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Abstract

In this paper, we develop a method to compute critical groups at degenerate critical points
under more general conditions. The abstract results are used to study the existence and
multiplicity of nontrivial solutions for nonlinear differential equations with resonance both
at infinity and at zero.
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1 Introduction

It is well known that the computations of critical groups plays an important role in study-
ing the existence and multiplicity of the solutions to partial differential equations which
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arise in the calculus of variations. There are some results in the computations of the crit-
ical groups: in the nondegenerate case, the critical groups are determined by the Morse
index completely; in the degenerate case, we have the Spliting Lemma and Shifting The-
orem, which reduce the computation of the critical groups of an isolated critical point of
the initial functional to that of a functional defined on the kernel of the Hessian (a finite
dimensional space in many cases, see [1,2]). In addition, the computation of critical groups
at infinity was introduced, see, for examples [3, 4, 5 ]. In applications, combining with the
critical groups at a real critical point, the critical groups at infinity play a role in dealing
with the resonant problems of nonlinear partial differential equations (see, [5, 6, 7] ). We
would like to mention that there are some results of critical groups concerning the stan-
dard minimax method , see, for examples, [8, 9]. Obviously, the applications of Morse
theory (or its generalization) essentially depend on the accurate computation of the critical
groups. The purpose of this paper is to present a method to compute precisely the crit-
ical groups both at the origin and at infinity under more general conditions, which were
unknown ever before. Compared with the papers in the literatures on this line, (see [7,
10, 11] and references therein), our conditions are more general. As applications, we shall
study the existence and multiplicity of solutions for elliptic boundary value problem and
Hamiltonian systems. Certainly, our method is useful for other situations, such as compu-
tations of the e— cohomology critical groups (defined in [12]) and the critical groups for
dynamically isolated critical set (defined in [5]), and consequently, we can deal with other
problems, such as non-cooperative elliptic systems and wave equations.

The paper is organized as follows: In section 2, we establish some abstract theorems
devoted to the computations of the critical groups both at the origin and at infinity. As
applications, in Section 3, we study the existence and multiplicity of nontrivial solutions
for elliptic boundary value problem and Hamiltonian systems.

2 Computation of critical groups

Let H be a real separable Hilbert space equipped with inner produce (-, -) and norm || - ||.
We consider the functional

f(z) = %(Aw,@ + G(z), (2.1)

where A is a bounded self-adjoint operator defined on H. We assume that the zero eigen-
value of A is isolated in the spectral set 0 (A). Then according to the spectral decomposition
of A, H=H, ® Hy® H_, where Hy, Hy are invariant subspaces corresponding to the
positive, negative and zero spectrum, respectively. Recall that (see [1]) the critical groups
of an isolated critical point p of f is defined by

Cq(f.p) = Hoy(fa NU, faNU\ {p}),

where a = f(p), fo = {z € H : f(z) < a},U is a closed neighborhood of p, and H,(-, )
is the gth (singular) homology group with coefficients in a field F'. We first deal with the
critical groups at the origin. Suppose that

(Hy) Ax = A|p, has bounded inverse on H.
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(Hz) r— :=dim H_, ro = dim H) are finite.

As to the assumptions for G, we introduce a control function hg : Rt — R™, which is
increasing in ¢ and satisfies

tho(t
5 < o < thol®)

< B, forte RT,
~ Ho(t) =0

where «, (3 are constants and Hy(t) = fot ho(s)ds. Assume:
(H3) G(0) =0,G € C*(H, R') has a compact differential, dG(6) = 6, and

G (@)[| < e(ho(llzoll) + po([lz4[] + [lz—])), as ||| << 1 and ¢ >0,

t
where pg : [0, +o0] — [0, +00), %in(l)pOT() =0.
G(20)
Hf) 2+ Ho, 0.
(HY) R2 2ol — o0 as zg € Hy, ||zo|| —

Here and in the sequel, we always use c to denote indiscriminately various constants
where the exact value is irrelevant. Obviously, ho(t) = t° with o > 1 is a simple example.

