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Abstract

This work is devoted to the nonexistence of positive solutions for polyharmonic systems
(_A)mu = f(ua ’l)), (_A)mv = g(”ﬂ U)'

By using the method of moving plane combined with integral inequalities and Hardy’s
inequality, we prove some new Liouville type theorems for the above semilinear polyhar-
monic systems in R,
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1 Introduction

We consider the nonexistence of positive solutions for the problem:

(A = f(uv)
(=A™ = g(u,v) inRY. (1.1)
u>0 v>0

Throughout this paper, we assume N > 2m. In the paper of Wei and Xu [9], the authors
considered the classification of the solutions for polyharmonic equations (—A)"u = f(u).
They proved, among other things, the non-existence of positive solutions under the assump-
tions that f(¢) is locally Lipschtz continuous with the essential hypotheses on monotonicity
and sub-criticality. In a recent paper of Guo, Liu [5], the authors proved the non-existence
of positive solutions under the assumptions that f is continuous with the essential hypothe-
ses on monotonicity.

In this paper, we investigate the nonexistence of positive solutions for a more com-
plicated system (1.1) in RY. Note that, if the nonlinearities f, g are only assumed to be
continuous, we can not conclude that the weak solutions of the system are of C?™ class.
Hence, the method of moving plane for classical solutions is not able to be applied di-
rectly, some other new techniques are needed. To overcome this difficulty, we use the
method of moving plane combined with integral inequalities, an idea originally due to S.
Terracini [8], where singular elliptic problem in R” or in the half space RY with nonlin-
ear Neumann data on the boundary are treated. This method was later used by Damas-
celli and Gladiali [4]. On the other hand, since we do not have Maximum principle for
polyharmonic systems in general, we are forced to prove the superharmonic properties:
(=A)iu > 0,(=A)iv > 0,i = 1,2,....,m — 1 in RY. To do this, we use the method of
moving plane combined with Sobolev’s inequality in narrow domain. Another difficulty
stems from the fact that the nonlinearities are coupled each other, we are not clear if or
where we can start the method of moving plane. In developing the method of moving
plane, we also use Hardy’s inequality which helps us to start the method.

We would like to mention that the Liouville Theorems for (1.1) play a very impor-
tant role in the study of the existence of the solutions for non-variational polyharmonical
systems, which leads naturally to the questions answered by theorems of Liouville type.
For more details, we refer the readers to [3]. On the other hand, polyharmonic equations
(systems) have received great attention recently since, besides the analytic importance, it is
conformally invariant and has a geometric root; we refer to [2] and references therein for
more details on this aspect.

Let f,g be continuous functions on R%. We say that (u,v) € E := H" (RY) N
CO(RN) x H™ (RNV) N CORN) is a weak solution of (1.1) if

loc

/A%A%dx =/ flu,v)pdz, Vo € C°(RY)

m . om Y for m even, (1.2)
A2 vA2pdr = g(u,v)pdr, Vo e C(RY)
RN RN
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[ V@ T uv@ s = [ fuopds e @Y
N . . RN for m odd.
VIA™Z v)V(A™ 2 p)dz = / g(u,v)pdr, Ve € CE(RY)
RN RN
(1.3)
Theorem 1.1 Let (u,v) € E be a weak solution of the problem:
(=8)"u = f(v)
(=A™ = g(u) inRN. (1.4)
u>0 v >0
Suppose that
(1)f,g:1]0,00) — [0,00) are continuous and nondecreasing;
(2) h(t) = S0 k(t) = 2 are nonincreasing in (0, 00);
tN—-2m tN—-2m
(3) there are constants p,q > 1 and Ty > 0 such that f(t) > t? and g(t) > t? for

t>1T.
Then (1.4) has no (weak) solutions unless h(t) = m,k(t) = I, where m,l > 0 are
constants in the range of v, u respectively. Moreover, in the later case, if m =1=1,
then (u,v) has the form

N—-2m N—-2m

u(z) = u(je]) = Cym(1+ 12)" 72, w(@) = v(jz]) = Onm(L + [2) 7=,

after the translation and dilation for some constants Cn m, C~’N7m.

Remark 1.1 Note that under the continuity assumptions on the functions f, g, every
weak solution of (1.4) is of VVZQOT”) (RM) class for p < +00 and hence of C?m~1L*(RY)
class for 0 < a < 1. In fact, firstly by the difference quotient method we can show
the H2™(RY) regularity, then by the LP theory for elliptic equations we know that
u,v belong to W.P(RN) for p < +00, and hence to C?"~L*(RN) for 0 < a < 1.

Theorem 1.1 can be extended to more general cases. We mention the following corol-
lary as an example.

Corollary 1.1 Let (u,v) € E be a weak solution of the problem:

n
(—A)"y = Zupuv!hi’
i=1

n
(15)
(—A)™y = Zupmvthi’

=1
u>0 , v>0, inRN,

Suppose that P11 = Q21 = 071’117%1 > 17pjiaqji 2 07 p]z""]ﬂ S %tg:ﬁd = 1727 1=

1,2,...,n. Then (1.5) has no solutions unless pj; + qj;i = %fgz,] = 1,2, i =
1,2,...,n.
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Remark 1.2 Indeed, by using the strong maximum principle, in many cases we
can get stronger conclusion by considering non-negative solution instead of positive
solution. Since we are not intent to stress this, in this paper we just consider the
positive solution.

