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Abstract

We show that the problem

—Au+ pu = Q(z)|ul’ ' u in R™,
ue H'(RY)

has multiple solutions including sign-changing ones, where 1 > 0, N > 3,1 < p <

(N +2)/(N —2)and Q : RY — R is some continuous function. We obtain sign-

changing solutions which are not only local minimum types in A, but also mountain pass

types in N, where N, = {u = u +u~ € H'(RV) :ut #£0,u™ £ 0, [on (VU= > +

) da = [ Q)| d).
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1 Introduction

In the present paper, we consider the multiple existence of solutions for the problem

_ _ p—1 ; N
{ Au+ pu = Q(x)|ulP " u in RY, (L1)

u e HY(RY),

where f > 0, N > 3,1 < p < (N +2)/(N —2)and Q € C(R",R). Recently, the
existence and multiplicity of sign-changing solutions of semilinear elliptic problems has
been considered by many authors under various conditions; see [1-4,7-11, 13-16, 19, 21,
23] and others. In order to show the existence of sign-changing solutions of semilinear
elliptic problems, there is a difficulty such that the mapping u — fRN |Vu®|?dx on a
first order Sobolev space is not Fréchet differentiable; see [10,20]. The existence of sign-
changing solutions of problem (1.1) was considered in [6]. However, as pointed out by
Clapp and Weth [10], the argument contains a gap caused by the difficulty mentioned above.

The purpose of this paper is to show the effect of the shape of the graph of the function
@ on the multiple existence of solutions (especially, sign-changing solutions) of problem
(1.1). Under some assumptions on (), we show that there exist not only sign-changing
solutions of local minimum types in N, but also those of mountain path types in N,
where N, = {u = vt +u™ € H'(RY) 1w # 0,u™ #0, [on ([Vut|?> + plu®|?) do =
Jan Q(@)|u® [P dx}. We remark that in [6], the existence of sign-changing solutions
were considered only when they are the local minimum types in ,. We note that some
levels of an associated functional corresponding to our sign-changing solutions may not
satisfy the Palais-Smale condition. Our first result is the following:

Theorem 1.1. Let Q : RV — R be a continuous function such that Q(z) > 1
for all z € RN, Q(x) — 1 as |z| — oo and there exist a',a®> € RN such that
al # a?, Q(a’) are strict mazimuma, Q(a?) = M for j = 1,2 and Q(z) < M for
all z € RNV \ {a',a®}, where M = max{Q(x) : x € RN}. Then there exists jig > 0
such that for each p > po, problem (1.1) has at least three positive solutions and at
least four pairs of sign-changing solutions.

Remark 1.1. We can show that at least three of four pairs of sign-changing solu-
tions we obtained have exactly two nodal domains; see Remark 3.2. Here, we say
that a subset Q of R is a nodal domain of v : RNV — R if Q is open and connected,
u has a fixed sign in © and u(z) = 0 for all x € 9.

Remark 1.2. By our proof in the next section, we can see that if ) has m(> 2)
distinct points where @ attains its maximum value, then we have at least m + 1
positive solutions and at least m + ,,,C5 + 1 pairs of sign-changing solutions.

With an additional assumption, we can show that there exists another pair of sign-
changing solutions.

Theorem 1.2. Under the assumptions in the previous theorem, if there exist My,

M > 2(?*1)/2M/(M2/(p*1) + 1)(17*1)/27
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and R > |a' — a?|/2 such that Q(z) > My for x € RN with |x — (a' + az)/2’ <R,
and u is sufficiently large, then there is another pair of sign-changing solutions of

(1.1).

2 Preliminaries and existence of positive solutions

We denote by (-, -) and || - || the inner product and the norm on H!(R") defined by (u, v) =
Jen (VuVv + wv) dz and [|Jul| = (u,u)'/? for u,v € H'(RY), respectively.
We put A = 1/, /7 and v(z) = A% (P~ (\z). Then problem (1.1) becomes

—Av+v=0Q\x)|vP~ v in RY,
@ 3\|[ | (2.2)
v e HY(RM).

In order to find weak solutions of (2.2), we employ a variational method, and we partially
follow the arguments in [6]. We define functionals on H'(R) corresponding to prob-
lem (2.2) by

IA(u):%/N(|Vu|2+|u|2) x—i/ Q\x)|uP dr foru € H'(RY),
Ja(u) = ;/ (|Vu|* + |ul?) x—i/ Q\x)(uh)Ptdr foru € HY(RY).

We know that nontrivial critical points of I and Jy are nontrivial solutions and positive
solutions of (2.2), respectively.

Forn > O0andz = (21, -+ ,2n) € RY, we define C, [z] = Hfil[mz —n,z; +n]. We
choose K, > 0 such that Cj[a'] N Cj[a?] = () and U?:l Cila?] € TIY, (K, K). From
our assumption, we have sup{Q(z) : * € RV \ U?Zl Cila?]} < M. For each A > 0, we
define ¢, € C(R,R) and 8y € C(H(RY)\ {0}, RY) by

2K/\ it > 2K/,
or(t) =4t if —2K/\ <t <2K/\,
—2K /X ift < —2K/\,

Ba(u) = (Baa(w), - Ban(u) forue HY(RY)\ {0},
where () ;(u) is defined by

Bi( / o () ulPtt dx// |ulPT dx fori=1,...,N.