Theorem 2.1 Under the assumptions (H,) — (H3) and (H}), we have
Cqlf,0) = d¢r_F, Vg
under the assumptions (Hy) — (Hs) and (H; ), we have
Cq(f,0) = bg.r_ 1) F V4.
Proof. (1) the case of (H, ). We take a neighborhood of § with the following form:
N = {allla+]l* = dllz—|* = k&(||zol) < erd, llz—|1* + [[woll* < 75},

wherex = x4y +x_ +x0 € Hr @ H_ P Hy and

H3 (1)
f(t)_{oﬂ iig.

The positive numbers d, k, €, 7y are to be determined later . Then the boundary of N
consists of two parts:

Uy = {z| a4 ||” = dllz—||* = k&(l|zol]) = erg, lz-]1* + [lzol* < 73},
Ty = {z | |z * = dllz—|* — k(| |zol]) < erf, llz—[I* + llzoll* = 5}
And the normal vector on I'; is

Zo

1ol

k
n=ay—do — € (lwol)
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Now we claim that the negative gradient of f is inward on I';. In fact, letting m =
inf{[{Azy,x1)| | ||x+|| = 1,2+ € Hi}, we have

[{dG (), n)]
< c(ho([lzoll) + poll[z4 || + llz— D)z ]| + [[z— || + k& ([[zol))
< 2¢2hg(|lwoll) + 2¢°p (|24 || + [|2—]) + E(&' (|0 )?

+erhg(llzol]) + 1 (mlle|? + dmla—||? )+ cpo([[z[] + llz ) ([lz-+[ + [l
< (2 + c)h(llwoll) + K2(' (|zol)* + 5 (mllz4|* + dm||_]?)

and by the definition of £(¢), it is easy to check that

€0l <" — oo, nm) < 0B (as 1 0),
hence,
(df(a;),n> = <Al‘+,$+> - d(A.%',, l‘,> + <dG($)7n>
Zm||$+||2+dm||$ |I? + (dG(x), n)
> %(m|\$+|l + dml|z_|[*) — chg(||zol]) — k(& ([[zol]))?
> g(mHMH2 +dm|lz_[]*) = (1 + e)h3([[zoll)
> (mllzy]]? + dmllz_[]*) — c2€(|zol])-

We choose k large enough, say, k > ¢, then

{df (), m) Z%(m\|x+|\2+dmllx [1# = k&(llolD))

- (2.2)

Next, we study the behavior of f near the boundary T's:

flz) = %<ACC+7$+> <A$ z_)+ G(z)
< 5lA[[Jz4 P = gmllz_ |1 + G(xo)
+c(ho( ||l’0||)+p0 [z [| + ) (z-[| + [[z+]])
< SlA[[lz4 P = gmllz |1 + G(x0) + c(ho(||zol)) (||| + ||z+]]) + L(x)
< [|A[|z4]I1> - mHm ||2+G($0)+Cho(|\$0||)
<||Allers + (\|A||d—*m>||$ 1> + 3G (o)

where L(z) consists of those higher terms w.r.t. ||x_||? and ||z||?. Now we take d such
that || A||d— 2m < 0. Then for given ry > 0 and ¢ small enough, we can find two constants
r1,0 > 0 with r; < 7 such that

fl) > =5 if [fwolP? +|lz-|* <rf, zeN
f(z) <0 if ||zo]l?2+|jx—|? >, x€N (2.3)
f@)< -6 i ool +llz_|P =k zeN.

Let
Ny = {z € N [ |lzol|* + [la—[]* > r{} C fon N\ {0}.

Since the function f satisfies the (PS) condition (see Theorem 2.2 (1)), thus (2.3) enable
us to deform N onto fy N N by using the negative gradient flow o; generated by df.
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Again, by the negative gradient flow o generated by df, fo N N \ {0} can be deformed to
ff% s M N C Nj. On the other hand, we can use geometry deformation o to deform N;
onto I's, therefore, we have

Cy(f,0) = Hy(fonN N, foN N\ {0})
= Hy(N, fon N\ {0}) (o1)
= Hy(N,I'2) (01 002)
= H,(B,0B) (o)
= 5q,T—+T0F

where B = {x_ + zol||z_|> + ||z 1|]? < r2}.
(2) The case of (H ). In this case we define

