
Advanced Nonlinear Studies 8 (2008), 633–654

Sobolev Inequalities and Ellipticity of Planar

Linear Hamiltonian Systems

Meirong Zhang ∗

Department of Mathematical Sciences and

Zhou Pei-Yuan Center for Applied Mathematics

Tsinghua University, Beijing 100084, China

e-mail: mzhang@math.tsinghua.edu.cn

Received in revised form 5 January 2008

Communicated by Rafael Ortega

Abstract

In this paper we will establish two different classes of ellipticity criteria, called

the Lp criteria and the Lp-Lq criteria respectively, for planar linear Hamiltonian

systems with periodic coefficients. The criteria are explicitly expressed using the

Lp and Lq norms of coefficients and some known Sobolev constants. These results

can be considered as the extensions of the famous Lyapunov stability criterion

for Hill’s equations.
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1 Introduction and the L1
+ criterion

Let a(t) be a T -periodic, integrable potential, i.e., a(t) ∈ L1(ST ), ST = R/TZ.
Consider the Hill’s equation

x′′ + a(t)x = 0, x ∈ R. (1.1)
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The famous stability criterion of Lyapunov asserts that when a(t) satisfies the fol-
lowing two conditions

either a > 0, or, a = 0 and a(t) 6≡ 0, (1.2)

T · ‖a+‖1,T ≤ 4, (1.3)

equation (1.1) is elliptic and therefore is stable in the sense of Lyapunov [8]. Here
and henceforth a+(t) = max(a(t), 0) is the non-negative part of a(t), ‖u‖p,I =
‖u‖Lp(I) is the Lp norm for p ∈ [1,∞], and a = (1/T )

∫ T

0
a(t) dt is the mean value.

For a T -periodic function a(t) ∈ Lp(ST ), ‖u‖p,T is ‖u‖Lp(ST ).
We call (1.2)-(1.3) the L1 criterion for Hill’s equations. This criterion can be

explained using eigenvalues of Hill’s operators. Recall that the T -periodic and T -
anti-periodic eigenvalues of

x′′ + (λ + a(t))x = 0 (1.4)

can be written as a whole

−∞ < λ0(a) < λ1(a) ≤ λ1(a) < · · · < λm(a) ≤ λm(a) < · · ·

where λm(a), λm(a) are T -periodic eigenvalues (T -anti-periodic eigenvalues, re-
spectively) of (1.4) when m is even (when m is odd, respectively). See [4, 9]. Now
condition (1.2) implies that the smallest T -periodic eigenvalue λ0(a) < 0, while con-
dition (1.3) implies that the smallest T -anti-periodic eigenvalue λ1(a) > 0. Thus
0 ∈ (λ0(a), λ1(a)) and equation (1.1) is actually in the first stability zone. For the
details, see [25]. Under assumption (1.2) on a(t), the bound 4 in (1.3) is optimal to
guarantee that (1.1) is in the first stability zone. The constant 4 in (1.3) is actually
the best Sobolev constant of the inequality

C‖u‖2∞,[0,1] ≤ ‖u′‖22,[0,1] for all u ∈ H1
0 (0, 1).

In [16, Lemma 5.2], the authors have used some different Sobolev inequalities to
establish the following so-called L1

+ criterion for the canonical form of planar linear
Hamiltonian systems [7, Section 7.1]

x′ = b(t)y, y′ = −a(t)x. (1.5)

That is, if a(t), b(t) ∈ L∞(ST ) satisfy ess infta(t) > 0, ess inftb(t) > 0 and

‖a‖1,T · ‖b‖1,T ≤ 4, (1.6)

then (1.5) is elliptic and is therefore Lyapunov stable. Moreover, the constant 4 in
condition (1.6) is also optimal. Note that when b(t) ≡ 1, system (1.5) is equivalent
to equation (1.1), while condition (1.6) is almost the same as (1.3).

Instead of the L1 norms used in (1.3), the optimal ellipticity conditions using the
Lp, p ∈ (1,∞], norms of a+ have been established [25]. Some further generalizations
to the so-called p-Laplacian and higher order stability zones can be found in [23].
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The purpose of this paper is to give the corresponding ellipticity criteria for
planar linear Hamiltonian systems (1.5) using some Lp and Lq norms of coefficients.
The criteria obtained are called respectively the Lp criteria (Theorem 3.1) and the
Lp-Lq criteria (Theorem 4.1). The bounds in the Lp criteria of Theorem 3.1 we
have found are also optimal. In order to describe the Lp-Lq criteria, write

Nr,S(ψ) := S1−2/r‖ψ‖2r,S/|ψ| (1.7)

for ψ(t) ∈ Lr(R/SZ) with ψ 6= 0, r ∈ [1,∞] and S > 0. Let a(t) ∈ Lp(ST ) and
b(t) ∈ Lq(ST ) for some p, q ∈ [1,∞]. The Lp-Lq criteria are simply

a · b > 0 and Np,T (a) · Nq,T (b) < L(p∗, q∗) =⇒ (1.5) is elliptic. (1.8)

Here p∗ and q∗ are conjugate exponents of p and q, and L(u, v) can be expressed
explicitly using some Sobolev constants in Section 2. When the sign of the first
condition of (1.8) is reversed, the second condition yields the hyperbolicity of (1.5),
see also Theorem 4.1. Different from the Lp criteria, the bounds L(p∗, q∗) of (1.8)
are not optimal. In fact, as p, q vary over [1,∞], L(p∗, q∗) varies on the interval
[1, 4]. Although the optimal bounds, denoted by R(p, q), for the Lp-Lq criteria are
unknown to the author, R(p, q) must satisfy R(p, q) < π2. Hence criteria (1.8) are
fairly satisfactory.

In Section 5, we will give some methods to improve the Lp-Lq criteria. This
will lead to some non-standard eigenvalue problems which are linear for the case
p = q = 2. See Theorem 5.1 and Corollary 5.1. Some problems concerning the
optimal Lp-Lq criteria remain open.

Theoretically, ellipticity of (1.5) can be explained using the location of eigenval-
ues of the corresponding Dirac operator of (1.5). For details, see Section 4.2. Of
course eigenvalues are involved both coefficients a(t) and b(t). It is remarkable that
in the construction of the Lp-Lq criteria, we have successfully decomposed the prob-
lem into two eigenvalue problems which are modifications of the Hill’s operators,
each depending on only one of the coefficients a(t) and b(t). See Section 5.

