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Abstract

We discuss existence and multiplicity of solutions of the one-dimensional autonomous pre-
scribed curvature problem

- (u//\/1+u/2)l — f(u), u(0)=0, u(l) =0,

depending on the behaviour at the origin and at infinity of the function f. We consider
solutions that are possibly discontinuous at the points where they attain the value zero.
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1 Introduction

In this paper we discuss existence and multiplicity of solutions of the curvature problem
—(p(u)) = f(u), u(0)=u(l)=0, (1.1)

where ¢(s) = ——, and
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(ho) f:R — Ris a continuous function such that f(s) - sign(s) > 0 for all s # 0 and
lim F(s) = o0, with F(s) = / F (&) de.
0

s—+oo

In our study we have in mind the works by M. Garcia-Huidobro, R. Mandsevich and
F. Zanolin [3, 4, 5], who studied multiplicity and nodal properties of solutions of problem
(1.1), with ¢ an increasing homeomorphism from R onto R, based on the analysis of some
generalized Fucik spectrum. Our aim is to extend this kind of result to problem (1.1). In
particular we get information on existence and multiplicity of solutions with given nodal
properties of (1.1) from the knowledge of the limits
@ = lim £() A_ = lim 1(5) A lim 1(5)

LT Lo p(s) s p(s)’ T ame os)”

= sl—lglf ©(s)
A difficulty in studying the curvature equation derives from the fact that the correspond-
ing homeomorphism ¢ is not onto R. Non-surjective p—Laplacian type equations have
recently received some attention in the literature (see [1, 7] and the references therein).

A vast part of the literature on curvature problems follows a variational approach. It is
usual to study the relaxed functional naturally associated with (1.1) in the space BV (0, 1)
of functions of bounded variation (see e.g.[6, 8]). This implies that the obtained solutions
may be highly non-regular. The interest in considering non-regular solutions of (1.1) also
stems from the fact that, in this context, functions occur which solve the equation in (1.1)
everywhere except at points where the tangent is vertical. This is already evident if we
consider the case f(u) = 1. Solutions of this kind have been considered for example in
[2], where, still in a variational frame, an elliptic regularization approach has been proposed
for studying positive solutions of (1.1) with f positive on |0, +o0c[. In particular, a positive
solution of (1.1) is concave and, hence, vertical tangents may appear only at the endpoints
of the domain. Accordingly, the following notion of solution has been introduced in [2].

Definition A solution of (1.1) is a function u : [0,1] — R, with v € C?(]0, 1]) and
u' € C°([0, 1], [~o0, +00]), satisfying — (¢(u’))" = f(u) in]0, 1[, and u(0) = u(1) = 0.
According to this definition, a solution u may be discontinuous only at the endpoints
of the interval [0,1] and, in this case, either v/(0) = 400 or v/(1) = —oo, while w is
C? in )0, 1[. If we consider only positive solutions, this definition takes into account all
possible points with vertical tangent. As we are interested here in solutions which possibly
change sign on [0, 1], however, adopting such a definition would prevent a solution from
having points with vertical tangent in the interior of the interval. Due to assumption (hy),
a solution u of (1.1) is concave on all intervals where it is positive and it is convex on all
intervals where it is negative; hence, we may expect the presence of vertical tangents in the
points where the function changes sign. A reasonable way to adapt the definition above
might be to say that a function « : [0,1] — R is a solution of (1.1) if there are points
0=ty <t1 <...<ty = 1such that, for each k, the restriction u|[tk—1;tk] is a solution
in the above sense, with the interval [0, 1] replaced by [t;_1, tx]. Such a solution, however,
would lack some properties we would like to keep. For example, if a solution « jumped to
0 at some intermediate point ¢, there would possibly be infinitely many ways to continue
u onto the subsequent interval. On the other hand, the conservative nature of the problem
suggests to choose, among all possible continuations, the one that preserves the energy.
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In this paper we restrict our study to the curvature equation on the unit interval. Our
results however might be generalized to problem (1.1) on an interval of any length and for
a more general non-surjective and not necessarily odd homeomorphism ¢.