N ={a | =dlai|* + lo-|I* = k&(llxol) < erf, o |* + [lwol* < 75}

Let
[y = {z | =dllai|* + - |I* = k&(l|zoll) = erg, llo4]* + lzoll* < 75},
Uy ={x | =dllas|* + lz-|* = k(llzoll) = erf, lz+]* + llzol* < 7}
Then the normal vector on T'y isn = —dzy +z_ — &¢’ ([zol[) rzey- Similar to (1), we
can prove that the negative gradient of f is outward on I'y, that is
(dfn(@),n) < F(dllag|? = lz[* + k&(llzol]))
1 2 (2.4)
= —gmery < 0.
Moreover, we have
f@) = —||Allerd — (1Alld = gm)l|lz+]|* + ;G (o). (2.5)

As aresult, for 7y fixed and e small enough, by choosing d satisfying [|A[|d—m <0,
we can find 0 > 0,0 < r; < r9 < rg such that

J@)<d i xeN ol + llasl? <2,
J@)>0 it zeN, [lwof2+ [les] > 12, (2.6)
f@)>6 it weN, ol + lles|? > 3.

Let Ny := N N {||zo]|®> + ||z+||* < r?} UT,,. Then by a geometric deformation o,
we deform N to N;. We use n(t, z) to denote the negative gradient flow. Let t1(x) be
the time of reaching the boundary T'y, ¢2(z) be the time of reaching the level set of fj.
Obviously, t1(x), ta(x) are continuous w.r.t. the variable  and ¢;(x) = 0 when = € fo.
Let t(x) = min{¢1(x), t2(x)} . We define a flow

| n(st,z), x€ Ny, t>0,
al(s,x){ T, x € Ny, t=0,

then by o1, we deform Ny to Na := N N fo UL,,. Atlast, the flow

_ [ n(sty,z), xe N2\ {0},  #1>0,
0‘2(5,’&)— { T, l’eNQ\{O}a tl:o
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implies that T,., is a strong deformation retract of Ny \ {0}. Therefore

Cy(f,0) = Hy(foN N, fon N\ {0})

:Hq(FTZU(foﬂN),FTZU(foﬂN)\{O})

=Hq(N7Fr2U(foﬁN)\{O})(byo’lOG)
(N )

qTo

=90

and the theorem is proved.

Critical groups at the infinity

Here we denote the control functional and its primitive functional by h..(¢) and Hy(t)
respectively. Assume that

~+

hoo ()

0<a<H ()

<p <2,

where o', 3" are constants and H, fo s)ds. In order to deal with the critical
groups at the infinity, we assume:

(Hs) G € C'(H, R') has a compact differential dG satisfying

[dG(z)|] < (1 + hoo([|2ol]) + Poo([[z+]] + [|z—[])),
Poc (1)

where p : [0, 4+00) — [0, +00) is a functional satisfying lim; ., *5= — 0.
G(xo)
(HY) ——2— — +o0as 29 € H, ||zo|| — oo.
7 hZ(llxoll)

Theorem 2.2 Under the assumptions (Hy), (Hz) and (Hs) we have:
(1) f satisfies (PS) conditions. Moreover,

(2) Cy(f,00) =6g.r_+rF if (Hg ) holds, and
(3) Cq(f7OO) = 6q7'r, Zf (H6+) holds.

Recall that the critical groups at the infinity is defined by
Cy(f,00) = Hy(H, f-a),

for a large enough, as f_, N K = 0, where f, = {z € H|f(z) < a}, K = {x €
K| f'(xz) = 0} is the critical set of f.

Proof. (1) Suppose that {2} is a (PS) sequence. Then

|22l = | (=™), 2)]

> (Aa", ) — [(dG (), %)
> mljo |2 = (1 + ho (b} + poc([o |+ fa ) 122
> Lml[a7}][2 = Ll |2 = e(h2, (|[5]]) — c

where c denote various positive numbers and 2" =z} +xg +x” € Hy & Ho® H_.
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Similarly, we have

2] = Smlla || = Jmllal]* = e(hS (g ]) -

4
Therefore
n n 1 n n
IIw_|\+||ﬂf+||ZZm(llﬂc+ll2+Hx_llz)*chio(llwo\l)*
hence
2™ |* + (|22 * < e(1 4+ hZ,(||zol]))- (2.7)
On the other hand,
|f(z™)] =I%<Aw+,x+> + 5(Az™, 2™) + G(a")|
= |G (o) + 5(Azl, a%t) + 5(Aa™, 2™)
+ Jy (AG(r (@™ + @), 2 + 2% )dr]
> |G(x) —C(Ilm+\l2+|\x”ll )
C(1+hoo(||wo||)+poo(||x+||+|\x’ill))llfc’1 + 2% ||

> |G(xg)| = C(|2|x1\|2 + [ [12) = ehd([lwol) —
> |G(ag)| — eh(||oll) — .

