand goes
to zero for almost all s € [0,¢]. By the Lebesgue theorem, the integrals go to zero
for A — oo and for any ¢. Note that, for fixed ¢, the integrals are monotone in A
such that, for sufficiently large A, we have the inequality (3.22) by Dini’s theorem.
We then have the contraction condition

t

172 (w) = Zo ()| < max / e~ (A== CL(9,w)ds [|[u— o] < 3 llu— vl
t€[0,1] Jo 2

The Banach fixed point theorem gives us a solution of (3.20) which is continuous in

tforany w € Q, T > 0 and A = A(w, T) sufficiently large.

The solution of (3.20) depends continuously on z, which follows by the Gronwall

Lemma from the Lipschitz continuity of F.

The norms ||| ||| are equivalent to the standard supremum norm for every A > 0.
Hence we can construct the solution of (3.20) by successive iteration of the operator
7, starting with the measurable function u°(t,w) = x. We see that the solution is
a pointwise limit of measurable functions, hence measurable. Let (¢, w,x) be the

solution operator for (3.20). The measurable dependence on z, t, w follows in the
same way as for the linear case (see above). The cocycle property follows by

t+7
p(t+7w,z) =U(t+ 7wz + / Ut +7 = s,050) F (0w, p(s,w, x))ds
0
=U(t,0;w)(U(r,w)x + / U(r — 8,05w)F (0w, p(s,w, x))ds)
0

¢
—I—/ Ul(t,0:0,w)F(0s0-w, (s, 0w, o(T,w, )))ds.
0

Hence ¢ is a continuous random dynamical system. O
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4 Invariant manifolds

In this section, we consider a general nonlinear random evolutionary equation in a

Hilbert space H

% + A(biw)u = F(Orw, u), (4.23)

with the random linear operator A, and nonlinear part F. We assume that the

linear equation

CC%L + A(w)u =0 (4.24)

generates a linear random dynamical system U(t,w) on H for t > 0. We first
introduce a weak hyperbolicity condition on the linear dynamics.

Definition 4.1 U(t,w) (or u = 0) is said to be nonuniformly pseudo-hyperbolic if
there exists a f;-invariant set 2 C 2 of full measure such that, for each w € Q, the
phase space H splits into a direct sum of closed subspaces

H = E*w) ® E*(w)
satisfying:
(i) This splitting is invariant under U(¢,w):

U(t,w)E*(w) C E°(bw)
U(t,w)E"(w) C E"(6iw)

and U(t,w)|pu(w) is an isomorphism from E"(w) to E"(6;w).

(ii) There are f-invariant random variables a(w) > 3(w), and a tempered random
variable K (w) : Q@ — [1,00) such that

U (£, )T (w)|] < K (w)eP@ fort >0 (4.25)
(U, 60) o)~ T (@) € K(@)e®@ fort <0, (4.26)

where II°(w) and II%(w) are the measurable projections associated with the
splitting. For our special setting of ergodicity we can assume that a > ( are
constant on a {0; };cgr-invariant set of a full measure.

Let
Uy (t,w) =U(t,w)|puw) and U(t,w) = U(t,w)|gsw),

where \ generates some splitting of H, see Section 3. Then, condition (i) in the
above definition implies that we may extend U} (t,w) to be defined for t < 0 as

UL (t,w) = (U(—t, 6,w)) .

One can easily verify that the cocycle property holds for the extended system
Uy(t,w) with t € R.
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Remark 4.1 As w varies, f(w) may be arbitrarily small and K(w) may be arbi-
trarily large. However, along each orbit {f;w}, a(w) and S(w) are constant and
K (w) can increase only at a subexponential rate. Thus, the linear system U (¢,w)
is nonuniformly hyperbolic in the sense of Pesin. As an example, let U(¢,w) be
an infinite dimensional linear random dynamical system satisfying the conditions
of the following multiplicative ergodic theorem. Then, the nonuniform pseudo-
hyperbolicity we introduced here automatically follows.

For the remainder of this paper, we assume that
Hypothesis A: U(t,w) is nonuniformly pseudo-hyperbolic.

