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Abstract

The main result of this work is to get the existence of infinitely many radial positive solu-
tions to the problem

−∆pu = |∇u|q + λf(x) in Ω, u|∂Ω = 0,

where Ω = B1(0) and f is a radial positive function. Since, in general when q 6= p, a Hopf-
Cole type change can not be used, we will consider just the existence and multiplicity of
positive radial solutions. The main idea is to get a relation between radial positive solutions
of the above equation and a suitable quasilinear family of problems with measures data that
we will make precise later.
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1 Introduction

This work is devoted to the existence and multiplicity of radial positive solutions to the
problem




−∆pu ≡ −div(|∇u|p−2∇u) = |∇u|q + λf(x) in B1(0),

u ≥ 0 in B1(0),
u = 0 on ∂B1(0),

(1.1)

under suitable hypotheses on q and f . The case p = q = 2 is considered in [1] where
a suitable change of variables allows the authors to classify positive solutions of problem
(1.1) with respect to a semilinear problem with singular measures data. Following the
same argument as in [1], one can consider the case p = q 6≡ 2 in general domains. More
precisely by assuming that 1 < p ≤ N , the space of positive Radon singular measures with
respect to the classical Cap1,p capacity associated to the Sobolev space W 1,p

0 (Ω), is not
empty and then we can find a direct relation between positive solutions to problem (1.1)
and a family of quasilinear problems with positive Radon singular measures.

The case q 6= p is more complicated, and hence the problem of multiplicity of positive
solutions in general domains is an interesting open problem. The main result of this paper
is to give a partial answer to this question if Ω = B1(0), for radial data and in the radial
setting, by showing the correct space of singular measures to consider.

Existence of positive solution to problem (1.1) in general bounded domain is well know
when q ≤ p, see for instance [6], [10] and the reference therein. In a recent paper by
Ferone-Messano, see [10], the authors show that solution to problem (1.1) can be com-
pared, in term of rearrangement, with the solution of a suitable symmetrized problem. The
main point to get this comparison is an explicit formula for radial solution to (1.1) where
Ω ≡ Br(0) and q ≤ p. In this work we use the same explicit expression to show the
existence of infinitely many radial positive solutions to (1.1) when q ≥ (p−1)N

N−1

The paper is organized as follows. In section 2 we prove a l regularity result for entropy
solutions to problem (1.1). In section 3 we prove our main result about the existence of
infinitely many positive radial solutions starting from a quasilinear problem with a singular
measure datum in a suitable sense given below. In the last section we consider the case
p = q = 2. Under the presence of a suitable weight, we begin by analyzing the case of a
radial weight. We will study the problem

{ −∆u = a(x)|∇u|2 + λf(x) in B1(0),
u = 0 on ∂B1(0), (1.2)

where a(x) is a bounded radial weight. Following the argument of the previous sections
we prove the existence of infinitely many radial positive solutions. In subsection 4.1 we
consider problem (1.2) with a = 1 and under the presence of a first order term 〈b(x),∇u〉.
Without using the radial condition, under a suitable hypothesis on b (that is optimal in some
sense), we prove the existence of infinitely many positive solutions.
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2 Regularity of entropy solutions

The main goal of this section is to obtain a regularity result for general solutions to (1.1).
We recall that Tk(s) is defined by

Tk(s) = s if |s| ≤ k and Tk(s) = k
s

|s| if |s| ≥ k.

Definition 2.1 We say that u is a solution to problem (1.1) if |∇u|q+λf ∈ L1(B1(0)),
Tk(u) ∈ W 1,p

0 (B1(0)) and for all v ∈ W 1,p
0 (B1(0)) ∩ L∞(B1(0)), we have

∫

B1(0)

|∇u|p−2∇u∇Tk(u− v)dx =
∫

B1(0)

(|∇u|q + λf)Tk(u− v)dx.

The sense of solution given above is the entropy sense defined in [5]. Moreover, using the
properties of entropy solutions, it follows that |∇u|p−1 ∈ Lθ(B1(0)) for all θ < N

N−1 .
We begin by proving the following regularity result.