This implies that {z{} } is bounded. Noting (2.7), we have {z"} is bounded, and a standard
arguments yields that f satisfies (PS) condition.

(2) If (Hy ) holds , we define the following set

Co = {a | ol* — dlla—|* — k&(t) < M},

where £(t) = Pﬁ‘j t(zt) d,k,M > 0 will be determined later. Then the normal vector on

0Cy isn=xy —dz_ — %5’(”900”)% By the definition of h, it is easy to check that

2hoo () Hoo(t)  2tHZ,(t)
1+22  (1+2)2

chZ, (1)

&'(t) = 1+t

€8] <

(2.8)

In the following, we shall prove that f has no critical points outside Cy for appropriate
k, M, and the negative gradient vector field points inward to Cj on the boundary 0Cj. In
fact,
(df (z),n) = (Avy,zy) —d{Az_,z_) + (dG(z),n)
mllz % + dml|z_]?
—l1 4 hoo([[]]) +poo(\|:c+|\ + llz—D) - (lzt | + dllz— [l + k& ([|zol])
m([|z4|” + dljz—[*) — chZ,([lzoll) — K2[€'([zol)]* —
m([|z4|” +dljz—|*) = (¢ + 1)h2([zol]) — ¢
m([|z4|” +dljz—[*) = (¢ + 1)E(|ol]) — ¢
m([lz|* = dllz-||* — k&(||zoll)) —
mM — ¢ > O(for M large).

IVl

IV IVIVIV

wh—w\»—wh—wh—w\
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Now, we prove that Vz € Cj,
f(z) = —00 <= ||z— + zo|]| = o0  uniformlyin z. (2.9)
Indeed, for x € Cy

f(z) (Azy,zy) + %(Aﬂf—,af# + G(x)

Al [ = gmllz—* + G (o)

c([[z4 + 2z [)(1 + oo ([[zo]| + poo(llz—[| + [|z+]1))
< [|Al[[lz4+]* = Fmllz—|* + G(zo) + chZ,(||zol]) + ¢
< ([[Afld - %m)\lﬂﬁ—ll2 + G(xo) + ch3([aol]) +

< (l1Alld = gm)[lz—|* + 5G(z0) +c.

IA I
—+ ool

(2.10)

In (2.10) we have used the assumption(Hg ) and the fact that the corresponding lower terms
w.r.t. [|z_||? have been absorbed. Hence, if we choose d satisfying —im + ||A||d < 0,
then

f(z) = —o0 as|lz— +x0|| > o0 uniformlyin zy.

On the other hand, by (H )

f@) = gmllesl]? = 5[ Alllz—-] + G(z0)
—¢(1+ hoo(||o]]) + poo ([l + [l ) ([l2— + 24 ]])
> gml|ai|? = [JA]|||lz—|* + G(x0) — chZ,(|lzol]) — ¢
> —[|Alllz-|I* + 2G(x0) — c.

(2.11)

This implies that ||x_ + 24 || — oo as f(x) — —o0.

Now we choose a > 0 large enough such that the critical set K of f satisfies K C
{r € H : |f(x)] < a}. Then the above arguments imply that there exist b > a and
R1 > Ry > 0 such that

Cq = {x S Coml‘o—l-l‘_H > Rl} C fp N Cy,

Cy = {x S Coml‘o —‘rl‘_H > Rg} C f—a N Cy,

and
f-sNCo C f_aNC.

By (PS) condition, we know that K C Cp \ f~1[-b, —a], then we can use negative
gradient flow 1 deform f_, N Cy onto f_; N Cy. And by a geometric deformation o, we
can deform C5 onto Cy. Thus o o 7 is a strong deformation retract of f_, N Cj onto Cf.
Therefore

HQ(fvoo) = Hq(Ha foa) = Hq(007f—a N Co)
= Hq(C()vCl)
= Hy(Ho® H_,(Ho & H_) \ Bg,)
= 5q,(h+ro)F~

(3) Assume that (H, ) holds. In this case we define

Co = {llz—II* — dllo+||* — k&([lwol) < M},
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where M, d, k are constants to be determined later, £ is the same as in (2). By a similar
way, we have

(df (z),n) < f%MH <0

for M large enough, where n = 2_ — da. — £¢/(||zo||) 22 is the normal vector on OCy.

