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Abstract

In this paper, we prove some existence theorems for hypersurfaces of prescribed k- order
mean curvature in exterior domains, which lead to the study of the existence of k-order
mean curvature equation in exterior domains.
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1 Introduction

In this paper we extend the work of [4] on the Dirichlet problem for the equation of pre-
scribed Gauss curvature in Eucliden space to the case of k-order mean curvature.

Let ∅ 6= K ⊂ Rn, (n ≥ 2), be a compact set whose boundary ∂K is a smooth sub-
manifold of Rn. we are concerned with hypersurfaces M which are graphs of a function u

defined over Rn \
◦
K. If M =Graphu, the induced metric to M in the standard coordinates

on Rn+1 is given by
gij = δij +DiuDju, 1 ≤ i, j ≤ n. (1.1)
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The second fundamental form of M is given by

hij =
Diju√

1 + |Du|2
. (1.2)

By definition, the principal curvatures λ1, . . . , λn of M are the eigenvalues of [hij ] rela-
tive to [gij ] , and the kth mean curvature is the kth elementary symmetric function of the
principal curvatures, and is denoted by:

Hk[u] = σk(λ1, . . . , λn) = σk. (1.3)

We say that M (or u) is k-admissible if the principal curvatures λ = (λ1, · · · , λn) of
Graphu at each point are in the positive cone

Γk = {λ ∈ Rn, : σj(λ) > 0 j = 1, · · · , k}. (1.4)

Thus, We can get the existence of hypersurfaces of prescribed k-order mean curvature by
considering the following problem{

Hk(u) = ψ(x, u) in Rn \K,
u = u0 on ∂K (1.5)

where 0 < ψ(x, u) ∈ C∞((Rn\
◦
K) × R) is the k-order mean curvature, and for strictly

convex u0 ∈ C∞(∂K).

It is well known that Hk defines a fully nonlinear elliptic operator such that H
1
k

k is a
concave function of D2u, if u is k-admissible (for example see [2]).

Remark 1.1 • when k = 1, (1.5) is mean curvature equation;

• when k = 2, (1.5) is scalar curvature equation;

• when k = n, (1.5) is Gauss curvature equation.
Thus, we are concerned with the case of k ∈ [2, n) in this paper.

Hypersurfaces of prescibed curvature have been subject to intensive studies, see [4, 5,
6, 7, 13] and their references, whereas [19] deals with equations of mean curvature type in
exterior domains. There are many papers on k-hessian equation in the Euclidean case, see
[3, 15], for Minkowski space case, see also [13, 16].

In [4], Finster and Schnürer solved the Dirichlet problem for the prescribed Gauss cur-
vature equation (k = n) in exterior domains when the datas are strictly convex. In [5], Bo
Guan solved this problem under the weaker assumption that there is a strictly convex sub-
solution. He also solved the Plateau problem. Schnürer [13] solved the Dirichlet problem
in lorentzian manifolds.

Our approach for the existence of exterior hypersurfaces of prescribed k-order mean
curvature relies in a crucial way on works [4, 17] and a maximum principle in [1, 2].

The hypersurfaces should be close to a cone in the sense that

sup |u− r| <∞, (1.6)

with u = u(x) and r ≡ |x|. In this paper we will prove:
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Theorem 1.1 Let u0 ∈ C∞(∂K), and 0 < ψ(x, u) ∈ C∞((Rn\
◦
K)× R) with

ψz ≥ 0, sup
(
ψ · r

k(n+1)
n

)
+ sup

(
|Dψ|+ |D2ψ|

ψ

)
<∞. (1.7)

Then there exists a smooth hypersurface of prescribed k-order mean curvature, which
is close to the cone (1.6).

Theorem 1.1 extends the work of [4] on the Dirichlet exterior problem for the equation
of prescribed Gauss curvature to the problem of prescribed k-order mean curvature. How-
ever, it has the disadvantage that our proof depends on the existence of a strictly convex
subsolution which satisfies those decay conditions at infinity (1.5) in [4]. Therefore, we
give another existence result which may be better than Theorem 1.1.