For each A > 0 and j, k € {1,2}, we define subsets of H!(R™) by

N) = {ue H'(RY)\ {0} : (VIx(u),u)
N = {ue H' RY)\ {0} : (VJx(u), )

0};
0};



516 N. Hirano, N. Shioji

N
N(X;
N.(
Na(X; 4,

J)={ueNQ): Bxr(u) € Cyyila a’ [N}
§)={uec N : b (u) € Ciyala? /ALY
)={ue NN ut e N(\), u” e NV}

k) ={ueN,(A\) :ut eN(A;j), u” € N(Nk)},

where for u € HY(RY), ut = max{u, 0} and v~ = min{u, 0}, respectively. We define
7 HY(RY) — (0, 0] by

r(u) = {the unique ¢ > 0 with tu € N'(\) ifu € HY(RY)\ {0};

00 if u = 0.

We can easily see that 7 : H'(RY) — (0, c0] is continuous and that for each u € N()),
we have u € N, ()) if and only if 7(u™) = 7(u™).
Let n > 0. Kwong [17] showed that the problem

—Au+u = nulP in RY,
u e H'(RY)

has a unique radially symmetric, positive solution, which we denote by #,,. We set

Cp = inf{é”u2 — Z% - luP* dz :u € HYRN), |lul|? = 17/RN |u[PH dm}.
We know that ,, attains the infimum of the equation above, and we can easily see that
ey = 51/M2/(p*1);
e < inf{Iy(u):u e N(\;j)} = inf{Ja(u) : u € N(X;j)} forA>O0andj=1,2;
2¢p < inf{I\(u) :u € Ni(X;5,k)} forA>0andj, k=1,2.

We fix z € RY such that || = 1 and z - (a2 — a') = 0, where - is the inner product on
R¥. For each A € (0,1/4), let ), € C*(RY;R) be a function such that |[V,| < 2 and

a(z) = 1 if |z < 1/(2VA) — 1,
MEZV0 i e > 1/,

For each y € R and A € (0,1/4), we define Vg yxo U— gy xs Up g and u_ 5 by

i (50 (-3 59)
e e (o B G )

Up oy x = T(Viy0) 04 05

U,’yy)\ = T(Ufyy,,\)'v,’y’)\‘

We note that u , » +u_ 4 € Ni()) foreach y € RY and A > 0.
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Lemma 2.1. For eache > 0, there exists Ao € (0,1/4) such that for each X € (0, Ao)
and y € RN, there holds I)(uiy x) < Cqey) + € fori € {+,—}.

Proof. Since
2
p—1 _ vty ll
T(U+,y,>\) fRN )\ac |U+ v, )\|p+1 dx

) QW) x|
fRN Q(y + Mz + 2V \2) [niy [PH da

as A — +0 uniformly for y € R, we have

1
IN(ugyn) = HT U+y>\)v+y>\H +1/ Q(Az)|T(v4,y,2)
]RN
p+1
(”+W> ||¢ i ||? — T“’+y—*)+ Qy + Mz + 2V A2)[hniy [P da
2Q(y)7 (p+1)Qy)r— JrY
— CQ(y)

as A — 40 uniformly for y € RY. Hence we obtain the conclusion in the case i = +.
By a similar way, we can treat the case 1 = —. O

Lemma 2.2. For each A € (0,min{1/4,1%}) and y € RN with max; |y;| < 2K — 1,
there holds [x(uiy,x) € Ciyaly/ A forie {+,—}.

Proof. Let A € (0,min{1/4,1%}) and let y € RY with max; |y;| < 2K — [. Fix any
i € {l1,...,N}. For each x € RY with |z; — y;/\| > 1/V/\, we have |z — (y/\ +
2/(2v/A))| > 1/(2V/A) and hence ¢y (z — (y/X + 2/(2V/)))) = 0. For each z € RN
with |z; — y;/A| < 1/V/)\, we have |z;] < 2K/X and hence ¢y (z;) = x;. Then we
have

Bxi(ugyr) = Bri(vgyn)
e

Jia—pni<iyva ’W (”” - (% + ﬁ)) UQ(y) (x - ( +
€ lyi/X = LVAyi/ X+ 1V C [(yi = D)/X, (yi + 1)/ N,

;0+1
=)l

Qx)) \”“ da

_ Jios—ipnigi/va i

>l
+
(V)
S I
>
N———
N——
N
p
&
—
&2
PTESI aaN
y\@

which implies 8x(u y,2) € Ci/a[y/A]. By a similar way, we can show fx(u_ 4 ) €
Ciyaly/Al- 0

As a direct consequence of the previous two lemmas, we have the following:

Lemma 2.3. For each € > 0, there exists Ao € (0,min{1/4,1%}) such that for each
AE (Oa )‘0);

CESFEION S '/’\7()\5.])7 '])\(u+,aj,A) <cm+te fOTj = 152; (23)
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Ut ai X + U_ ak X € N*(Avjv k)a

orj=1,2and k=1,2. 2.4
In(Uy qi n +u_grn) <2Cm +€ forJ (24)

Lemma 2.4. If {u,} is a bounded sequence of H'(RY) which satisfies
SUD, cpN fB(y,l) |un|* dz — 0, then fRN |un[PT dx — 0.
For the proof of the lemma above, see [22, Lemma 1.21].

Lemma 2.5. Let {\,} be a positive sequence with A\, — +0 and let {u,} C N'(\y)
be a sequence such that u, > 0 for each n € N and Iy, (u,) — €y. Then there
exist a subsequence {un,} of {u,}, {y;} C RN, zg € RY and j € {1,2} such that
|, —an (- + 20 — ¥i)|| — 0 and \jy; — @’ as i — oc.