[lzoll
Also, we have Vz € Cy,
f(x) — 400 <= ||r4 + x0|| — oo uniformly in z_.

Now we choose a > 0, R > 0 such that —a < —ag = inf,ec, f(x), and f has no critical
point outside Cy N Cy =: {z € Cyl||z4 + zo|| < R1}. Then f_, C H\ Cpand f_, isa
strong deformation retract of H \ Cy. Therefore

Hy(H, f_o) = Hy(H,H\ Cp) =64, F

3 Applications to resonance problems

As applications, in this section, we first study the existence of nontrivial solution for the
following asymptotically linear elliptic boundary value problem with resonance. More
precisely, we consider
—Au = p(x,u) in Q
{ u=0 on 0f) (3.1)

where 2 C RY is a bounded domain with smooth boundary. Let \; < Ag < A3... < \; <
... be the eigenvalues of —A in ) with zero boundary condition and p(z, u) be a function
in C(Q2 x R, R). We suppose that

p(z,u)

lir% = ), uniformly in x € Q (3.2)
u— u
| l‘im p(@,u) = A\, uniformly in = € Q. (3.3)

Let u
goo(% u) = A\pu — p(ﬂ%u)y Goo(”) = / goo(xa S)dsa
0

go(z,u) = Nju—p(z,u), Go(u)= /O“ go(x, s)ds.

Take H = H} () with norm |[u|| = (f;, |Vu|?)?, we assume:

(P1) go(z,0) = 0, and there exists constant My > 0, such that
lgo(x, w)| < Moho(Jul), for |u| < 1,

Go(z,u)

+
B2 )

— 00 as |u| — 0 uniformly in z € Q,
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(Ps) there exist constants M, > 0, such that

|goo (@, u)| < Moo(1 + hoo(|u])), foru € R and x € ©,

Goo(z,u)

(PF) =5
57 b2 (Jul) .
functions defined in Section 2.

— £o00 as |u| — oo uniformly in & € Q, where hg, hoo are the control

Theorem 3.1 Suppose that (Py),(Ps) hold. Then (3.1) has at least one nontrivial
solutions if one of the following cases occurs:

(1) (P5), (P") hold and Ay, # A;;

(2) (P3),(Py) hold and Ajy1 # Aj;

(3) (Py),(P;) hold and A, # Aji1;

(4) (Py),(Py) hold and A # A;.

Theorem 3.2 Assume that (Py), (P3) hold. If zo # 0 is a nondegerate solution of

(3.1), then problem (3.1) has at least another nontrivial solution if one of the fol-
lowing conditions holds:

(1) (P),(Pf") hold and A # Aj;
(2) (P),(Py) hold and A1 # Aj;
(3) (P3),(P{") hold and A # Nji1;
(4) (Py ), (Py) hold and X\, # ;.

)

Now we consider the functional

@) /\vu\ dm—/P
/ (Il = M Jul?) / Cue

%(Aoou,w + T ()

f@) = /|Vu| da:—/P
/ (Il = Xglul?) / Golu

1
5 (Aou, u) + Jo(u),

and

u

where P(u) = / p(w,8)ds, Ase = Id — M\p(=A) "1, Ag = Id — X;(—=A) ", Then it is

0

well known that f € C*(H, R') and J (u), Jo(u) have compact differentials (—A) ™! goo (u)
and (—A\)~tgo(u) respectively. And the solution of (3.1) is equivalent to the critical point
of functional f.
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Lemma 3.1 Assume that (P,),(Pi) hold. Then

(1) [ldJo(w)|| < e(ho(l[ull) + po(l[u+ || + [[u-|[)), for [[u]| << 1.