Theorem 1.2 Let u0 ∈ C∞(∂K), and 0 < ψ(x, u) ∈ C∞((Rn\
◦
K)×R) with ψz ≥ 0.

Then there exists a smooth hypersurface of prescribed k-order mean curvature which
is close to the cone (1.6).

2 Construction of Barrier and an exterior solution

We want to construct a subsolution to (1.5) from Theorem 1.1 in [4], and consider the
following problem  Hn(uR) = ψ

n
k (x, uR) in Rn \K,

sup |u− r| <∞,
u = u0 on ∂K.

(2.1)

The following result is from Theorem 1.1 in [4].

Lemma 2.1 Let u0 ∈ C∞(∂K), and 0 < ψ(x, u) ∈ C∞((Rn\
◦
K)× R) with

ψz ≥ 0, sup
(
ψ · r

k(n+1)
n

)
+ sup

(
|Dψ|+ |D2ψ|

ψ

)
<∞. (2.2)

Suppose that u ∈ C∞(Rn\
◦
K) is a subsolution which is close to a cone and satisfies

the following decay conditions at infinity,

|D(u− r)| = O(
1
r
), |D2(u− r)|+ |D3u| = O(

1
r2

). (2.3)

Then there exists a smooth, strictly convex hypersurface of prescribed Gauss curva-
ture, which is close to the cone (1.6).

We denote hypersurface M =Graphv, thus v is a lower barrier for (1.5). Moreover we
know v satisfy (2.3). i.e. for r sufficiently large,

|D(v − r)| = O(
1
r
), |D2(v − r)|+ |D3v| = O(

1
r2

). (2.4)
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We choose R0 such that K ⊂ BR0 and set uR for an k-admissible solution of the following
Dirichlet problem for any R > 4R0.{

Hk(uR) = ψ(x, uR) in BR \K,
u = v on ∂BR ∪ ∂K. (2.5)

We use the solvability of the prescribed mean curvature problem in order to construct an
upper barrier. Let v be the solution of the Dirchlet problem H1(uR) = ψ

1
k (x, uR) in Rn \K,

sup |u− r| <∞,
u = u0 on ∂K.

(2.6)

The existence of solution to (2.6) may come from [19]. Then we set v = |x|+L, for some
L. Moreover, The main idea in [4] is, in a sense, from [19]. One may get the existence of
solution to (2.6) by following methods of [4]. Then we can get the following lemma

Lemma 2.2 As R→∞, the functions uR converges locally uniformly to a continu-
ous function u. Moreover, v ≤ uR ≤ v in BR \

◦
K.

Proof. From the Mac-Laurin inequalities we have H1(uR) ≥ H1(v) and Hk(uR) ≥
Hk(v), and using the comparison principle for the mean and k-order mean curvature oper-
ator, we have

v ≤ uR ≤ v in BR \K .

Hence for R1 < R2,
uR1 ≤ uR2 on ∂BR1 ∪ ∂K,

and again from the maximum principle,

uR1 ≤ uR2 in BR1 \K .

We conclude that uR are monotone in R. Their pointwise limit is convex and thus contin-
uous. So they converge locally according to Dini’s theorem.

We need also to prove the uniform gradient estimates and second derivatives, with these
estimates at hand. Evans-Krylov second derivative Hölder estimate and Schauder interior
regularity theory imply a prior bounds for higher-order derivatives, a diagonal process then
yields a subsequence uRk

, Rk → +∞, that locally converges to a solution of (1.5) and
(1.6).

From now on we omit the index R and assume that u is a solution of (2.5) with R fixed
sufficiently large.

3 The uniform gradient estimate

Lemma 3.1 |∇u| is a prior bounded, uniformly in R.
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Proof. We estimate firstly |∇u| at the boundary. Tangential derivatives are uniformly
bounded there in view of the Dirichlet boundary conditions. The normal derivatives are
estimated as follows. Let x ∈ ∂K and ν the outer unit normal to ∂K at x. We choose
µ0 > 0 independent of R such that the line segment {x + µν, 0 ≤ µ ≤ µ0 is contained in
BR0 \K . Using the fact that v lies below u and u(x) = v(x), we have

∇νv(x) ≤ ∇νu(x) ≤
u(x+ µ0ν)− u(x)

µ0
, (for x ∈ ∂K).