In recent years, the basic Sobolev inequalities and Sobolev constants used in
this paper have been shown to have many interesting applications to different prob-
lems involving equations (not necessarily linear) such as the non-degeneracy of lin-
ear ODEs, the so-called p-Laplacian and linear delay equations and corresponding
PDEs [10, 16, 23], the existence and multiplicity of boundary value problems of
semilinear and some superlinear equations [6, 16], lower and upper bounds of rota-
tion numbers [2, 3], and the Lyapunov stability of linear and nonlinear Lagrangian
and Hamiltonian systems of degree of freedom 3/2 [2, 11, 12, 13, 14, 15, 20, 24, 25].
The ellipticity results for planar linear Hamiltonian systems in this paper will be
helpful for the understanding of these problems, especially the Lyapunov stability
of periodic solutions of planar nonlinear Hamiltonian systems. Some extensions of
these Sobolev inequalities have also many interesting applications for PDEs [6, 17].
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2 Sobolev inequalities and canonical forms of
Hamiltonian systems

2.1 Sobolev inequalities and Sobolev constants

Given an exponent q ∈ [1,∞]. The best constant in the Sobolev inequality

C‖u‖q,[0,1] ≤ ‖u′‖2,[0,1] for all u ∈ H1
0 (0, 1) = W 1,2

0 (0, 1) (2.1)

is denoted by M(q). That is,

M(q) = min
u∈H1

0 (0,1), u6=0

‖u′‖2,[0,1]

‖u‖q,[0,1]
. (2.2)

The explicit formula for M(q) is known. See, for example, [19] and [22]. That is,

M(q) =

{ (
2π
q

)1/2 (
2

q+2

)1/2−1/q
Γ(1/q)

Γ(1/2+1/q) for 1 ≤ q < ∞,

2 for q = ∞,

where Γ(·) is the Gamma function of Euler. In particular, M(1) =
√

12, M(2) = π
and M(∞) = 2. Moreover, as a function of the exponent, M(q) is strictly decreasing
in q ∈ [1,∞].

For the case q ∈ [1,∞), the minimizers of (2.2) are smooth. However, in case
q = ∞, the corresponding minimizers are c u∞(t), c 6= 0, where u∞(t) = t for
t ∈ [0, 1/2|, and u∞(t) = 1 − t for t ∈ [1/2, 1]. Hence, if u ∈ H1

0 (0, 1)\{0} is C1

on [0, 1], one has actually the strict inequality 2‖u‖∞,[0,1] < ‖u′‖2,[0,1]. This is why
inequality (1.3) is allowed not to be strict for p = 1, and inequality (3.1) in the next
section should be strict for p ∈ (1,∞].

We need some Sobolev inequalities more general than (2.1) and their constants.
Let q, p ∈ [1,∞]. Introduce the best Sobolev constant

N(q, p) = min
u∈W 1,p

0 (0,1), u 6=0

‖u′‖p,[0,1]

‖u‖q,[0,1]
. (2.3)

Evidently, M(q) = N(q, 2).
• Case p ∈ (1,∞). The explicit formula of N(q, p) is known [19, 22]. That is,

N(q, p) =

{
2(q+p∗)1/q+1/p∗−1

(p∗)1/qq1/p∗ B(1/q, 1/p∗) for 1 ≤ q < ∞,

2 for q = ∞.
(2.4)

where B(·, ·) is the Beta function of Euler.
• Case p = ∞. Let u ∈ W 1,∞

0 (0, 1). As u(0) = u(1) = 0, one has

|u(t)| =
∣∣∣
∫ t

0
u′(s) ds

∣∣∣ ≤ t‖u′‖∞,[0,1] for t ∈ [0, 1/2],

|u(t)| =
∣∣∣
∫ 1

t
u′(s) ds

∣∣∣ ≤ (1− t)‖u′‖∞,[0,1] for t ∈ [1/2, 1].
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Thus

‖u‖q,[0,1] ≤
(∫ 1/2

0

tq dt +
∫ 1

1/2

(1− t)q dt

)1/q

‖u′‖∞,[0,1]

= 2−1(1 + q)−1/q‖u′‖∞,[0,1] for q ∈ [1,∞),

‖u‖∞,[0,1] ≤ 2−1‖u′‖∞,[0,1].

On the other hand, for u = u∞(t) ∈ W 1,∞
0 (0, 1), both of these inequalities become

equalities. Hence

N(q,∞) = 2(1 + q)1/q
(
= limp↑∞N(q, p)

)
, q ∈ [1,∞], (2.5)

and the corresponding minimizers of (2.3) with p = ∞ are still c u∞(t), c 6= 0. Here
we understand N(∞,∞) = limq↑∞N(q,∞) = 2.

• Case p = 1. Let u ∈ W 1,1
0 (0, 1). One has, for t ∈ [0, 1],

|u(t)| ≤
∫ t

0

|u′(s)|ds =: U, |u(t)| ≤
∫ 1

t

|u′(s)| ds =: V.

Then U +V ≡ ‖u′‖1,[0,1] and |u(t)| ≤ (U +V )/2 ≡ ‖u′‖1,[0,1]/2. Hence ‖u‖∞,[0,1] ≤
‖u′‖1,[0,1]/2 and N(∞, 1) ≥ 2. On the other hand, let u = u∞(t) ∈ W 1,1

0 (0, 1).
One has ‖u′∞‖1,[0,1] = 1 and ‖u∞‖∞,[0,1] = 1/2. Hence N(∞, 1) = 2 and the
corresponding minimizers of (2.3), with (q, p) = (∞, 1), are again c u∞(t), c 6= 0.
As N(q, 1) is non-increasing in q ∈ [1,∞], one has N(q, 1) ≥ N(∞, 1) = 2 for all
q ∈ [1,∞). Let q ∈ [1,∞) be given. Take a smooth function u(t) ∈ W 1,1

0 (0, 1) such
that (i) u(1− t) ≡ u(t), (ii) u(t) is increasing in t ∈ [0, 1/2], and (iii) u(0) = 0 and
u(t) = 1/2 for ε < t ≤ 1/2 with ε > 0 small. Then we have

‖u‖q,[0,1] =

(
2

∫ 1/2

0

uq(t) dt

)1/q

=

(
2

∫ ε

0

uq(t) dt + 2
∫ 1/2

ε

uq(t) dt

)1/q

= (O(ε) + 2(1/2− ε)/2q)1/q = 1/2 + O(ε),

‖u′‖1,[0,1] = 2
∫ 1/2

0

u′(t) dt = 2(u(1/2)− u(0)) = 1.

By (2.3) again, one has N(q, 1) ≤ 2. Hence N(q, 1) = 2 for all q ∈ [1,∞). In
conclusion,

N(q, 1) = 2
(
= limp↓1 N(q, p)

)
for q ∈ [1,∞]. (2.6)

Lemma 2.1 The Sobolev constants N(q, p) are given by (2.4), (2.5) and (2.6).

By the Hölder inequality and the defining equality (2.3), N(q, p) is non-increasing
in q ∈ [1,∞] and is non-decreasing in p ∈ [1,∞]. Hence we have from (2.5) and
(2.6)

2 = N(∞, 1) ≤ N(q, p) ≤ N(1,∞) = 4 for all q, p ∈ [1,∞].
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Let q, p ∈ [1,∞]. Suppose that I = [a, b] is a finite interval of length |I| = b−a.
By a scaling technique, the corresponding Sobolev constant

N(q, p, I) = N(q, p, |I|) := min
u∈W 1,p

0 (I), u 6=0

‖u′‖p,I

‖u‖q,I

is given by
N(q, p, |I|) = N(q, p)/|I|1/q+1/p∗ . (2.7)

Thus we have the following optimal Sobolev inequality

N(q, p)
|I|1/q+1/p∗ ‖u‖q,I ≤ ‖u′‖p,I for all u ∈ W 1,p

0 (I), p ∈ [1,∞]. (2.8)

2.2 Canonical forms of Hamiltonian systems

Consider the planar linear Hamiltonian system

x′ = JA(t)x, (2.9)

where

J =
(

0 1
−1 0

)
, A(t) =

(
α(t) γ(t)
γ(t) β(t)

)
.