The paper is organized as follows. In section 2, we begin with the simpler system (1.4)
and give a detailed proof of Theorem 1.1. In section 3, we will consider more general
systems (3.1)(Theorem 3.1) and (1.5) (Corollary 1.1). Since the proof of Theorem 1.1 can
be repeated with necessary modifications in these more general systems, we pay special
attention on the outline and the key steps of their proofs. At the end of the paper, we
also give a nonexistence result for system (3.1) (Theorem 3.2) under stronger smoothness
assumptions on f, g but with simpler other conditions.

2 Preliminaries and the proof of Theorem 1.1

We begin with the superharmonicity property of the solutions for (1.4) so that the Maxi-
mum principle can be applied.

Proposition 2.1 Let (u,v) be a weak solution of (1.4). Then we have
(=A)'u(x) >0, (~A)v(z) >0,i=1,2,..m— 1. (2.1)

Proof. Let u; = (—=A) 7y, v; = (=A) i = 1,2,...,m with u; = u,v; = v. We
first prove u,, > 0,v,, > 0 by an indirect argument. Suppose that there exists zg € RN
such that u,, (xg) < 0. Without loss of generality, we assume that o = 0. We introduce
the sphere average of a function u by

1
_ __ d
u(r) wyrN-1 /BBT(O) e

where wy denotes the area of the unit sphere in RY. Since u,v € WZZOT’I’ (R™) and satisfy

system (1.4) in the weak sense, then the average (i, ) of (u, v) is of C*™ class; moreover,
it holds that

(A"t = Ty,
—Au = f(v
o 2 1Y (22)
A g(u)
Since %, (0) = 4, (0) < 0 and —Ad,, = f(v) > 0, we have
Um (1) < Um(0) <O,
(=A)" () = G (r) < U (0). (2.3)
By repeating integrations, we have
. A™=25(0)
a(r) <a(0)+ 2H02 4 4 2(m=2)
ur) <uO)+ Sy 7 22k(N + 2k — 2) 20
i (0) r2(m=1) " for m odd,

+
I} 22k(N + 2k — 2)
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B _ Au 0 A™25(0 m—
a(r) 2 (0) + S e G20 2.5)
um(o) r2(m=1) " for m even. .

T 22k(N+2k—2)

If m is odd, we deduce from (2.4) that @(r) — —oo as r — +oo and arrive at a
contradiction. If m is even, we deduce from (2.5) that @(r) — o0 as 7 — +o0. In this
case from (2.2) we obtain that there exist Ay > 0 and 79 > 0 such that

a(r) > Ao, forall r > ro,

dem Tlpery >0, A" C(rg) >0, i =1,2,...,m
,

again, it follows from (2.2)
_ — o 1_
—AUy, =g(u) >ui—c>ul —c> iuq, r> T
and ) )
A"5(r) = —Avy, > 511” > §Ag, for r > rg. (2.6)
By repeating the above process, we get
o(r) > By, forall r > r,

d
o — A"y >0, A (1) >0, 4= 1,2, ...,m,

1 1
A" u(r) = — Ay, > 5{;1’ > §Bg7 for r > rg. (2.7)

Again we will obtain a contradiction, see [9], [6] for the details. Hence u,, > 0, v,, >
0. By induction on ¢, we can show that %, ;41 > 0,vp,—;4+1 > 0,7 = 2, ..., m — 1. Finally,

since u > 0,v > 0 we have u; = (—A)" " tu > 0,v; = (-A) " tv > 0,i=1,2,....m

Lemma 2.1 For 0 < ty < 1, we define two functions o, 5 by

= PR 0 <t <ty )s
alt) = e N, ¥ (2.8)
f(l)to + f(l) N—-2m (t tO)a t > th
gy, 0<t<to,
=1 N ¥, (2.9)
g( )tO +g( )N th (t to), t>to.

Then «, B are continuous, increasing and convex, moreover
a(t) < f(t), B(t) < g(t), fort =0 (2.10)

provided ty is sufficiently small.
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Proof. We only prove a(t) < f(t). The proof of 3(t) < g(t) can be obtained by a similar
way. Let Ty = max{T, f1/7( ) 1}, choose ty < 1 such that N“”‘t” i = 7 Then
for0 <t < to, at) = F)EN37 < f(t) (by (2))

fortg <t <1,
N2 N+42m
a(t) =:f0)N+$ZtN2m(t—tw-+f(Ut§’””
< FEVER < (1) (by (2));
for1 <t < Ty,
N+42m
a(t) — f(l)%+3zt1\7 2m,( _tO) +f(1)t01\772m'
N+42m
SﬂU%@ﬁ”””Uh%w+f(Mfm
N+42m
=) = () §5ate o™ < f(1) < f(t) (by (1);
fort > Tp,
N+2m N 2m %J—rg:
a(t) =f0)N2mt (t —to) + f(1)tg
= f(1) 7 (t = To) + a(Ty)
< pT}~ (t —Ty) + 1%
<P < f(t)
> 2m—1-, \NE2m o Im—1 - NA2m
Lemma 2.2 TR (r) N2 dr < oo, e Y(r) N2 dr < 400,
1 1