We finally mention that the arguments we describe hereby for the Dirichlet problem
(1.1) may be used to obtain counterparts of Theorem 2.1 for the periodic problem or for the
Neumann problem associated with the equation

These subjects will be investigated elsewhere.

2 Results

We settle some notation we shall use all along the paper. Given any function g : R — R

we denote by g_ and g, the restrictions of g on ] — 00, 0] and on [0, +-00], respectively.
S

The correspondent capital letter will denote the primitive G(s) = / g(&) d. In particular
0

D(s) =vV1+s2-1.

For any s € R we define

For s € [0, 1] we set

Notice that, for s € [0, 1], we have

511(3) _ (£|[0)+m[)*1(3) = X\([«:) and LZ'(s) = (L"]—oo,o])il(s) = _X\(/sg)'

We associate with equation (1.1) the energy function
E(u,v) = L(v) + F(u).

Definition 2.1 Let w : [0,1] — R be a given function. Assume there exists a decom-
position of the interval [0, 1] with nodes 0 =ty < ¢; < ... < tx = 1 such that, for
each k, u(tr—1) = u(ty) = 0, the restriction uy, := uly, , 4, belongs to C?(Jtx_1, tx|)
and wuy, satisfies

—(p(up)) = flug) —in Jtgr, til.

Suppose further that u’ € C°([0, 1], [—o0, +00]) and E(u,u’) is constant on ]0, 1]\
{to,t1,...,tn}. Then u is said to be a solution of (1.1) with N bumps.

In case v/ € C°([0,1],R), and hence u € C?([0,1]), the solution u is called
classical, otherwise it is called non-classical.
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We compute the time-map T : R \ {0} — R for the equation in (1.1) as follows:

FZH(F(r)-1) 1 . »
Ty(r) = Q/T E;I(F(T)—F(s)) ds ifr<FZ°(1),

0 1 P
Q/T LR — F(9)) ds if F71(1) <r <0,
(1.2)

ds if0<r<F (1),

s 1
2/0 L (F(r) — F(s)
r 1
ds
2/F_1(F(r)1) LT (F(r) = F(s))

+

iftr > F;'(1).

For h > 0 we also set
op(h) = Tr(FyH(h)); 7p(h) = Ty(FZ* (h)).

Note that T’ is continuous on R \ {0} while oy and 74 are continuous on ]0, 4-o0[.
Fix any r # 0 and let u : | — ¢, ¢[ — ]0, +o0] be a positive non-extendible solution, if
r > 0, or a negative non-extendible solution, if » < 0, of the Cauchy problem

—(p() = f(u), u(0)=r, «'(0)=0. (1.3)

Then T (r) = 2¢ computes the life-time of u, oy(h) is the life-time of a positive
solution u with maxu = F ' (h) and 7 (h) is the life-time of a negative solution u with
minu = F~'(h).

Notice that E(u(t),u'(t)) = F(r) forall t € ] — (, ¢[. Further, for each energy level
h € ]0, +oo] there exist a positive solution

505 (h). 5o ()] = 10, +oo]

Upos * | —

of (1.3) and a negative solution

tnes 1] = 57(), 577 (B)[ =] = o0,0]

of (1.3).

If h < 1, then the function upes will have a C' I extension onto the closed interval
[—204(h), 2o (h)] by setting wpos(—20f(R)) = Upos(20(h)) = 0 and the function tpeg
has a C! extension onto the closed interval [— 17/ (h), 27 (h)] by setting uneg (— 277 (h)) =
tneg (377 (1)) = 0.