Here α(t), β(t), γ(t) are smooth T -periodic functions. The (period T -) Poincaré
matrix is

MT =
(

φ1(T ) φ2(T )
ψ1(T ) ψ2(T )

)
,

where (φ1(t), ψ1(t)) and (φ2(t), ψ2(t)) are solutions of (2.9) satisfying φ1(0) = 1,
φ2(0) = 0 and ψ1(0) = 0, ψ2(0) = 1, respectively. The eigenvalues ν1,2 of MT are
called the Floquet multipliers of (2.9). Obviously ν1 · ν2 = 1. We say that (2.9)
is parabolic, hyperbolic, or, elliptic, if ν1 = ν2 = ±1, |νi| 6= 1, or, |νi| = 1 and
νi 6= ±1, respectively.

It is well-known that (2.9) is Lyapunov stable iff (2.9) is either elliptic or is
parabolic with the additional property that all solutions of (2.9) are T -periodic in
case ν1 = ν2 = 1, or T -anti-periodic in case ν1 = ν2 = −1. See, for example, [4,
Theorem 7.2]. Here the T -anti-periodicity of a solution x(t) is x(t + T ) ≡ −x(t).
We say that system (2.9) is non-degenerate if ν1,2 6= 1. The non-degeneracy is the
same as that equation (2.9) has only the trivial T -periodic solution.

Lemma 2.2 [7] There exists a T -periodic, smooth function t → ϕ(t) such that the
change of variables x = Rϕ(t)z will transform (2.9) into the canonical form

z′ = JB(t)z

with B(t) = diag(a(t), b(t)) being diagonal. Explicitly, in coordinates z = (x, y)T ,
this reads as (1.5).
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Here, for θ ∈ R, Rθ denotes the rigid rotation

Rθ =
(

cos θ sin θ
− sin θ cos θ

)
.

The function ϕ(t) is constructed explicitly in [7, Section 7.1]. In case A(t) is T -
periodic, by checking the construction there, one can see that ϕ(t) and a(t), b(t)
are also T -periodic.

Example 2.1 Let a0, b0 ∈ R be constants and consider the following system

x′ = b0y, y′ = −a0x. (2.10)

Suppose first that a0 · b0 6= 0. Denote γ = |a0 · b0|1/2 > 0 and δ = |b0/a0|1/2 > 0.
The solution of (2.10) with (x(0), y(0)) = (x0, y0) is given by

(
x(t)
y(t)

)
=

(
cos(γt) δ sin(γt)

−δ−1 sin(γt) cos(γt)

)(
x0

y0

)

in case a0 · b0 > 0, and by
(

x(t)
y(t)

)
=

(
cosh(γt) δ sinh(γt)

δ−1 sinh(γt) cosh(γt)

)(
x0

y0

)

in case a0 · b0 < 0.
When a0 = 0 or b0 = 0, the solutions can be expressed using the corresponding

limits.
Let us now consider (2.10) as a T -periodic system. Denote θ = T |a0 · b0|1/2.

From the expression of general solutions, one has
• System (2.10) is hyperbolic iff a0 · b0 < 0. In this case, the Floquet multipliers

are ν1,2(0) = cosh θ ± sinh θ.
• System (2.10) is parabolic iff Ta0 · Tb0 = ((n− 1)π)2 for some n ∈ N.
• System (2.10) is elliptic iff ((n − 1)π)2 < Ta0 · Tb0 < (nπ)2 for some n ∈ N.

In this case, the Floquet multipliers are ν1,2(0) = cos θ ± i sin θ. In particular, if

0 < Ta0 · Tb0 < π2, (2.11)

the T -periodic system (2.10) is elliptic. Here the upper bound π2 of condition (2.11)
is optimal.

• System (2.10) is degenerate iff Ta0 · Tb0 = (2(n− 1)π)2 for some n ∈ N.

3 The Lp criteria for Hamiltonian systems

By Lemma 2.2, in the following we need only to consider linear systems of the form
(1.5) where a(t) and b(t) are T -periodic, integrable functions. A crucial assumption
in this section is that at least one of the coefficients a(t) and b(t) of system (1.5) does
not change sign. By the transformation t → −t and/or the transformation (x, y) →
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(−y, x), without loss of generality, we can assume that b(t) satisfies ess inftb(t) ≥ 0.
More restrict, we always assume b(t) in (1.5) is from the following set

L1
+(ST ) :=

{
b(t) ∈ L1(ST ) : ess inftb(t) > 0

}
.

Note that b ∈ L1
+(ST ) implies that 1/b ∈ L∞(ST ).

Recall that the extension of criterion (1.2)-(1.3) to Lp potentials is as follows.

Lemma 3.1 [25, Theorem 1] (Lp criteria for Hill’s equations) Let a(t) ∈
Lp(ST ), p ∈ (1,∞]. If a(t) satisfies (1.2) and

T 1+1/p∗ · ‖a+‖p,T < M2(2p∗), (3.1)

equation (1.1) is in the first stability zone. Moreover, the bounds of (3.1) are also
optimal.

Note that when p = 1, p∗ = ∞ and M2(∞) = 4. That is, (3.1) with p = 1 is
essentially same as (1.3).

Let us now go back to system (1.5) where b(t) ∈ L1
+(ST ). Define

B(t) =
∫ t

0

b(s) ds, T̂ = B(T ) = ‖b‖1,T > 0.

Then B(t) is increasing in t. Moreover, by the T -periodicity of b(t), one has B(t +
T ) ≡ B(t) + T̂ . Using the change of times s = B(t), system (1.5) is transformed
into

dx̂(s)
ds

= ŷ(s),
dŷ(s)
ds

= −q̂(s)x̂(s), (3.2)

where x̂(s) = x(B−1(s)), ŷ(s) = y(B−1(s)), and the coefficient

q̂(s) = a(B−1(s))/b(B−1(s))

is T̂ -periodic. It is obvious that system (3.2) shares the same ellipticity with the
original system (1.5). Note that system (3.2) is equivalent to the following Hill’s
equation

d2x̂(s)
ds2

+ q̂(s)x̂(s) = 0. (3.3)

One has the following trivial relations.

Lemma 3.2 Let b(t) ∈ L1
+(ST ) and a(t) ∈ L1(ST ). Then

• Hamiltonian system (1.5) is stable iff Hill’s equation (3.3) is stable.
• Hamiltonian system (1.5) is elliptic iff Hill’s equation (3.3) is elliptic.

Based on Lemma 3.2, we can apply Lemma 3.1 to obtain the following ellipticity
criteria for systems (1.5).
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Theorem 3.1 Let b(t) ∈ L1
+(ST ) and a(t) ∈ Lp(ST ), p ∈ [1,∞].