For x ∈ ∂BR and ν = x
|x| , we consider similarly the line segment {µν,R0 ≤ µ ≤ R and

obtain
u(x)− u(R0ν)

R−R0
≤ ∇νu(x) ≤ ∇νv(x), (for x ∈ ∂BR).

We finally use the uniform C0 bounded of Lemma 2.2, in particular that |u(x) − |x|| is
bounded.

In the following content we shall show simply how to estimate the gradient estimate of
u in BR \K if we know bounds for it on ∂BR

⋃
∂K.

To estimate |∇u| in BR \ K, one may follow the method on page 51 of [2], see also
[17, 18]. It will obtain a bound for z = |∇u| exp(Au), where A = A(max |∇ψ|) is a con-
stant to be chosen. If z achieves its maximum on ∂BR

⋃
∂K, then from above boundary

estimate we have a bound and we are through. Assume this is not the case; then it achieves
its maximum at a point x in BR \ K. Then log |∇u| + Au take its maximum there. Thus,
we can prove Lemma 3.1 by a similar calculation, see to pp. 51-53 in [2].

The next lemma controls the asymptotic behavior of |∇u| as R gets large.

Lemma 3.2 For R
2 ≤ |x| ≤ R let ν = x

|x| and τ be unit vectors parallel and orthogonal
to x, respectively. Then there are constant C independent of R and θR0 ∈ (0, 1)such
that

|∇ν(u− v)(x)| ≤ C

R
, (3.1)

|∇τu(x)| ≤
C√
R
. (3.2)

The proofs of (3.1) and (3.2) follow from Lemma 2.4 in [4].

4 Estimate for some second derivatives

We shall use the arguments in [4], in line with those of [2] and [11] to deriver estimates
for second derivatives. We know the fact that one can get the interior second derivative
estimates from second derivative estimates at the boundary (see [2, 14]). Thus, we need
only to get second derivative estimates at the boundary.

Lemma 4.1 ([4] tangential second derivatives at the outer boundary)Let x0 ∈ ∂BR

and τ1, τ2 be tangential directions at x0. Then we have at x0,

|uτ1τ2 − |x|τ1τ2 | ≤
C

R2
. (4.1)
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Proof. We may assume that x0 = R · en ≡ (0, ..., 0, 1). Then ∂BR is represented locally
as graphω, where

ω : B̂R ≡ {x̂ ∈ Rn−1 : |x̂| < R} → R, i.e. ω(x̂) =
√
R2 − |x̂|2.

According to the Dirichlet boundary conditions,

(u− v)(x̂, ω(x̂)) = 0.

We differentiate twice with respect to x̂i, x̂j , 1 ≤ i, j ≤ n and obtain that at x0,

(u− v)ij + (u− v)nωij = 0.

According to the decay conditions at infinity (2.4),

|vij − |x|ij | = O(
1
R2

),

and furthermore
ωij(x0) = −δij

R
.

Thus the result follows in view of Lemma 3.2.

Lemma 4.2 (Mixed second derivatives at the outer boundary). Let x0 ∈ ∂BR and
τ, ν be be unit vectors in tangential and normal directions, respectively. Then

|uτν(x0)| ≤
C√
R
. (4.2)

We may assume that x0 = R · en and represent ∂BR locally as graphω with ω(x̂) =√
R2 − |x̂|2.
We list some formulas in the following, and use the Einstein summation convention,

for 1 ≤ i, j, k, l,m ≤ n,

gij = δij − uiuj , hij =
uij√

1− |Du|2
=
uij

w
,

gij = δij +
uiuj

1− |Du|2
, gijg

jk = δk
i .

For the derivatives of F , we consider

F (hij) = (Hk)
1
k = ψ

1
k = φ. (4.3)

Thus F (hij) is a concave function of matrix hij if M is k-admissible. Let

F ij =
∂F

∂hij
.