For the nonlinear term F'(w,x) we assume that

Hypothesis B: There is a ball, N(w) = B(0,p(w)) = {u € H | |Ju]| < p(w)},
where p : Q — (0,00) is tempered from below and p(6;w) is locally integrable, such
that F(w,-) : N(w) — H is Lipschitz continuous and satisfies F'(w,0) =0 and

I1F(w,u) = Fw, )|l < Bi(w) (Jull* + |l [[u = vll, w€Q, u,veNw).

where By (w) is a random variable tempered from above, By (6,w) is locally integrable
int and e € (0,1].

Later we can see that we can extend such an F to £ x H such that the assump-
tions of Theorem 3.5 are satisfied.

Next, we introduce a modified equation by using a cut-off function [2]. Let o(s)
be a C*° function from (—o0, 00) to [0, 1] with

o(s)=1 for |s| <1, o(s)=0 for |s| > 2,

sup |o”(s)] < 2.
seR

Let p : 2 — (0,00) be a random variable tempered from below such that p(f;w) is
locally integrable in t. We consider a modification of F'(w,u). Let

|ul >
F(w,u)=0c| —= ) F(w,u).
e =o () o
An elementary calculation gives
Lemma 4.1 (i) F,(w,u) = F(w,u), for |u] < p(w) and ||F,(w,u)|| < Bo(w),
where B(w) > 0 is a random wvariable tempered from above and B(0;w) is
locally integrable in t ;

(i) there exists a random wvariable Bi(w) > 0 tempered from above, By(6iw) is
locally integrable in t, such that

|| Fy(w,u) — Fp(w,v)]] < Bl(w)(p(w))gﬂu —v||, for allu,v e H.
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We now consider the following modified equation

d

d—qz + A(Ow)u = F, (0w, u). (4.27)
Using Lemma 4.1, this modified equation has a unique global solution for each given
initial value u(0) = ug, and thus generates a random dynamical system.

We consider the Banach Space for v(w) = w

Cy = {u|u :R™ — E is continuous and sup ||e ™ “tu(t)|| < oo}
<0

with the norm |u|] = sup,< e~ @tyu(t)|]. Let u(t,w,u’) denote the solution of

equation (4.27) and set

M"(w) = {u’|u(t,w,u’) is defined for all ¢ < 0 and u(-,w,u’) € C;}.

Then the set M™" is called local unstable invariant set. If M“(w) can be defined by
a graph of a Lipschitz continuous function then we call M*(w) Lipschitz pseudo-
unstable manifold for equation (4.27).

Theorem 4.1 (Pseudo-unstable manifold theorem) Assume that Hypotheses
A and B hold and choose the tempered radius p(w) such that

aw) - Blw) )E. (4.28)

0 <plw) < (SK(w)Bl @)

Then there exists a Lipschitz pseudo-unstable manifold for equation (4.27) which is
given by

M*(w) ={p+h*(w,p)lp € E*(w)}
where h"(w, ) : E%(w) — E*(w) is Lipschitz continuous and satisfies h*(w,0) = 0.

Remark 4.2 When a(w) < 0, the assumption F(w,0) = 0 can be removed. This
corresponds to the inertial manifold in deterministic case. If F' is continuously
differentiable in u, then A" is continuously differentiable in u. Note that A", and
thus the local manifold M*, depend on p. The proof below shows the existence
of an unstable manifold for the truncated equation (4.27), and as in [8], it can be
shown that this is indeed a local unstable manifold for the original equation (4.23).

Proof. We use the Lyapunov and Perron approach to show this theorem. Then
M*(w) is nonempty since u = 0 € M*(w), and invariant for the random dynamical
system generated by (4.27). We will prove that M“(w) is given by the graph of a
Lipschitz function over E*(w).

We first claim that for u(-) € C (w), u(0) € M*(w) if and only if u(t) satisfies

t
u(t) = U (t,w)¢ —|—/ UN(t —7,0;w)II"F,(0,w,u)dr

0 (4.29)
+ / Us(t — 7,0, w)I°F,(0,;w,u)dr,

— 00
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where ¢ = IT*u(0). To prove this claim, we first let u(0) = u® € M“(w). By using
the variation of constants formula, we have

t
Ma(t) = U (1, w) T + / ULt — 7. 6,0)I1" F (6, 0, u)dr, (4.30)
0
and for tg <t

t
TFu(t) = US(t — to, Opy) T ulto) + / U3t = 7, 0,0) [P Fy (60, u)dr.  (4.31)

to

Since u € C, we have, for tg <t,1op <0, that
|U3(t = to, )T ulto)|| < K (Byyw)el 10l 7oy -