• L1 criterion: For p = 1, system (1.5) is elliptic if a(t) satisfies (1.2) and
a(t), b(t) satisfy

‖b‖1,T · ‖a+‖1,T ≤ M2(∞) = 4. (3.4)

• Lp criteria: For p ∈ (1,∞], system (1.5) is elliptic if a(t) satisfies (1.2) and
a(t), b(t) satisfy

‖b‖1+1/p∗

1,T · ‖a+/b1/p∗‖p,T < M2(2p∗). (3.5)

Furthermore, the bounds M2(2p∗) are optimal.

Proof. Note that

∫ T̂

0

q̂(s) ds =
∫ T̂

0

a(B−1(s))
b(B−1(s))

ds =
∫ T

0

a(t) dt, (3.6)

following the change of variables s = B(t). If a(t) satisfies (1.2), then q̂(s) satisfies
(1.2) as well, with the period T replaced by T̂ . Similarly, one has

‖q̂+‖1,T̂ = ‖a+‖1,T , ‖q̂+‖∞,T̂ = ‖a+‖∞,T , (3.7)

‖q̂+‖p,T̂ =

(∫ T̂

0

(
a+(B−1(s))
b(B−1(s))

)p

ds

)1/p

(by setting s = B(t))

=

(∫ T

0

ap
+(t)

bp−1(t)
dt

)1/p

= ‖a+/b1/p∗‖p,T , p ∈ (1,∞). (3.8)

Note that T̂ = ‖b‖1,T . Now criteria (3.4) and (3.5) follow immediately Lemmas 3.1
and 3.2 and equalities (3.6)–(3.8). 2

Criterion (3.4) corresponds essentially to (3.5) with p = 1. It is evident that the
L1 criterion (3.4), where a(t) is allowed to be sign-changing, is a generalization of
the L1

+ criterion (1.6).

4 The Lp-Lq criteria for Hamiltonian systems

4.1 The Lp-Lq criteria

In Section 3, the ellipticity criteria have a severe restriction on a(t) and b(t). That
is, at least one of a(t) and b(t) does not change sign. In this case, system (1.5)
can be reduced to a Hill’s equation. From this section, we will give some ellipticity
criteria for systems (1.5) without such a restriction on coefficients.

Consider system (1.5) where a(t) and b(t) satisfy, for some p, q ∈ [1,∞],

a(t) ∈ Lp(ST ), b(t) ∈ Lq(ST ), a · b 6= 0. (4.1)
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Suppose that (x(t), y(t)) is a T -periodic solution of (1.5). Observe that, under (4.1),

x(t) ∈ W 1,q(ST ), y(t) ∈ W 1,p(ST ). (4.2)

Let us write (x(t), y(t)) = (x + x̃(t), y + ỹ(t)). By (4.2), x̃ ∈ W̃ 1,q(ST ) and ỹ ∈
W̃ 1,p(ST ), where

W̃ 1,r(ST ) :=
{
u ∈ W 1,r(ST ) : u = 0

}
, r ∈ [1,∞].

Using (x̃, ỹ), system (1.5) reads as

x̃′ = b(t)ỹ + y b(t), ỹ′ = −a(t)x̃− x a(t). (4.3)

By integrating two equations in (4.3) over one period, we get

x = −ax̃/a = −
(∫ T

0

ax̃

)
/(Ta), y = −bỹ/b = −

(∫ T

0

bỹ

)
/(Tb). (4.4)

Now system (4.3) can be rewritten as

x̃′(t) =
−b(t)
Tb

∫ T

0

b(s)(ỹ(s)− ỹ(t)) ds, ỹ′(t) =
a(t)
Ta

∫ T

0

a(s)(x̃(s)− x̃(t)) ds. (4.5)

The Lp-Lq criteria below are based on the following estimates. From (4.2) and
the first equation of (4.5), we have

T |b| · ‖x̃′‖q,T =

∥∥∥∥∥b(·) ·
∫ T

0

b(s)(ỹ(s)− ỹ(·)) ds

∥∥∥∥∥
q,T

≤ ‖b‖q,T ·max
t

∣∣∣∣∣
∫ T

0

b(s)(ỹ(s)− ỹ(t)) ds

∣∣∣∣∣ (4.6)

≤ ‖b‖q,T ·max
t

(‖b‖q,T ‖ỹ(·)− ỹ(t)‖q∗,T ) (4.7)

≤ ‖b‖q,T ·max
t

(
‖b‖q,T

T 1/p∗+1/q∗

N(q∗, p)
‖ỹ′‖p,T

)
(4.8)

=
T 1/p∗+1/q∗

N(q∗, p)
‖b‖2q,T ‖ỹ′‖p,T . (4.9)

Here both (4.6) and (4.7) are obtained from the Hölder inequality, and (4.8) is
resulted from the Sobolev inequality (2.8) because ỹ(·)− ỹ(t) ∈ W 1,p

0 (t, t + T ) and

‖ỹ(·)− ỹ(t)‖q∗,T = ‖ỹ(·)− ỹ(t)‖q∗,[t,t+T ] ≤
T 1/p∗+1/q∗

N(q∗, p)
‖ỹ′‖p,T .

From the second equation of (4.5), we can obtain an estimate similar to (4.9)

T |a| · ‖ỹ′‖p,T ≤ T 1/q∗+1/p∗

N(p∗, q)
‖a‖2p,T ‖x̃′‖q,T . (4.10)
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Using the notation Nr,S(ψ) in (1.7), we get from (4.9) and (4.10)

‖x̃′‖q,T ≤ T 1/p∗+1/q∗

N(q∗, p)
‖a‖2p,T

T |a|
T 1/q∗+1/p∗

N(p∗, q)
‖b‖2q,T

T |b| ‖x̃
′‖q,T

=
1

N(q∗, p) ·N(p∗, q)
T 1−2/p‖a‖2p,T

|a|
T 1−2/p‖b‖2q,T

|b| ‖x̃′‖q,T

=
Np,T (a) · Nq,T (b)
N(p∗, q) ·N(q∗, p)

‖x̃′‖q,T . (4.11)

Lemma 4.1 Suppose that a(t) and b(t) satisfy (4.1). System (1.5) is non-degenerate
if

Np,T (a) · Nq,T (b) < N(p∗, q) ·N(q∗, p). (4.12)

Proof. Under condition (4.12), we get from (4.11) that ‖x̃′‖q,T = ‖ỹ′‖p,T = 0. Thus
x̃(t) = ỹ(t) ≡ 0, because x̃(t) and ỹ(t) have the mean values 0. By (4.4), we have
x = y = 0. Hence x(t) ≡ y(t) ≡ 0. That is, system (1.5) has only the trivial
T -periodic solution. 2

Lemma 4.1 asserts that when (4.12) is satisfied, the Floquet multipliers of (1.5)
(of period T ) satisfy ν1,2 6= 1. In order to deduce the non-parabolicity of (1.5),
we must exclude the case ν1,2 = −1. In case ν1,2 = −1, we can consider (1.5) as
a Hamiltonian system of period 2T which is degenerate. Using the invariance of
mean values and the equalities ‖a‖2p,2T = 22/p‖a‖2p,T and ‖b‖2q,2T = 22/q‖b‖2q,T , one
has from (1.7)

Nq,2T (b) = 2Nq,T (b), Np,2T (a) = 2Np,T (a),
Np,2T (a) · Nq,2T (b) = 4Np,T (a) · Nq,T (b). (4.13)

Now the non-degeneracy condition Np,2T (a) · Nq,2T (b) < N(p∗, q) ·N(q∗, p) for 2T -
periodic Hamiltonian system (1.5) is the same as

Np,T (a) · Nq,T (b) < N(p∗, q) ·N(q∗, p)/4. (4.14)

As (4.14) is stronger than (4.12), we know that condition (4.14) has excluded both
ν1,2 = +1 and ν1,2 = −1. This yields the following result.