Lemma 2.1 Assume that u is a radial positive solution to problem (1.1), then
∫ 1

0

ec
∫ 1

r
|u′(σ)|q−(p−1)dσ|u′|qrN−1dr < ∞ for all c < 1. (2.3)

Proof. Since u is a radial solution to (1.1), then u solves

1
rN−1

((−u(r))p−1rN−1) = |u′(r)|q + λf(r). (2.4)

Consider wε(r) = e
c

∫ 1
r

(
|u′(σ)|

1+ε|u′(σ)| )
q−(p−1)dσ − 1. Then wε ∈ W 1,∞(B1(0)). Using wε as a

test function in (1.1) we obtain that
∫ 1

0

ce
c

∫ 1
r

(
|u′(σ)|

1+ε|u′(σ)| )
q−(p−1)dσ |u′(r)|q

(1 + ε|u′(r)|)q−(p−1)
rN−1dr =

∫ 1

0

e
c

∫ 1
r

(
|u′(σ)|

1+ε|u′(σ)| )
q−(p−1)dσ|u′(r)|qrN−1dr −

∫ 1

0

|u′(r)|qrN−1dr+
∫ 1

0

f(r)
(
e
c

∫ 1
r

(
|u′(σ)|

1+ε|u′(σ)| )
q−(p−1)dσ − 1

)
rN−1dr.

Therefore we get
∫ 1

0

e
c

∫ 1
r

(
|u′(σ)|

1+ε|u′(σ)| )
q−(p−1)dσ|u′(r)|q(1− c

(1 + ε|u′(r)|)q−(p−1)
)rN−1dr

≤
∫ 1

0

|u′(r)|qrN−1dr

and
∫ 1

0

f(r)
(
e
c

∫ 1
r

(
|u′(σ)|

1+ε|u′(σ)| )
q−(p−1)dσ − 1

)
rN−1dr ≤

∫ 1

0

|u′(r)|qrN−1dr.
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Hence using the hypotheses on u, by letting ε → 0, we get the desired result.
Notice that in the case p = q = 2 we obtain that

∫ 1

0

ecu(r)|u′|2rN−1dr < ∞ for all c < 1.

Hence eδu − 1 ∈ W 1,2
0 (B1(0)) for all δ < 1

2 , that is the regularity result obtained in [1].

The main result of this section is the following.

Theorem 2.1 Assume that q ≥ (p−1)N
N−1 and λ ≥ 0. Let f be a positive radial function

such that f ∈ Lθ(B1(0)) with θ > (q−(p−1))N
q . Then there exits a λ∗ > 0 such that

problem (1.1) has no positive solution for λ > λ∗.
If u is a radial positive solution to problem (1.1), then by setting

v(r) = e
1

γ−1

∫ 1
r
|u′(σ)|q−(p−1)dσ − 1,

with γ = q
q−(p−1) , we obtain that v ∈ W 1,α

0 (B1(0)) for all α < (q−1)N
N−1 and v solves

the problem
{ −∆γv = λ

(γ−1)γ−1 f(v + 1)γ−1 + c0δ0. in B1(0),
v = 0 on ∂B1(0),

(2.5)

where −∆γv ≡ −div(|∇v|p−2∇v) and c0 is a positive constant depending only on
u. If, in addition,

∫ 1

0

e
∫ 1

r
|u′(σ)|q−(p−1)dσ|u′|qrN−1dr < ∞,

then c0 = 0.

Proof. The existence of λ∗ follows directly, using the same argument as in [12] and [1],
where the summability condition on f is also driven.

Consider now the function v defined by

v(r) = e
1

γ−1

∫ 1
r
|u′(σ)|q−(p−1)dσ − 1.

By the result of the previous lemma and using Hölder inequality, we obtain that v ∈
W 1,α

0 (B1(0)) for all α < (γ−1)N
N−1 where γ = q

q−(p−1) .

Let H(s) =
s

1 + εs
and define vε by

vε(r) = e
1

γ−1

∫ 1
r
| d H(u(r))

dr |q−(p−1)dσ − 1 ≡ e
1

γ−1

∫ 1
r

(
|u′(σ)|

(1+εu(σ))2
)q−(p−1)dσ − 1.

It is clear that vε ↑ v as ε → 0 and vε ∈ W 1,γ
0 (B1(0)). A direct computation shows that

−v′ε(r) =
(vε + 1)
γ − 1

( −u′(r)
(1 + εu(r))2

)q−(p−1)

=
1

γ − 1

(
−u′(r)H ′(u(r))

)q−(p−1)

(vε+1).
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Thus,

1
rN−1

((−v′ε(r))
γ−1rN−1) =

( 1
γ − 1

)γ−1 1
rN−1

{(
−u′(r)H ′(u(r))

)p−1

(vε+1)γ−1rN−1
}

.

