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Abstract

We show that the problem(
−∆u + µu = Q(x)|u|p−1u in RN ,

u ∈ H1(RN )

has multiple solutions including sign-changing ones, where µ > 0, N ≥ 3, 1 < p <

(N + 2)/(N − 2) and Q : RN → R is some continuous function. We obtain sign-
changing solutions which are not only local minimum types in N∗ but also mountain pass
types in N∗, where N∗ = {u = u+ + u− ∈ H1(RN ) : u+ 6= 0, u− 6= 0,

R
RN (|∇u±|2 +

µ|u±|2) dx =
R

RN Q(x)|u±|p+1 dx}.
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1 Introduction

In the present paper, we consider the multiple existence of solutions for the problem{
−∆u+ µu = Q(x)|u|p−1u in RN ,

u ∈ H1(RN ),
(1.1)

where µ > 0, N ≥ 3, 1 < p < (N + 2)/(N − 2) and Q ∈ C(RN ,R). Recently, the
existence and multiplicity of sign-changing solutions of semilinear elliptic problems has
been considered by many authors under various conditions; see [1–4, 7–11, 13–16, 19, 21,
23] and others. In order to show the existence of sign-changing solutions of semilinear
elliptic problems, there is a difficulty such that the mapping u 7→

∫
RN |∇u±|2 dx on a

first order Sobolev space is not Fréchet differentiable; see [10, 20]. The existence of sign-
changing solutions of problem (1.1) was considered in [6]. However, as pointed out by
Clapp and Weth [10], the argument contains a gap caused by the difficulty mentioned above.

The purpose of this paper is to show the effect of the shape of the graph of the function
Q on the multiple existence of solutions (especially, sign-changing solutions) of problem
(1.1). Under some assumptions on Q, we show that there exist not only sign-changing
solutions of local minimum types in N∗ but also those of mountain path types in N∗,
where N∗ = {u = u+ + u− ∈ H1(RN ) : u+ 6= 0, u− 6= 0,

∫
RN (|∇u±|2 + µ|u±|2) dx =∫

RN Q(x)|u±|p+1 dx}. We remark that in [6], the existence of sign-changing solutions
were considered only when they are the local minimum types in N∗. We note that some
levels of an associated functional corresponding to our sign-changing solutions may not
satisfy the Palais-Smale condition. Our first result is the following:

Theorem 1.1. Let Q : RN → R be a continuous function such that Q(x) > 1
for all x ∈ RN , Q(x) → 1 as |x| → ∞ and there exist a1, a2 ∈ RN such that
a1 6= a2, Q(aj) are strict maximuma, Q(aj) = M for j = 1, 2 and Q(x) < M for
all x ∈ RN \ {a1, a2}, where M = max{Q(x) : x ∈ RN}. Then there exists µ0 > 0
such that for each µ ≥ µ0, problem (1.1) has at least three positive solutions and at
least four pairs of sign-changing solutions.

Remark 1.1. We can show that at least three of four pairs of sign-changing solu-
tions we obtained have exactly two nodal domains; see Remark 3.2. Here, we say
that a subset Ω of RN is a nodal domain of u : RN → R if Ω is open and connected,
u has a fixed sign in Ω and u(x) = 0 for all x ∈ ∂Ω.

Remark 1.2. By our proof in the next section, we can see that if Q has m(≥ 2)
distinct points where Q attains its maximum value, then we have at least m + 1
positive solutions and at least m+ mC2 + 1 pairs of sign-changing solutions.

With an additional assumption, we can show that there exists another pair of sign-
changing solutions.

Theorem 1.2. Under the assumptions in the previous theorem, if there exist M1,

M1 > 2(p−1)/2M/(M2/(p−1) + 1)(p−1)/2,
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and R > |a1 − a2|/2 such that Q(x) ≥ M1 for x ∈ RN with
∣∣x− (a1 + a2)/2

∣∣ ≤ R,
and µ is sufficiently large, then there is another pair of sign-changing solutions of
(1.1).

2 Preliminaries and existence of positive solutions

We denote by (·, ·) and ‖·‖ the inner product and the norm onH1(RN ) defined by (u, v) =∫
RN (∇u∇v + uv) dx and ‖u‖ = (u, u)1/2 for u, v ∈ H1(RN ), respectively.

We put λ = 1/
√
µ and v(x) = λ2/(p−1)u(λx). Then problem (1.1) becomes{

−∆v + v = Q(λx)|v|p−1v in RN ,

v ∈ H1(RN ).
(2.2)

In order to find weak solutions of (2.2), we employ a variational method, and we partially
follow the arguments in [6]. We define functionals on H1(RN ) corresponding to prob-
lem (2.2) by

Iλ(u) =
1
2

∫
RN

(|∇u|2 + |u|2) dx− 1
p+ 1

∫
RN

Q(λx)|u|p+1 dx for u ∈ H1(RN );

Jλ(u) =
1
2

∫
RN

(|∇u|2 + |u|2) dx− 1
p+ 1

∫
RN

Q(λx)(u+)p+1 dx for u ∈ H1(RN ).

We know that nontrivial critical points of Iλ and Jλ are nontrivial solutions and positive
solutions of (2.2), respectively.

For η > 0 and x = (x1, · · · , xN ) ∈ RN , we define Cη[x] =
∏N

i=1[xi − η, xi + η]. We
choose K, l > 0 such that Cl[a1] ∩ Cl[a2] = ∅ and

⋃2
j=1 Cl[aj ] ⊂

∏N
i=1(−K,K). From

our assumption, we have sup{Q(x) : x ∈ RN \
⋃2

j=1 Cl[aj ]} < M . For each λ > 0, we
define φλ ∈ C(R,R) and βλ ∈ C(H1(RN ) \ {0},RN ) by

φλ(t) =


2K/λ if t > 2K/λ,
t if −2K/λ ≤ t ≤ 2K/λ,
−2K/λ if t < −2K/λ,

βλ(u) =
(
βλ,1(u), · · · , βλ,N (u)

)
for u ∈ H1(RN ) \ {0},

where βλ,i(u) is defined by

βλ,i(u) =
∫

RN

φλ(xi)|u|p+1 dx

/∫
RN

|u|p+1 dx for i = 1, . . . , N .

For each λ > 0 and j, k ∈ {1, 2}, we define subsets of H1(RN ) by

N (λ) = {u ∈ H1(RN ) \ {0} : (∇Iλ(u), u) = 0};

Ñ (λ) = {u ∈ H1(RN ) \ {0} : (∇Jλ(u), u) = 0};
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N (λ; j) = {u ∈ N (λ) : βλ(u) ∈ Cl/λ[aj/λ]};

Ñ (λ; j) = {u ∈ Ñ (λ) : βλ(u) ∈ Cl/λ[aj/λ]};
N∗(λ) = {u ∈ N (λ) : u+ ∈ N (λ), u− ∈ N (λ)};

N∗(λ; j, k) = {u ∈ N∗(λ) : u+ ∈ N (λ; j), u− ∈ N (λ; k)},

where for u ∈ H1(RN ), u+ = max{u, 0} and u− = min{u, 0}, respectively. We define
τ : H1(RN ) → (0,∞] by

τ(u) =

{
the unique t > 0 with tu ∈ N (λ) if u ∈ H1(RN ) \ {0};
∞ if u = 0.