Lemma 4.2 Under assumptions (4.1) on a(t) and b(t), system (1.5) is not parabolic
if a(t) and b(t) satisfy (4.14).

Remark 4.1 From formulas (2.4)-(2.5)-(2.6), let us define

L(u, v) = L(v, u) :=

{ (
(u+v)1/u+1/v−1

u1/vv1/u B(1/u, 1/v)
)2

for u, v ∈ [1,∞),
1 for u = ∞ or v = ∞.

(4.15)
One has then the equality

N(p∗, q) ·N(q∗, p)/4 ≡ L(p∗, q∗). (4.16)
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From the monotonicity of N(q, p) of Section 2, the function L(u, v) is decreasing in
both u and v. Hence one has

1 ≤ L(∞,∞) ≤ L(u, v) ≤ L(1, 1) = 4, (u, v) ∈ [1,∞]2. (4.17)

By (4.14) and equality (4.16), we can give the second class of ellipticity criteria.

Theorem 4.1 Let a(t) ∈ Lp(ST ) and b(t) ∈ Lq(ST ) for some p, q ∈ [1,∞].
• Lp-Lq ellipticity criteria: System (1.5) is elliptic if

a · b > 0 and Np,T (a) · Nq,T (b) < L(p∗, q∗). (4.18)

• Lp-Lq hyperbolicity criteria: System (1.5) is hyperbolic if

a · b < 0 and Np,T (a) · Nq,T (b) < L(p∗, q∗). (4.19)

Proof. By the Hölder inequality, we have |a| ≤ T−1/p‖a‖p,T and ‖a‖p,T ≤ ‖a‖p,T .
Let use choose a homotopy aτ (t) = τa(t) + (1− τ)a, τ ∈ [0, 1]. Then

Np,T (aτ ) = T 1−2/p‖aτ‖2p,T /|aτ | ≡ T 1−2/p‖aτ‖2p,T /|a|
≤ T 1−2/p (τ‖a‖p,T + (1− τ)‖a‖p,T )2 /|a|
≤ T 1−2/p‖a‖2p,T /|a| = Np,T (a). (4.20)

Similarly, bτ (t) = τb(t) + (1 − τ)b satisfies Nq,T (bτ ) ≤ Nq,T (b) for all τ ∈ [0, 1].
Under assumption (4.14) on a(t) and b(t), we know that aτ (t), bτ (t) also satisfy
(4.14) for all τ ∈ [0, 1]. By Lemma 4.2, the following Hamiltonian system

x′ = bτ (t)y, y′ = −aτ (t)x, τ ∈ [0, 1], (4.21)

is not parabolic for each τ ∈ [0, 1]. That is, the Floquet multipliers ν1,2(τ) of (4.21)
satisfy ν1,2(τ) 6= ±1 for all τ ∈ [0, 1]. As ν1,2(τ) are continuous in τ ∈ [0, 1], we
know that either

ν1,2(τ) ∈ S1\{±1} for all τ ∈ [0, 1], (4.22)

or
|ν1,2(τ)| 6= 1 for all τ ∈ [0, 1]. (4.23)

For τ = 0, system (4.21) is the constant system (2.10), where a0 and b0 are
a and b respectively. Let us notice that Np,T (a) = T |a| and Nq,T (b) = T |b|. By
(4.14), (4.17) and (4.20), we have

0 < |Ta · Tb| ≤ Np,T (a) · Nq,T (b) < L(p∗, q∗) ≤ 4. (4.24)

Let θ = |Ta ·Tb|1/2. Then θ ∈ (0, 2) ⊂ (0, π). From Example 2.1, the corresponding
Floquet multipliers are

ν1,2(0) = cos θ ± i sin θ for a · b > 0,

ν1,2(0) = cosh θ ± sinh θ for a · b < 0.

Thus (2.10) is elliptic if a · b > 0 (see condition (2.11)), and is hyperbolic if a · b < 0,
provided that (4.14) is satisfied. Now conclusions (4.18) and (4.19) can be deduced
from (4.22) and (4.23) respectively. 2
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Remark 4.2 (i) Note from (4.15) that L(u, v) is symmetric in (u, v). Hence both
conditions a · b > 0 and Np,T (a) · Nq,T (b) < L(p∗, q∗) of (4.18) are symmetric with
respect to (a, p) and (b, q). These are consistent with the invariance of ellipticity
for systems (1.5) under the change of variables (x, y) 7→ (y,−x).

(ii) In case p = q = 1, one has L(1∗, 1∗) = L(∞,∞) = 1 and the second condition
of (4.18) is N1,T (a) · N1,T (b) < 1. In this case, as in the L1 criterion for Hill’s
equations, the strict inequality can be weakened asN1,T (a)·N1,T (b) ≤ 1. When both
a(t) and b(t) do not change sign, one has N1,T (a) = ‖a‖1,T and N1,T (b) = ‖b‖1,T .
Hence, if a · b > 0 and ‖a‖1,T · ‖b‖1,T ≤ 1, then (1.5) is elliptic. The constant 1
is smaller than the optimal constant 4 in the L1

+ criterion (1.6). Hence our Lp-Lq

criteria (4.18) are a partial generalization of (1.6).

4.2 Eigenvalues of Dirac operators and ellipticity zones

Theoretically, ellipticity of (1.5) is related with eigenvalues. Precisely, system (1.5)
defines a Dirac operator with the corresponding eigenvalue problem [7, Part two]

x′ = (b(t)− λ)y, y′ = −(a(t)− λ)x. (4.25)

It is well-known that there exist

· · · < λ−1(a, b) ≤ λ−1(a, b) < λ0(a, b) ≤ λ0(a, b) < λ1(a, b) ≤ λ1(a, b) < · · ·

such that λm(a, b) and λm(a, b) are T -periodic eigenvalues (T -anti-periodic eigen-
values, respectively) of (4.25) for m to be even (m to be odd, respectively). Now
system (1.5) is elliptic iff there exists some m ∈ Z such that

λ−m(a, b) < 0 < λ−m+1(a, b). (4.26)

When (a, b) satisfies (4.26), we say that system (1.5) is in the mth ellipticity zone.

Theorem 4.2 Suppose that a(t) and b(t) satisfy Np,T (a) · Nq,T (b) < L(p∗, q∗).
Then system (1.5) is in the first ellipticity zone if a > 0 and b > 0, and system
(1.5) is in the zeroth ellipticity zone if a < 0 and b < 0.

Proof. In the proof of Theorem 4.1, we have obtained a homotopy equation (4.21)
without changing the ellipticity zone. For the constant system (2.10), one has

λ0(a, b) = min(a, b), λ0(a, b) = max(a, b),
λm(a, b) = λm(a, b) =

(
a + b + ((a− b)2 + (mπ/T )2)1/2

)
/2 for m > 0,

λm(a, b) = λm(a, b) =
(
a + b− ((a− b)2 + (mπ/T )2)1/2

)
/2 for m < 0.