Therefore

1
rN−1 ((−v′ε(r))

γ−1rN−1) =

( 1
γ−1 )γ−1

{
(vε + 1)γ−1(−∆p(H(u)) + (γ + 1)v′(r)(v + 1)γ−2

(
− u′(r)H ′(u(r))

)p−1}
.

Notice that

−∆p(H(u)) = (H ′(u))p−1(−∆pu)− (p− 1)H ′′(u)(H ′(u))p−2|∇u|p; (2.6)

hence

1
rN−1

((−v′ε(r))
γ−1rN−1) =

( 1
γ − 1

)γ−1{λf(r)(vε + 1)γ−1

(1 + εu)2(p−1)
+
|u′|q(vε + 1)γ−1

(1 + εu)2(p−1)
+

2ε(p− 1)|u′|p(vε + 1)γ−1

(1 + εu)2p−1

}
−

( 1
γ − 1

)γ−1

(vε + 1)γ−1 |u′|q
(1 + εu)2q

.

(2.7)
Consider

Iε(r) =
( 1

γ − 1

)γ−1 λf(r)(vε + 1)γ−1

(1 + εu)2(p−1)

and

Jε(r) =
(vε + 1)γ−1

(γ − 1)γ−1

{ |u′|q
(1 + εu)2(p−1)

+
2ε(p− 1)|u′|p
(1 + εu)2p−1

− |u′|q
(1 + εu)2q

}
.

Then Iε(r), Jε(r) ≥ 0. Using the definition of vε and the Dominated Convergence Theo-
rem we easily get that

Iε(r) →
( 1

γ − 1

)γ−1

λf(r)(vε + 1)γ−1.

We claim that Jε is uniformly bounded in L1(B1(0)), independently of ε. To see this, we
consider the function wε defined by

w(x) ≡ wε(r) =
(vε + 1)γ−1

(1 + εu)2(p−1)
− 1,

then

w′ε(r) =
2ε(p− 1)(vε + 1)γ−1|u′|

(1 + εu)2p+1
− (vε + 1)γ−1|u′|q−(p−1)

(1 + εu)2q
.
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Using wε as a test function in (1.1), it follows that
∫ 1

0

|u′|qrN−1dr =
∫ 1

0

|u′|q(wε + 1)rN−1dr +
∫ 1

0

2ε(p− 1)(vε + 1)γ−1|u′|p
(1 + εu)2p+1

rN−1dr

−
∫ 1

0

|u′|qrN−1dr
(vε + 1)γ−1|u′|q

(1 + εu)2q
+

∫ 1

0

f(wε + 1)rN−1dr

=
∫ 1

0

Jε(r)rN−1dr +
∫ 1

0

f(wε + 1)rN−1dr.

Since
∫ 1

0

|u′|qrN−1dr < ∞, we conclude that
∫ 1

0

Jε(r)rN−1dr is uniformly bounded

independently of ε. Thus, there exists a positive radial Radon measure µ such that Jε ⇀ µ
in the sense of measures. It is clear that

∫

u≤k

Jε(r)rN−1dr → 0 as ε → 0 for all k ≥ 1.

Hence we conclude that the measure µ is supported on the set A ≡ {u ≡ ∞}. Using the
fact that u is a radial function such that u ∈ W 1,q

0 (B1(0)), it follows that A = {0}. Thus
µ = c0δ0 where c0 > 0 depends only on u.

Let φ ∈ C∞0 (B1(0)). Using φ as a test function in (2.7) and passing to the limit as
ε → 0, from the above estimate, we get

∫

B1(0)

|∇v|γ−2∇v∇φdx =
λ

(γ − 1)γ−1

∫

B1(0)

f(vε + 1)γ−1φdx + c0φ(0).

Hence the result follows.
In the case where

∫ 1

0

e
∫ 1

r
|u′(σ)|q−(p−1)dσ|u′|qrN−1dr < ∞,

we conclude that
∫

B1(0)
Jε(r)rN−1dr → 0 as ε → 0. Hence c0 = 0.

3 Multiplicity result

In this section we will prove that problem (1.1) has infinity many radial positive solutions.
We begin by the following definitions.