Proof. Since —Av(r) = v2(r) > 0,0'(r) < 0 and 9(r) < (0). There is a constant C
such that
N+42m
a(v(r)) > CLo(r)~=2m 1 > 0. (2.11)

Similarly, there is a constant Cs such that
Bu(r)) > Cou(r) ¥27 7 > 0. (2.12)

Thus
— Ay, = f(v) > a(v) > a(0) > ClvN 2m (2.13)
since 4; > 0(¢ = 1,2,...,m — 1), by Lemma 3.1 in [10],

N+2m

T (r) > Cyr20(r) N=2m (2.14)

It follows from (—A)™ 14 = @, that a(r) > Cr?*™~24,,, and hence

N+2m

a(r) > Crzmz_)(r) N—2m

N+42m

o(r) > Cr*™a(r)~¥—2m.
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In the above and in what follows, we always use the same C' to denote different constants.
N+42m N—-2m _ N+42m
Hence a~-2m (r) < Cr=2m= "=

N—2m
,oN=2m (r) < Or=2m= "2, and therefore

+2m

/ r2m—lg N e r)dr < 400, / p2m—ly e 2m (1)dr < +00.
1

Let w(z) = I\N;m ( ), z(x) = WU(—‘) be the Kelvin’s transform, then

we have @(r) = —xtzm ti( 1) and Z(r) = -tz 0(2). A direct computation shows that

1 00
/ PN VR gy — / P21 g < oo, (2.15)
0 1
1 N42m o0 N+42m
/ rN=lzv=2m dr = / P2 lpN=am dr < 4o0. (2.16)
0 1
Moreover
1 _ .

Now let w; = (—A)*~tw,i = 1,2, ..., m. Then for some ¢; > 0,

|2'm—2i+2—N7Z' =1,2,....,m, as |£17| - %,

w;i(x) ~ ¢i|z
2| =" T2 2, ~ clz|™ N € L2(RY\ B,), (2.19)
||~y ~ 2N € LR (RN \ B,), forall r > 0. (2.20)
And the same results hold for z; = (—A) " 1zi =1,2,...m
Proposition 2.2 w; = (—A) " lw > 0,2 = (-A)"712 >0,i=1,2,....,m — 1.

Proof. By (2.19) and (2.20), it is sufficient to prove Proposition 2.2 in a ball, say By (0) \
{0}. Let x € C§°(B1) be a nonnegative function. We prove that

/ xX(=A)™tw dz > 0. (2.21)
By

Define a positive ¢ by
—Ayp x  in Bi(0)
p = 0 in 9B1(0).
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For any € > 0, we take n. € C§° such that . (z) = 1 for |z| > 2¢ and n.(z) = 0 for
|z| < e, and |DIn.| < ce7. Thus

0 < / onela N2 f (12N 22 da

B,

=/B ene(—A)"wdx

= [ Caren ) tuds

:/ (—A)mflw(—Agp)ngd:c—F/ (=AYl (—2V V. — An.)dz.
B B,

(2.22)
Letting ¢p = 2VpVn. + pAn,, we have

| (—A)mflwwdﬂg/ W] A1 d
B,

B,
—2m
<e / wdx
e<|z|<2¢
2e
= Ce*2m/ w(r)yrN " dr
€
2¢ N+2m N—2m 2¢ 4
S Ce_2m(/ w(r) N—2m""N—1d7") N+2m (/ TN_ld'r-) N+2m
€ €
2m (N —2m)
< Ce n~rzm  — 0,as € — 0.
Therefore

/ (D) Yz = / (=AY T w(—A)gde > 0,Yx € C°(By), x > 0.
Bl Bl

This implies that (—A)™ 1w > 0. Similarly, we can prove that (—A)™~'z > 0. By
induction on ¢, we finish the proof of Proposition 2.2.

In what follows, we shall use the method of moving plane. We start by considering
planes parallel to x! = 0, coming from +o0 . For each A > 0, we write z = (2!, 2’) with
v = (22,...,2) € RV~ and define X := {z = (z},2") |z > A}, T\ := 9%y = {z =
(xt,2')|zt = A}. Forz = (z1,2') € Xy, let ) = (2\ — 2!, 2') be the reflected point
with respect to the hyperplane T}, let Xy = X \ {ex} with ey = (2,0, ...,0). We define
the reflected functions by
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Then we have

—Awl = W2 wa{‘ = w%‘

—Awy = e f (|22 ) —Awp, = o f([2a V)
—Az = z —AZ = 22

Az = e 2]V 72 Mw0r), —Az), = e f(Jaa N TP wd).

(2.23)
Proposition 2.3 For \ large enough, w; < w),z; < z) in ¥y,i=1,2,...,m.