Moreover, the Lp-Lq criteria (4.18) imply that 0 < Ta · Tb < 22 < π2. See (4.24).
From these formulas for eigenvalues, it is easy to use the fact 0 < Ta · Tb < π2

to verify the following conclusions

a > 0, b > 0 =⇒ λ−1(a, b) < 0 < λ0(a, b), (4.27)
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a < 0, b < 0 =⇒ λ0(a, b) < 0 < λ1(a, b). (4.28)

By the homotopy system (4.21), conclusions (4.27) and (4.28) hold as well when
the constant coefficients a, b are replaced by a(t) and b(t) respectively. 2

Similarly, ellipticity criteria (3.4) and (3.5) imply that system (1.5) is in the
first ellipticity zone. This explanation also applies to the operator norm criteria of
Theorem 5.1 below.

5 The operator norms and non-standard eigenvalue
problems

5.1 The operator norm criteria

Let us pay more attention to the Lp-Lq criteria. Given b(t) ∈ Lq(ST ), let us
introduce a linear operator Kb : W̃ 1,p(ST ) → Lq(ST ) by

Kbu(t) =

(∫ T

0

b

)
b(t)u(t)− b(t)

(∫ T

0

bu

)
. (5.1)

Integrating (5.1) over one period, one knows that Kbu has mean value 0. Hence Kb

is actually an operator from W̃ 1,p(ST ) to L̃q(ST ). The operator norm is

K̂q,p,T (b) = ‖Kb‖L(W̃ 1,p(ST ),L̃q(ST )) := max
u∈W̃ 1,p(ST ), ‖u′‖p,T =1

‖Kbu‖q,T . (5.2)

Some preliminary properties of K̂q,p,T (b) are as follows.
• K̂q,p,T (b) is homogeneous in b: K̂q,p,T (kb) = k2K̂q,p,T (b) for all k ∈ R.
• Let b(t) = 1. By (5.1), Kbu(t) ≡ Tu(t) for u ∈ W̃ 1,p(ST ) because

∫ T

0
u = 0.

Thus
K̂q,p,T (1) = maxu∈W̃ 1,p(ST ), u 6=0 T‖u‖q,T /‖u′‖p,T . (5.3)

The computation of K̂q,p,T (1) is then reduced to another kind of Sobolev constants
which are analogous to (2.7) with T -periodic functions of mean value 0. It is well-
known that K̂2,2,T (1) = T 2/(2π) and K̂∞,2,T (1) = T 3/2/

√
12. See, e.g., [10, §3].

The inequalities

‖u‖q,T ≤ T−1K̂q,p,T (1)‖u′‖p,T , u ∈ W̃ 1,p(ST ),

resulted from (5.3), are also called the Wirtinger inequalities.
• The main estimate (4.9) used in the Lp-Lq criteria can be stated as the fol-

lowing upper bound for K̂q,p,T (b)

K̂q,p,T (b) ≤ (
T 1/p∗+1/q∗/N(q∗, p)

)‖b‖2q,T , b(t) ∈ Lq(ST ). (5.4)

As in (1.7), let us introduce the following notation

Kq,p,T (b) := K̂q,p,T (b)/(T |b|) for b(t) ∈ Lq(ST ) with b 6= 0. (5.5)

One has the following observation on non-degeneracy of systems (1.5)
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Lemma 5.1 Let a(t) ∈ Lp(ST ) and b(t) ∈ Lq(ST ). Then the T -periodic system
(1.5) is non-degenerate if

a · b 6= 0 and Kp,q,T (a) · Kq,p,T (b) < 1. (5.6)

Moreover, under condition (5.6), system (1.5) has only the trivial T/k-periodic
solution for all k ∈ N.

Proof. Let (x(t), y(t)) = (x + x̃(t), y + ỹ(t)) be a T -periodic solution of (1.5). Using
the operator Kb, the first equation of (4.5) is x̃′(t) = −(Tb)−1Kbỹ(t). By the
defining equalities (5.2) and (5.5) for K̂q,p,T (b) and Kq,p,T (b), one has

‖x̃′‖q,T ≤ Kq,p,T (b)‖ỹ′‖p,T .

Similarly, the second equation of (4.5) is ỹ′(t) = (Ta)−1Kax̃(t). Thus one has
another inequality

‖ỹ′‖p,T ≤ Kp,q,T (a)‖x̃′‖q,T .

Under condition (5.6), we have necessarily ‖x̃′‖q,T = ‖ỹ′‖p,T = 0. Hence, x̃ = ỹ = 0.
By (4.4) again, x = y = 0. Thus (x(t), y(t)) ≡ (0, 0), which proves the non-
degeneracy of (1.5). 2

In order to use the operator norms Kq,p,T (b) to deduce ellipticity criteria for
(1.5), we need to exclude non-zero periodic solutions of periods T and 2T , as we
did in the proof of Theorem 4.1. However, for the scaling of periods, the quantities
Kq,p,T (b) have no simple scaling result like (4.13) for Nq,T (b). Thus we have to
consider a(t) ∈ Lp(ST ) and b(t) ∈ Lq(ST ) as 2T -periodic functions. Based on
the Lp-Lq criteria of Theorem 4.1, we can use Kq,p,2T (b) to obtain the following
ellipticity and hyperbolicity criteria for systems (1.5).

Theorem 5.1 Suppose that a(t) ∈ Lp(ST ) and b(t) ∈ Lq(ST ).
• Operator norm ellipticity criteria: The T -periodic system (1.5) is elliptic

if
a · b > 0 and Kp,q,2T (a) · Kq,p,2T (b) < 1. (5.7)

• Operator norm hyperbolicity criteria: The T -periodic system (1.5) is
hyperbolic if

a · b < 0 and Kp,q,2T (a) · Kq,p,2T (b) < 1. (5.8)

Proof. As in the proof of Theorem 4.1, we will use the homotopy technique. However,
the homotopy aτ (t) = τa(t) + (1 − τ)a does not work, because, for quantities
Kp,q,2T (a), it seems that there is no inequality like (4.20).

This can be overcome by choosing a simple homotopy aτ (t) := τa(t) and bτ (t) :=
τb(t), τ ∈ (0, 1]. That is, we consider the family of systems

x′ = τb(t)y, y′ = −τa(t)x, τ ∈ (0, 1]. (5.9)

Under assumption Kp,q,2T (a) · Kq,p,2T (b) < 1, we can use the homogeneity of
K̂q,p,2T (b) to obtain

Kp,q,2T (τa) · Kq,p,2T (τb) ≡ τ2Kp,q,2T (a) · Kq,p,2T (b) ≤ Kp,q,2T (a) · Kq,p,2T (b) < 1
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for all τ ∈ (0, 1]. Now, by Lemma 5.1, the Floquet multipliers νk(τ) of (5.9) still
satisfy either (4.22) or (4.23), where τ ∈ [0, 1] is replaced by τ ∈ (0, 1].