We can easily see that τ : H1(RN ) → (0,∞] is continuous and that for each u ∈ N (λ),
we have u ∈ N∗(λ) if and only if τ(u+) = τ(u−).

Let η > 0. Kwong [17] showed that the problem{
−∆u+ u = η|u|p−1u in RN ,

u ∈ H1(RN )

has a unique radially symmetric, positive solution, which we denote by ūη. We set

c̄η = inf
{

1
2
‖u‖2 − η

p+ 1

∫
RN

|u|p+1 dx : u ∈ H1(RN ), ‖u‖2 = η

∫
RN

|u|p+1 dx

}
.

We know that ūη attains the infimum of the equation above, and we can easily see that

c̄M = c̄1
/
M2/(p−1);

c̄M < inf{Iλ(u) : u ∈ N (λ; j)} = inf{Jλ(u) : u ∈ Ñ (λ; j)} for λ > 0 and j = 1, 2;
2c̄M < inf{Iλ(u) : u ∈ N∗(λ; j, k)} for λ > 0 and j, k = 1, 2.

We fix z ∈ RN such that |z| = 1 and z · (a2 − a1) = 0, where · is the inner product on
RN . For each λ ∈ (0, 1/4), let ψλ ∈ C1(RN ; R) be a function such that |∇ψλ| ≤ 2 and

ψλ(x) =

{
1 if |x| < 1/(2

√
λ)− 1,

0 if |x| > 1/(2
√
λ).

For each y ∈ RN and λ ∈ (0, 1/4), we define v+,y,λ, v−,y,λ, u+,y,λ and u−,y,λ by

v+,y,λ(x) = ψλ

(
x−

(
y

λ
+

z

2
√
λ

))
ūQ(y)

(
x−

(
y

λ
+

z

2
√
λ

))
;

v−,y,λ(x) = −ψλ

(
x−

(
y

λ
− z

2
√
λ

))
ūQ(y)

(
x−

(
y

λ
− z

2
√
λ

))
;

u+,y,λ = τ(v+,y,λ)v+,y,λ;
u−,y,λ = τ(v−,y,λ)v−,y,λ.

We note that u+,y,λ + u−,y,λ ∈ N∗(λ) for each y ∈ RN and λ > 0.
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Lemma 2.1. For each ε > 0, there exists λ0 ∈ (0, 1/4) such that for each λ ∈ (0, λ0)
and y ∈ RN , there holds Iλ(ui,y,λ) < c̄Q(y) + ε for i ∈ {+,−}.

Proof. Since

τ(v+,y,λ)p−1 =
‖v+,y,λ‖2∫

RN Q(λx)|v+,y,λ|p+1 dx

=
Q(y)‖ψλū1‖2∫

RN Q(y + λx+ 2
√
λz)|ψλū1|p+1 dx

→ 1

as λ→ +0 uniformly for y ∈ RN , we have

Iλ(u+,y,λ) =
1
2
‖τ(v+,y,λ)v+,y,λ‖2 −

1
p+ 1

∫
RN

Q(λx)|τ(v+,y,λ)v+,y,λ|p+1 dx

=
τ(v+,y,λ)2

2Q(y)
2

p−1
‖ψλū1‖2 −

τ(v+,y,λ)p+1

(p+ 1)Q(y)
p+1
p−1

∫
RN

Q(y + λx+ 2
√
λz)|ψλū1|p+1 dx

→ c̄Q(y)

as λ→ +0 uniformly for y ∈ RN . Hence we obtain the conclusion in the case i = +.
By a similar way, we can treat the case i = −.

Lemma 2.2. For each λ ∈ (0,min{1/4, l2}) and y ∈ RN with maxi |yi| ≤ 2K − l,
there holds βλ(ui,y,λ) ∈ Cl/λ[y/λ] for i ∈ {+,−}.

Proof. Let λ ∈ (0,min{1/4, l2}) and let y ∈ RN with maxi |yi| ≤ 2K − l. Fix any
i ∈ {1, . . . , N}. For each x ∈ RN with |xi − yi/λ| > 1/

√
λ, we have |x − (y/λ +

z/(2
√
λ))| > 1/(2

√
λ) and hence ψλ(x − (y/λ + z/(2

√
λ))) = 0. For each x ∈ RN

with |xi − yi/λ| ≤ 1/
√
λ, we have |xi| ≤ 2K/λ and hence φλ(xi) = xi. Then we

have

βλ,i(u+,y,λ) = βλ,i(v+,y,λ)

=

∫
|xi−yi/λ|≤1/

√
λ
xi

∣∣∣ψλ

(
x−

(
y
λ + z

2
√

λ

))
ūQ(y)

(
x−

(
y
λ + z

2
√

λ

))∣∣∣p+1

dx∫
|xi−yi/λ|≤1/

√
λ

∣∣∣ψλ

(
x−

(
y
λ + z

2
√

λ

))
ūQ(y)

(
x−

(
y
λ + z

2
√

λ

))∣∣∣p+1

dx

∈ [yi/λ− 1/
√
λ, yi/λ+ 1/

√
λ] ⊂ [(yi − l)/λ, (yi + l)/λ],

which implies βλ(u+,y,λ) ∈ Cl/λ[y/λ]. By a similar way, we can show βλ(u−,y,λ) ∈
Cl/λ[y/λ].

As a direct consequence of the previous two lemmas, we have the following:

Lemma 2.3. For each ε > 0, there exists λ0 ∈ (0,min{1/4, l2}) such that for each
λ ∈ (0, λ0),

u+,aj ,λ ∈ Ñ (λ; j), Jλ(u+,aj ,λ) < c̄M + ε for j = 1, 2; (2.3)
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u+,aj ,λ + u−,ak,λ ∈ N∗(λ; j, k),
Iλ(u+,aj ,λ + u−,ak,λ) < 2c̄M + ε

for j = 1, 2 and k = 1, 2. (2.4)

Lemma 2.4. If {un} is a bounded sequence of H1(RN ) which satisfies
supy∈RN

∫
B(y,1)

|un|2 dx→ 0, then
∫

RN |un|p+1 dx→ 0.

For the proof of the lemma above, see [22, Lemma 1.21].

Lemma 2.5. Let {λn} be a positive sequence with λn → +0 and let {un} ⊂ N (λn)
be a sequence such that un ≥ 0 for each n ∈ N and Iλn

(un) → c̄M . Then there
exist a subsequence {uni

} of {un}, {yi} ⊂ RN , x0 ∈ RN and j ∈ {1, 2} such that
‖uni

− ūM (·+ x0 − yi)‖ → 0 and λiyi → aj as i→∞.