Proof. Let 1. be smooth function such that . = 1if 2¢ < [z —ex| < ;9. = 0, for
|z —ex] < eor |z — ey > 2. Test the equation —A(w; — w) = wy — wy by ¢ =
(w1 — w?) 1 (Jz|~™F )%, where (wy — w?)y = max{w; — w7, 0}, we have

/E IV ((wr — wd) g |2 )Pl = / (wz — wd)(wy — wd) (ja| ™) 2de
A A
4 / (wn — w2 [V (||~ ) Pda
—. I LTI
(2.24)

E = (=)l () ol )

<C( / (w2 — wd) || 7™+ 2n.) 2dz) /2 ( / IV (w1 — wi) 4 |2| ") [Pda) /2

3a 3
(2.25)
where we have used Hardy’s inequality:

N -2 2
(7)2/ L dx g/ |Vu|?de,u € H'(RY).
2 RN |z]? RN

And for > 0,

II = / (w— wi\)i\(—m + 1)\9r:|_m_1ac776 + |x\_m+1VnE|2dx
PPN

< (14 6)(m —1)? / (w1 — w) g || "™ ?de oy

+es / (w1 —w)) |||V [2dx
PPN
= IIl + IIQ

By Hardy’s inequality

I < u / IV (w1 — w4 2]~ )P, (2.27)
PN
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where i = (1+6)(m — 1)>(£52)~2 < 1if § small.

—m 2N N-—2 2
I, < C(/ (w1 = w) o]+ N=2 )dar) (/ (Ve V)~
EAN{Vne#0} A

< O (w1 = wd) 4 2|71 ¥22)da) 5 — 0, as e — 0,
SAN{Vn.#£0}

since (w1 — w)) 4 |z "™+ < wy |z € LV,
Letting ¢ — 0 in (2.24), by using (2.25), (2.26), (2.27), we have
19w = wd)elal s <€ [ s = wd)slol s,
3 3
Similarly, fori =2,....m — 1

/ IV (wi — wd) e ™2 Pl < C [ (i — wdy) el ™ P
Z)\ EA

(2.28)

<C [ V(wiss = wh)alel " P,
PN

Finally, if 2; < 27,

—A(wn —wp,) = [TV 2) = [TV (| V)

(2.29)

< [ TN (VT2 ) = s TN TP (AN T (by (1))

<0 (by (2));
if 21 > 27,

A
—N-— — 21\ Nt2m
—A(wm —wp,) < |2 f (| Y 2“”‘21)(1—(;11)“27"

N 2 N—-2m 1
< + mf(|$| Zl) (Zl _ Zi\)

= N -2m |z|N-2mz gt

1 A
< CAme(Zl -2 )7

where C), is nonincreasing in A.
Testing the equation

~A(wn —wp,) = |2V (2T ) = o TN (|2 VT2

by ¢ = (wm — wp,)+(|z]™~"1)?, we have
[ 19— slal
N .
<O [t = D - wh) ol e
A

+ [ (Wi —wp )3V P
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2N N—-2

dx 2 —m
I s@(/ m)wx(/ ((21 = 22) ol 7o) ¥2 da) 55
Ay || O

([ ((wm — w4 |z ) 2 da) 5=

RN ) . S (230
<O ) ® ([ VG = ) el P}
A A

x( / IV (wm — )4 (2] ) 2dc)
A

2

where Ay = {2 € B)|z1(x) > 27 (2)}.

IT < (1+6)(m—1) / (W — w) 4 2™ 2)?d
P3N

Gy / (wan — W) 2™ )2 V. [2d
PN
<p [ IV — wd) e P + of1).
3
Lete — O,

[ 1900 = wh)felm e
PN
2

1
<C - dz)v A —m+1 2d )
—= )\(/‘;A |.’17|(m+1)N ZL') /EA |V(21 21 )+|$| | €

Similarly, we have fori =1,2,....m — 1
[ 196 = el e <0 [ e 2 )elel P
X 3
<C [ V(e = )kl P

3
(2.31)
and

[ 196 = z)lai™ P
DN .
Z A —m+1|2
< _— — .
<O g [ 1900 —wd) el e
Where Ay = {2 € Zx|wi(z) > w)(z)}. Note that, for A large, Cy fo \wl(:"iﬁ <
Cx sz |w\<gﬁ1)N < 1,0\ fAA |g;|(7€llf'1)N < i sz |$|(fﬁ1)zv < 1; hence (w; — wi)\)+
0,(2i —2))1 =0in%y,i=0,1,...,m.

Let A = inf{\w; < wk, z; <z in iu,z’ =1,2,...,m,pu > A}
Proposition 2.4 If A > 0, then wy = wi, z; = 2 in 2,.
Proof. By continuity, w; < wf\, zi < zf\,i =1,2,...,min Y, and

{A(wlw{\) =wy —wh <0 in 5,

wlfw{‘ <0
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by the Maximum principle, either w; = wf orwy < w{\ iny A- Let x s be the characteristic
function of S. Then x4, — O a.e. as A — A, and

dz dx
/A; |z[(m+ 1IN B /RN X |z |(mt1)N —0 asA—A
Similarly,

dx dz
——— = it — 0 A— A
/A~>\ |$‘(7"’+1)N /]RN XA, ‘x|(m+1)N ) as

Hence, there is a constant 6 > 0 such that for A € [A — 4, A], C), fA |x\<m+1>N <1,

C fAA W < 1. By (2.30) and (2.31), we know that w; < w,z; < 2} in £ for
A € [A — 4, A], which contradicts with the definition of A.