Note that for any τ ∈ (0, 1], one has sign(τa · τb) = sign(τ2a · b) = sign(a · b).
On the other hand, for τ > 0 small enough, one has necessarily

Np,T (τa) · Nq,T (τb) ≡ τ2Np,T (a) · Nq,T (b) < L(p∗, q∗).

Now we can apply Theorem 4.1 to know that, for τ > 0 small enough, system (5.9)
is elliptic if a · b > 0 and is hyperbolic if a · b < 0. Since we have either (4.22)
or (4.23), now the continuity of ν1,2(τ) shows that system (1.5) shares the same
classification with systems (5.9) with τ > 0 small. Hence conclusions (5.7) and
(5.8) can be obtained from the homotopy argument. 2

It is obvious that Theorem 5.1 is an improvement of Theorem 4.1. Theorem 5.1
shows that the quantities K̂q,p,2T (b) andKq,p,2T (b) and their estimates are important
in the study of ellipticity of Hamiltonian systems. In Lemma 5.3 below, we will give
some upper bounds for K2,2,2T (b).

Remark 5.1 Instead of using the 2T -periodicity of a(t) and b(t), one can do as
follows. Let x̂(t) = x(2t) and ŷ(t) = y(2t). System (1.5) is now transformed into
x̂′ = b̂(t)ŷ, ŷ′ = −â(t)x̂, where â(t) = 2a(2t) and b̂(t) = 2b(2t). Note that the T -
periodic and 2T -periodic solutions of (1.5) are transformed into T/2-periodic and
T -periodic solutions respectively. The second condition in (5.7) and (5.8) is now
the same as Kp,q,T (â) · Kq,p,T (b̂) < 1.

5.2 Non-standard eigenvalue problems

In the following, we always assume that q = p = 2 and will give a characterization
and some upper bound for K̂2,2,T (b).

Let b(t) ∈ L2(ST ) be given. From (5.1), one has

‖Kbu‖22,T = c2
1

∫ T

0

b2u2 + c2

(∫ T

0

bu

)2

− 2c1

(∫ T

0

bu

)(∫ T

0

b2u

)
=: Qb(u),

where the constants ck :=
∫ T

0
bk(t) dt, k = 1, 2, are determined by b(t). Note that

Qb(u) can be extended to the Hilbert space H1(ST ). Under the constraints

‖u′‖22,T =
∫ T

0

u′2(s) ds = 1,

∫ T

0

u = 0,

a standard argument shows that Qb(u) attains its maximum. Moreover, the max-
imizers u(t) of Qb(u) satisfy, by the Lagrangian multiplier method, the following
linear equation (in u):

µu′′(t) + Ibu(t) = ν (5.10)

for some multipliers µ and ν. Here

Ibu(t) := c2
1b

2(t)u(t) + c2b(t)
∫ T

0

bu− c1b
2(t)

∫ T

0

bu− c1b(t)
∫ T

0

b2u
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is the differential of Qb(u)/2 at the point u ∈ H̃1(ST ). It is easy to see that Ibu
has mean value 0 for any u. In order that (5.10) has T -periodic solutions u(t), it is
necessary that ν = 0. Now equation (5.10) becomes

µu′′(t) + Ibu(t) = 0. (5.11)

This is a modified Hill’s equation. As Ib(u+ c) = Ibu for any constant c, one knows
that if u(t) is a solution of (5.11), then so is u(t) + c. In particular, all constant
functions are solutions of (5.11).

Considering the constraint ū = 0, we say that µ is an eigenvalue of (5.11) if
equation (5.11) has non-zero T -periodic solutions u(t) such that ū = 0. As Ib is
symmetric in the following sense

(Ibu, v)L2(ST ) = (u, Ibv)L2(ST ) u, v ∈ H̃1(ST ),

we know that all eigenvalues of (5.11) are real. Multiplying (5.11) by u(t) and
integrating over one period, we can get µ‖u′‖22,T = ‖Kbu‖22,T . Hence all eigenvalues
of (5.11) are non-negative. Let us use µ1(b) to denote the maximal eigenvalue of
(5.11). For example, if b(t) ≡ 1, eigenvalue problem (5.11) is reduced to

µu′′ + T 2u = 0,

because c1 = T and other terms of Ibu are 0. Now all eigenvalues are T 4/(2mπ)2,
m ∈ N. Hence µ1(1) = T 4/(2π)2.

By (5.2), we have the following characterization on the norm K̂2,2,T (b).

Lemma 5.2 Let b(t) ∈ L2(ST ). Then

K̂2,2,T (b) = maxu∈H̃1(ST ), ‖u′‖2,T =1 ‖Kbu‖2,T =
√

µ1(b).

This shows that the computation of K̂2,2,T (b) can be reduced to a non-standard
eigenvalue problem (5.11). When b(t) ≡ 1, we have

K̂2,2,T (1) = (µ1(1))1/2 = T 2/(2π). (5.12)

In the following, we will give some upper bounds for K̂2,2,T (b). First, from
general result (5.4), we have the following upper bound

K̂2,2,T (b) ≤ (T/π)‖b‖22,T , b ∈ L2(ST ). (5.13)

Next, we will derive another simple upper bound which is useful in studying oscil-
latory coefficients b(t). To this end, let us define

Bk(t) =
∫ t

0

bk(s) ds, k = 1, 2. (5.14)
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For u ∈ H̃1(ST ), expression (5.1) can be written as Kbu(t) = b(t) · w(t), where

w(t) =
∫ T

0

b(s)(u(s)− u(t)) ds

=
∫ T

0

(u(s)− u(t)) dB1(s)

= B1(T )(u(T )− u(t))−
∫ T

0

B1(s)u′(s) ds

=
∫ T

t

B1(T )u′(s) ds−
∫ T

0

B1(s)u′(s) ds

=:
∫ T

0

B3(t, s)u′(s) ds, t ∈ [0, T ].

Here

B3(t, s) =
{ −B1(s) for 0 ≤ s ≤ t ≤ T,

B1(T )−B1(s) for 0 ≤ t < s ≤ T.
(5.15)

Denote
B4(t, s) ≡ b(t)B3(t, s) ∈ L2([0, T ]2). (5.16)

Thus

Kbu(t) =
∫ T

0

B4(t, s)u′(s) ds, u ∈ H̃1(ST ).

By the Cauchy-Schwartz inequality, one has

|Kbu(t)|2 =

(∫ T

0

B4(t, s)u′(s) ds

)2

≤ ‖u′‖22,T

∫ T

0

B2
4(t, s) ds.

Hence

‖Kbu‖22,T ≤ ‖u′‖22,T

∫ T

0

∫ T

0

B2
4(t, s) dt ds = ‖B4‖2L2([0,T ]2)‖u′‖22,T .

Let us introduce

M̂T (b) := ‖B4‖L2([0,T ]2) for b ∈ L2(ST ),
MT (b) := M̂T (b)/|Tb| for b ∈ L2(ST ) with b 6= 0,

where B4(t, s) is determined by b(t) from (5.14), (5.15) and (5.16). Now we have
the following result.