Proof. We set δ = limn supy∈RN

∫
B(y,1)

|un|2 dx. By the previous lemma, we have
δ > 0. So we can choose {yn} ⊂ RN such that

∫
B(yn,1)

|un|2 dx > δ/2 for each
n ∈ N. We set vn = un(· + yn) for each n ∈ N. We may assume {vn} converges
weakly to v in H1(RN ). Since

∫
B(0,1)

|vn|2 dx > δ/2 for each n ∈ N, we have v 6= 0.
We assume that limn ‖vn − v‖ > 0. We set wn = vn − v for each n ∈ N. Since the
Brezis-Lieb lemma says

∫
RN

∣∣|vn|p+1 − |wn|p+1 − |v|p+1
∣∣ dx→ 0 (see [22, the proof

of Lemma 1.32]), we have∫
RN

Q(λnx+ λnyn)|vn|p+1 dx

=
∫

RN

Q(λnx+ λnyn)|wn|p+1 dx+
∫

RN

Q(λnx+ λnyn)|v|p+1 dx+ o(1).

Using

‖vn‖2 =
∫

RN

Q(λnx+ λnyn)|vn|p+1 dx, ‖vn‖2 = ‖wn‖2 + ‖v‖2 + o(1)

and the equality above, we have

‖v‖2 −
∫

RN

Q(λnx+ λnyn)|v|p+1 dx

= −
(
‖wn‖2 −

∫
RN

Q(λnx+ λnyn)|wn|p+1 dx

)
+ o(1).

We may assume

‖wn‖2 −
∫

RN

Q(λnx+ λnyn)|wn|p+1 dx ≤ o(1)

or
‖v‖2 −

∫
RN

Q(λnx+ λnyn)|v|p+1 dx ≤ o(1).

In the former case, we can choose tn ∈ (0, 1 + o(1)) such that

‖tnwn‖2 =
∫

RN

Q(λnx+ λnyn)|tnwn|p+1 dx,
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and hence we have(
1
2
− 1
p+ 1

)
‖v‖2 + c̄M

≤
(

1
2
− 1
p+ 1

)
‖v‖2 +

1
2
‖tnwn‖2 −

1
p+ 1

∫
RN

Q(λnx+ λnyn)|tnwn|p+1 dx

=
(

1
2
− 1
p+ 1

)(
‖v‖2 + ‖tnwn‖2

)
≤
(

1
2
− 1
p+ 1

)(
‖v‖2 + ‖wn‖2

)
+ o(1)

=
1
2
‖v‖2 − 1

p+ 1

∫
RN

Q(λnx+ λnyn)|v|p+1 dx

+
1
2
‖wn‖2 −

1
p+ 1

∫
RN

Q(λnx+ λnyn)|wn|p+1 dx+ o(1)

= Iλn
(un) + o(1),

which contradicts Iλn
(un) → c̄M . In the latter case, we can similarly get a contra-

diction. So we may assume that {vn} converges strongly to v. If limn |λnyn| = ∞,
we have ‖v‖2 =

∫
RN |v|p+1 dx and hence

lim
n→∞

(
1
2
‖vn‖2 −

1
p+ 1

∫
RN

Q(λnx+ λnyn)|vn|p+1 dx

)
=

1
2
‖v‖2 − 1

p+ 1

∫
RN

|v|p+1 dx > c̄M ,

which is a contradiction. So we may assume that {λnyn} converges to a point
a ∈ RN . Then we have

‖v‖2 =
∫

RN

Q(a)|v|p+1 dx and
1
2
‖v‖2 − 1

p+ 1

∫
RN

Q(a)|v|p+1 dx = c̄M .

So there exists j ∈ {1, 2} and x0 ∈ RN such that λnyn → aj and

‖vn − ūM (·+ x0)‖ → 0.

Hence we obtain
‖un − ūM (·+ x0 − yn)‖ → 0.

As a direct consequence of the previous lemma, we have the following, which is a slight
extension of [6, Lemma 2.4]:

Lemma 2.6. There exist ε > 0 and λε > 0 such that for all λ ∈ (0, λε),

inf{Jλ(u) : u ∈ Ñ (λ) \
2⋃

j=1

Ñ (λ; j)} > c̄M + ε, (2.5)

inf{Iλ(u) : u ∈ N∗(λ) \
2⋃

j=1

2⋃
k=1

N∗(λ; j, k)} > 2c̄M + ε. (2.6)
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In the rest of this paper, we fix ε > 0 and λ0 ∈ (0,min{1/4, l2}) satisfying c̄M + ε <
c̄1, (2.3), (2.4), (2.5) and (2.6) for all λ ∈ (0, λ0), and we fix λ ∈ (0, λ0). We abbreviate
λ when there is no confusion; we write I , J , β, N , Ñ , N (j), Ñ (j), N∗, N∗(j, k), u+,y

and u−,y instead of Iλ, Jλ, βλ,N (λ), Ñ (λ),N (λ; j), Ñ (λ; j),N∗(λ),N∗(λ; j, k), u+,y,λ

and u−,y,λ.
Now, we show the existence of positive solutions for (2.2). The following is a well-

known concentration compactness principle. For details, see [22, Theorem 8.4].

Lemma 2.7. For each {un} of H1(RN ) such that J(un) → c and ∇J(un) → 0,
there exist a subsequence {unm} of {un}, a nonnegative solution v0 of (2.2), k ∈
N ∪ {0} and sequences {yj

m} of RN for j = 1, . . . , k such that

∥∥∥unm
− v0 −

k∑
j=1

ū1(· − yj
m)
∥∥∥→ 0, c = Jv0 + kc̄1,

|yj
m| → ∞, |yj

m − yj′

m| → ∞ for j 6= j′.

As a direct consequence of the previous lemma and the assumptions for Q, we have the
following:

Lemma 2.8. J satisfies (PS)c for each c ∈ (−∞, c̄1).

Since the following is well known, we omit the proof.

Proposition 2.1. For each j = 1, 2, there exists a positive solution u of (2.2) in
Ñ (j) satisfying J(u) = min{J(v) : v ∈ Ñ (j)}.

Proposition 2.2. There exists a positive solution u of (2.2) satisfying J(u) >
min{J(v) : v ∈ Ñ (j)} for j = 1, 2.

Proof. Let u1 ∈ Ñ (1), u2 ∈ Ñ (2) be the positive solutions obtained in the previous
proposition. We set

Γ = {γ ∈ C([0, 1]; Ñ ) : γ(0) = u1, γ(1) = u2} and c = inf
γ∈Γ

sup
0≤s≤1

J(γ(s)).

By Lemmas 2.1 and 2.2, we have max{Ju1, Ju2} < c < c̄1. Since (PS)c holds for J
on Ñ , by a standard mountain pass theorem, we can show that c is a critical value
for J on Ñ .