If h > 1 then the function up.s has a continuous extension onto the closed interval
[—30¢(h), 20(h)] and the function uyeg has a continuous extension onto the closed in-
terval [—37¢(h), $74(R)]; if b = 1 then upos(—307(h)) = upos(304(h)) = 0 and
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uneg( 7Tf(h ) = uneg(%Tf(h)) =0,ifh > 1thenupos( Jf(h)) = upos(% f( )) >0
and uneg —37¢(h) = uneg(lrf(h)) < 0. In these cases we have U os(—30¢(h)) =
upos( ( )) —00, U Tf(h)) = —oo and uneg( Tf(h)) +oo.

The proof of the following proposition is straightforward.

neg(

Proposition 2.1 Assume [ satisfies (ho) and let k € N\ {0}, h € ]0,+o0].
(i) There exists a solution w of (1.1) with 2k bumps and energy h if and only if

koy(h) + krp(h) = 1.

(i4) There exists a solution uw of (1.1) with 2k — 1 bumps and energy h if and only
if either

kog(h) + (k—1)14(h) =1 or (k—1)os(h)+ krs(h) =1

Remark 2.1 In case (i) there are in fact two solutions. A first solution w; is such
that «}(0) > 0 and wj(1) > 0; the second solution is us(t) = ui(t + o¢(h)) on
(0,1 —0¢(h)[ and ua(t) = ui(t — 74(h)) on [1 — o¢(h),1] and is such that u5(0) <0
and uh(1) < 0.

In case (i), if kog(h) + (k — 1)7(h) = 1, the solution u is such that «’(0) > 0
and v/(1) < 0, if (k — 1)os(h) + k7y(h) = 1, the solution u is such that u/(0) < 0
and v'(1) > 0.

We now verify the monotonicity of the time-map 7y with respect to f.

Lemma 2.1 (Monotonicity of T;(r) with respect to f at infinity).
(1) Assume g1 and go satisfy (ho) and there exists M > 0 such that g1(s) < ga(s)
for all s > M. Then there exists M' > M such that Ty, (r) > Ty, (r) for allr > M'.

(i) Assume g1 and go satisfy (ho) and there exists M > 0 such that g1(s) < ga(s)
for all s < —M. Then there exists M’ > M such that T, (r) < Ty, (r) for all
r< —M'.

Proof. We prove (7). Assume g1 (s) < go(s) forall s > M. Forallr > M and s € [M, 7]
we have

i) -Gi9) = [ 0@ de< [ p(©de =Gl -Gl (1)
Fix M’ > (G2)7'(G2(M) + 1) > M and note that M’ > (G2);'(1). Then, for all

r > M’, we have
(G1)FH(Gi(r) = 1) < (G2) 7' (Ga(r) = 1). (1.5)
Indeed, as M < (G2);'(Ga(r) — 1) < r, by (1.4) we obtain

Gi(r) — G1((G2) ;1 (Ga(r) — 1)) < Ga(r) — Ga((G2) ' (Ga(r) — 1)) = 1.
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By (1.4) and observing that (G2);'(Ga(r) — 1) > 0 we get, forall r > M,

T

r 1
() =2 / _ s
! (@)1 (@a(r)—1) L1 (Ga(r) — Ga(s))

" 1
< 2/ — ds.
(G2)7(Ga(r)-1) L1 (G1(r) — Gi(s))

If G1(r) < 1 then

" 1
722 || Zr ey

if G1(r) > 1 then, by (1.5),

r 1
1.0 <2 : :
! (@) (G (-1) £L1H(G1(r) = Gi(s)) !

and in both cases the claim is proved.
The proof of (i7) follows from a symmetric argument.

Lemma 2.2 (Monotonicity of T¢(r) with respect to f at zero).

(i) Assume g1 and go satisfy (ho) and there exists M > 0 such that g1(s) < ga(s)

for all s € [0, M]. Then there exists M' € 10, M| such that Ty, (r) > Ty, (r) for all

r e [0, M'].

(19) Assume g1 and go satisfy (ho) and there exists M > 0 such that g1(s) < ga(s)

for all s € [-M,0]. Then there exists M' € |0, M| such that Ty, (r) < Tg,(r) for all
€ [-M',0].