Lemma 5.3 For any b ∈ L2(ST ), we have the following inequalities

K̂2,2,T (b) ≤ M̂T (b) and K2,2,T (b) ≤MT (b). (5.17)

Let us give a comparison between (5.13) and (5.17).
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Example 5.1 • Constant coefficients: Let b(t) ≡ 1. The norm K̂2,2,T (1) is T 2/(2π).
See (5.12). The upper bounds (5.13) and (5.17) are respectively

K̂2,2,T (1) ≤ T 2/N(2, 2) = T 2/π,

K̂2,2,T (1) ≤ M̂T (1) = T 2/
√

6 .

Hence (5.13) is better than (5.17) for this example.
• Oscillatory coefficients: We take the period T = 1 and consider b(t) =

ϕα,β(t) := α + β sin(2πt), α, β ∈ R. The upper bounds (5.13) and (5.17) are
respectively

K̂2,2,1(ϕα,β) ≤ ‖ϕα,β‖22,1/π = (2α2 + β2)/(2π),

K̂2,2,1(ϕα,β) ≤ M̂1(ϕα,β) =

√
8π2α4 − (57− 4π2)α2β2 + 9β4

π
√

48
.

When |β|/|α| > R0 ≈ 0.6802, one has M̂1(ϕα,β) < ‖ϕα,β‖22,1/π, i.e., the upper
bound (5.17) is better than (5.13).

This example shows that the following results, obtained simply from Theorem
5.1 and Lemma 5.3, are also useful.

Corollary 5.1 Let a(t), b(t) ∈ L2(ST ). Then system (1.5) is elliptic if a · b >
0 and M2T (a) · M2T (b) < 1, and system (1.5) is hyperbolic if a · b < 0 and
M2T (a) · M2T (b) < 1.

In order to apply Corollary 5.1, we give an explicit formula for M2T (b). In addi-
tion to the functions Bk(t) given in (5.14), we introduce another function associated
with b(t). For b(t) ∈ L2(ST ) with b 6= 0, let

B̌1(t) = B̌1,T (t) :=

∫ t

0
b

∫ T

0
b

=
B1(t)
B1(T )

. (5.18)

It is a normalization of B1(t) such that B̌1(T ) = 1.

Lemma 5.4 Let b(t) ∈ L2(ST ) with b 6= 0. Then

MT (b) =

(∫ T

0

(
B2(T )(B̌1(s))2 − 2B̌1(s)B2(s) + B2(s)

)
ds

)1/2

, (5.19)

M2T (b) =
(
(MT (b))2 + TB2(T )/2

)1/2

, (5.20)

where B2(s) and B̌1(s) are given by (5.14) and (5.18) respectively.
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Proof. By (5.14), (5.15) and (5.16), we have

(M̂T (b))2 = ‖B4‖2L2([0,T ]2) =
∫ T

0

ds

∫ T

0

(B4(t, s))2 dt

=
∫ T

0

(∫ s

0

(B1(T )−B1(s))2b2(t) dt +
∫ T

s

(B1(s))2b2(t) dt

)
ds

=
∫ T

0

(
(B1(T )−B1(s))2B2(s) + (B1(s))2(B2(T )−B2(s))

)
ds

=
∫ T

0

(
B2(T )(B1(s))2 − 2B1(T )B1(s)B2(s) + (B1(T ))2B2(s)

)
ds.

Note that T |b| = |B1(T )|. Now formula (5.19) for MT (b) = M̂T (b)/|B1(T )| can be
obtained from this equality.

Since b(t) is T -periodic, Bk(s + T ) ≡ Bk(T ) + Bk(s) and Bk(2T ) = 2Bk(T ).
When b(t) is considered as a 2T -periodic function, M2T (b) is given by (5.19) where
T is changed to 2T , B̌1(s) is changed to B̌1,2T (s) = B̌1(s)/2 (see (5.18)), and B2(s)
is unchanged. Thus

(M2T (b))2 =
∫ 2T

0

(
1
2
B2(T )(B̌1(s))2 − B̌1(s)B2(s) + B2(s)

)
ds

=

{∫ T

0

+
∫ 2T

T

}(
1
2
B2(T )(B̌1(s))2 − B̌1(s)B2(s) + B2(s)

)
ds, (5.21)

where the equality B2(2T ) = 2B2(T ) is used. Note that

1
2
B2(T )(B̌1(T + s))2 − B̌1(T + s)B2(T + s) + B2(T + s)

=
1
2
B2(T )(1 + B̌1(s))2 − (1 + B̌1(s))(B2(T ) + B2(s)) + B2(T ) + B2(s)

=
1
2
B2(T )(B̌1(s))2 − B̌1(s)B2(s) +

1
2
B2(T ).

Hence
∫ 2T

T

(
1
2
B2(T )(B̌1(s))2 − B̌1(s)B2(s) + B2(s)

)
ds

=
∫ T

0

(
1
2
B2(T )(B̌1(s))2 − B̌1(s)B2(s)

)
ds +

1
2
TB2(T ).

Substituting into (5.21), we can obtain (5.20). 2

We remark that for general q, p ∈ (1,∞), the norm K̂q,p,T (b) can be also reduced
to some eigenvalue problems. However, in case (q, p) 6= (2, 2), these eigenvalue
problems are nonlinear. We will not develop this and refer readers to [22].
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5.3 General remarks and problems

From the explanation in the preceding section, ellipticity criteria can be established
by finding reasonable estimates for eigenvalues of the Dirac operators. For the Hill’s
operators, there are many works on the estimates of eigenvalues and ellipticity.
Some typical works are [1, 5, 18]. In literature, general eigenvalue theory for planar
linear Hamiltonian systems has been established. However, to the knowledge of the
author, practical criteria for ellipticity of linear systems are seldom found. In this
sense, the Lp criteria and Lp-Lq criteria of this paper constitute an attempt toward
this important problem.

Of course, eigenvalues of Dirac operators are dependent on both coefficients a(t)
and b(t). One of the novelties of this paper is that the problem can be reduced
into two eigenvalue problems like (5.11), each involving of only one of a(t) and b(t).
Moreover, sign-changing coefficients a(t) and b(t) are allowed, for which the systems
cannot be reduced into Hill’s equations.

In the deduction of the Lp-Lq criteria (4.18), we have used both the Hölder
inequality and the Sobolev inequality. Note that the bounds L(p∗, q∗) for Np,T (a) ·
Nq,T (b) in the Lp-Lq criteria (4.18) are not optimal. Let us introduce

R(p, q) = sup
{
C > 0 : a · b > 0 & Np,T (a) · Nq,T (b) < C ⇒ ellipticity of (1.5)

}
.

The meaning of R(p, q) is as follows.

Lemma 5.5 (Optimal Lp-Lq criteria) Let a(t) ∈ Lp(ST ) and b(t) ∈ Lq(ST ).
Then system (1.5) is elliptic if a · b > 0 and Np,T (a) · Nq,T (b) < R(p, q).

The Lp-Lq criteria in Theorem 4.1 assert that R(p, q) ≥ L(p∗, q∗). By taking
constant coefficients, we know from (2.11) that R(p, q) ≤ π2 for all p, q ∈ [1,∞].
Hence there is a gap between our Lp-Lq criteria and the optimal ones. It is then
an interesting problem to find the corresponding Sobolev inequalities and the exact
values of R(p, q).
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