Remark 2.1. Although the Palais-Smale condition is considered for J itself in
Lemma 2.8, we use it for the restricted functional J on Ñ in the previous propo-
sition. But we can easily see that the restricted functional J on Ñ satisfies (PS)c

for each c ∈ (−∞, c̄1). We will find similar situations for I; see Lemma 3.2 and the
propositions in the next section. The readers may verify these by the calculation
(3.10).
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3 Existence of sign-changing solutions

In this section, we show the existence of sign-changing solutions for (2.2). We consider
the following problem and its associated functional as follows:{

−∆u+ u = |u|p−1u in RN ,

u ∈ H1(RN );
(3.7)

I∞(u) =
1
2

∫
RN

(|∇u|2 + |u|2) dx− 1
p+ 1

∫
RN

|u|p+1 dx for u ∈ H1(RN ).

Since Q(x) → 1 as |x| → ∞, problem (3.7) is regarded as the limit problem of (2.2).
The following is also a well-known concentration compactness principle; see also [22,

Theorem 8.4].

Lemma 3.1. For each {un} of H1(RN ) such that I(un) → c and ∇I(un) → 0, there
exist a subsequence {unm

} of {un}, a solution v0 of (2.2), k ∈ N ∪ {0}, nontrivial
solutions v1, . . . , vk of (3.7) and sequences {yj

m} of RN for j = 1, . . . , k such that∥∥∥unm
− v0 −

k∑
j=1

vj(· − yj
m)
∥∥∥→ 0, c = Iv0 +

k∑
j=1

I∞vj ,

|yj
m| → ∞, |yj

m − yj′

m| → ∞ for j 6= j′.

(3.8)

By the previous lemma, we can see that I does not satisfy Palais-Smale condition at the
level c̄1. However, we can show the following Palais-Smale type condition holds.

Lemma 3.2. For each c ∈ (−∞, c̄1 + c̄M ], any sequence {un} ⊂ N∗ satisfying
I(un) → c and ∇I(un) → 0 has a convergent subsequence.

Proof. Fix c ∈ (−∞, c̄1+ c̄M ] and {un} ⊂ N∗ satisfying I(un) → c and ∇I(un) → 0.
By Lemma 3.1, we may assume that there exist a subsequence {unm} of {un}, a
solution v0 of (2.2), k ∈ N∪{0}, nontrivial solutions v1, . . . , vk of (3.7) and sequences
{yj

m} of RN for j = 1, . . . , k satisfying (3.8). We know that I(v0) > c̄M if v0 6= 0
and that I∞(vj) > 2c̄1 or I∞(vj) = c̄1 if vj is sign-changing or not, respectively. So
we can infer that one of the following cases occurs:

(i) k = 1, v1 is positive or negative, v0 = 0 and c = c̄1;

(ii) k = 0.

By {un} ⊂ N∗, we can find C > 0 such that ‖u+
n ‖ ≥ C and ‖u−n ‖ ≥ C for all n. So

we can see that the case (i) does not occur. Hence the case (ii) holds, which yields
that {unm} converges to v0.

For each c ∈ R, we set

Kc = {u ∈ H1(RN ) : ∇I(u) = 0, I(u) = c}.

As a direct consequence of the previous lemma, we have the following:



522 N. Hirano, N. Shioji

Lemma 3.3. Kc ∩N∗ is compact or empty for each c ∈ (−∞, c̄1 + c̄M ].

We recall that u+ = max{u, 0} and u− = min{u, 0} for u ∈ H1(RN ). We define
α : [0, 1]×N∗ → N by

α(t, u) = τ((1− t)u+ + tu−)
(
(1− t)u+ + tu−

)
for (t, u) ∈ [0, 1]×N∗.

From the definitions of τ , α and N∗, we have the following:

Lemma 3.4. For each (t, u) ∈ [0, 1]×N∗, there hold

τ((1− t)u+ + tu−) =
(

(1− t)2‖u+‖2 + t2‖u−‖2

(1− t)p+1‖u+‖2 + tp+1‖u−‖2

) 1
p−1

;

α(t, u) =
(

(1− t)p+1‖u+‖2 + t2(1− t)p−1‖u−‖2

(1− t)p+1‖u+‖2 + tp+1‖u−‖2

) 1
p−1

u+

+
(
tp−1(1− t)2‖u+‖2 + tp+1‖u−‖2

(1− t)p+1‖u+‖2 + tp+1‖u−‖2

) 1
p−1

u−;

I(α(t, u)) = ‖u+‖2f

((
(1− t)p+1‖u+‖2 + t2(1− t)p−1‖u−‖2

(1− t)p+1‖u+‖2 + tp+1‖u−‖2

) 1
p−1
)

+ ‖u−‖2f

((
tp−1(1− t)2‖u+‖2 + tp+1‖u−‖2

(1− t)p+1‖u+‖2 + tp+1‖u−‖2

) 1
p−1
)
,

where f(s) = s2/2− sp+1/(p+ 1) for s ≥ 0.

Lemma 3.5. For each c ∈ R and σ > 0, there exists η > 0 such that I(α(t, u)) ≤
I(u)− η for all (t, u) ∈ [0, 1]×N∗ with |t− 1/2| ≥ σ and I(u) ≤ c+ η.

Proof. Fix c ∈ R. We note that there exists C > 1 such that 1/C ≤ ‖u±‖ ≤ C for
all u ∈ N∗ with I(u) ≤ c+ 1. Since

d

ds

(
‖u±‖2/‖u∓‖2 + s2

‖u±‖2/‖u∓‖2 + sp+1

)
=
−(p− 1)sp+2 + ‖u±‖2/‖u∓‖2 (−(p+ 1)sp + 2s)

(‖u±‖2/‖u∓‖2 + sp+1)2
,

we can infer that there exist ν > 0 and δ ∈ (0, 1) such that

d

ds

(
‖u±‖2/‖u∓‖2 + s2

‖u±‖2/‖u∓‖2 + sp+1

)
<

{
−ν if |s− 1| ≤ δ;
0 if s ≥ 1− δ

for all u ∈ N∗ with I(u) ≤ c + 1. Using the previous lemma and the fact that
I(au+ + bu−) ≤ I(u+) + I(u−) = I(u) for each a, b ≥ 0 and u ∈ N∗, we can easily
see that the conclusion holds.
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We define Ψ : H1(RN ) → R by

Ψ(u) = (∇I(u), u) for each u ∈ H1(RN ).

We remark that u ∈ N if and only if Ψ(u) = 0 and u 6= 0. We also define τ∗ : {u ∈
H1(RN ) : u+ 6= 0 or u− 6= 0} → [−∞,∞] by

τ∗(u) = τ(u+)− τ(u−) for each u ∈ H1(RN ) with u+ 6= 0 or u− 6= 0.

We remark again that for each u ∈ N , u ∈ N∗ if and only if τ∗(u) = 0. For each
A ⊂ H1(RN ) and δ > 0, we denote by Bδ(A) the set {u ∈ H1(RN ) : dist (u,A) ≤ δ}.

Now, we show the existence of sign-changing solutions of (2.2) which are local mini-
mum types in N∗. In the following proof, we extend the method employed in [7, 16, 19].

Proposition 3.1. For each j, k ∈ {1, 2}, there exists a pair of sign-changing solu-
tions ±u of (2.2) satisfying u ∈ N∗(j, k) and I(u) = min{I(v) : v ∈ N∗(j, k)}.