Proof. We set ¢ = lim,, sup,cgny fB(y 1 |u,|? dz. By the previous lemma, we have
§ > 0. So we can choose {y,} C RY such that fB(y 1 |un|?dx > /2 for each

n € N. We set v, = up(- + yn) for each n € N. We may assume {v,} converges
weakly to v in HY(RY). Since J01) |vn|? dz > §/2 for each n € N, we have v # 0.

We assume that lim,, ||v, —v|| > 0. We set w,, = v, — v for each n € N. Since the

Brezis-Lieb lemma says [px |[vn[PT! = [w, [PT! — [v[PT!] dz — 0 (see [22, the proof
of Lemma 1.32]), we have

QA + Ay |vn [P dz
RN

= / QM + M) |wp [P da + / QA + Ay |v|PT da + o(1).
RN RN
Using
ol = [ QU+ Ao da, o = [+ ol + (1)
and the equality above, we have

”UH2 - ,/RN QA + )‘nyn)lvlp+1 dzx

. (nwnn? ~ [ @0+ Al da:) To(1).
RN
We may assume

Junl = [ QO+ AP dis < of0)

or

[o]|* — /RN QA + Anyn)|v[PT da < o(1).

In the former case, we can choose t,, € (0,1 + o(1)) such that

”tnwnH2 - /N Q(/\nx + Anyn)|tnwn|p+1 dzx,
R
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and hence we have

L
——— | |lv c
2 p—i—l M

< (5 52 ) IolP + gl = =5 [ @O+ At o
~(3- pil) (1P + eenl?) < (5= =7 ) (2 + D) + of0)
= 10 = o L, QO+ )l o

+ gl M——/ QU+ Ayl e+ o(1)

= I>\n (un) + 0( )a

which contradicts I, (un) — €pr. In the latter case, we can similarly get a contra-
diction. So we may assume that {v,} converges strongly to v. If lim,, |A,y,| = oo,
we have [[v]|* = [px [v[PT! d2 and hence

lim <||Un||2 - 7/ Q nT + Anyn)‘vn|p+l dx)

n—oo

= §||’UH2 — ? - |’U|p+1 dr > EM7

which is a contradiction. So we may assume that {\,y,} converges to a point
a € RV, Then we have

1 1
ol = [ Q@pp*ar and Gl - —5 [ @@t de = .

So there exists j € {1,2} and z¢ € RY such that \,y, — a’ and
llvn — @ar (- + xo)|| — 0.

Hence we obtain
un — (- + 20 — yn)l| — 0.
O

As a direct consequence of the previous lemma, we have the following, which is a slight
extension of [6, Lemma 2.4]:

Lemma 2.6. There exist € > 0 and A\ > 0 such that for all X € (0, Ac),

e
=

inf{Jx(u) : u € N(\)\ Ny > e+, (2.5)

<
Il
—

inf{I(u) : u € Nu(\)\ N7, k) > 260 +e. (2.6)

.CM
Cw

<

Il
-
x~

Il
_



520 N. Hirano, N. Shioji

In the rest of this paper, we fix ¢ > 0 and \g € (0, min{1/4,1%}) satisfying éps + ¢ <
¢1, (2.3), (2.4), (2.5) and (2.6) for all A € (0, Ap), and we fix A € (0, Ag). We abbreviate
X when there is no confusion; we write I, .J, 3, N, NV, N (), (]) N, No(4, k) ug y
and u_, instead of I, Jx, Bx, N(A), N(A), N (A 5) N (A 5)s Mo (A)y N (X5 5, )y gy x
and u_ y x.

Now, we show the existence of positive solutions for (2.2). The following is a well-
known concentration compactness principle. For details, see [22, Theorem 8.4].

Lemma 2.7. For each {u,} of H*(RY) such that J(u,) — ¢ and VJ(u,) — 0,
there exist a subsequence {uy, } of {un}, a nonnegative solution vy of (2.2), k €

NU {0} and sequences {y},} of RN for j =1,... k such that
k .

‘Un,,L_UO_Zﬂl(-—y%T)H_)[L C:JUO‘i‘kEla

j=1

lyh| — 00, |y, — yl| — o0 forj # 5.

As a direct consequence of the previous lemma and the assumptions for (), we have the
following:

Lemma 2.8. J satisfies (PS). for each ¢ € (—o00,¢1).
Since the following is well known, we omit the proof.

Proposition 2.1. For each j = 1,2, there exists a positive solution u of (2.2) in

N () satisfying J(u) = min{J(v) : v € N(j)}.

Proposition 2.2. There exists a positive solution u of (2.2) satisfying J(u) >
min{.J(v) : v € N(§)} forj=1,2.

Proof. Let uy € N(1), uy € N(2) be the positive solutions obtained in the previous
proposition. We set

= {y€C([0,1;N) : 7(0) = u1,7(1) = uz} and e=inf sup J(1(s))

By Lemmas 2.1 and 2.2, we have max{Juy, Jus} < ¢ < ¢;. Since (PS), holds for .J

on N , by a standard mountain pass theorem, we can show that c is a critical value
for J on N. O

Remark 2.1. Although the Palais-Smale condition is considered for J itself in
Lemma 2.8, we use it for the restricted functional J on N in the _previous propo-
sition. But we can easily see that the restricted functional J on N satisfies (PS),
for each ¢ € (—o0,¢). We will find similar situations for I; see Lemma 3.2 and the
propositions in the next section. The readers may verify these by the calculation
(3.10).
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3 Existence of sign-changing solutions

In this section, we show the existence of sign-changing solutions for (2.2). We consider
the following problem and its associated functional as follows:

~Au+u=uPflu  inRY,
1LmNy. (3.7)
u e H (RY);
1 1
Loo(u) = 5 /RN(wurZ Fuft)de — o | e forue H'RY)

Since Q(x) — 1 as |x| — oo, problem (3.7) is regarded as the limit problem of (2.2).
The following is also a well-known concentration compactness principle; see also [22,
Theorem 8.4].