< Pt (K(gtow)e(ww)—ﬂ(w))to) lul, >0 as  ty— —oo,

where we used the facts that f(w) < v(w) and K (w) is tempered from above. Taking
the limit ¢p — —oo in (4.31),

¢
TPu(t) = / Us(t —7,0;w)II°F,(0,;w,u)dr. (4.32)

— 00

Combining (4.30) and (4.32), we obtain (4.29). The converse follows from a direct
computation.

Let J%(u,p,w) be the right hand side of equality (4.29). Using (4.25), (4.26),
Lemma 4.1, and (4.28), we have for u,u € C

|j“(u,p,w) - ju(ﬂ,p,w)‘;

0
<sup{ [ el (6,0 B (6,0)p° (6,0)dr
t<0 CJy

t
+ / e (v@)-8() =7 K (0,w) By (6,w)p° (GTw)dT} lu —al;

< Slu—al;

N =

and
T (u, pyw) = T*“(u, p,w)|5; < K(w)|lp—pll-
Using the uniform contraction mapping principle, we have that for each p € E*(w)

J" has a fixed point, thus equation (4.29) has a unique solution u(-,p,w) € C7
which is Lipschitz continuous in p and satisfies

‘U(',p, w) - u(~,ﬁ,w)|; < 2K(w)\|p _ﬁH

Let

0
h*(w,p) = I°u(0, p,w) = / U3 (=, 0;w)II°F, (0w, u(t, p,w))dr.

— 00
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Then h*(w,0) =0 and h"(w, ) is Lipschitz continuous.

By the definition of h* and the fact that u® € M*(w) if and only if (4.29) has
a unique solution u(-) in C with u(0) = u® = p + h*(w, p) for some p € E*(w), it
follows that

M"(w) = {p+h"(w,p)lp € E"(w)}.

This completes the proof of the pseudo-unstable manifold theorem. O

Theorem 4.2 (Pseudo-stable manifold theorem) Assume that Hypotheses A
and B hold and choose the same tempered radius as in Theorem 4.1. Then, there
exists a Lipschitz pseudo-stable manifold for equation (4.27) which is given by

M?(w) = {g+ 1w, q)lg € E°(w)},
where h®(w,-) : E*(w) — E“(w) is Lipschitz continuous and satisfies h*(w,0) = 0.

Remark 4.3 Restricting M*(w) and M*(w) to a random ball N'(w) with center
zero and a random radius tempered from below gives local random pseudo-unstable
and pseudo-stable manifolds for equation (4.23), respectively, see Lu and Schmalfuf3
[17].

Proof. When H is a finite dimensional space, one can simply reverse the time to
get the pseudo stable manifold by using the pseudo-unstable manifold theorem. For
an infinite dimensional space H, since the random dynamical systems are generally
defined only for ¢ > 0, the pseudo-unstable manifold theorem cannot be applied

here as for the finite dimensional systems. Define the following Banach space for

Y(w) = a(w);t,@(w)

cy = {uu : R* — E is continuous and sup |[e"u(t)|| < oo}
>0

with the norm [ul% = sup;>g [l u(t)]].

Let
M*(w) = {u® : u(-,w,u’) € C¥}.
It is easy to see that M*®(w) is nonempty and invariant for the random dynamical
system generated by equation (4.27). We will show that M?®(w) is the graph of

a Lipschitz function over E*(w). First, a similar computation as in the proof of
Theorem 4.1 gives that, for u(-) € CF, u(0) € M*(w) if and only if u(t) satisfies

u(t) = Us(t,w)q —|—/ Us(t — 7, 0;w)I°F (0w, u(r))
y (4.33)
—I-/ UN(t —7,0;w)II"F,(0,w,u(T))dT,

oo
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where ¢ = IT*u(0).