The matrix F ij is diagonal if matrix hij is diagonal. We differentiate

F (hij) = φ(x, u),
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with respect to xk, for any k = 1, · · · , n and use

hij,k =
1
w3

ululkuij +
1
w
uijk,

where we denote
n∑

l=1

ululk by ululk, i.e. ul = ujδ
jl. Thus, using the fact that

F ijhij = F,

we obtain

0 = − ∂φ

∂xn+1
uk −

∂φ

∂xk
+ F ij ∂hij

∂xk
,

= − ∂φ

∂xn+1
uk −

∂φ

∂xk
+ F ij(

1
w3

ululkuij +
1
w
uijk),

= − ∂φ

∂xn+1
uk −

∂φ

∂xk
+ F

1
w2

ululk +
1
w
F ijuijk. (4.4)

Therefore we introduce the linear differential operator L by

Lξ :=
1
w
F ijξij +

1
w2

Fulξl (4.5)

and for t < n

T :=
∂

∂xt
+ ωtr(0)xr ∂

∂xn
≡ ∂

∂xt
− xt

R

∂

∂xn
, (4.6)

where we used the convention ωtn = 0(thus we sum over r = 1, . . . , n − 1). In what
follows we restrict attention to the domain Ωδ := Bδ(x0) ∩ BR with δ ≤ R

2 ; notice that
Ωδ ⊂ BR \K.

Lemma 4.3 The function u− v satisfies the following estimates:

|T (u− v)| ≤ C√
R

in Ωδ, (4.7)

|T (u− v)| ≤ C

R2
|x− x0|2 on ∂BR, (4.8)

|LT (u− v)| ≤ C +
C

R2
trF ij in Ωδ, (4.9)

where trF ij ≡ F ijδij.

Proof. Note that |ωi| ≤ C, |ωij | ≤ C
R and |ωijk| ≤ C

R2 . The first inequality follows
directly from the C1 estimates of Lemma 3.2, whereas for the second inequality we use
furthermore that (u− v)t + (u− u)nωt = 0 on ∂BR, the decay properties of ωijk, and the
fact that u− v vanishes on ∂BR.
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To prove the last inequality (4.9), from the definition of L and homogeneity, it is easy
to see that

|LT (u− v)| = |L((u− v)t −
xt

R
(u− v)n)|,

≤ C · |Dφ|+ C · trF ij ·
(
|D3v|+ 1

R
|D2v|

)
+ C,

≤ C +
C

R2
trF ij . (4.10)

Now we use the conditions (1.7) and (2.4).
The function ϑ introduced in the next Lemma will be the main part of a barrier function

which we shall construct in what follows.

Lemma 4.4 There exists a positive constant ε independent of R such that

ϑ := (u− v) +
1√
R
d− 1

2R
5
4
d2

satisfies the estimates{
Lϑ ≤ −CR 3

4n − C

4R
5
4
trF ij in Ωδ,

ϑ ≥ 0 on ∂Ωδ,
(4.11)

provided that δ = R
3
4 and R is sufficiently large. Here d = R − |x| is the distance

from ∂BR.

Proof.

ϑ = (u− v) +
1√
R
d− 1

2R
5
4
d2 ≥ 1√

R
d− 1

2R
5
4
d2 ≥ 0 on ∂Ωδ, (4.12)

since d = R− |x| and δ = R
3
4 . We now fix x0 ∈ Ωδ and set µ = x0/|x0|. Let τ, τ ′ belong

to an orthonormal basis for the orthogonal complement of µ. Assume that ν and τ, τ ′

correspond to the indices n and 1, ..., n − 1, respectively. We use the Einstein summation
convention for τ, τ ′.