Proof. We prove (7). Assume g1(s) < go(s) for all s € [0, M]. For all » € ]0, M] and
s € [0, r[ we have

i) = Gi(s) = [ 9©de < [ ga(6)d = Galr) — Gals).

Fix M’ € 0, min{M, (G1);'(1), (G2)1" (1)}[. Then, for all r € [0, M'], G (r) < 1,
and

/c L(Ga(r /c LG (r G())dS:Tgl(T)'

The proof of (ii) follows from a symmetric argument.

Lemma 2.3 (Limits of T),) For any A >0

2 .
Jim T =5 and I Ta(r) =

=k
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Proof. We start with the first limit. If > ®7'(+), we compute

r 1
T)\ (7’) == 2/ — ds =
’ o7 @(m)—1) L1 (AD(r) — A(s))

1 Vi+r? -

) ¢
*2/0 NBFTRITTERY / N ;;_

where we made the change of variable t = A®(r) — A®(s). A

Tx®
/O \/%dt_l,

we conclude that lim Ty, (r) = % Since Th, iseven, lim T\, (r) = % as well.
r——400 r——00

dt

We now consider the second limit. If 0 < r < <I>4__1 (%), we compute

" 1
DA =2 ), E0ae e
=2 Ao )\(I)(Tt)x()\q)(r) —AD(rt)) dt

Further,

K02 =20 = x (A ) — (0 =

Sl

asr — 0. Also

rlx/\/1+r2+\/1+t2r24)\/§ 1
VAR = A(rt) VA VI—t2 AVI—¢2

_ . . . _ox
as 7 — 0. Hence rli%l Tap(r) = - Since T, is even, }13(1) Tap(r) = 75 as well.

In what follows we shall consider the limits at zero or at infinity of the quotient f/¢.
In order to avoid a separate discussion for the cases when these limits are infinite or zero
we shall agree on the following convention.

Notation 2.1 For any ¢ > 0, whenever we assign to a given parameter A € [0, +00]

the value 0, by writing % or -~ we mean +oo, whenever we assign to A the value

N
400, by writing % or % we mean 0. We also agree that, for any A € [0, +00],

(+00) + A = A+ (+00) = +00.

Lemma 2.4 (Limits of Ty) Assume f satisfies (ho).

(7) If lim fs) = a4 exists, then hm Ty(r) = \/%.

—0+ ¢(s)
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(#9) If lim 1(s) = a_ exists, then lim Ty(r) = A
s—0~ ©(s) r—0- Ja—

(#1) If lim 1(s) = A, exists, then lim T¢(r) = 2
s=too p(s) rtoo TN T AL

2

() If SEIPOO (pgsi = A_ exists, then TLiEnOC Ty(r) = iR

Remark 2.2 As ¢(s) behaves like s at zero and like £1 at +o00, we can equivalently
consider the limits lim @ and hm f(s).

s—0

Proof. (i) We consider three cases.

o Assume a4 = 0 and fix € > 0. Then there exists M, > 0 such that
f(s) <ep(s) for all s € ]0, M,].
By Lemma 2.2 there exists M. > 0 such that
Tep(r) <Ty(r) for all 7 € 10, M.

Since, by Lemma 2.3, }12% T.p(r) = 7= we conclude that Tli]%l T¢(r) = 4o0.
e Assume 0 < a4 < 400 and fix 0 < € < a4. Then there exists M, > 0 such that

(ayx —e)p(s) < f(s) < (agx +€)p(s) for all s € ]0, M,].
By Lemma 2.2 there exists M/ > 0 such that

Tlayte)p(r) < Tr(r) < Tia, —e)p(r) for all 7 € ]0, M]].
Therefore we have

lim Tq, 4e)p(r) < hmlnfo( r) <limsup Ty (r) < rli%l+ Tar—e)p(r).

r—0+ r—0+ r—0+

Since, by Lemma 2.3,

. m . 77
lim Tay+e)p(r) = N and  lim Tay—c)p(r) = o=
we conclude that 7-11%1 Ty(r) = T

e Assume a4 = +o00 and fix k£ > 0. Then there exists M} > 0 such that
f(s) > ke(s) for all s € |0, My].
By Lemma 2.2 there exists M/;, > 0 such that
Typ(r) > Ty(r) for all 7 € 10, M}].

