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Abstract

In this paper, we prove that if b(x) satisfies some suitable conditions, then −∆u + u =

b(x)up in RN
+ with the boundary condition u(x′, 0) = λg(x′) has at least two positive

solutions if 0 < λ < λ∗, a minimal positive solution if λ = λ∗ and no positive solution if
λ > λ∗.
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1 Introduction

In this paper, we consider the following elliptic boundary value problem




−∆u + u = b(x)up in RN
+ ,

u ∈ H1
(
RN

+

)
, u > 0 in RN

+ ,
u(x′, 0) = λg(x′),

(1.1)λ

where λ > 0, 1 < p < 2∗ − 1, 2∗ = 2N/(N − 2) when N ≥ 3, and 2∗ = ∞ when
N = 2, x′ = (x1, ..., xN−1) ∈ RN−1, RN

+ =
{
x = (x′, xN ) ∈ RN | xN > 0

}
is the

upper half-space on RN and b(x) is a positive, bounded and continuous function on RN
+ .

Moreover, b(x) satisfies the assumption (H1) below
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188 T-S. Hsu

(H1) b(x) ≥ b∞ > 0 in RN
+ and lim

|x|→∞, x∈RN
+

b(x) = b∞.

We define

‖u‖ =
(∫

RN
+

(|∇u|2 + |u|2)dx

)1/2

,

‖u‖q =
(∫

RN
+

|u|qdx

)1/q

for 2 ≤ q < ∞,

‖u‖∞ = sup
x∈RN

+

|u(x)|,

M = inf{
∫

RN

(|∇u|2 + |u|2)dx :
∫

RN

|u|p+1dx = 1}.

It is well-known that the following problem
{ −∆u + u = b∞up in Ω,

u ∈ H1
0 (Ω), u > 0 in Ω,

(1.2)

has a unique radial positive solution w in the whole space RN (see Berestycki-Lions [5]
or Gidas-Ni-Nirenberg [11]). Esteban-Lions [10] asserted that (1.2) does not admit any
nontrivial solution in an Esteban-Lions domain. The definition of an Esteban-Lions domain
is that for a proper unbounded domain Ω in RN , there is a unit vector χ ∈ RN such that
n(x) · χ ≥ 0 and n(x) · χ 6≡ 0 on ∂Ω, where n(x) is the unit outward normal vector to
∂Ω at the point x. A typical example is the half-space RN

+ . Hence, it is interesting to study
existence of solutions of (1.1)λ in the half-space RN

+ .
In [3], Ai-Zhu considered (1.1)λ with b(x) ≡ 1. They proved that there exists λ∗ > 0

such that (1.1)λ has at least two positive solutions if 0 < λ < λ∗, a minimal positive
solution if λ = λ∗, and no positive solution if λ > λ∗.

In this paper, motivated by [3], we extend and improve the paper by Ai-Zhu [3]. First,
we deal with the more general function b(x) instead of b(x) ≡ 1, and second, we provide
lower and upper bound for λ∗, and third, we also prove the uniqueness of positive solution
if λ = λ∗. Our main results are as follows.

Theorem 1.1 Assume that g ∈ H1/2(RN−1)∩L∞(RN−1), g(x′) ≥ 0, g 6≡ 0 and b(x)
satisfies the assumption (H1). Then there exists a λ∗ ∈ (0,∞) such that
(i) (1.1)λ has at least two positive solutions uλ, Uλ and uλ < Uλ if 0 < λ < λ∗;
(ii) (1.1)λ has a unique positive solution uλ∗ if λ = λ∗;
(iii) (1.1)λ has no positive solution if λ > λ∗.
Furthermore, uλ is strictly increasing with respect to λ and

λ1 ≡ (p− 1)1/(p+1)M (p+1)/(2p−2)

2(p2+3p)/(p2−1)‖b‖1/(p−1)
∞ ‖v0‖

≤ λ∗

≤ inf
v∈H1(RN )\{0}

( ‖v‖2
p

∫
RN b(x)vp−1

0 v2dx

)1/(p−1)

≡ λ2,

(1.3)

where uλ is the unique minimal solution of (1.1)λ, Uλ is the second solution of
(1.1)λ constructed in Section 4 and v0 is the unique positive solution of (2.1).
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2 Asymptotic behavior of the solutions

In order to solve (1.1)λ, we first consider the Dirichlet problem for the linear equation