Lemma 3.1. For each {u,} of H(RY) such that I(u,) — ¢ and VI(u,) — 0, there
exist a subsequence {uy,, } of {un}, a solution vy of (2.2), k € NU {0}, nontrivial
solutions vy, ..., v of (3.7) and sequences {yl,} of RN for j =1,...,k such that

lyl,| — 0o, |y, —yl| = 0o forj#j.

k k
unmivoizvj('fygn)H*)Oa C:IU0+ZIOO’U]‘,

j=1 j=1

(3.8)

By the previous lemma, we can see that I does not satisfy Palais-Smale condition at the
level ¢,. However, we can show the following Palais-Smale type condition holds.

Lemma 3.2. For each ¢ € (—o00,¢1 + ¢y, any sequence {u,} C N, satisfying

I(uy) — ¢ and VI(u,) — 0 has a convergent subsequence.

Proof. Fix ¢ € (—o0,é +¢p) and {u, } C N, satisfying I(u,) — ¢ and VI(u,) — 0.
By Lemma 3.1, we may assume that there exist a subsequence {u,, } of {u,}, a
solution vy of (2.2), k € NU{0}, nontrivial solutions vy, . .., vy of (3.7) and sequences
{yd.} of RN for j = 1,..., k satisfying (3.8). We know that I(vg) > ¢p if v # 0
and that I (v;) > 2¢; or I (v;) = & if v; is sign-changing or not, respectively. So
we can infer that one of the following cases occurs:

(i) k =1, vy is positive or negative, vg = 0 and ¢ = ¢y;
(i) k = 0.

By {un} C N, we can find C > 0 such that ||u,}|| > C and ||u,, || > C for all n. So
we can see that the case (i) does not occur. Hence the case (ii) holds, which yields
that {u,, } converges to vo. O

For each ¢ € R, we set
Ke={uec HYRY): VI(u) =0,I(u) = c}.

As a direct consequence of the previous lemma, we have the following:
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Lemma 3.3. K. NN, is compact or empty for each c € (—o0,¢1 + ¢ur)-

We recall that ut = max{u,0} and v~ = min{u,0} for u € H'(RY). We define
a:[0,1] x N, — N by

alt,u) =7((1—t)u™ +tu”) (1 —t)ut +tu™) for (t,u) € [0,1] x V..
From the definitions of 7, o and V., we have the following:

Lemma 3.4. For each (t,u) € [0,1] x N, there hold

1
- L= t)? [t | + 2flu”|* \ 77

T T iy ;
T(( )U +tu ) ((1t)p+1||u+||2+tp+1|u||2 )

1
L+ 112 L $2(1 — $\P=1]|,— |2\ P-T
by (AP 20— s 2N T
(= Ot [+ o P

1
n tpfl(l_t)2Hu+H2+tp+1”u—H2 p—1
(L= )P ut ]| + 2 [u |2

1
I(O[(t u)) = ||U+||2f (1 — t)p+1“u+“2 +t2(1 o t)p71||u7||2 S=T
) (1 — )P [ut |2 + tr 1 lu— |2
_1_
s (PO D2 e 2 7
(1 — t)PHjut |2 + tr+i{ju—|]2 ;

where f(s) = s?/2 —sPT1/(p+1) for s > 0.

u

Lemma 3.5. For each ¢ € R and o > 0, there exists n > 0 such that I(a(t,u)) <
I(u) —n for all (t,u) € [0,1] x Ny with [t —1/2| > o and I(u) < c+7.

Proof. Fix ¢ € R. We note that there exists C' > 1 such that 1/C < ||u*|| < C for
all u € N, with I(u) < ¢+ 1. Since

)

a ( =12/ [[u ) + 52 ) _ == D" 2/ [uF P (= (p + 1)sP + 25)
ds \ [[u*]/[uT[]* + s+ (It [[2/uF |2 + sp+1)?

we can infer that there exist v > 0 and ¢ € (0, 1) such that

o [t PP s> v ifls— 1] <6
|

ds \ [u*]]?/[[uF[]* + sp* 0 ifs>1-96

for all w € N, with I(u) < ¢+ 1. Using the previous lemma and the fact that
Iaut +bu™) < I(ut) + I(u™) = I(u) for each a,b > 0 and u € N,, we can easily
see that the conclusion holds. O
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We define ¥ : H(RY) — R by
U(u) = (VI(u),u) foreachu c H'(RY).

We remark that uw € A if and only if ¥(u) = 0 and u # 0. We also define 7, : {u €
HYRN) :ut #0o0ru™ #0} — [—00,00] by

7o(u) = 7(u™) = 7(u”) foreachu € H'(RY) withu™ # 0 oru™ # 0.

We remark again that for each v € N, u € N, if and only if 7.(u) = 0. For each

A C HY(RY)and § > 0, we denote by Bs(A) the set {u € H'(RY) : dist (u, A) < §}.
Now, we show the existence of sign-changing solutions of (2.2) which are local mini-

mum types in N. In the following proof, we extend the method employed in [7, 16, 19].

Proposition 3.1. For each j, k € {1,2}, there exists a pair of sign-changing solu-
tions u of (2.2) satisfying v € N.(j, k) and I(u) = min{l(v) : v € N.(j,k)}.