Definition 3.1 Let γ > 1 and consider A ⊂⊂ B1(0), we say that A is a set of zero
capacity with respect to W 1,γ

0 (B1(0)) if

Cap1,γ(A) ≡ inf{
∫

B1(0)

|∇φ|γdx | φ ∈ W 1,γ
0 (B1(0)) and φ ≥ 1 in A} = 0.
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As a consequence we have the next definition.

Definition 3.2 Let µ be a bounded positive Radon measure, we say that µ is a singular
measure with respect to W 1,γ

0 (B1(0)) capacity if A ≡ Supp(µ) satisfies Cap1,γ(A) = 0.

Since we are considering radial solution, then we will deal with radial positive singular
measures, notice that by a radial measure we means a bounded Radon measure µ such that
µ = lim

n→∞
hn in M0(B1(0)), the set of Bounded Radon measure, with hn ∈ L∞(B1(0))

and hn is a radial.
The following lemma gives a complete characterization of the set of singular radial

positive measures.

Lemma 3.1 If µ is a singular radial positive Radon measure, then µ = c0δ0, c0 ≥ 0.

Proof. Without loss of generality we can assume that µ 6= 0. Let {hn} a sequence of a
bounded radial positive functions such that hn ⇀ µ in M0(B1(0)), then consider wn, the
unique positive radial solution to problem

{ −∆γwn = hn in B1(0),
wn = 0 on ∂B1(0).

It is clear that wn is a radial function with |wn(x)| ≤ C|x|−N for all n. Since µ is a singular
measure, it follows that for all ε > 0, there exits an open set Uε such that Supp(µ) ≡ A ⊂⊂
Uε and cap1,γ(Uε) ≤ ε. Hence we get the existence of φ ∈ C∞0 (B1(0)) such that φ ≥ 0,
φ ≡ 1 in Uε and

∫
B1(0)

|∇φ|γdx ≤ 2ε. Using A Picone’s type inequality as in [3], it
follows that∫

B1(0)

|∇φ|γdx ≥
∫

B1(0)

−∆γwn

wγ−1
n

|φ|γdx ≥ C

∫

Uε

|x|(γ−1)N hndx.

Hence we conclude that
〈µ, |x|(γ−1)N 〉 = 0,

since µ is a positive measure, then µ = cδ0 and the result follows.

Remarks 3.1 If γ > N , we have W 1,γ
0 (B1(0)) ⊂ C(B̄1(0)), thenM0(B1(0)) ⊂ W−1,γ′ ,

thus from [7] it follows that

{µ ∈M0(B1(0)) |µ is a singular measure } = {0}.
The main result in this section is the following.

Theorem 3.1 Assume that q ≥ (p−1)N
N−1 . Let f be a positive radial function such that

f ∈ Lθ(B1(0)) with θ > (q−(p−1))N
q . Then there exits λ∗ > 0 such that for all

λ < λ∗, problem (1.1) has infinity many positive solutions such that for all c < 1,
we have ∫ 1

0

ec
∫ 1

r
|u′(σ)|q−(p−1)dσ|u′|qrN−1dr < ∞.

If q ≥ p, then
ecuq−(p−1) |∇u|q ∈ L1(Ω) for all c < 1.
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Proof. We follow closely the approach used in [1]. Let begin by analyzing the following
quasilinear elliptic problem with measure data.

Consider γ = q
q−(p−1) ≡ ( q

p−1 )′, using the main hypothesis on q, it follows that 1 <

γ ≤ N . We set g(x) ≡ ( 1
γ−1 )γ−1f(x), then g is a radial function such that g ∈ Lθ(B1(0))

with θ > (q−(p−1))N
q = N

γ . Consider the next quasilinear elliptic problem

{ −∆γv = λg(x)(v + 1)γ−1 + c0δ0 in B1(0)
v = 0 on ∂B1(0), (3.8)

where c0 > 0, notice that since γ ≤ N , then δ0 is a singular measure in the sense of
definition 3.2.

Using the same argument as in [1] and [13], we get the existence of λ∗ > 0 depending
only on g, γ and B1(0) and independent of µ, such that for all λ < λ∗, problem (3.8) has
a minimal positive solution v. Notice that v = lim

n→∞
vn, where vn is the unique solution to

the problem
{ −∆γvn = λg(x)(vn + 1)γ−1 + hn in B1(0),

vn = 0 on ∂B1(0), (3.9)

and {hn} is a sequence of radial positive bounded functions such that ||hn||L1 ≤ C and
hn ⇀ c0δ0 in the sense of measures.