As graph v is strictly convex, we fix ε ∈ (0, 1] such that vij ≥ εδij in the matrix sense.
The matrix F ij is positive, and thus testing with the vectors ν ± τ gives

|F ντ | ≤ 1
2
trF ij . (4.13)

We introduce the abbreviation

trF ττ ′ = F ij

(
δij −

xi

|x|
xj

|x|

)
.
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Direct computations, using (2.4), (4.13), give

Lu =
1
w
F ijuij +

1
w2

Fulul ≤ C,

Lv =
1
w
F ijvij +

1
w2

Fulvl

≥ −C +
1
w
F ττ ′vττ ′ + 2

1
w
F τνvτν + νF ννvνν ,

≥ −C +
(
C

|x|
− C

|x|2

)
1
w
trF ττ ′ − C

|x|2
1
w
F νν ,

Ld = L(R− |x|) = − 1
w
F ij |x|ij −

1
w2

Ful|x|l,

= − 1
|x|
trF ττ ′ − 1

w2
Ful xl

|x|
,

Lϑ ≤ C

(
1 +

1√
R

)
−

(
C

|x|
− C

|x|2
+
C

|x|

(
1√
R
− d

R
5
4

))
1
w
trF ττ ′

−
(

1
R

5
4
− C

|x|2

)
1
w
F νν . (4.14)

Thus for R sufficiently large,

Lϑ ≤ C − C

R
trF ττ ′ − 1

2R
5
4
F νν . (4.15)

Hence the Maclaurin inequalities and arithmetic means as well as (1.7) and (2.5) show that
for large values of R,

Lϑ ≤ C − C
Hk−1

ψk−1
R−n−1

n − 5
4n − 1

4R
4
5
trF ij

≤ C − Cψ−
(k−1)2

k R−n−1
n − 5

4n − 1
4R

5
4
trF ij (4.16)

≤ −CR 3
4n − 1

4R
5
4
trF ij . (4.17)

Lemma 4.5 There exists a positive constant A independent of R such that

Θ := ϑ+A · 1
R2

|x− x0|2 ± T (u− v)

satisfies the inequalities {
LΘ ≤ 0 in Ωδ,
Θ ≥ 0 on ∂Ωδ,

(4.18)

where δ = R
3
4 and ϑ is as in Lemma 4.4.

Proof. According to Lemma 4.4, the condition Θ ≥ 0 on ∂Ωδ follows if

A · 1
R2

· |x− x0|2 ± T (u− v) ≥ 0 on ∂Ωδ.
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In view of (4.8), this can be arranged by choosing A sufficiently large. The property
LΘ ≤ 0 now follows from the inequality

LΘ = Lϑ+ C · A
R

+ C + C · 1 +A

R2
trF ij

≤ −CR 3
4n − CR− 5

4 trF ij + C · A
R

+ C + C · 1 +A

R2
trF ij

≤ 0. (4.19)

Proof of Lemma 4.2. The maximum principle applied to (4.18) yields that Θ ≥ 0 in Ωδ .
Since Θ(x0) ≥ 0, it follows that

Θµ(x0) ≥ 0,

with µ = − x0
|x0| . Thus we obtain

ϑµ(x0) ≥ |(T (u− v))µ|(x0),

and this finally gives (4.2).

Lemma 4.6 (Double normal C2-estimates at the outer boundary). Under the as-
sumptions of Lemma 4.2 and Theorem 1.1,

|uµµ(x0)| ≤ C. (4.20)

Proof. To prove this estimate, we use the idea of [15], see also [5, 8, 13]. We may assume
that the infimum of the invariantly defined function

∂BR 3 x 7→ inf
0 6=ζ∈Tx∂BR

hijζ
iζj(x)

gijζiζj(x)
(4.21)

equals h11(x0)
g11(x0)

.

We intend to establish a positive lower bound for h11(x0)
g11(x0)

, which is independent of R,
i.e. we want to prove the strict tangential convexity of our solution. In view of lower order
estimates and the strict convexity of the barrier function v we know that

v11(x0) ≥ C > 0. (4.22)

Therefore we may assume that

u11(x0) <
1
2
v11(x0), (4.23)

for otherwise the strict tangential convexity of u is proved.
As v − u = 0 on ∂BR, we deduce there

(v − u)rs = 0, (v − u)t = 0, r, s, t < n, (4.24)

and furthermore
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u11 = v11 −B11(u− v)n on ∂BR, (4.25)

where Bαβ =< ∇αeβ , eβ >, 1 ≤ α, β ≤ n− 1. It follows that

B11(x0)(u− v)n(x0) ≥
1
2
v11)(x0) ≥

C

2
. (4.26)