T

Since, by Lemma 2.3, lin% Tip(r) = 5> we conclude that lim Ty(r) = 0.

r—0
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(%) This is proved as in () by a symmetric argument.
(#i1) As in (i) we consider three cases.
e Assume Ay = 0 and fix ¢ > 0. Then there exists M. > 0 such that

f(s) <ep(s) for all s € [M,, +o0].
By Lemma 2.1 there exists M/ > 0 such that
T.p(r) <Ty(r)  forallre [M., +oof.

Since, by Lemma 2.3, lirjra Tep(r) = %, we conclude that lim Ty(r) = +oo.

r——400

o Assume 0 < Ay < +oo and fix 0 < € < A,. Then there exists M. > 0 such that
(Ar —e)p(s) < f(s) < (At +e)p(s) for all s € [M,, +o0].
By Lemma 2.1 there exists M. > 0 such that
Tia,4e)p(r) STp(r) < Tia, —o)p(r) for all 7 € [M., +o0].
Therefore we have

lim T, 4e)p(r) < liminf Tp(r) < limsup Ty (r) < liT Tia,—e)p(r)-

r—-+4oo r——4o0 r——4o00
Since, by Lemma 2.3,

2 2

- A+ + € and Tllrjlzlloo T(A'*'_E)Lp(r) - A+ — E’

lim T(A++s)<p(7")

r—+oo

i — 2
we conclude that TETDO Ty(r) = Ve

e Assume Ay = 400 and fix £ > 0. Then there exists M} > 0 such that
f(s) > kep(s) for all s € [My, 400l
By Lemma 2.1 there exists M, > 0 such that
Typ(r) > Ty(r)  forallr e [My,+ool.
Since, by Lemma 2.3, TETOO Tye(r) = 2, we conclude that TETOO Ty(r) =0.

(iv) This is proved as in (4i7) by a symmetric argument.

Lemma 2.5 (Conditions at zero and at infinity) Assume f satisfies (ho).
(i) Suppose there exist lim /() =a4, lim /()
s—0+ ¢(s) s—0- ¢(s)

LN N |
var st

=a_ and o, 8 € ]0,400[ satis-

fying

(07
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Then there exists h. € |0,400[ such that, for all h € )0, h.],

OzO'f(h) + ﬂTf(h) < 1.

(#4) Suppose there exist sl_iglﬂj;i; = a4, slir(r)lf (J;E::; = a_ and o, € ]0,400]
satisfying
«a T + 4 ul > 1.
\ A+ \/a_—

Then there exists h, € ]0,4o00[ such that, for all h € ]0, h,],

Oédf(h) + ﬂTf(h) > 1.

o f(s) o f(s)
i11) Suppose there exist lim =A,, lim = A_ and o, 3 € ]0,+0
) Mo = A L) 10, 4ol
satisfying
2 2
— — < 1.
aA+ +ﬂA, <

Then there exists h* € ]0,4o00[ such that, for all h > h.,

acrf(h) + ﬂTf(h) < 1.

, o f(8) _ f(s)
iv) Suppose there exist lim = A,, lim = A_ and o, 3 € |0, 400
(iv) s——+o00 (p(s) T oo 90(5) ) [
satisfying
2 2
ax + ﬁz > 1.

Then there exists h* € ]0,4o00[ such that, for all h > h.,

cwf(h) + ﬂTf(h) > 1.