Using the classical result about renormalized solutions, we can prove that Tk(vn) →
Tk(v) strongly in W 1,γ

0 (B1(0)) and |∇vn|γ−1 → |∇v|γ−1 strongly in Lα(B1(0)), for all
α < N

N−1 .
We set

un(x) = (γ − 1)
1

q−(p−1)

∫ 1

|x|

( −v′n(ρ)
vn(ρ) + 1

) 1
q−(p−1)

dρ. (3.10)

It is clear that |∇un| = (γ − 1)
1

q−(p−1)

(
−v′n
vn+1

) 1
q−(p−1)

. Thus,

−∆pun = |∇un|q + λf(x) + (γ − 1)
p−1

q−(p−1)
hn(|x|)

(vn + 1)γ−1
.

Since vn is a radial solution to (3.9), it follows that vn satisfies the nonlinear differential
equation

1
rN−1

d

dr

(
(−v′n(r))γ−1rn−1

)
= λg(r)(vn(r) + 1)γ−1 + hn(r). (3.11)

It is not difficult to prove that
∫

B1(0)

|∇un|qdx = (γ−1)γ

∫ 1

0

(
−v′n(r)

vn(r) + 1

)γ

rN−1dr ≤ C.

Hence we get the existence of u ∈ W 1,q
0 (B1(0)) such that un ⇀ u weakly in W 1,q

0 (B1(0)).

We claim that
hn

(vn + 1)γ−1
→ 0 in D′(Ω). To prove the claim we argue as in the

proof of Lemma 3.1. Using the fact that cap1,γ({0}) = 0, it follows that for all ε > 0,
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there exits an open set Uε such that 0 ∈ Uε and cap1,γ(Uε) ≤ ε. Since γ ≤ N , then for
all ε > 0, we get the existence of φ ∈ C∞0 (B1(0)) such that φ ≥ 0, φ ≡ 1 in Uε and∫

B1(0)
|∇φ|γdx ≤ 2ε. Using A Picone’s type inequality as in [3], it follows that

∫

B1(0)

|∇φ|γdx ≥
∫

Ω

−∆γ(vn + 1)
(vn + 1)γ−1

|φ|γ dx ≥
∫

Uε

hn

(vn + 1)γ−1
dx.

Thus
∫

Uε

gn

(vn + 1)γ−1
dx ≤ 2ε for all n. Let ψ ∈ C∞0 (Ω) be a test function, we show that

lim
n→∞

∫

B1(0)

|ψ| gn

(vn + 1)γ−1
dx = 0.

Notice that
∫

B1(0)

|ψ| gn

(vn + 1)γ−1
dx| ≤ ||ψ||∞

∫

Uε

gn

(vn + 1)γ−1
dx +

∫

B1(0)\Uε

|ψ| gn dx ≤ ε||ψ||∞.

Since gn → µs in M0(B1(0)) and from the fact that µ is concentred on A ⊂ Uε, there
results ∫

B1(0)\Uε

|ψ| gn dx → 0 for n →∞.

Thus the claim follows.
To finish, we have just to prove that |∇un|q → |∇u|q strongly in L1(B1(0)). This fact

is equivalent to show that
( |∇vn|

vn + 1

)γ

→
( |∇v|

v + 1

)γ

strongly in L1(B1(0)).

Using the properties of renormalized solutions, see [9], we have Tk(vn) → Tk(v) strongly

in W 1,γ
0 (B1(0)). Hence

( |∇vn|
vn + 1

)γ

→
( |∇v|

v + 1

)γ

a.e in B1(0), as a consequence, using

Vitali’s Theorem we have only to prove the equi-integrability of the sequence
{(

|∇vn|
vn+1

)γ}
n

.

Let E ⊂ Ω a measurable set, then for all δ ∈ (0, p− 1) and k > 0,
∫

E

( |∇vn|
vn + 1

)γ

dx =
∫

E∩{vn≤k}

( |∇vn|
vn + 1

)γ

dx +
∫

E∩{vn>k}

( |∇vn|
vn + 1

)γ

≤
∫

E

|∇Tk(vn)|γ dx +
1

(1 + k)δ

∫

Ω

|∇vn|γ
(vn + 1)γ−δ

dx.