And for x ∈ ∂BR near x0, since u11 |∂BR
is minimized at x0,

B11(x)(u− v)n(x) ≤ v11(x)− v11(x0) +B11(x0)(u− v)n(x0). (4.27)

Because B11 is smooth near ∂BR and 0 < (u− v)n ≤ C, we must have B11 ≥ C > 0 on
Ωδ := Bδ(x0) ∩BR, if δ is chosen sufficiently small. Therefore,

(u− v)n(x) ≤ Ψ(x), for x ∈ Ωδ ∩ ∂BR, (u− v)n(x0) ≤ Ψ(x0), (4.28)

where Ψ(x) = B−1
11 (x)[v11(x)− v11(x0) +B11(x0)(u− v)n(x0)] .

We define Ξ as Θ in Lemma 4.5

Ξ := ϑ+A · 1
R2

|x− x0|2 + Ψ(x)− (u− v)n.

Since (4.28) and Ψ(x) is smooth in Ωδ , we deduce as the Mixed second derivatives at the
outer boundary that {

LΞ ≤ 0 in Ωδ,
Ξ ≥ 0 on ∂Ωδ.

(4.29)

As before, the maximum principle then yields

Ξ ≥ 0 in Ωδ.

Consequently, since Ξ = 0 at x0 , we have

unn(x0) ≤ C.

This shows that the eigenvalues of {uij(x0)} are all bounded (and all positive). Thus each
of them must be bounded below from zero by the equation (2.5). In particular, we obtain
the estimate

u11(x0) ≥ C > 0,

which in turn implies
unn ≤ C on ∂BR.

Lemma 4.7 (Second derivatives at the inner boundary). Under the assumptions of
Theorem 1.1, the second derivatives on ∂K are bounded uniformly in R.

The proof of Lemma 4.7 can be found in [1]; we may follow the methods of [9, 5] to
consider an arbitrary smooth bounded domain.
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5 Proof of Theorem 1.2

We have proved Theorem 1.1 by geting the interior and boundary derivative estimates. On
the other hand, we can consider Rn be approached by an open ball. Thus we can prove
Theorem 1.2 using the fact that interior C2-norms of uR are uniformly bounded in R, and
therefore we can get them without some decay conditions at infinity (2.4), i.e.

|D2(v − r)|+ |D3v| = O(
1
r2

). (5.1)

Based on the interior gradient estimate in section 3 and the construction of exterior
solution in in section 2, we need only get the estimates for interior second derivatives. One
can use the argument in [14] (see also [1])to deriver estimates for the second derivatives.
We have the C2 estimate :

Proposition 5.1 There exist CR0 and R1 = R1(R0) such that ∀R ≥ R1,

‖uR‖2,BR0\K ≤ CR0 . (5.2)

Thus,C2-norms of uR are uniformly bounded inR, and standard Evans-Krylov and Schauder
interior regularity theory imply a prior bounds for higher-order derivatives. A diagonal
process then yields a subsequence uRk

, Rk → +∞, that locally converges to a solution of
(1.5) and (1.6).
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[13] O.C. Schnürer. The Dirichlet problem for Weingarten hypersurfaces in Lorentz mani-
folds, Math. Z. 242 (2002), 159-181.

[14] W. Sheng, J. Urbas and Xu-Jia Wang. Interior curvature bounds for a class of curvature
equations, Duke Math. J., 123 (2004), 235-264.

[15] N.S. Trudinger. On the Dirichlet problem for Hessian equations, Acta Math. 175 (1995),
151-164.

[16] J. Urbas. The Dirichlet problem for the equation of prescribed scalar curvature in
Minkowski space, Calc. Var. 18 (2003), 307-316.

[17] Xu-Jia Wang. Interior gradient estimates for mean curvature equations, Math. Z. 228
(1998), 73-81.

[18] Xu-Jia Wang. The Monge-Ampère equation and application. Note at NanKai Institute of math-
ematics, (2004).

[19] I. Walter-Koch. Equations of mean curvature type on exterior domains, Manuscripta
Math. 95 (1998), 91-105.