{ −∆v0 + v0 = 0 in RN
+ ,

v0(x′, 0) = g(x′). (2.1)

Then if g ∈ H1/2(RN−1) ∩ L∞(RN−1), we know that (2.1) has a unique solution v0 ∈
H1

(
RN

+

)∩L∞(RN
+ ). Since g(x′) ≥ 0, g 6≡ 0, by the maximum principle, we have v0 > 0

in RN
+ . It is easy to verify that if v ∈ H1

0

(
RN

+

)
satisfies the following equation




−∆v + v = λp−1b(x)(v + v0)p,
v ∈ H1

0

(
RN

+

)
, v > 0 in RN

+ ,
v(x′, 0) = 0 in RN−1,

(2.2)λ

then uλ = λ(v+v0) is a solution of (1.1)λ. The energy functional corresponding to (2.2)λ

is defined by

Iλ(v) =
1
2

∫

RN
+

(
|∇v|2 + v2

)
dx− λp−1

p + 1

∫

RN
+

b(x)(v+ + v0)p+1dx.

By the strong maximum principle, we know that the critical points of the functional Iλ are
the positive solutions of (2.2)λ.

Lemma 2.1 Suppose g ∈ H1/2(RN−1) ∩ L∞(RN−1), g(x′) ≥ 0 and g 6≡ 0. If v0 is
the unique positive solution of (2.1), then v0 ∈ L∞(RN

+ ) and lim
xN→∞

v0(x) = 0.

Proof. By section 42, chapter VI of Zofia [16], we have that

v0(x) = PxN (x′) ? g(x′),

where PxN
(x′) =

π−N/2xN

(x2
N + |x′|2)N/2

∫ ∞

0

t
N−1

2 e−te−
x2

N +|x′|2
4t dt.

We note that the inequality

t
N−1

2 e−t ≤ C1
e−(1−ε/4)t

√
π(1− ε/4)t

(2.3)

holds for any fixed 0 < ε < 1, for all t ≥ 0 and some constant C1 independent of t. From
(2.3), the following formula (see Zofia [16])

e−β =
∫ ∞

0

e−s

√
πs

e−( β2

4s )ds for any β > 0,
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and the definition of the convolution, we have

v0(x)
= PxN

(x′) ? g(x′)

≤ C1

∫

RN−1

π−N/2xN

(x2
N + |x′ − z|2)N/2

∫ ∞

0

e−(1−ε/4)t

√
π(1− ε/4)t

e−
(1−ε/4)(x2

N +|x′−z|2)
4(1−ε/4)t g(z)dtdz

=
C1

1− ε/4

∫

RN−1

π−N/2xN

(x2
N + |x′ − z|2)N/2

e−
√

1−ε/4
√

x2
N+|x′−z|2g(z)dz

≤ C2

∫

RN−1
e−
√

1−ε/2
√

x2
N+|x′−z|2g(z)dz.

It is easy to see that the following inequality
√
|a|2 + |b|2) ≥ ϑa +

√
1− ϑ2b

holds for any a, b > 0 and 0 ≤ ϑ ≤ 1. Let a = xN , b = |x′ − z|, and ϑ =
√

1−ε
1−ε/2 . Then

we have
v0(x) ≤ C2e

−√1−εxN

∫

RN−1
e−
√

ε/2|x′−z|g(z)dz

≤ C3e
−√1−εxN

for some constants C2, C3 and any xN ≥ 0. For δ = 1−√1− ε ∈ (0, 1), we get

v0(x) ≤ ce−(1−δ)xN , for all xN ≥ 0.

Hence, lim
xN→∞

v0(x) = 0.

Lemma 2.2 If v ∈ H1
0 (RN

+ ) is a weak solution of the equation −∆v + v = g and g ∈
Lq(RN

+ ) for some q ∈ [2,∞), then v ∈ W 2,q(RN
+ ) and ‖v‖W 2,q(RN

+ ) ≤ C(N, q) ‖g‖q .

Proof. We extend u and g to all RN by odd reflection, that is, by setting

ũ(x′, xN ) = −u(x′,−xN ), g̃(x′, xN ) = −g(x′,−xN )

for xN < 0, where x′ = (x1, x2, · · ·, xN−1). It follows that the extended functions satisfy
−∆ũ+ũ = g̃ weakly inRN . To show this, we take an arbitrary test function ϕ ∈ C1

0 (RN ),
and for ε > 0, let η be an even function in C1(R) such that η(xN ) = 0 for |xN | ≤ ε,
η(xN ) = 1 for |xN | ≥ 2ε and |η′| ≤ 2/ε. Then

∫

RN

ηg̃ϕdx =
∫

RN

∇ũ · ∇(ηϕ)dx +
∫

RN

ũηϕdx

=
∫

RN

η∇ũ · ∇ϕdx +
∫

RN

η′ϕ
∂ũ

∂xN
dx +

∫

RN

ũηϕdx.