Using 1− 1
(vn + 1)γ−δ−1

as a test function in (3.9) where δ is chosen such that γ − δ > 1,

it follows that the last integral is uniformly bounded independently of n. Thus the corre-
sponding term can be made small if k is large enough. Moreover, since Tk(vn) → Tk(v)
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strongly in W 1,γ
0 (B1(0)) for all k > 0, we obtain that the integral

∫
E
|∇Tk(vn)|γ dx is

uniformly small if meas (E) is small. Therefore the equi-integrability of |∇un|q results
directly. Hence |∇un|q → |∇u|q strongly in L1(B1(0)).

Since q > p− 1, then it is clear that −∆pun → −∆pu in D′(B1(0)). Hence u solves

problem (1.1) with |∇u|q =
(
|∇v|
v+1

)γ

≡ |∇ log(1 + v)|γ , that insures the multiplicity of
the solutions when we change the singular measure in problem (3.9).

We prove now the regularity part. Using the definition of v and u we get

uq−(p−1)(x) = (γ − 1)
(∫ 1

|x|

( −v′(ρ)
v(ρ) + 1

) 1
q−(p−1)

dρ
)q−(p−1)

.

Assume that a > 0, using 1 − 1
(1 + v)a

as a test function in (3.8) ( which follows by

approximation), we obtain that
∫

B1(0)

|∇v|γ
(1 + v)1+a

dx < ∞.

From (3.10) and by the fact that u is a radial function, we obtain that

u′(r) = −(γ − 1)
1

q−(p−1) (
−v′(r)
v(r) + 1

) 1
q−(p−1)

,

and then
ec

∫ 1
r
|u′(s)|q−(p−1)ds = (v + 1)c(γ+1).

Choosing c < 1 and by setting a = (1− c)γ + c− 1 > 0, it follows that

|∇v|γ
(1 + v)1+a

= ec
∫ 1

r
|u′(s)|q−(p−1)ds|u′|q.

Thus ∫ 1

0

ec
∫ 1

r
|u′(σ)|q−(p−1)dσ|u′|qrN−1dr ≡

∫

B1(0)

|∇v|γ
(1 + v)1+a

dx < ∞.

If q ≥ p, then q − (p− 1) ≥ 1, therefore using Jensen’s Inequality we obtain that

uq−(p−1)(x) ≤ (γ − 1)(1− r)q−(p−1)−1

∫ 1

|x|

−v′(ρ)
v(ρ) + 1

dρ ≤ (γ − 1) log(v(r) + 1).

Hence it results that

ecuq−(p−1) ≤ (v + 1)c(γ−1) for all c > 0.

As above, if we consider c < 1 and by setting a = (1− c)γ + c− 1 > 0, we conclude that
∫

B1(0)

ecuq−(p−1) |∇u|q ≤
∫

B1(0)

(γ − 1)γ |∇v|γ
(v + 1)1+a

dx < ∞,

and then the result follows.
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Remark 3.1 In the case p = 2, then for q < N
N−1 it is proved in [4] that problem (1.1)

has a unique positive solution under some condition on f and λ. Hence the multiplicity
result of Theorem 3.1 shows that the condition on q is optimal. Notice that if q < N

N−1 ,
then γ > N and hence the set of singular Radon measure is empty. Therefore it seems
to be natural to conjecture that for the general p − Lapcian equation, if we assume that
q < (p−1)N

N−1 , then problem (1.1) has a unique positive solution under some hypothesis on
λ and f .

4 The case p = q = 2: Some extensions

We deal now with the case where p = q = 2 and under the presence of some weight.
Namely we assume that a is a positive radial function such that 0 < α1 ≤ a(x) ≤ α2 for
all x ∈ B1(0). We consider the next problem

{ −∆u = a(x)|∇u|2 + λf(x), in B1(0)
u = 0 on ∂B1(0), (4.12)

where f is a radial function such that f ∈ Lθ(B1(0)), θ > N
2 .

Theorem 4.1 Assume that a and f satisfy the above hypotheses, then problem (4.12)
has infinity many radial positive solutions u, such that e(δ1 inf a)u−1 ∈ W 1,2

0 (B1(0)),
for all δ1 < 1

2 .