We will show that for each ¢ € E*(w), equation (4.33) has a unique solution in
C'y+' To see this, let J°(u, ¢,w) be the right hand side of (4.33). A simple calculation
gives that J* is well-defined from CZ to itself for each fixed w € Q and ¢ € E*(w).
For any u, @ € Cf, using (4.25), (4.26), Lemma 4.1, and (4.28), we have

1
|js(qu7w) - js(ﬂaqvw”i < §|u - 'L_l‘|:yF (434)

and
T (u, q,w) = T*(u, G, w)|5 < K(w)llg — |-
Using the uniform contraction principle, we have that for each w € Q and
q € E*(w) equation (4.33) has a unique solution u(-,¢q,w) € C; which is Lipschitz
continuous in ¢ and satisfies

u(-, ¢, w) —w(-, g w)[} < 2K(w)llg — qll- (4.35)

Let h*(w,q) = II°u(0, ¢, w). Then
0
h(q,w) = / U (—7,0;w)II"F,(0,w,u(rT, ¢, w)dr,

h*(w,0) = 0, h*(w, q) is Lipschitz in ¢q. Using (4.33) and the definitions of M*(w)
and h®, we have
M*(w) ={g+h*(w,q) : ¢ € E*(w)}.

This proves the pseudo-stable manifold theorem. O

Remark 4.4 It is possible to solve the above problem when the nonlinearity F'
contains in an addition derivatives of appropriate order. But methods to find in-
variant manifolds are qualitatively different, which are worth to be studied in an
additional paper.

5 An application

In this section we will illustrate the above random invariant manifold theory by
applying it to an example of stochastic partial differential equations.

Let H be a separable Hilbert spaces with scalar product (-,-) and norm | - |.
Consider an (unbounded) operator A : D(A) =: H; — H, where it is assumed that
—A is the generator of an analytic Co—semigroup {Sa(t)}+>0 on H, such that S4(t)
is compact for all ¢ > 0, and that —A possesses infinitely many eigenvalues

H1 > > G > [y > fige > oo (with gy — —oo as j — 00),

so that their associated eigenvalues {e;};>1 form a complete orthonormal basis of
H.
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For instance, we can consider as operator A the one given in (3.12) which satisfies
the homogeneous Dirichlet boundary conditions (3.13), assuming that is symmetric
and has a compact resolvent. Then the above assumptions are satisfied with H =
L?(0).

On the other hand, assume that f is a Lipschitz continuous operator from H to
H,ie.

| f(ur) — fu2)|| < Lgllur — usll, for all wuy, ug € H,

wi,- -+ ,wy are one-dimensional mutually independent standard Wiener processes
over the same probability space, and D; € L(H) fori =1,--- , N. Then, we consider
the following semilinear stochastic partial differential equation with multiplicative
Stratonovich linear noise

N
dX + AX dt = f(X)dt + Y _ D;X o dw;. (5.36)

i=1
The operators D; generate Cy-groups which we will denote by Sp,. If, in addition,
we suppose the operators A, Dy, ---, Dy mutually commute (what implies that
these groups and the semigroup S4(t) generated by A are also mutually commut-
ing), then this stochastic equation will generate a random dynamical system by

performing a suitable transformation (see Lemma 2.1).

We consider the one-dimensional stochastic differential equation
dz = —vzdt+ dw(t) (5.37)

for some v > 0. This equation has a random fixed point in the sense of ran-
dom dynamical systems generating a stationary solution known as the stationary
Ornstein-Uhlenbeck process.

Lemma 5.1 ([7]) Let v be a positive number and consider the probability space as
in Section 2. There exists a {04 }ier-invariant subset Q € F of Q@ = Co(R,R) of full
measure such that

|w(®)]

lim Y, (5.38)
t—+oo t

and, for such w, the random variable given by
0
2" (w) = 71// e’"w(r)dr
—0o0
is well defined. Moreover, for w € ), the mapping
0

(t,w) — 2" () = —1// e’ 0uw(T)dT

— 00

0
= —u/ e’Tw(t + 7)dT + w(t)



Random and stochastic partial differential equations 45

is a stationary solution of (5.37) with continuous trajectories. In addition, for w € )

1 t
— =0, lim 7/ 2" (0rw)dr =0,
t—+oo |t| t—too t

lim / |z*(0-w)|dr = E|z*| < 0.