Proof. Fix j,k € {1,2} and set ¢ = inf{I(u) : u € N,(j,k)}. We will show K. N
N.(j, k) # 0. Suppose not. We have 0 < ¢ < 2¢pr + &(< & + ¢ar). We note that I
may not satisfy (PS)., because ¢ may be equal to & . By ¢ < & + ¢, Lemma 3.3
says K. NN, is compact or empty. So there exists a (possibly empty) neighborhood
A of K. NN, in N, such that dist (4, N.(j,k))) > 0. We choose ¢ > 0 such that

2 2
dist | Na(i, k), | | MalG B) \ NG R) | > 2€. (3.9)

J=1k'=1
By Lemma 3.4, we can choose o € (0,1/2) such that
(1) |Je(t,u)—ull < ¢ for each (t,u) € [0, 1] x N, with [t—1/2| < o and I(u) < c+1.
We set
U, ={a(t,u) : (t,u) € [0,1] x (N \ A), I(u) <c+n, I(a(t,u) >c—n}
for each n > 0. By Lemma 3.2, we can choose £ > 0,7 > 0, € (0,¢) such that
IVI(w)| > €& and 0< ||V¥(u)|| <1/¢ for all u € Bas(Uy).
By Lemma 3.5, we may assume

(i) I(a(t,u)) < c—2n for each (t,u) € [0,1] x N, with |t —1/2| > ¢ and I(u) <
c+ 2.

We define X : H}(RY) — HY(RY) by
dist (u, H'(RM)\ V) §

X (u) = < dist (u, H (RV) \ V) +dist (u, W) 2
0 if ue HY(RN)\ V,

Y(u) ifueV,
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where V = {u € Bas(Uy,) : |I(u) —c| < 2n}, W = {u € Bs(Uy,) : |I(u) —¢| < n} and

u) — VIw) (VI V¥ VU (u) .
Y = 97w (||w<u>|’ ||w<u>|> o) eV
We define a continuous function ® : [0,1] x N'— N by

®(0,u) = u, 2<I>(t9 u) = —X(®(0,u)) for (8,u) €[0,1] x N.

00
We note that || X (u)|| < § for each u € H(RY). We can easily see
(ili) I(®(0,u)) < I(u) for each (,u) € [0,1] x N;
(iv) ||®(0,u) — u|| < 66 for each (6,u) € [0,1] x N;
(v) ®(0,u) = u for each (6,u) € [0,1] x N with I(u) & [c — 2n,c+ 27].

Since

(VI(u),Y (u)) = [VI(u)]| ll - (II%EZ?H’ ||§$EZ§II> ]

B y (W) VW VI uw) u )
=l )”[ (e e (|W<u>||’u||)||u||>]
v~ (e o) T ]

_ (W u \*VIWl(=(p — )ul*)?
= Vi ”'(nvw Tk ||u> = VY@ Pl

> (p— 1% ul®

for each u € VNN, we can infer that there exists 77 € (0,7) such that c+17 < 2y +¢
and

= vt [ [

(vi) ®(1,Uz) c{ue N : I(u) < c—q}.
We choose uy € N.(j,k) with I(u;) < ¢+ 7. Since
Ia(t,ur)) = Ia(t,un)*) + Halt,un) ) < Hud) + Iup) = I(u),
we have I(a(t,u1)) < c+1 for all t € [0,1]. So by (iii) and (vi), we have
I(®(1,a(t,u1)) <c—7 forallte|0,1].
Since by (ii) and (v), we have

7. (®(1, a(0,u1))) = 7w ((0,u1)) = 7(u]) — 7(0) = —c0
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and 7.(®(1,a(1,u1))) = oo, by the Intermediate Value Theorem, we can find ¢; €
[0,1] with [t; —1/2] < ¢ and 7. (®(1, a(t1,u1))) = 0. So we have (1, a(t1,u1)) € N,
and I(®(1, a(t1,u1))) < c—17, which and ¢c—17 < ¢ < 2¢p; +¢ yield (1, a(t1,u1)) €
U?/:1 Uz _, Nu(5', k). By (i) and (iv), we have

DL, a(t, ur)) = wa[| < |1, at, wn)) — at, w)l + [t ur) — wl]
S0+(C<2(

for each ¢ € [0,1] with |t — 1/2] < o. By (3.9) and the inequality above, we
consequently have

D(1,a(tr,ur)) € Nu(4, k) and I(®(1,a(t1,u1))) <c—17,
which is a contradiction. This completes the proof. O

Remark 3.1. By a careful argument, we can obtain an additional property such
that ®(1, a(t, u1)) is sign-changing for each ¢ € (0,1). However, in the proof above,
there may exist ¢t € [1/2 — 0,1/2 + o] such that ®(1, a(t,u1)) is not sign-changing,
which means 7, (®(1, a(t,u1))) equals co or —oco. But anyway, by the Intermediate
Value Theorem, we can find ¢; € [1/2 — 0,1/2 + o] with 7. (®(1, a(t1,u1))) = 0.

Remark 3.2. Since we may assume € < ¢p;, we can show that each solution
obtained in the previous proposition, which belongs to C(R™,R) by the elliptic
regularity, has exactly two nodal domains. Indeed, let u be one of the solutions
and assume that it has at least three nodal domains €;, i = 1,2,3. Let uq, be the
function defined by ugq,(z) = u(z) for z € Q; and ug,(z) = 0 for € Q;. Then
we have ug, € H'(RY) and Oug, /0x; = Ou/dz; on Q; and dug, /dz; = 0 on
RN\ ©;; see[5, Theorem IX.17, Proposition IX.18]. Hence we have [y (|Vug,|* +
lug,|?) de = [on Q(x)|ug, [P dx, ie., ug, € N, which yields the contradiction
3Cyp > 2Cp + e > I(u) > 3¢ -

By the previous proposition, we obtained at least three pairs of sign-changing solutions
of (2.2). Indeed, the pairs of functions obtained as minimizers in N, (1,2) and N,(2,1)
may be equal.