Jo(uO)
@ Rl

Proof. (1): From (P;), we get

— to0 for ug € kerAg and ||ugl| — 0.

ldJo()I[* = [I(=2)""go(w)lI* < e | |go(u)]*da)

e @ " (3.4)
g(/| o) 2dz+ | |go(u)2da).
u|<

3 lul>%

If |Ju|| << 1, we have ||ug|[r= < cl|uo|| < ¢f|ul| < . If [u] < 4, then |uy + u_| <
lu| + |uo| < 2, and hence

<e / B2 (fuol) + 13(Ju— + s |)dx

<e / (R2(Iluoll) + [t + u [2C@D)da (35)
Jul<

-1), if(a—1) < &5
whereq:{ (O;V ), if(a—1)< Ng? .
N3 if (a—1)> 5=
If [u| > 3, we have |u_ +uq| > |u| — |lug| = 3 — 3 = 7 = |uo|. Hence

Jul < Ju_ + s | + Juol < 2fu_ +usl,

and it follows that

/ ga(u)dr < c/ lu|??dx
lul> lul>3

< |'U/7 + U+|2qd$
‘ul 2

< ffu— +us [,

(3.6)

Combining (3.4),(3.5) and (3.6), we prove (1) with po(t) = ct4.

(2) Note that the finite dimensionality and the unique continuous property of the kernel
space Ker Ag imply that u(z) = 0, a. e. x € Q if u € KerAp, u(x) = 0 on a set with
positive measure. Then similar to the proof of Lemma 3.2 in [13]: for any € > 0, there
exists 0 > 0 such that meas{)y < ¢, where Qy = {z € Q : |u(x)| < J||ul|,u € KerAg}
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and u # 0. Thus, if (P;") holds and |Jug|| — 0, we take ¢ = [€|, then there exists § > 0
such that |u(z)| > 0]|u||L~ on 2\ Qq, thus, for any L > 0,

/ Go(x,u)d Go(x,u)dx / Go(z,u)dx
Qo 2\ Qo

Rl R B3

/ Go(z,d||u|| L~ )dz
2\
> 575

chg (8] |ul| =)

> L- 310,

Jo(uo)
hg([Juoll)

provided ||u||pe is small enough . This implies that — 400 as ||ug|| — 0.

Similarly, we have

Jo(’do) .
hi(lluoll)

Lemma 3.2 Assume (P3) and (Py) hold, then
(DlldJoo(w)]| < (1 + hoo([[ul]) + poo ([[ut ]| + [[u-1])),
Joo(uo)

®) Rz (luol)

—o0 as (P ) holds and ||ug|| — 0.

— +00 as ||ug|| — oc.

Proof. (1)

d T (@2 = [[(~A) " goo (1) ]
c / oo () P
Q

gc+c/hwwmfm

Q

§c+c/ hio(uo)+c/ h2 (u_ + uy)dz
Q Q

<coe [ lunl)do e [ (a2 ds
Q Q ,
< e+ chZ, (lluoll) + o1+ [lu_ || + [Ju4 [[}27 D,

(2) Note that the finite dimension and the unique continuous property of the kernel space
KerA, imply that |ug(x)| — oo forae. z € Q if ug € KerAy and ||ug|| — co. Then by
using the same arguments as in Lemma 3.2, we get the proof of Lemma 3.4.

Proof of Theorem 3.1. We only prove the first case, the other cases are similar. We rewrite
the functional f as

—1
5(A Oou,u>+J ( ).
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By Lemma 3.1 and Lemma 3.2, we know that f(u) satisfies all the conditions in Theorem
2.1 and Theorem 2.2. Hence,

Cq(fu 9) = 5qTClF7 V(L

C(](fv OO) = 5(17‘7F7 V(L

where 7 is the dimension of the negative eigenvalue subspace of A, and _ is the dimen-
sion of negative eigenvalue subspace of A.
If A, # Aj, then

Cq(fv 0) 7& Cq(fa OO)

Now, by the »_th Morse inequality , f has at least one nontrivial critical point x; satisfying
Cy_(f,z1) # 0. The proof is completed.

Proof of Theorem 3.2 We consider the functional f in (3.7) and suppose that f has no any
other critical points except for zy and 6. If (1) holds, then

Cq(f7 9) = 6qr(i ’ VQ7 Cq(f7 OO) = 5qr, ) VQa

Cq(fa CEO) = 5qquQ7

where y is the Morse index of zy. By Morse inequality, we have

a contradiction. The end of the proof.