Now, we obtain that
∣∣∣∣
∫

RN

η′ϕ
∂ũ

∂xN
dx

∣∣∣∣ =
∣∣∣∣
∫

0<xN <2ε

(ϕ(x′, xN )− ϕ(x′,−xN ))η′
∂ũ

∂xN
dx

∣∣∣∣
< 8 max |∇ϕ|

∫

0<xN <2ε

∣∣∣∣
∂ũ

∂xN

∣∣∣∣ dx

−→ 0 as ε → 0.



Elliptic boundary value problems 191

Consequently, letting ε → 0, we obtain
∫

RN

g̃ϕdx =
∫

RN

∇ũ · ∇ϕdx +
∫

RN

ũϕdx,

so that ũ ∈ H1(RN ) is a weak solution of −∆ũ + ũ = g̃. By the Calderon-Zygmund
inequality and [7], Chap. II, section 8, Proposition 27 (or [14], Proposition 4.3), we have
ũ ∈ W 2,q(RN ) and ‖ũ‖W 2,q(RN ) ≤ C(N, q) ‖g̃‖q . Hence, we have u ∈ W 2,q(IRN

+ ) and
‖u‖W 2,q(RN

+ ) ≤ C(N, q) ‖g‖q .

Lemma 2.3 Suppose g ∈ H1/2(RN−1) ∩ L∞(RN−1), g(x′) ≥ 0 and g 6≡ 0. If u ∈
H1

(
RN

+

)
is a solution of (1.1)λ, then u ∈ L∞(RN

+ ) and lim
xN→∞

u(x) = 0.

Proof. Suppose u is a solution of (1.1)λ. Then there exists a solution v of (2.2)λ such that

u = λ(v + v0).

From b(x) is bounded on RN
+ , we deduce that

|λp−1b(x)(v + v0)p| ≤ C1(|v|p + |v0|p), (2.4)

where C1 is some constant. By Lemma 2.1, we obtain v0 ∈ Lq(RN
+ ) for all q ∈ [2,∞].

Since v satisfies

−∆v + v = λp−1b(x)(v + v0)p in H−1(RN
+ ),

and by (2.4) and Hsu-Lin [12, Lemma 3.5], we have

v ∈ Lq(RN
+ ) for q ∈ [2,∞).

Hence
λp−1b(x)(v + v0)p ∈ L2(RN

+ ) ∩ Lq(RN
+ ) for all q >

N

2
.

Then by Lemma 2.2, we have v ∈ W 2,q(RN
+ ) for all q > N

2 . By the Sobolev embedding
theorem, v ∈ C1,α(RN

+ ) for all 0 < α < 1 and there exists C > 0 such that for any r > 1,

‖v‖L∞(B
c
r) ≤ C‖v‖W 2,q(B

c
r)

where
B

c

r = {x ∈ RN
+ | |x| > r}.

This implies lim
|x|→∞

v(x) = 0. By Lemma 2.1, we obtain that u ∈ L∞(RN
+ ) and lim

xN→∞
u(x)

= 0.

Remark 2.1 From the proof of the above lemma, we also have that every solution
v ∈ H1

0 (RN
+ ) of (2.2)λ belongs to L∞(RN

+ ) ∩ C1,α(RN
+ ) for all 0 < α < 1 and

limx∈RN
+ ,|x|→∞ v(x) = 0.
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Lemma 2.4 Suppose g ∈ H1/2(RN−1) ∩ L∞(RN−1), g(x′) ≥ 0 and g 6≡ 0. If uλ is a
solution of (1.1)λ, then there exist positive constants C and 0 < δ < 1 such that

uλ(x) ≥ Ce−(1+δ)xN for x = (x′, xN ) with xN ≥ 1 and |x′| ≤ 1. (2.5)

Proof. First we consider the following Dirichlet problem
{ −∆u + u = 0 in RN

+ ,
u(x′, 0) = λg(x′). (2.6)

Then we get (see Ai-Zhu [3, Lemma 2.4])

u(x) ≥ Ce−(1+δ)xN for xN ≥ 1 and |x′| ≤ 1.