Proof. Consider the following approximated semilinear problems
{ −div(b(x)∇vn) = λf(vn + 1) + hn in B1(0),

v = 0 on ∂B1(0), (4.13)

where b(x) = 1
a(x) and {hn} is a family of radial positive functions such that ||hn||L1 ≤ C

and hn ⇀ c0µs in the sense of measures with c0 ≥ 0. It is not difficult to show that
Tk(vn) → Tk(v) strongly in W 1,2

0 (B1(0)) and vn → v in W 1,α
0 (B1(0)) for all α < N

N−1 ,
where v solves

{ −div(b(x)∇v) = λf(v + 1) + c0δ, in B1(0)
v = 0 on ∂B1(0). (4.14)

We set

un(x) =
∫ 1

|x|
b(r)

−v′n(ρ)
vn(ρ) + 1

dρ.

Then

−∆un = a(x)|∇un|2 + λf(x) +
hn(|x|)
vn + 1

.

Using the argument of the section 2, it follows that
∫

B1(0)
|∇un|2dx ≤ c and

hn

vn + 1
→ 0.

Therefore we can prove that un → u strongly in W 1,2
0 (B1(0)), where u is a radial function

that solves problem (4.12) with |∇u|2 = b2(x)|∇(log(v + 1))|2. Hence the result follows.
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4.1 The case of p = q = 2 in general domain with the presence
of a first order term

Let us now consider the following problem
{ −∆u = |∇u|2 + 〈b(x),∇u〉+ λf(x) in Ω,

u = 0 on ∂Ω,
(4.15)

where Ω is a bounded domain not necessary a ball and b(x) ∈ (Lα(Ω))N with α > N .

Theorem 4.2 Let f be a non negative function such that f ∈ Lp(Ω) for p > N
2 .

Assume that b(x) ∈ (Lα(Ω))N where α > N . Then problem (4.15) has infinity
many positive solutions.

Proof. We follow closely the argument used in [1]. Let µs be a singular Radon positive
measure with respect to the classical capacity Cap2 associated with the norm of W 1,2

0 (Ω).
We get the existence of a sequence of bounded positive functions hn such that ||hn||L1(Ω) ≤
C and hn ⇀ µs in the sense of measures. Consider the next problem

{ −∆vn = λf(x)(vn + 1) + 〈b(x),∇vn〉+ hn in Ω,
vn = 0 on ∂Ω.

(4.16)

Then there exits a positive constant λ∗ depending only on f such that problem (4.16) has a
unique positive solution for all λ < λ∗. We claim that ||vn||W 1,q

0 (Ω) ≤ C for all q < N
N−1 .

To prove the claim we follow closely the argument used in [4], namely we take z(vn) as a
test function in (4.16), where z(s) is defined by

z(s) =





1 if s ≥ t + s,
(s−t)+

s in t ≤ s ≤ t + s,
0 in 0 ≤ s ≤ t.

Therefore by Lemma 3.2 in [4], using the same computation as in the proof of Theorem
3.1 in [4], we get the existence of a positive constant C such that ||vn||W 1,q

0 (Ω) ≤ C for

all q < N
N−1 and the claim follows. Thus we get the existence of v ∈ W 1,q

0 (Ω) such that
vn ⇀ v weakly in W 1,q

0 (Ω) for all q < N
N−1 . It is clear by the main result on b(x) that

〈b(x),∇vn〉 → 〈b(x),∇v〉 strongly in L1(Ω).

Hence v solves



−∆v = λf(x)(v + 1) + 〈b(x),∇v〉+ µs in Ω,

v ∈ W 1,q
0 (Ω) ∀q < N

N−1 .
(4.17)

We set un = log(vn + 1). Then un ∈ W 1,2
0 (Ω) and satisfies

−∆un = |∇un|2 + 〈b(x),∇un〉+ λf(x) +
hn

vn + 1
.
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Notice that as in [1], using A Picone type identity, we can prove that the last term goes to
zero in D′(Ω) as n → 0. Moreover, we easily conclude that un → u strongly in W 1,2

0 (Ω),
where u solves

−∆u = |∇u|2 + 〈b(x),∇u〉+ λf(x)
and Suppµs ⊂ {u = ∞}. Changing the measure µs we get the desired multiplicity result.

Remark 4.1 Notice that the integrability condition on b is optimal in the sense that without
this condition we need to add some additional hypotheses on the measure µ to get the
existence of a positive solution to problem (4.17). We refer to [2] where the case b(x) =

x
|x|2 is studied. A necessary condition on the behavior of µ near 0 is assumed to ensure the
existence of a positive solution.
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