Proof of Theorem 1.1. If for all direction A = 0, we conclude by continuity that w(z) <
wo(z) and z(z) < zo(x) for all z € Ly. We perform the moving plane procedure from the
left and get wo(z) < w(x) and zo(z) < z(z) for all z € Xy. So w, z and hence u, v are
radially symmetric around the pole of the transform. Since the pole is arbitrary, u, v are
constants.

If A # 0, then w, z are regular at the origin, and u, v are regular at infinity. Since w; =
wi, 21 = z{, by repeating the proof of Proposition 2.4, we have w,, = wb, z,, = 2z},
which implies that

| =2 (| NP ) = faa | TR (fea Y. (2:32)

Note that for any x € X, |z| > |zal, and f(t)/t%irgz is nonincreasing. It follows
from (2.32) that f(t)/t N3 is constant in a left neighborhood of ¢ with the form ¢ =
2V 2mu(a) = u(iEy), !

borhood of ¢ = u(ﬁ) x! < A, in particular it is true for ¢ close to 0 since t = u(ﬁ)

> A. Similarly f(¢)/t N2 i3 constant in any right neigh-

convergence to 0 at infinity. Therefore we conclude that ifA>0, f(t)/t N=3w is constant
in u(RY). By the same argument, 1fA > 0,9(t )/tN %% is constant in v(RY).
Assume f(t) = ¢ Nz ,g(t) = ¢~=2 . Then

N+42m N+42m

(=A)"u = v N2 (=A)"y =vN-2m,

since (u, v) is regular at infinity, we have

N+2m

/ |A%(u—v)|2+/ (uﬁi@;ﬁ —v~=2m)(y —v) =0, for m is even
RN RN

N+2m N+2m

/ |V(Am51 (u—))? +/ (uv=2m —y~N=2m)(y —v) =0, for m is odd.
RN RN

Hence v = v, By Lemma 4.3 in [9], u, v have the desired forms.
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3 Extensions

In this section, we will show that how the techniques used in Section 2 can be applied to a
more general system:

(=A)™u = 3 fi(u,v)
A"y = YU gi(u,v) inRY. (3.1)
u>0 , v>0

Theorem 3.1 Let (u,v) € E be a weak solution of problem (3.1). Suppose that
F=X0"fiso 9=>"9, fi,gi:[0,00) X [0,00) — R,i =1,2,...,n are continuous
functions satisfying:

(i) f(s,t) is positive and nondecreasing in t,
(i) there exist p > 1 and T > 0 such that f(s,t) > P, fort > T and all s,

(iii) for i > 1, fi(s,t) > 0 and there exist p1; > 0,q1; > 0,p1; + qui = NE2m

- - N—-2m
i(s,t) . . L
such that M is nonincreasing in (s,t),
sP1itd1i

(iv) g(s,t) is positive and nondecreasing in s,

(v) there exist ¢ > 1 and S > 0 such that g(s,t) > s%, for s > S and all t,

(vi) for i > 1,g;(s,t) > 0 and there exist ps; > 0,q2; > 0,p2; + qo; = %tgz
(s,t)

such that Ji
sP2itq2i

is monincreasing in (s,t).

Then (3.1) has no (weak) solutions unless there exist m;,l; > 0 such that f;i(s,t) =
m;sPritdi g (s,t) = [;sP2t%2i 4 = 1,2, ...,n, and in the later case u,v are radially
symmetric and regular at infinity. Moreover u = aU,v = bU, where a = f(a,b),b =

g(a,b) and U > 0 satisfies (—A)™U + UNZn =0 in RV.

We remark that the proof of Theorem 3.1 consists in the usual steps in the method of
moving plane and will be completed similarly to that of Theorem 1.1. The key steps are
proving analogues of Proposition 2.3 and Proposition 2.4. We use the same notations as in
Section 2. Let (w, z) be the Kelvin’s transform of (u,v). Then we have:

—Awy(z) = wa(x)

—Awmm. = % z| N2 (), 2|V 22 (x

Sem(e) = ke ) gy
Bzn@) = emg(alY (), oV 2 ()
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and
—Awi(z) = wi(z)
AN (r) = e F(a N 2w (@), [ N2 ()

m ‘w)\|N+2m 1 ) 1 N
~A2@) = Al reRMe)
AN = gl @), a2 ().

(3.3)

We first mention that the superharmonic properties of u, v are guaranteed by condition
(ii) and (v). Meanwhile, these two conditions allow us to have an analogue of Lemma 2.1.
That is

Lemma 3.1 a(s,t) < f(s,t),8(s,t) < g(s,t) for s,t > 0, where

N+2m
atN—-2m 0<t<T, Vs
a(s,t) = m m - 3.4
(s,) { aT N5 4 o NI (1~ T), ¢ > T,Vs (3.4)
11:7r+277l 0 < < S Vt
as N-—2m S
5,t) = m - - =7 3.5
Bls.1) { aSVE 4 o NEZM OGN (5 — S), 5> S,V (35)

In the above, a is a constant to be chosen later.

Proof. Indeed, fort < T,

foot) 2 TR
> 5 s, T) () VS
)N72n1

fort > T, f(s,t) > t? > a(s,t) provided a is small enough, since «(s,t) is a linear
functionin ¢ for ¢t > T.
In a similar way, we have

B(s,t) < g(s,1),Vs,t = 0.