Proof. Fix j, k ∈ {1, 2} and set c = inf{I(u) : u ∈ N∗(j, k)}. We will show Kc ∩
N∗(j, k) 6= ∅. Suppose not. We have 0 < c < 2c̄M + ε(< c̄1 + c̄M ). We note that I
may not satisfy (PS)c, because c may be equal to c̄1. By c < c̄1 + c̄M , Lemma 3.3
says Kc∩N∗ is compact or empty. So there exists a (possibly empty) neighborhood
A of Kc ∩N∗ in N∗ such that dist (A,N∗(j, k))) > 0. We choose ζ > 0 such that

dist

N∗(j, k), 2⋃
j′=1

2⋃
k′=1

N∗(j′, k′) \ N∗(j, k)

 > 2ζ. (3.9)

By Lemma 3.4, we can choose σ ∈ (0, 1/2) such that

(i) ‖α(t, u)−u‖ ≤ ζ for each (t, u) ∈ [0, 1]×N∗ with |t−1/2| ≤ σ and I(u) ≤ c+1.

We set

Uη = {α(t, u) : (t, u) ∈ [0, 1]× (N∗ \A), I(u) ≤ c+ η, I(α(t, u)) ≥ c− η}

for each η > 0. By Lemma 3.2, we can choose ξ > 0, η > 0, δ ∈ (0, ζ) such that

‖∇I(u)‖ ≥ ξ and 0 < ‖∇Ψ(u)‖ ≤ 1/ξ for all u ∈ B2δ(Uη).

By Lemma 3.5, we may assume

(ii) I(α(t, u)) ≤ c− 2η for each (t, u) ∈ [0, 1]×N∗ with |t− 1/2| ≥ σ and I(u) ≤
c+ 2η.

We define X : H1(RN ) → H1(RN ) by

X(u) =


dist

(
u,H1(RN ) \ V

)
dist (u,H1(RN ) \ V ) +dist (u,W )

δ

2
Y (u) if u ∈ V ,

0 if u ∈ H1(RN ) \ V ,
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where V = {u ∈ B2δ(Uη) : |I(u)− c| ≤ 2η}, W = {u ∈ Bδ(Uη) : |I(u)− c| ≤ η} and

Y (u) =
∇I(u)
‖∇I(u)‖

−
(

∇I(u)
‖∇I(u)‖

,
∇Ψ(u)
‖∇Ψ(u)‖

)
∇Ψ(u)
‖∇Ψ(u)‖

for u ∈ V .

We define a continuous function Φ : [0, 1]×N → N by

Φ(0, u) = u,
∂

∂θ
Φ(θ, u) = −X(Φ(θ, u)) for (θ, u) ∈ [0, 1]×N .

We note that ‖X(u)‖ ≤ δ for each u ∈ H1(RN ). We can easily see

(iii) I(Φ(θ, u)) ≤ I(u) for each (θ, u) ∈ [0, 1]×N ;

(iv) ‖Φ(θ, u)− u‖ ≤ δθ for each (θ, u) ∈ [0, 1]×N ;

(v) Φ(θ, u) = u for each (θ, u) ∈ [0, 1]×N with I(u) 6∈ [c− 2η, c+ 2η].

Since

(∇I(u), Y (u)) = ‖∇I(u)‖

[
1−

(
∇I(u)
‖∇I(u)‖

,
∇Ψ(u)
‖∇Ψ(u)‖

)2
]

= ‖∇I(u)‖

[
1−

(
∇I(u)
‖∇I(u)‖

,
∇Ψ(u)
‖∇Ψ(u)‖

−
(

∇Ψ(u)
‖∇Ψ(u)‖

,
u

‖u‖

)
u

‖u‖

)2
]

≥ ‖∇I(u)‖

[
1−

∥∥∥∥ ∇Ψ(u)
‖∇Ψ(u)‖

−
(

∇Ψ(u)
‖∇Ψ(u)‖

,
u

‖u‖

)
u

‖u‖

∥∥∥∥2
]

= ‖∇I(u)‖
(

∇Ψ(u)
‖∇Ψ(u)‖

,
u

‖u‖

)2

=
‖∇I(u)‖(−(p− 1)‖u‖2)2

‖∇Ψ(u)‖2‖u‖2

≥ (p− 1)2ξ3‖u‖2

(3.10)

for each u ∈ V ∩N , we can infer that there exists η̃ ∈ (0, η) such that c+η̃ < 2c̄M +ε
and

(vi) Φ(1, Uη̃) ⊂ {u ∈ N : I(u) ≤ c− η̃}.

We choose u1 ∈ N∗(j, k) with I(u1) ≤ c+ η̃. Since

I(α(t, u1)) = I(α(t, u1)+) + I(α(t, u1)−) ≤ I(u+
1 ) + I(u−1 ) = I(u1),

we have I(α(t, u1)) ≤ c+ η̃ for all t ∈ [0, 1]. So by (iii) and (vi), we have

I(Φ(1, α(t, u1))) ≤ c− η̃ for all t ∈ [0, 1].

Since by (ii) and (v), we have

τ∗(Φ(1, α(0, u1))) = τ∗(α(0, u1)) = τ(u+
1 )− τ(0) = −∞
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and τ∗(Φ(1, α(1, u1))) = ∞, by the Intermediate Value Theorem, we can find t1 ∈
[0, 1] with |t1−1/2| ≤ σ and τ∗(Φ(1, α(t1, u1))) = 0. So we have Φ(1, α(t1, u1)) ∈ N∗
and I(Φ(1, α(t1, u1))) ≤ c− η̃, which and c− η̃ < c < 2c̄M +ε yield Φ(1, α(t1, u1)) ∈⋃2

j′=1

⋃2
k′=1N∗(j′, k′). By (i) and (iv), we have

‖Φ(1, α(t, u1))− u1‖ ≤ ‖Φ(1, α(t, u1))− α(t, u1)‖+ ‖α(t, u1)− u1‖
≤ δ + ζ ≤ 2ζ

for each t ∈ [0, 1] with |t − 1/2| ≤ σ. By (3.9) and the inequality above, we
consequently have

Φ(1, α(t1, u1)) ∈ N∗(j, k) and I(Φ(1, α(t1, u1))) ≤ c− η̃,

which is a contradiction. This completes the proof.

Remark 3.1. By a careful argument, we can obtain an additional property such
that Φ(1, α(t, u1)) is sign-changing for each t ∈ (0, 1). However, in the proof above,
there may exist t ∈ [1/2− σ, 1/2 + σ] such that Φ(1, α(t, u1)) is not sign-changing,
which means τ∗(Φ(1, α(t, u1))) equals ∞ or −∞. But anyway, by the Intermediate
Value Theorem, we can find t1 ∈ [1/2− σ, 1/2 + σ] with τ∗(Φ(1, α(t1, u1))) = 0.