In the following, we consider the asymptotically linear second order Hamiltonian sys-
tems and study the periodic solution problem as follows:

i = VV(t,u)
{ w(0) = u(2r), (0) = a(2r) (3.8)

where V € C*(RN*! R) is 27 periodic in t. Suppose that there exist N x N symmetric,
27 periodic matrixes B (t) and By(t) such that

|IVV(t,x) — Bo(t)x| = o(|z|) as |z| — 0, (3.9)
[VV (t,x) — Boo(t)x| = o(|z|) as |z| — oo, (3.10)
where | - | denotes the norm in RY. We use (-, ) to denote the inner product in R. In

addition, we take H = H'(S") with the inner product

(u,v) = (/O W((uﬂ)) + (w,))dt)* for u,v € H.

Furthermore, we make the following assumptions:
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(V1) VV(¢,0) = 0, and there exist constants Ay > 0 such that
[VVo(t, 2)| < Aoho(|x]) for |z] <1,

Vo (t, uo)
R ([[uoll)
(V3) there exist constants A, > 0 such that

(Vi) — — Fooasuy € HY, ||ug|| — 0,

|VVio (t,2)| < Ao (1 + hoo(|])) for x € RN [t € R,

Voo (t7 uO)

Vi = 32 (el

— tooasug € Hy, |ug] — 0

Y. Guo, J. Liu

where, hg, hoo are the control functionals defined in section 2. And Hg = Ker(— 2

dt?

Bo(t)), Hy = Ker(— dt2 — Boo(t)). Let ro = dim Hy, ry = dim HJ, r_ be the dimension

of the negative eigenvalue space of (—

negative eigenvalue space of (— dt2 — By(t)).

dtz — B (t)), and r° be the dimension of the

Theorem 3.3 Suppose that (V1), (V3) hold. Then (3.5) has at least one nontrivial 27

periodic solution if one of the following conditions holds:
(1) (V3"), (Vi) hold and r_ # r9,

(2) (V3), (V") hold and ro +r— # 19,

(8) (V) (Vi) hold and r— # 0 49,

4) (V37), (Vi)

For any u,v € H'(S"), we take

hold and ro +17_ # 1% + 1.

27
(Asott,v) = / (i 8) — (Boo (t)u, ),

Goo(u) =: — ; Voo (t, w)dt,

27
(Agu, ) = / (i, 8) — (Bo(t)u, v)dt,

Golu) =: —/O " Vol u)t.

It is easy to see that G, (u), Go(u) has compact differential (—
(— % + I)71VVy(t,u), respectively. We consider the functional

F() = 3 (Ascrt ) + Golw)

and
f@) = %(Aou, w) + Go(u).

dt2 +1)71VV4(t,u) and
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Then it is well known that f € C'(H, R') and to find the nontrivial 27 periodic solution
of (3.5) is equivalent to find the nontrivial critical points of f.

Proof of Theorem 3.3. We shall use the results of Theorem 2.1 and Theorem 2.2. For this
purpose, we first prove that (V3) implies that

|dG oo (u)]| < e(1 + hoo([uol[) + oo ([[u+[] + [[u—]]))-
In fact
1dGoe (@)|* = [|(— 7 + 1d) "' VVao (£, )2
< c(/ |V Voo (2, u)|?dx)
0

27
/ B2, (|ul)dz
/0\277 2

B2, (Juo )i + ¢ / B2, (e + s e

<c+c

<c+c

T

0
27
<cr [ Rluol) + € [ us PO D)da
0 0 )
< choo(JJuo|]) + ¢(1 + [Juy|| + [Ju_|])?# Y.

By a similar way as in the proof of Lemma 3.2, we can prove that (Vf) imply that

Goo(’u,o)
hZ. (l|uoll)

And (V3), (V55) imply that(H3) and (Hy). The rest of the proof is completed by the
same arguments of Theorem 3.1.

— F00 as ||ug|| — Fo0, ||ug|| € Kerdo.

Theorem 3.4 Under the conditions of Theorem 3.3, if the nontrivial solution of (3.5)
is nondegenerate , then (3.5) has at least two nontrivial solutions.

Proof. The proof is same as that of Theorem 3.3.

Remark 3.1 Our theorems extend the result of [7], which is the case when we take
the control functional hg(t) =t for o > 1 and hoo(t) = t* for @ € (0,1).
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