In order to make the proof of Theorem 3.1 transparent and clear, having proved the
superharmonity, in the following we assume that the summing on the right hand of (3.1) has
only one term. Then with necessary modification, one can easily obtain the corresponding
results for (3.1). More precisely, we consider a system with supperharmonity

(=A)"u= f(u,v
(=A™= g(u,v) (3.6)
(=AYu> 0, (-A)v>0,i=0,1,2,..m— 1.
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Suppose
() f(s,t) is positive and non-decreasing in ¢ and there exist p; > 0,q1 > 0,p1 + ¢1 <
N+2m f(s,t)

N5 such that <72+ is non-increasing in (s, ).

(ii) g(s, t) is positive and non-decreasing in s and there exist po > 0, g2 > 0, p2 + g2

N+2m g(s,t) . . .
N5 such that 22 is non-increasing in (s, t).

IN

We use the same notation as in Section 2.
Lemma 3.2 There exists A\g > 0 such that z; < zi)‘,u)i < wf‘,i =1,2,...,m, A\ > Ag.

Proof. 1t is sufficient to prove, fori =1,...,m — 1

9

/E IV (wi—w) 4 2]+ 2 < Oy / IV (wi—why) o] P, (3.7)
A

X

/ IV (s — W) | 2
3

2

1
<C * v A m—1 E2
<o/, o) [ 19— wd)sfe

1 2 i A m—1_ |2\1 (38)
+ca</Ai ) S (19 =) !
<( V(1= 2D)glal™ )2
2

and

/2 V(2 — )4l 2z < Cy / IV (21 — 2n) a2 2dz, (3.9)
A

PPN

[ 196 = z)dal
3

1 2
scx(/ L% / V(21 — )™ 2
iy a0 )" i

4O ) F (L V(= wd) ol ) 1
A TN wp —w z Nel™ )2
Al |x‘(m+1)N P3N .
m— 1
x( | IV(z1 = 20) ¢l )=
PN

The proof of (3.7) is the same as that of Proposition 2.3. We only prove (3.8).
If z; < 27, we have

Faal ¥ 2w (), [oa V2" 24 (2))
> f(laal Y72 (@), |oa |V 2 (2) 3
f

1
3 A
> F(aN 2w (z), ||V 2 () R (D
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1 A
~Awm =) S o Y @), [ @) (1 - ()
1 —2m —2m w)\ N42m
< Wf*(lxljv My (@), |2V 21(@)(1 = () ¥=2m)
1 N +2m w?
+ N—-2m N-—-2m 71
< Wf (|| wy (), |z| Zl(x))m( wl)
LN 2m P ) o) L
N —2m |2 [N =2m, (z) || dm T
A
< W(wl —w?),
(3.11)
for some constant C.
If z; > 27, we have
FaaN 72w (@), oAV T2 (2)
by by
> N—2m, Ag.y 21 (@) Ne2m A Wi(z)
—f(|x)\| 1(1.)Z1(.13)’|x)\| Zl(m)wl(ﬂf))
N—-2m,, A N-=2m _\
N N—-2m N—2m |zl wy (z) 1 E2N 21 (z) @
7f(|$| wl(x)7|x| Zl(x))( |$‘N_2m’lU1($) ( |Z‘|N_2m2’1(.73)
_ N—2m N—2m |$A|N+2m wi\(x) p1 zi\(x) @
—f(|{L'| wl(x)7|x| Zl(x)) |1‘|N+2m (’Ujl(l‘)) Zl(l‘)) )
— A(w,, — w,)‘n)
< = f (2N 72w (), |2 N2z (2) (1 - (wi pl(ﬁ )
= x|V +2m ) w, 2
1 W Nizm 2y Ntzm
+ N-2 N-2 1\ NTam (2A\ e
< o Y (@), o2 ) (1 - () (22 3
1 N +2m w? 2
< + N-—-2m N-—-2m _ 1 1— 1
< v el @) e @) - )+ (- )
N 2m fH(N P (@), |2V P () (wi - wy)
~ N-2m || N 2w () || 4m
N +2m fH (2N 2wy (@), |2V (2) (21— 27)
N —2m |x|N=2m 2z (z) || 4m
Cy
< i (w1 —wi) + (21 — 20)]- (3.12)
Hence

(w1 —w)y + (21 = 27)4], for z1 > 27
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Testing the equations in (3.2), (3.3) with the function ¢ = (w,, — w), )+ (|z|™ )%, we

have

/ IV (s — W) |
PPN

1 _ _
:/ (|x‘N+2mf(|x|N 2mw1’|x|N 2mzl>
PN

1 —2m —2m m—
—Wﬂ‘@\w ? w1\7|x>\|N ? Zf\))@‘*‘/z (wm_wq)v\m)2+|v|x‘ el®
A
Cx A A A m—1_ \2
< [ (el —ud)+ 1= ) — wh ) (2™
A
[ (wn = )3Tl
PPN
]- 2 A m—1 2N  N-—-2
<o ) P (= ud)eap i #)s
A

1
C -
+ A(~/A§\ |:C‘(m+1)N)
2N

% ( / (w1 — wd) 4 2" F2m) 5

2z

( / (21 — )4 [ ) #2m) 5

v (- w7, (313)
=5
where 3§ = {2 € By, e < |z] < 2¢,0r ¢ < |2 < 2}
By Sobolev inequality, let ¢ — 0 in (3.13), we get

‘V(wm - wfn)+|$|m_l77e|2

3
1 2
s@(/ 1 / IV (wn — w4 2™ 2
At |z|(m+DN oa '

1 2 1
C = v A m—1 627
#Ot ) ¥ ¥t =) e’

x(| V(21— 2) 4|2 )2,
PPN

We proceed the same as in the proof of Proposition 2.3 and finish the proof of Lemma 3.2.