Remark 3.2. Since we may assume ε < c̄M , we can show that each solution
obtained in the previous proposition, which belongs to C(RN ,R) by the elliptic
regularity, has exactly two nodal domains. Indeed, let u be one of the solutions
and assume that it has at least three nodal domains Ωi, i = 1, 2, 3. Let uΩi

be the
function defined by uΩi

(x) = u(x) for x ∈ Ωi and uΩi
(x) = 0 for x 6∈ Ωi. Then

we have uΩi ∈ H1(RN ) and ∂uΩi

/
∂xj = ∂u

/
∂xj on Ωi and ∂uΩi

/
∂xj = 0 on

RN \ Ωi; see[5, Theorem IX.17, Proposition IX.18]. Hence we have
∫

RN (|∇uΩi
|2 +

|uΩi
|2) dx =

∫
RN Q(x)|uΩi

|p+1 dx, i.e., uΩi
∈ N , which yields the contradiction

3c̄M > 2c̄M + ε > I(u) ≥ 3c̄M .

By the previous proposition, we obtained at least three pairs of sign-changing solutions
of (2.2). Indeed, the pairs of functions obtained as minimizers in N∗(1, 2) and N∗(2, 1)
may be equal.

We define T∗ : {u ∈ H1(RN ) : u± 6= 0} → N∗ by

T∗ (u) = τ(u+)u+ + τ(u−)u− for u ∈ H1(RN ) with u± 6= 0.

We remark that T∗ (u) = u for each u ∈ N∗.
Next, we show the existence of a sign-changing solution of (2.2) which is a mountain

pass type in N∗. The first author employes our method in another problem; see [14].
Although we already fixed ε > 0, λ0 ∈ (0,min{1/4, l2}) and λ ∈ (0, λ0) just after
Lemma 2.6, without loss of generality, we may assume that sup0≤s≤1 I(γ0(s)) < c̄1 + c̄M ,
where γ0 ∈ C([0, 1];N∗) is defined by γ0(s) = u+,a1 + u−,(1−s)a1+sa2 for 0 ≤ s ≤ 1.

Proposition 3.2. There exists a pair of sign-changing solutions ±u of (2.2) sat-
isfying I(u) > min{I(v) : v ∈ N∗(j, k)} for each j, k = 1, 2.
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Proof. We set

Γ = {γ ∈ C([0, 1];N∗) : γ(0) = u+,a1 + u−,a1 , γ(1) = u+,a1 + u−,a2};
c = inf

γ∈Γ
sup

0≤s≤1
I(γ(s)).

We will show thatKc∩N∗ 6= ∅. Suppose not. By (2.4), (2.6) and sup0≤s≤1 I(γ0(s)) <
c̄1 + c̄M , we have max{I(u+,a1 +u−,a1), I(u+,a1 +u−,a2)} < 2c̄M + ε < c < c̄1 + c̄M .
By (2.6), we also have c > min{I(v) : v ∈ N∗(j, k)} for each j, k = 1, 2. We note
again that I may not satisfy (PS)c, because c may equal to c̄1. By c < c̄1 + c̄M and
Lemma 3.3, Kc ∩N∗ is empty. For each η > 0, we set

Uη = {α(t, γ(s)) : γ ∈ Γ, max
0≤r≤1

I(γ(r)) ≤ c+ η,

(t, s) ∈ [0, 1]2, I(α(t, γ(s))) ≥ c− η}.

By Lemma 3.2, we can choose ξ > 0, η > 0, δ > 0 such that c− 2η > 2c̄M + ε and

‖∇I(u)‖ ≥ ξ and 0 < ‖Ψ(u)‖ ≤ 1/ξ for all u ∈ B2δ(Uη).

By Lemma 3.5, we may assume

(i) I(α(t, γ(s))) ≤ c − 2η for each (t, s) ∈ ([0, 1/3] ∪ [2/3, 1]) × [0, 1] and γ ∈ Γ
with max0≤s≤1 I(γ(s)) ≤ c+ 2η.

By a similar argument as in the proof of the previous proposition, we can infer that
there exist a continuous function Φ : [0, 1]×N → N and η̃ ∈ (0, η/2) such that

(ii) I(Φ(θ, u)) ≤ I(u) for each (θ, u) ∈ [0, 1]×N ;

(iii) Φ(θ, u) = u for each (θ, u) ∈ [0, 1]×N with I(u) 6∈ [c− 2η, c+ 2η];

(iv) Φ(1, U2η̃) ⊂ {u ∈ N : I(u) ≤ c− 2η̃}.

We choose γ1 ∈ Γ such that sup0≤s≤1 I(γ1(s)) ≤ c+ 2η̃. Since

I(α(t, γ1(s))) = I(α(t, γ1(s))+) + I(α(t, γ1(s))−)

≤ I(γ1(s)+) + I(γ1(s)−) = I(γ1(s)),

we have I(α(t, γ1(s))) ≤ c+ 2η̃ for all (t, s) ∈ [0, 1]2. So by (ii) and (iv), we have

I(Φ(1, α(t, γ1(s)))) ≤ c− 2η̃ for all (t, s) ∈ [0, 1]2. (3.11)

We can find ζ > 0 such that max0≤s≤1 I(γ(s)) ≥ c − η̃ for all γ ∈ Γζ , where Γζ is
defined by

Γζ = {γ ∈C([0, 1];N ) : γ(s)+ 6= 0, γ(s)− 6= 0 for all s ∈ [0, 1],
max

0≤s≤1
‖γ(s)− T∗ (γ(s)) ‖ ≤ ζ,

‖γ(0)− (u+,a1 + u−,a1)‖ ≤ ζ, ‖γ(1)− (u+,a1 + u−,a2)‖ ≤ ζ}.
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Indeed, if not, we can find {γn} ⊂ C([0, 1];N ) such that

γn ∈ Γ1/n and max
0≤s≤1

I(γn(s)) < c− η̃ for all n ∈ N.

We define {γ̃n} ⊂ Γ by

γ̃n(s) =


T∗
(
3sγn(0) + (1− 3s)(u+,a1 + u−,a1)

)
if 0 ≤ s ≤ 1/3,

T∗ (γn(3s− 1)) if 1/3 ≤ s ≤ 2/3,
T∗
(
(3− 3s)γn(1) + (3s− 2)(u+,a1 + u−,a2)

)
if 2/3 ≤ s ≤ 1.

Since I is uniformly continuous on {u ∈ H1(RN ) : I(u) ≤ c + 2η̃}, taking n large
enough, we have max0≤s≤1 I(γn(s)) < c, which is a contradiction. Thus we have
shown that we can find such ζ > 0. We can also find σ ∈ (0, π/8) such that

(v) for each v ∈ N with | tan−1(τ∗(v))| ≤ 2σ and I(v) ≤ c+2η̃, there hold v+ 6= 0,
v− 6= 0 and ‖v − T∗ (v) ‖ ≤ ζ;

(vi) for each (t, s) ∈ [0, 1] × {0, 1} with | tan−1(τ∗(α(t, γ1(s))))| ≤ 2σ, there holds
‖α(t, γ1(s))− α(1/2, γ1(s))‖ ≤ ζ.