Let vy,---,vn be a set of positive numbers. For any pair v;,w; we have a
stationary Ornstein-Uhlenbeck process generated by a random variable 2} (w) on €
with properties formulated in Lemma 5.1 defined on the metric dynamical system
(Qj, fj, Pj, 9) We set

(Q,7,P,0), (5.39)
where
N
Q=0 x--- x Qu, .7-"=®.7—"i7 P=P; xPy x--- x Py,
i=1
and 0 is the flow of Wiener shifts.

To find random fixed points for (5.36) we will transform this equation into an
evolution equation with random coefficients but without white noise. Let

T(w) := Sp, (21 (w)) o -~ 0 Spy (2 (w))

be a family of random linear homeomorphisms on H. The inverse operator is well
defined by

T (w) = Spy(—2zy(W)) 0+ 0 Sp, (—2{ (w))

Because of the estimate

1T~ (w)]| < elPrlllzr@l. L elDxlllzi (@)l
and the properties of the Ornstein-Uhlenbeck processes, it follows that ||T(6;w)]l,
|77 (6;w)|| has sub-exponential growth as ¢ — 4oo for any w € Q. Hence ||T,

|7~ are tempered. On the other hand, since 2}, j = 1,---, N are independent
Gaussian random variables, we have that

HE (1Sp; (=2) 15D, (z5)11) < o0

Hence by the ergodic theorem we still have a {6;};cgr-invariant set Q € F of full
measure such that

t
Jim g [ 1767 0.0 dr = EITIIT

2

H ISp; (=2)1Sp; (z)1)-
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We can change our metric dynamical system with respect to Q. However the new
metric dynamical system will be denoted by the old symbols (Q2, F, P, 0).

We formulate an evolution equation with random coefficients but without white
noise

d N
Lrla- Sz 0eD; | u =T T 0. G

and initial condition ¢(0) =z € H.

Lemma 5.2 Suppose that A, Dy,--- , Dy satisfy the preceding assumptions. Then
i) the random evolution equation (5.40) possesses a unique solution, and this solu-
tion generates a random dynamical system.

it) if 1 is the random dynamical system in i),

p(t,w,z) = T(Ow)y(t,w, T~ (w)z) (5.41)
is another random dynamical system for which the process
(w,t) — p(t,w,x)

solves (5.36) for any initial condition € H.

From now on, we work with the random partial differential equation (5.40) which
has been obtained (by conjugation) from our original stochastic PDE. To set our
problem in the framework previously developed, we denote

N
Cw) = ZVjZf(w)Dj, Aw)=A-CW), Flw,)=T"" (W) f(TW)).

Note that F(w,-) is also Lipschitz continuous. The Lipschitz constant L is locally
integrable in the sense of Theorem 3.5.

In order to prove the existence of invariant (stable and unstable) manifolds, we
need to check that assumptions in Theorems 4.1 and 4.2 are fulfilled. To this end,
we first need to work with the linear part of the RPDE and prove that the solution
operator U (t,w) generated by A(f;w) is nonuniformly pseudo-hyperbolic, what is
immediately implied by the MET (Theorem 3.3). So, it is sufficient to prove the
integrability condition (3.14) in that theorem.

Indeed, we define U(t,w) by

t
U(t,w) = Sa(t)exp {/ C(Osw) ds} .
0
Then, defining, for fixed w € ), u € H, the function

v(t) = U(t, w)u,



Random and stochastic partial differential equations 47

and thanks to the commutativity properties of the operators, we have
d t
—o(t) = —ASA(t) exp {/ C(0sw) ds} u
t
+ Sa(t) exp {/ C(Osw) ds} C(biw)u
0

= —AU(t,w)u + C(O:w)Sa(t) exp {/0 C(Osw) ds} u
= —A(f:w)v(t).

Therefore, U(t,w) is the fundamental solution for the linear problem

d
—u(t) + A(fw)v(t) = 0.
dt
Observe that the compactness of S4(t) and the commutativity property implies
that U(t,w) is also compact.
Let us now prove that assumption (3.14)is satisfied. Indeed, take t1,ts € [0,1],

then
t1
U k1, 60,00) ]| < [1Sa(t2)] exp{ | d}H
0
t1
< ||SA<t1>|exp{ [ 161 ds},
0
and
t1
fog” [U(1.00.)] < log* [a(6)]|+ [ 1000 ds
0
t1+t2
<t + / 1C(0.)| ds
to
2
<lml+ [ @] ds
0
Therefore,