We define 7., : {u € H*(RY) : uT # 0} — N, by

T, (u) = r7(uM)u™ +7(u")u”  foru € HY(RY) with u® # 0.

We remark that 7, (u) = u for each u € N.

Next, we show the existence of a sign-changing solution of (2.2) which is a mountain
pass type in N,. The first author employes our method in another problem; see [14].
Although we already fixed ¢ > 0, A\g € (0,min{1/4,1?}) and A € (0, o) just after
Lemma 2.6, without loss of generality, we may assume that supy«,<; 1(70(s)) < ¢+,
where 7o € C([0, 1]; NV-) is defined by Yo(s) =ty g1 + U_ (1_g)a14sqa2 Tor 0 < s < 1.

Proposition 3.2. There exists a pair of sign-changing solutions +u of (2.2) sat-
isfying I(u) > min{I(v) : v € N,.(j, k)} for each 5,k =1,2.
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Proof. We set

F'={yeC(0,1;N,) : 7(0) = tug g1 +u_ g1, Y(1) = up o1 +u_ 42};

c=1inf sup I(v(s)).
Inf sup, (v(s))

We will show that K.NN, # 0. Suppose not. By (2.4), (2.6) and supg<y<; {(70(s)) <
1+ e, we have max{l(us g1 +u_ g1), I(up g1 +u_ q2)} <280 +e < c <& +um.
By (2.6), we also have ¢ > min{I(v) : v € N,(j,k)} for each j,k = 1,2. We note
again that I may not satisfy (PS)., because ¢ may equal to &;. By ¢ < & + ¢y and
Lemma 3.3, K. NN, is empty. For each n > 0, we set

Uy = {a(t;1(s)) 1y €T, max 1(y(r)) < c+n,
(t,5) € [0,1]%, I(a(t,7(s))) > ¢ = n}.
By Lemma 3.2, we can choose & > 0, n > 0, § > 0 such that ¢ — 2n > 2¢); 4+ € and
IVI(w)|| >¢ and 0 < ||¥(uw)] <1/¢ for all u € Bas(Uy).

By Lemma 3.5, we may assume

(i) I(a(t,v(s))) < ¢ —2n for each (t,s) € ([0,1/3] U [2/3,1]) x [0,1] and v € T
with maxo<s<1 I(7(s)) < c+2n.

By a similar argument as in the proof of the previous proposition, we can infer that
there exist a continuous function ® : [0,1] x A — N and 7 € (0,7/2) such that

(i) I(®(0,u)) < I(u) for each (0,u) € [0,1] x N;
(iii) ®(0,u) = u for each (0,u) € [0,1] x N with I(u) & [c — 21, ¢ + 27];
(iv) ®(1,Us;) C{ue N : I(u) < c—2n}.
We choose 71 € T such that supy<,<; I(71(s)) < ¢+ 2. Since
I(a(t,m(s) = I(a(t,1(s)) ) + I(a(t,71(5)7)
<In(s)") +1(n(s)7) =I(n(s)),
we have I(a(t,v1(s))) < ¢+ 27 for all (t,s) € [0,1]2. So by (i) and (iv), we have
I(®(1,a(t,v1(s)))) < c—2i for all (¢,5) € [0,1]. (3.11)

We can find ¢ > 0 such that maxo<s<1 I(7(s)) > ¢ — 7 for all v € T'¢, where T'¢ is
defined by
Lo ={v€C([0,1;N) : v(s)T # 0, v(s)~ # 0 for all s € [0,1],

e y(s) = T (1) [ < €,

[7(0) = (g ar +u— o)l < ¢ Iv(1) = (a0 + u—a2)] < C}-
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Indeed, if not, we can find {v,} C C(]|0,1]; V) such that

Yn €T1yn and Jnax, I(yn(s)) <c—n forallneN.
We define {7,} C T by

T, (3570(0) + (1 = 38) (g 01 4+ u_41)) if0<s<1/3,
n(8) =< Tu (1n(3s — 1)) if 1/3 <s<2/3,
T. (3= 38)7(1) 4+ (3s = 2)(ug o1 +u_q2)) if2/3<s<1.

Since I is uniformly continuous on {u € H*(RY) : I(u) < c + 27}, taking n large
enough, we have maxo<s<1 [(7n(s)) < ¢, which is a contradiction. Thus we have
shown that we can find such ¢ > 0. We can also find ¢ € (0,7/8) such that

(v) for each v € N with |tan~!(7.(v))| < 20 and I(v) < ¢+27j, there hold v # 0,
v £0and o - T. (v) | < G

(vi) for each (t,s) € [0,1] x {0,1} with |tan=(7.(a(t,71(s))))| < 20, there holds
lae(t; 71 (5)) — a(1/2,m(s))] < €.

We define h : R? — R by

—7/2 ift<0,seR,
tan~! (r.(®(1, a(t, 71 () if (t,5) € [0, 12,
h(t,s) =< m/2 ift>1,seR,

tan ™ (1. (®(1, a(t,71(1)))) if t €[0,1], s > 1,
tan™1 (7. (®(1, a(t,71(0)))) if t € [0,1], s <O.