We define h : R2 → R by

h(t, s) =



−π/2 if t < 0, s ∈ R,
tan−1(τ∗(Φ(1, α(t, γ1(s))))) if (t, s) ∈ [0, 1]2,
π/2 if t > 1, s ∈ R,
tan−1(τ∗(Φ(1, α(t, γ1(1)))) if t ∈ [0, 1], s > 1,
tan−1(τ∗(Φ(1, α(t, γ1(0)))) if t ∈ [0, 1], s < 0.

By (i) and (iii), we can see that h is continuous. Using a suitable standard mollifier
χ ∈ C∞c (R2; [0,∞)), we define g ∈ C∞(R2; R) by

g(t, s) =
∫

R2
χ(t− r1, s− r2)h(r1, r2) dr1dr2 for each (t, s) ∈ R2

and we obtain |g(t, s) − h(t, s)| ≤ σ for each (t, s) ∈ R2. By Sard’s theorem, we
can find a regular value b ∈ R for g with |b| ≤ σ. So g−1(b) is a one dimensional
submanifold of R2. Since h(0, s) = −π/2 and h(1, s) = π/2 for each s ∈ [0, 1], we
have g(0, s) ≤ −π/2 + σ and g(1, s) ≥ π/2 − σ for each s ∈ [0, 1]. Hence by the
Intermediate Value Theorem, we obtain that ([0, 1] × {s}) ∩ g−1(b) 6= ∅, (0, s) 6∈
g−1(b) and (1, s) 6∈ g−1(b) for each s ∈ [0, 1]. Since t 7→ h(t, 0) and t 7→ h(t, 1) are
strictly increasing on [0, 1], we have ∂g/∂t(t, 0) > 0 and ∂g/∂t(t, 1) > 0 for each
t ∈ [0, 1]. Hence we obtain that both g−1(b) ∩ ([0, 1] × {0}) and g−1(b) ∩ ([0, 1] ×
{1}) consist of a single point. Using the classification theorem for one dimensional
manifolds (see the appendices of [12, 18]), we can find a connected submanifold A
(with boundary) of g−1(b) such that A ⊂ [0, 1]2, A ∩ ({0} × [0, 1]) = ∅, A ∩ ({1} ×
[0, 1]) = ∅, both A∩ ([0, 1]×{0}) and A∩ ([0, 1]×{1}) consist of a single point and
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∂A =
(
A∩ ([0, 1]×{0})

)
∪
(
A∩ ([0, 1]×{1})

)
. Hence there is a continuous function

ρ : [0, 1] → (0, 1)×[0, 1] such that A = {ρ(r) : r ∈ [0, 1]}, ρ(0) = g−1(b)∩([0, 1]×{0})
and ρ(1) = g−1(b)∩ ([0, 1]×{1}). Since |h(ρ(r))| ≤ |h(ρ(r))−g(ρ(r))|+ |b| ≤ 2σ for
each r ∈ [0, 1], by (i), (iii), (v) and (vi), we have Φ(1, α(·, γ1(·))) ◦ ρ ∈ Γζ . Hence we
have max{I((Φ(1, α(·, γ1(·))) ◦ ρ)(r)) : r ∈ [0, 1]} ≥ c− η̃, which contradicts (3.11).
This completes the proof.

Using the above propositions, the proof of Theorem 1 follows.

Finally, we give the proof of Theorem 2. Taking λ > 0 small enough, we may assume

inf
{

sup
0≤s≤1

I(γ(s)) : γ ∈ C([0, 1];N∗), γ(0) = u+,a1 + u−,a1 , γ(1) = u+,a1 + u−,a2

}
< inf{I(u) : u ∈ N∗, u± 6∈ N (1) ∪N (2)},

where the left hand side of the inequality above is the critical value in the previous propo-
sition.

Proof of Theorem 2. We set h0 : [0, 1]2 → H1(RN ) by

h0(s1, s2) = u+,(1−s1)a1+s1a2 + u−,(1−s2)a1+s2a2 for (s1, s2) ∈ [0, 1]2.

We also set

F =
{
F : F is a two dimensional, compact, connected, orientable manifold

which is embedded into [0, 1]2 × R such that ∂F = ∂[0, 1]2 × {0},
there exists ξ ∈ (0, 1/2) such that

F ∩ (([0, 1]2 \ [ξ, 1− ξ]2)× R) = ([0, 1]2 \ [ξ, 1− ξ]2)× {0},

and the manifold F̃ defined by F̃ ∩ ([0, 1]2 × R) = F and

F̃ ∩ ((R2 \ [0, 1]2)×R) = (R2 \ [0, 1]2)× {0} is of class C∞
}
.

For each F ∈ F , we identify ∂F = ∂[0, 1]2 × {0} with ∂[0, 1]2. We define

Γ = {(F, γ) : F ∈ F , γ ∈ C(F ;N∗), γ = h0 on ∂F}

and
c ≡ inf

(F,γ)∈Γ
sup
s∈F

I(γ(s)).

By our assumptions, taking λ > 0 sufficiently small, we have sups∈∂[0,1]2 I(h0(s)) <
sups∈[0,1]2 I(h0(s)) = 2c̄M1 + o(1) < c̄1 + c̄M . Fix any (F, γ) ∈ F . We define the
mapping m : F → [0, 1]2 by

m(s) =
(

|β(γ(s)+)− β(u+,a1)|
|β(γ(s)+)− β(u+,a1)|+ |β(γ(s)+)− β(u+,a2)|

,

|β(γ(s)−)− β(u−,a1)|
|β(γ(s)−)− β(u−,a1)|+ |β(γ(s)−)− β(u−,a2)|

)
.
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We recall ∂F = ∂[0, 1]2. We note that m(s1, s2) = (s1, s2) for s1, s2 ∈ {0, 1},
m({s1} × [0, 1]) ⊂ {s1} × [0, 1] for s1 ∈ {0, 1} and m([0, 1] × {s2}) ⊂ [0, 1] × {s2}
for s2 ∈ {0, 1}. We will show that m : F → [0, 1]2 is surjective. Suppose not.
Then there is a mapping m1 : m(F ) → ∂[0, 1]2 which does not move any point
on ∂[0, 1]2. We denote by H1(F ) and H1(∂[0, 1]2) the one-dimensional homology
groups of F and ∂[0, 1]2 with Z2-coefficients, respectively. We know that m1 ◦m :
F → ∂[0, 1]2 induces the mapping (m1 ◦m)∗ : H1(F ) → H1(∂[0, 1]2), and we have
(m1 ◦ m)∗([∂F ]) = [∂[0, 1]2]]. Since ∂F is the boundary of F , [∂F ] is trivial in
H1(F ); however [∂[0, 1]2] is the generator of H1(∂[0, 1]2) = Z2. Thus we obtain a
contradiction. Hence we have shown that m : F → [0, 1]2 is surjective. We can infer
that there exists s ∈ F such that γ(s) ∈ {u ∈ N∗ : u± 6∈ N (1) ∪ N (2)}. Then we
can see that c is greater than the critical value in the previous proposition. Hence,
in order to show our theorem, it is enough to show Kc ∩ N∗ 6= ∅. Suppose not. By
c < c̄1 + c̄M and Lemma 3.3, Kc ∩N∗ is empty. For each η > 0, we set

Uη = {α(t, γ(s)) : (F, γ) ∈ Γ, max
r∈F

I(γ(r)) ≤ c+ η,

(t, s) ∈ [0, 1]× F, I(α(t, γ(s))) ≥ c− η}.