2
E( sup 10g+||U(t1»9t2w)ll> < |pal +/ E|COsw)| ds < +oo
t1,t2€[0,1] 0

thanks to the properties of the Ornstein-Uhlenbeck processes. Hence we can apply
Theorem 3.4 to find the existence of tempered random variables K3, 1/(KY) such
that K = K5 + 1/(KY). For the sake of completeness, we will explicitly determine
the Lyapunov exponents of U as well as a(w), 8(w), K(w) in (4.25)-(4.26). First,
we will prove that

1
tligl ;logHU(t,w)uH#—oo, for all we H.
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This fact implies that there exist infinitely many Lyapunov exponents.
Choose an eigenvector e; of the operator A associated to the eigenvalue u;.

Then,
t
exp {/ C(0sw) ds} e;
0

e [ (0.0 ashe;

since, by the ergodic theorem, and the following inequalities

1 1
i — i — 1 — iyt
tl}?oo ; log ||U(t,w)e;|| t—lg—noo ; loge

+ i 11
= p im —lo
1221 P g

= K,

ol s cte.as| < Hefg Cle)ds| < ol s ctnas||

1 | < He[O‘ C(0s)ds

[[e= Jo C62)ds| ¢l

it easily follows that

t
lim 1log H exp (/ C((‘)Sw)ds) H =0,
t—oo 0

and, as a consequence,

t ¢
0 :tlim %log [|exp (- / C(fsw)ds)|| < tlim %log || exp (/ C(O,w)ds)e;|
> 0 > 0
¢
gtlim %log H exp (/ C(Osw)ds)|| =0,

so that the Lyapunov exponents A; for the random dynamical system U are equal
to the eigenvalues ;. As for the associated space Vj it is easy to check that

Vi = éFz
i=j

where F; are the eigenspaces associated to ji;.
Let us now determine a(w),B(w) and k(w) satisfying relations (4.25)—(4.26).
To this end, let us denote by us and ., the consecutive eigenvalues which satisfy

Ps = prjr1 < 0 < pou = 1.
Then,

exp { /0 CCl6w) ds} S (DT /0 ' C(0uw) ds

< e“stexp‘
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and we observe that

exp (0sw) ds|| = exp

t
1/]/0 z; (Ow)Dj ds

H‘MZ

Jj=1

<o LlwlID, W (0.)

then for a given ¢ > 0, there exists T'(¢) > 0 such that

¢
/ 2; (Osw) ds| <
0

where § = Zjvzl lvjl 1Dyl . Thus,

t, forall t>T(e), andall j=1,2,---, N,

SR

<e, for all t>T(e).

N t
e d S Iyl 105 ] [ =0 as
=1 0

On the other hand, for t € [0,7T(¢)) we have

N t
0 3 Sl Dyl [ 55 00) s
=1 0

N T
< exp vil||D;]| max ‘/z fsw) ds
Dol e | 55
whence

N t
o 3 SOl D31 [ 55 60) s
j=1

et

N r
<ex vi|||D;l] max /z’-‘ O.w) ds
<o 3ol o, | [ 560
for all ¢ > 0, and, finally,

exp { /0 ' Cl6.w) ds} S (O

< e(“5+5)tK(w),
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}

It is clear that 3(w) = pus + €, and we need to prove that K(w) is tempered. For
this, it is enough to prove that each Kj(w) is tempered. Indeed, observe that

where

rel0,T(e)

N ”
K(w) = Hexp {|1/j |D;|| max | ‘/ 27 (Osw) ds
i=1 0

=K;(w)

1
0< n log™ K;(fw)

1 T

IA

1 *

1D 7 s [ 1G] ds
1 T .

<Dl [ 56w as

1 t+T(e)
<wlIDlg [ 56w ds
t

t+T(e) 1 =T 1t
<l | S s [ e a4
R , 0 0

z;(esw)‘ ds| —0

—1 —E|z}| —E|z|

as t — 00. So, K(w) is tempered. A similar analysis can be carried out to determine
that a(w) = p, —e. Therefore, as the nonlinear term F' is globally Lipschitz we can
take By = Ly and assumptions in theorems 4.1 and 4.2 are fulfilled. We thus have
existence of pseudo-unstable and pseudo-stable manifolds.
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