It is clear that any solution of (1.1)λ is a supersolution of (2.6) . Hence, we obtain (2.5) .

3 Existence of the minimal solution

In this section, we shall prove the existence of the minimal solution of (1.1)λ by using the
mountain pass theorem and the standard barrier method.

Lemma 3.1 If b(x) satisfies the assumption (H1) , then (1.1)λ has a solution uλ if
0 < λ < λ1, where λ1 is given by (1.3).

Proof. Assume that λ ∈ (0, λ1), Bρ =
{
u ∈ H1

0

(
RN

+

) | ‖u‖ < ρ
}

, and also let Sρ ={
u ∈ H1

0

(
RN

+

) | ‖u‖ = ρ
}

. Clearly, Iλ(0) < 0 for any λ > 0. Using the Sobolev em-
bedding theorem and by the assumption (H1), we get that for any v ∈ Sρ

Iλ(v) =
1
2
ρ2 − λp−1

p + 1

∫

RN
+

b(x)(v+ + v0)p+1dx

≥ 1
2
ρ2 − 2p+1λp−1

p + 1
‖b‖∞

(
‖v‖p+1

p+1 + ‖v0‖p+1
p+1

)

≥ 1
2
ρ2 − 2p+1λp−1

p + 1
‖b‖∞M− p+1

2

(
ρp+1 + ‖v0‖p+1

)
,

(3.1)

where

M = inf{
∫

RN

(|∇v|2 + |v|2)dx |
∫

RN

|v|p+1dx = 1}

= inf{
∫

RN
+

(|∇v|2 + |v|2)dx |
∫

RN
+

|v|p+1dx = 1}

(see Wang [15, Proposition 14]). Set

f(ρ) =
1
2
ρ2 − λp−1C1(ρp+1 + C2),
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where C1 = 2p+1

p+1 ‖b‖∞M− p+1
2 and C2 = ‖v0‖p+1. It then follows that f(ρ) achieves a

maximum at ρλ = [C1(p + 1)]−(p−1)−1
λ−1 and

f(ρλ) =
1
2
ρ2

λ − λp−1C1(ρ
p+1
λ + C2)

=
1
2
[(C1(p + 1)]−

2
p−1 λ−2 − C1[C1(p + 1)]−

p+1
p−1 λ−2 − C1C2λ

p−1

=
[
p− 1

2
(p + 1)−

p+1
p−1 C

− 2
p−1

1 − C1C2λ
p+1

]
λ−2.

(3.2)

For

0 < λ < λ1 =
(p− 1)1/(p+1)M (p+1)/(2p−2)

2(p2+3p)/(p2−1)‖b‖1/(p−1)
∞ ‖v0‖

we can deduce that

λ < (
p− 1

2
)1/(p+1)(p + 1)−1/(p−1)C

−2/(p2−1)
1 (C1C2)−1/(p+1). (3.3)

Then, by (3.1)− (3.3), for all v ∈ Sρλ
, we obtain

Iλ(v) = f(ρλ) > 0 for all 0 < λ < λ1.

Let β = inf{Iλ(v) | v ∈ Bρ}. Then, clearly β > −∞. By the Ekeland variational principle
[9], there exists a (PS)β-sequence {vk} ⊂ Bρ, that is, Iλ(vk) = β + o(1) and I ′λ(vk) =
o(1) strongly in H−1(RN

+ ) as k → ∞. Then there exists a subsequence, still denote by
{vk}, and v ∈ H1

0

(
RN

+

)
such that vk ⇀ v weakly in H1

0

(
RN

+

)
, vk → v strongly in

Lq
loc

(
RN

+

)
for 2 ≤ q < 2N/(N − 2) and vk → v almost everywhere in RN

+ . Since
I ′λ(vk) = o(1) strongly in H−1(RN

+ ) as k → ∞, we have I ′λ(v) = 0 in H−1(RN
+ ) and

v > 0 in RN
+ . Thus, it follows that (1.1)λ is solvable.

Lemma 3.2 If b(x) satisfies the assumption (H1) , then there exists a λ∗ > 0 such
that
(i) (1.1)λ has a minimal positive solution uλ if 0 < λ < λ∗ and uλ is strictly
increasing in λ;
(ii) (1.1)λ has no positive solution if λ > λ∗.