By Lemma 3.2, we can choose ξ > 0, η > 0, δ > 0 such that

‖∇I(u)‖ ≥ ξ and 0 < ‖Ψ(u)‖ ≤ 1/ξ for all u ∈ B2δ(Uη).

By Lemma 3.5, we may assume

(i) I(α(t, γ(s))) ≤ c − 2η for each (F, γ) ∈ Γ with maxs∈F I(γ(s)) ≤ c + 2η and
(t, s) ∈ ([0, 1/3] ∪ [2/3, 1])× F .

By similar arguments as in the proof of the previous two propositions, we can infer
that there exist a continuous function Φ : [0, 1]×N → N and η̃ ∈ (0, η/2) such that

(ii) I(Φ(θ, u)) ≤ I(u) for each (θ, u) ∈ [0, 1]×N ;

(iii) Φ(θ, u) = u for each (θ, u) ∈ [0, 1]×N with I(u) 6∈ [c− 2η, c+ 2η];

(iv) Φ(1, U2η̃) ⊂ {u ∈ N : I(u) ≤ c− 2η̃}.
We choose (F1, γ1) ∈ Γ such that sups∈F1

I(γ1(s)) ≤ c+ 2η̃. Since

I(α(t, γ1(s))) = I(α(t, γ1(s))+) + I(α(t, γ1(s))−)

≤ I(γ1(s)+) + I(γ1(s)−) = I(γ1(s)),

we have I(α(t, γ1(s))) ≤ c + 2η̃ for all (t, s) ∈ [0, 1] × F1. So by (ii) and (iv), we
have

I(Φ(1, α(t, γ1(s)))) ≤ c− 2η̃ for all (t, s) ∈ [0, 1]× F1. (3.12)

By a similar argument as in the previous proposition, we can find ζ > 0 such that
maxs∈F I(γ(s)) ≥ c− η̃ for all (F, γ) ∈ Γζ , where Γζ is defined by

Γζ = {(F,γ) : F ∈ F , γ ∈ C(F ;N ), γ(s)+ 6= 0, γ(s)− 6= 0 for all s ∈ F ,
max
s∈F

‖γ(s)− T∗ (γ(s)) ‖ ≤ ζ,

‖γ(s)− (u+,(1−s1)a1+s1a2 + u−,(1−s2)a1+s2a2)‖ ≤ ζ for s = (s1, s2) ∈ ∂F}.
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We can also find σ ∈ (0, π/8) such that

(v) for each v ∈ N with | tan−1(τ∗(v))| ≤ 2σ and I(v) ≤ c+2η̃, there hold v+ 6= 0,
v− 6= 0 and ‖v − T∗ (v) ‖ ≤ ζ;

(vi) for each (t, s) ∈ [0, 1] × ∂F1 with | tan−1(τ∗(α(t, γ1(s)))| ≤ 2σ, there holds
‖α(t, γ1(s))− α(1/2, γ1(s))‖ ≤ ζ.

Let F̃1 be the C∞-manifold embedded into R3 which is defined by

F̃1 ∩ ([0, 1]2 × R) = F1 and F̃1 ∩ ((R2 \ [0, 1]2)×R) = (R2 \ [0, 1]2)× {0};

see the definition of F . We define h : R× F̃1 → R by

h(t, s) =


−π/2 if (t, s) ∈ (−∞, 0)× F̃1,
π/2 if (t, s) ∈ (1,∞)× F̃1,
tan−1(τ∗(Φ(1, α(t, γ1(s))))) if (t, s) ∈ [0, 1]× F1,
tan−1(τ∗(Φ(1, α(t, γ1(q(s)))))) if (t, s) ∈ [0, 1]× ((R2 \ [0, 1]2)× {0}),

where in the last case, q(s) is the nearest point of s to [0, 1]2 × {0} in R3. By (i)
and (iii), we can see that h is continuous. We define χ ∈ C∞c (R;R) by

χ(t) =

{
exp(1/(t2 − 1)) if |t| < 1,
0 if |t| ≥ 1.

We induce the Riemannian structure in R×F̃1 from the standard one of R×R3, and
we denote by d the metric on R× F̃1 defined by the induced Riemannian structure.
Taking ω > 0 sufficiently small (ω should be smaller than the injectivity radius of
F̃1), we define g ∈ C∞(R× F̃1; R) by

g(t, s) =
∫

R× eF1

χ̃(t,s),ω(t′, s′)h(t′, s′) dt′ds′ for each (t, s) ∈ R× F̃1,

where

χ̃(t,s),ω(t′, s′) =
χ(d((t, s), (t′, s′))/ω)∫

R× eF1
χ(d((t, s), (t′′, s′′))/ω) dt′′ds′′

for (t′, s′) ∈ R× F̃1;

then we obtain |g(t, s)−h(t, s)| ≤ σ for each (t, s) ∈ R× F̃1. By Sard’s theorem, we
can find a regular value b ∈ R for g with |b| ≤ σ. So g−1(b) is a two dimensional, ori-
entable, C∞-submanifold of R×F̃1. Since h(0, s) = −π/2 and h(1, s) = π/2 for each
s ∈ F1, we have g(0, s) ≤ −π/2+σ and g(1, s) ≥ π/2−σ for each s ∈ F1. Hence by
the Intermediate Value Theorem, we obtain that ([0, 1]×{s})∩ g−1(b) 6= ∅, (0, s) 6∈
g−1(b) and (1, s) 6∈ g−1(b) for each s ∈ F1. Since t 7→ h(t, s) is strictly increasing on
[0, 1] for each s ∈ ∂F1, we have ∂g/∂t(t, s) > 0 for each (t, s) ∈ [0, 1]× ∂F1. Hence
we obtain that g−1(b)∩ ([0, 1]×{s}) consists of a single point for each s ∈ ∂F1. Us-
ing the classification theorem for two dimensional, compact, connected, orientable
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manifolds, we can find a compact, connected submanifold A (with boundary) of
g−1(b) such that g−1(b)∩ ([0, 1]×∂F1) ⊂ A and A is homeomorphic to some F ∈ F
with a homeomorphism ρ : F → A such that ρ(s) = g−1(b) ∩ ([0, 1] × {s}) for
each s ∈ ∂F . Since |h(ρ(r))| ≤ |h(ρ(r)) − g(ρ(r))| + |b| ≤ 2σ for each r ∈ F ,
by (i), (iii), (v) and (vi), we have (F,Φ(1, α(·, γ1(·))) ◦ ρ) ∈ Γζ . Hence we have
max{I((Φ(1, α(·, γ1(·))) ◦ ρ)(r)) : r ∈ F} ≥ c − η̃, which contradicts (3.12). This
completes the proof.
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