By (i) and (iii), we can see that h is continuous. Using a suitable standard mollifier
X € C°(R?;]0,0)), we define g € C°°(R?%;R) by

g(t,s) = / X(t — 71,5 —12)h(ry,m2) dridry  for each (t,s) € R?
R2

and we obtain |g(t,s) — h(t,s)| < o for each (t,s) € R?2. By Sard’s theorem, we
can find a regular value b € R for g with || < 0. So g~1(b) is a one dimensional
submanifold of R%. Since h(0,s) = —m/2 and h(1,s) = 7/2 for each s € [0, 1], we
have ¢(0,s) < —w/2 + o and g¢(1,s) > n/2 — o for each s € [0,1]. Hence by the
Intermediate Value Theorem, we obtain that ([0,1] x {s}) N g=(b) # 0, (0,s) &
g (b) and (1,5) & g=*(b) for each s € [0,1]. Since t — h(t,0) and t — h(t,1) are
strictly increasing on [0,1], we have dg/dt(¢,0) > 0 and dg/0t(t,1) > 0 for each
t € [0,1]. Hence we obtain that both g=1(b) N ([0,1] x {0}) and g~—*(b) N ([0, 1] x
{1}) consist of a single point. Using the classification theorem for one dimensional
manifolds (see the appendices of [12,18]), we can find a connected submanifold A
(with boundary) of g=1(b) such that A C [0,1]%, An ({0} x [0,1]) =0, An ({1} x
[0,1]) = 0, both AN ([0,1] x {0}) and AN (]0,1] x {1}) consist of a single point and
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A = (An([0,1] x {0})) U (AN {1})) Hence there is a continuous function

p:0,1] — ( 1) x[0, ]SuchthatA {p( 1€ (0,1}, p(0) = g~ ()N([0, 1] x {0})
and p(1) = g1 (8) N ([0.1] x {1)). Sinee [(p(r)] < h(p(r)) — g(p(r)| + ] < 20 for
each r € [0, 1] by (i), (iii), (v) and (vi), we have ®(1,a(-,71(-))) o p € I'¢. Hence we
have max{I((®(1, a(-,v1(:))) o p)(r)) : r € [0,1]} > ¢ — 7}, which contradicts (3.11).
This completes the proof. O

Using the above propositions, the proof of Theorem 1 follows.

Finally, we give the proof of Theorem 2. Taking A > 0 small enough, we may assume

inf{ sup 1((3)) 1 € OO AL, 7(0) =t gr + 0o, 3(1) = g o + 1)

<inf{I(u):u € N,, vt ¢ N(1)UN(2)},
where the left hand side of the inequality above is the critical value in the previous propo-
sition.
Proof of Theorem 2. We set hg : [0,1]> — HY(RY) by
ho(s1,52) = U (1—s1)alts1a2 + U (1—sy)al 45502 fOT (51,52) € [0,1]7.
We also set

F = {F : ' is a two dimensional, compact, connected, orientable manifold
which is embedded into [0, 1]? x R such that OF = 9]0, 1]* x {0},
there exists £ € (0,1/2) such that

N (([07 1]2 \ [53 1- 5]2) X R) = ([Ov 1]2 \ [Ea 1- 5]2) X {0},
and the manifold F defined by F N ([0,1]?> x R) = F and
N ((R?\ [0,1]%) x R) = (R*\ [0,1]%) x {0} is of class C*}.
For each F € F, we identify OF = 9[0,1]? x {0} with 9]0, 1]>. We define
I={(F,y): FeF,yeCF;N,), y=hoon OF}

and

c= inf supl
(F’y)El—‘éeg ( ())

By our assumptions, taking A > 0 sufficiently small, we have sup,cgo,172 I (ho(s)) <
supseqo,yz L (ho(s)) = 2en, +0(1) < & + ey Fix any (F,v) € F. We define the
mapping m : F' — [0, 1] by

( 1B(v(s)") — Bltt a1
1B(v()7) = Blug,ar)| +18(v(s)7) = Blu,a2)|’
18(y(s)7) = Blu—,a1)| )
1B(v(s)7) = Blu—a)| + 18(y(s)7) = Blu—a2)| )

m(s) =
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We recall F = 9[0,1]2. We note that m(sy,sa) = (s1,s2) for s1,s2 € {0,1},
m({s1} x [0,1]) C {s1} x [0,1] for s; € {0,1} and m([0,1] x {s2}) C [0,1] x {s2}
for so € {0,1}. We will show that m : F — [0,1]? is surjective. Suppose not.
Then there is a mapping my : m(F) — 9[0,1]?> which does not move any point
on 9[0,1]2. We denote by H;(F) and H;(9[0,1]?) the one-dimensional homology
groups of F' and 9[0, 1)? with Z,-coefficients, respectively. We know that m; om :
F — 9[0,1)? induces the mapping (m1 o m), : Hy(F) — H;(9[0,1]?), and we have
(my o m).([0F]) = [0]0,1]]]. Since OF is the boundary of F, [9F] is trivial in
H{(F); however [9[0,1]?] is the generator of H;(9[0,1]?) = Z,. Thus we obtain a
contradiction. Hence we have shown that m : F' — [0, 1)? is surjective. We can infer
that there exists s € F such that v(s) € {u € N, : vt € N(1) UN(2)}. Then we
can see that c is greater than the critical value in the previous proposition. Hence,
in order to show our theorem, it is enough to show K. NN, # 0. Suppose not. By
¢ < ¢1 + ¢y and Lemma 3.3, K. NN, is empty. For each > 0, we set

Uy = {a(t,n(s)) : (Fy7) € T, max I(y(r)) < e+,
(t,s) € [0,1] x F, I(ca(t,y(s))) > ¢ —n}.