Let A = inf{\ > 0lw; <w!',z; <z, in3,,i=1,...,m,pu> A}

Lemma 3.3 If A > 0 then w{\ = wl,ziX =z forallx € Y.
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Proof. Firstly, we claim that w? = w; implies 22 = 2;. In fact, by the equations (3.2) and
(3.3),
Wml’wdmwl(ﬂ?)v 2|V 72" 2 (@)
= e f(lzalV 72wl (), Joa Ve ()
= |IA\{Nﬁm)q}\z\wﬂm)pl f<|z|N72mwl (), |mA|N72mZ{\(x))
v f (2N 2wy (2), [aa [V (@),

Since f (s, t) is nondecreasing in ¢, we deduce from the above inequality that

\%

|ac|N_2mzl (x) > |xA|N_2mzA(ac). (3.14)
On the other hand,
etz (12N =2 (2), |2 V22 ()
= ez f(|2a N 72w (), |2a [V 22 (2)
> Wf(|$A|N_2mwl($)a lzA V722 (2)
> o f(lalY 2wy (2), 2N 272 ().
Thus L
Wf(lxlN”mwl(w), |2V 22 (2))
= e f (a2 (@), |oa |V 22 (2) (3.15)
= Wfﬂf%w_gmwl(x)’ [zA|N T2 2 (1)),
and hence
F(2 V2w (@), |22 (2)  f(wal NP wa (), [ea] NP ()
(Jz[N=2may (z))Pr (Jz|N=2m 2y (2) 2 (Joa [N =2mws (2))Pr(Joa |V —2m 2 (2)) 0
(3.16)
By (3.14), we have
[N 72wy (@) > AN TP () = aa VTP (2),
N7 (2) > | VTP (@) > |ea N TP ().
By (3.16) and the assumptions of Lemma 3.2,
FUalN 72w (), 2| Y722 (2)  flealV TP wn (@), Jea VTP () .
(lz[N=2mwy (z))Pr (|2 |V =2z ()2 (Joa N —2mw; ()P (IIAIN’Q"‘ZlA(JL’))(q1 )
3.17

it follows from (3.15) and (3.17) that z{* = (2{*)?, and hence z = 2{* since ¢ > 0.

Suppose that w, fw{x # 0and z; fz{\ # 0in X, then wy < w{\, 7 < z{\ in X5. Now
let x s be the characteristic function of set S. Then above discuss shows that W){ AL
converges pointwisely to zero as A — A in RV \ (Ty U {ep}) . Thusif 0 < A — § < A,
then WX@ < W}(gké € L*(X,), by dominate convergence, we get

1
S 0as A — A,
/Ai |x|(m+1)N — U as —
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and hence

1 4
1 4
C)\(/Al W)N <1f0r)\€(A—(5,A)
A

Also we have )
2 L N\E _
CA(/A2 |I|(m+1)N)N <1lforAe (A—0d,A).
A
Recalling the previous arguments, this implies that w; < wj and z; < 27 in ¥ for
A € (A — 4, A), which contradicts with the definition of A.

Proof of Theorem 3.1. Again for simple reason, we assume that the summing on the
right hand of the nonlinearities in (3.1) has only one term. Suppose that (u, v) is a solution
of (3.6). Make the Kelvin’s transform around a point p € R”" and define A = A(p,n)
for a direction n € R™. If A(p,n) = 0 for all p and n, then (u,v) is radially symmetric
with respect to all p € RY and must be constant. If A(p,n) > 0 for some p and n,
then the corresponding Kelvin’s transform (w, z) is radially symmetric with respect to a
point ¢ other than p and regular at the pole p, hence (u,v) is regular at infinity, that is
=(0)

u(z) ~ %,v(z) ~ rpjx=z as |z| — oo. Since Sj;(ft’z is nonincreasing in (s, ¢),

it follows that S’;(ft’g is constant in a neighborhood of (|z|¥~2mw(z), |z|VN 2™m2(x)) =
(st
v

R }. The same result is true for the function g. So the problem (3.6) reduces to
(=A)"u = muPo?, u>0
(=A™ = lwPv®, v>0

(u(ﬁ), v(ﬁ)), which implies that is constant in the range of {(u(z),v(z))|z €

in RN (3.18)

where m, [ are positive constants. Moreover (u,v) is regular at infinity. We can apply the
method of moving plane to (u, v) and conclude that (u, v) is radially symmetric. It remains
to determine the form of u, v. Suppose that (u, v) is radially symmetric with respect to the

origin:
u(x) = u(|z]), v(z) = o(|x).
Let (w, z) be the Kelvin’s transform of (u, v) with the pole p # 0, that is