Proof. We prove (i). Suppose aze=+ ﬂ\/ai < 1. Since, by Lemma 2.4, Tl_l,%l— Ty(r) =

\/Zi and Tlirng Ty(r) = \/%, there are R > 0 and R_ < 0 such that

aTy(r)+ BT(s) < 1 foral R_- <s<0<r<Ry.
Pick h, € |0, min{F'(R), F(R_)}]. Then aos(h) + B7¢(h) < 1forall h € ]0, h].
The other statements are proved in a similar way.

In our next theorem we consider the following relations, in which ¥ € N\ {0} and
a_,ay, A_, A €]0,+o0]:

2 2 s T
k— 4 k— <1<k k——;
(Ch) A++ 1 <1< a++ —;
2 2
(Cy) (k+1)—— +k— <1< (k+1)—— + k—

A+ A_ \ A+ ./a_;
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2 2 T T
C ko b (k1) <1<hk—— 4 (k+1 :
(Cs) e e =
2 2
(C) e bk <l <k ks

N/ Va_ Ay A

T T 2 2

E+1 k 1< (k+1)— +k—;
() (4 )i ki <1< (b )+
7r m 2 2
k E+1 1<bk—+(k+1)—.
(o) Gt T <k
Theorem 2.1 Assume (hy) and suppose there exist
im /() =a4, lim f(s) _ —_, lim J(s) =A;, lim /() =
s—0+ o(s) s—0- ¢(s) s=-+o0 p(s) s—=—o0 o(s)

(¢) If either (C1) or (Cy) holds, then there exist two solutions u; and us of (1.1)
with 2k bumps each and such that v} (0) > 0 and u5(0) < 0.

(#) If either (C2) or (Cs) holds, then there exists a solution u of (1.1) with 2k + 1
bumps and such that u'(0) > 0.

(#i1) If either (C3) or (Cg) holds, then there exists a solution u of (1.1) with 2k + 1
bumps and such that u'(0) < 0.

Proof. Assume (C7) holds. By Lemma 2.5 there exist h1 and hg in ]0, +o0[ such that
kO'f(hl) + k‘Tf(hl) <1l< k‘O'f(hg) + ka(hg).

By continuity of the function ko ¢(h) + k7¢(h), which follows from the continuity of the
time-map T'y(r) defined in (1.2), there exists h > 0 with kos(h) + k7y(h) = 1. Hence,
the result follows by Proposition 2.1.

The other cases may be studied in a similar way.

Remark 2.3 In case a_ = ay = a and A_ = Ay = A, relations (Cy) — (Cg) can
be considered as conditions describing the interplay of the limits a, A with the
pseudo-spectrum of (1.1) as defined in [3, 4, 5]. The numbers {(k7)2, k € N\ {0}}
and {2k, k € N\ {0}} are the pseudo-eigenvalues of (1.1) at zero and at infinity
respectively. Notice incidentally that {(kw)? k& € N\ {0}} are the eigenvalues
of —d?/dt? with Dirichlet boundary conditions on [0,1], in accordance with the
fact that ¢(v) is asymptotic to v at zero. In this context Theorem 2.1 yields the
following. Assume there exists k € N\ {0} such that either a < (k)% and A > 2k,
or a > (km)? and A < 2k. Then there exists a solution u of (1.1) with k& bumps.

Remark 2.4 In Theorem 2.1 existence of solutions with just one bump is not taken
into account. The pertinent assumption to get a positive solution is either A, > 2
and ay <72 or Ay <2 and a; > 2. Similarly, the pertinent assumption to get a
negative solution is either A_ > 2 and a_ < 72 or A_ < 2 and a_ > 72.
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Remark 2.5 Theorem 2.1 enables to obtain multiplicity results for (1.1). For ex-
ample, if A, = A_ = 400 and either a_ or ay is finite, then (C), (C3) and (Cs)
are satisfied for all k sufficiently large; hence (1.1) has infinitely many solutions.
Similarly, if a4 = a_ = +o00 and either A_ or A is finite, then (Cy), (Cs) and (Cs)
are satisfied for all k sufficiently large; hence (1.1) has infinitely many solutions.
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