By Lemma 3.2, we can choose £ > 0, n > 0, § > 0 such that
IVI(u)]| >¢& and 0 < ||W(u)|| <1/¢ forall u € Bys(Up).
By Lemma 3.5, we may assume

(1) I(a(t,v(s))) < c¢—2n for each (F,v) € ' with maxsep I(7(s)) < ¢+ 2n and
(t,5) € ((0.1/3] U [2/3,1]) x F.

By similar arguments as in the proof of the previous two propositions, we can infer
that there exist a continuous function ® : [0,1] x A" — A and 7 € (0,7/2) such that

(ii) I(®(0,u)) < I(u) for each (6,u) € [0,1] x N;
(i) ®(0,u) = u for each (6,u) € [0,1] x N with I(u) & [c — 2n, c + 27];
(iv) ®(1,Usz5) C{u e N : I(u) < c—27}.
We choose (F1,71) € I' such that sup,cp I(71(s)) < ¢+ 27. Since
I(a(t,y1(5))) = I(a(t,y(s)") + I(a(t, 11(s)) )
< I(v(s)") +I(n(s)7) = I(n(s)),

we have I(a(t,v1(s))) < ¢+ 27 for all (¢,s) € [0,1] x Fy. So by (ii) and (iv), we
have
I(D(1,a(t,11(9)))) < c—27 forall (¢t,5) €[0,1] x FY. (3.12)

By a similar argument as in the previous proposition, we can find ¢ > 0 such that
maxser [(7(s)) > c—1 for all (F,v) € I'¢, where I'; is defined by

I¢={(Fn): FEF, yeC(F;N), 7(s)" #0,7(s)” #0forall s € F,
max |(s) = T (v()) || < ¢

”7(3) - (u+,(1—sl)a1+slu2 + u—,(l—S2)a1+32a2)” <(fors= (81752) € aF}
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We can also find o € (0,7/8) such that

(v) for each v € N with |tan~!(7.(v))| < 20 and I(v) < c+27, there hold v # 0,
v~ #0and v — 1T, (v) | < G

(vi) for each (t,s) € [0,1] x OF; with |tan™!(7.(a(t,71(s)))| < 20, there holds
lae(t, 1(5)) — a(1/2,m(s))] < €.

Let I} be the C*®-manifold embedded into R? which is defined by
Fin([0,1?xR)=F and Fy N ((R?\[0,1]%) x R) = (R?\ [0,1]2) x {0};

see the definition of Z. We define h: R x F; — R by

—7/2 if (¢,s) € (—00,0) x Fi,
h(t.s) = /2 if (¢,8) € (1,00) x F,
’ tan~ 1 (7. (®(1, a(t,71(5))))) if (¢,s) € [0,1] x Fy,
tan ™ (7. (2(L, at, 1(q(s))))) if (£5) € [0,1] x (R*\ [0,1]?) x {0}),

where in the last case, q(s) is the nearest point of s to [0,1]? x {0} in R®. By (i)
and (iii), we can see that h is continuous. We define x € C°(R; R) by

_Jexp(1/(#2 = 1)) if J¢] <1,
x(t) = {0 it ¢ > 1.

We induce the Riemannian structure in R x ﬁl from the standard one of R x R?, and
we denote by d the metric on R x F; defined by the induced Riemannian structure.
Taking w > 0 sufficiently small (w should be smaller than the injectivity radius of
F}), we define g € C®(R x Fy;R) by

g(t,s) = / st SHR(E, ) di'ds’ for each (t,s) € R x F,
Rx Fy

where

roonN X(d((t’8)7(t/58/))/w) or (. =
Xl 8] = 1o (it o), () o) v (40 %) € B

then we obtain |g(t, s) — h(t, s)| < o for cach (,s) € R x Fy. By Sard’s theorem, we
can find a regular value b € R for g with [b| < 0. So g~1(b) is a two dimensional, ori-
entable, C*°-submanifold of R x Fy. Since h(0,s) = —/2 and h(1, s) = 7/2 for each
s € Fy, we have ¢(0,s) < —w/2+0 and g(1,s) > n/2 — o for each s € F;. Hence by
the Intermediate Value Theorem, we obtain that ([0,1] x {s})Ng~1(b) # 0, (0,s) ¢
g~ 1(b) and (1, s) € g~1(b) for each s € Fy. Since t — h(t, s) is strictly increasing on
[0,1] for each s € OFy, we have dg/0t(t,s) > 0 for each (t,s) € [0,1] x dF;. Hence
we obtain that g=1(b) N ([0, 1] x {s}) consists of a single point for each s € 9Fy. Us-
ing the classification theorem for two dimensional, compact, connected, orientable
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manifolds, we can find a compact, connected submanifold A (with boundary) of
g~ 1(b) such that ¢g=1(b)N([0,1] x 9F;) C A and A is homeomorphic to some F € F
with a homeomorphism p : F — A such that p(s) = ¢g=(b) N ([0,1] x {s}) for
each s € JF. Since |h(p(r))] < |h(p(r)) — g(p(r))] + |b] < 20 for each r € F,
by (i), (iii), (v) and (vi), we have (F,®(1,a(-,71(:))) o p) € T'c. Hence we have
max{I((®(1,a(-,11(-))) o p)(r)) : r € F} > ¢ — 7}, which contradicts (3.12). This
completes the proof. O
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