1 rT—0p 1 rT—0p
= U +p),zx v
e g oy TP = ey

w() +p)-

:‘x_

(w, z) is radially symmetric with respect to some point g.
If ¢ = p, then (u,v) is radially symmetric with respect to p too, hence constant. If
q # p, it follows from [1, Lemma 7] that for some A, B, s = s(p,q) > 0

A
U(x) = — N—2m
(s2+|x]2) "2
B
vr) = N—2m *
(s2+|z|?) "2

Let A = a(N(N — 2m)s?) "™, B = b(N(N — 2m)s?)" 7, then u = al,v = bU.
—2m

Ni m
Where U = NV=2m)s8) T o ifies (—=A)™U = U~ in RY and a, b satisfy

N—2m

(s*+]z|?) 2

a = Tnaplblh7
{b = laP*b®.
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We observe that in above proof, we only assume that f(s,t),g(s,t) are continuous
functions. If f(s,t),g(s,t) are Lipschitz continuous functions with respect to ¢ and s
respectively, then the same results of Theorem 3.1 hold but with simpler assumptions. For
example we consider the simpler system

(=AY u = f(u,)
(—A)™v = g(u,v) (3.19)
u > 0, v >0

Theorem 3.2 Let (u,v) € E be a positive weak solution of problem (3.19). Suppose
that f,g:[0,00) x [0,00) — R are C° functions satisfying
(i) flysat)  glys,yt)

N ot s TRTam are nomincreasing in vy, and either
—YN 2m ’YN72'm

(ii) f(s,t) is increasing and locally Lipschitz continuous in t, that is
0< f(S,t) - f(svtl) < L(m)(t - tl)

provided that m >t > t' > 0,m > s > 0. And g(s,t) is increasing and locally
Lipschitz continuous in s in the sense that

0<g(s,t)—g(s,t') < Li(m)(s —s'),

or

(i1)" f(s,t) is increasing in t and nondecreasing in s ; g(s,t) is increasing in s
and nondecreasing in t.

(iii) there are p > 1,q > 1 but equal to 1 at the same time and T > 0,5 > 0
such that f(s,t) > tP, fort > T and all s and g(s,t) > s? for s > S and all t.

So, f(s,t),9(s,t) are homogeneous of S22 order in the range {(u(z),v(z)), x €

RN . Moreover u,v are radially symmetric and reqular at infinity and v = aU,v =
N+2m N+2m
bU, where a, b satisfy f(Xoa, Aob) = Ay " a, g(Aoa, Aob) = A" > b, for A\g = max U.
N+ m

And U > 0 satisfies (—A)™U = UN=2m,U(0) = Ao.

Proof. We only address that how the main estimates in the proof of Lemma 3.4 hold.
Indeed,

(1) The condition (ii)” holds. Since for any fixed A > 0, || > |z,|, it follows that if
z < 22,

—A(wp, —w))

— WqulN—Qmw’ |x|N—2mz) _ Wf(lwAlN—Qmw/\’ |$>\|N_2mz)‘)
A
< ‘m|N1+2an(‘x|N_2mw7 |x|N—2mZ> _ ‘mx&ﬁmfﬂxﬂN—Qmw/\ |{E)\|N_2mz%)

A N+2
e (¥ 2, o]V 2 (1= (257) V)

Wﬁm(w—w’\).

INIA

Where we apply the nonincreasing condition with y = % (521 Lza] W=2 <1,
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If 2 > z’\7

_A(wm - w'I);L)
|x|N1+2m f(|x|N_2mw7 ‘$|N—2mz) - |m)\|1\17+2mf(|x/\|N_2mwkv ‘x/\‘N—sz/\)

A

A
< Wfﬂxv\f—zmw, \x|N—2mz) _ |a:A|N+2mf(|$/\|N zmu7 ‘x)\ N—Qm%)
AN N+2m
< W( F(lzN 72w, oV 72mz) (1 — (2=) N—2m)
< e [(w — wt) + (2 — 2%)],

. . .. . |x >\| N—2
where we apply the nonincreasing condition with v = 27( ) m < 1.

wx

w []
(2) The condition (ii) holds. Again, for any fixed A > 0, |z| > |z, if z < 27, the
proof is the same as (ii)’.

If 2 > z’\,

—A(wp, —wy,)
Wf(|$|N_QT”
ez (f (|2
W[( (lz w, |z
e [ ()Y 2, [N =2m2A) — f(|af N2, [N 2]
v [L(m) 2] N7 (2 = 22) - f (|2 V2w, [ NP A) (1 - (22 %5
ez [L(m) |2 N 72 (2 = 22) + f(l2 V7P, |2V 2) (1 (W) ¥ 5m)]
i (2 — )+ (w — w?)).

‘N—2mz) |N—2’rnw)\’ |x/\|N—2’rnzk)

)
]

w, |z - Wf(bﬂ
|N—2mw’ ‘$|N_2m2) _ f(|$|N_2mw’\, |J:|N_2mz>‘

IN

)
|N72mw’ |x|N72mz)_f(|x‘N72m |N72mz)\))

\ /\

IN I/\

Proceeding the same arguments as in Lemma 3.2, we show that the integral inequal-
ity we need is true. The rest of the proof is the same as in Theorem 3.1 with necessary
modifications.
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