Proof. Denote
Q = {λ ∈ (0,∞) | (1.1)λ is solvable}.

By lemma 3.1, Q 6= ∅. Next, we claim that (1.1)λ has at least one solution for any
λ ∈ (0, λ∗) where λ∗ = sup Q > 0. It is easy to verify that 0 is a subsolution of (1.1)λ for
any λ > 0. Actually, by the definition of λ∗, for any λ ∈ (0, λ∗), there exists a λ′ ∈ (λ, λ∗)
such that (1.1)λ′ has a solution uλ′ > 0, that is,

{ −∆uλ′ + uλ′ = b(x)up
λ′ in RN

+ ,
uλ′(x′, 0) = λ′g(x′) ≥ λg(x′).

By the standard barrier method [1], there exists a solution uλ > 0 of (1.1)λ such that
0 ≤ uλ ≤ uλ′ . Since 0 is not a solution of (1.1)λ and λ′ > λ, applying the maximum
principle, we obtain 0 < uλ < uλ′ . Using the result of Amann [1, Theorem 9.4] again, we
can choose a minimal positive solution uλ of (1.1)λ.
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Remark 3.1 Let us denote E = {λ ∈ (0,∞) | (2.2)λ is solvable}. By adopting the
argument in Lemma 3.2 , we obtain that supE = sup Q = λ∗ > 0 and
(i) (2.2)λ has a minimal positive solution vλ if 0 < λ < λ∗. Moreover, uλ =
λ(vλ + v0) and vλ is strictly increasing in λ;
(ii) (2.2)λ has no positive solution if λ > λ∗.

Let uλ be the minimal positive solution of (1.1)λ for λ ∈ (0, λ∗) , we study the eigen-
value problem { −∆v + v = σλpb(x)up−1

λ v in RN
+ ,

v ∈ H1
0

(
RN

+

)
, v > 0 in RN

+ .
(3.4)

Then we have the following lemma.

Lemma 3.3 Suppose b(x) satisfies the assumption (H1) and the first eigenvalue σλ

of (3.4) is defined by

σλ = inf

{∫

RN
+

(
|∇v|2 + v2

)
dx | v ∈ H1

0

(
RN

+

)
and

∫

RN
+

pb(x)up−1
λ v2dx = 1

}
.

Then
(i) σλ is achieved;
(ii) σλ > 1 and σλ is strictly decreasing in λ for λ ∈ (0, λ∗) .

Proof. (i) By the definition of σλ, we know that 0 < σλ < ∞. Let {vk} ⊂ H1
0

(
RN

+

)
be a

minimizing sequence of σλ, that is,
∫

RN
+

(
|∇vk|2 + v2

k

)
dx = σλ + o(1) as k →∞ and

∫

RN
+

pb(x)up−1
λ v2

kdx = 1 for all k.

This implies that {vk} is bounded in H1
0

(
RN

+

)
. Then there exist a subsequence, still de-

noted by {vk}, and v ∈ H1
0

(
RN

+

)
such that vk ⇀ v weakly in H1

0

(
RN

+

)
, and vk → v

almost everywhere in RN
+ . Thus,

∫

RN
+

(
|∇v|2 + v2

)
dx ≤ lim inf

k→∞

∫

RN
+

(
|∇vk|2 + v2

k

)
dx = σλ.

For any fixed R > 0, let BR+ =
{
x ∈ RN

+ | |x| < R
}

. Since b(x) is bounded on RN
+ and

by the Hölder inequality, we have
∣∣∣∣∣
∫

RN
+

pb(x)up−1
λ |vk − v|2 dx

∣∣∣∣∣

≤
∫

BR+

pb(x)up−1
λ |vk − v|2 dx +

∫

RN
+ \BR+

pb(x)up−1
λ |vk − v|2 dx

≤C1

(∫

BR+

up+1
λ dx

)(p−1)/(p+1)(∫

BR+

|vk − v|p+1
dx

)2/(p+1)

+ C1

(∫

RN
+ \BR+

up+1
λ dx

)(p−1)/(p+1)(∫

RN
+ \BR+

|vk − v|p+1
dx

)2/(p+1)

,
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where C1 is independent of k and R. Since vk → v strongly in Ls(BR+) for 2 ≤ s <
2N/(N − 2), {vk} is bounded sequence in H1

0 (RN
+ ), taking k → ∞, then R → ∞, and

we obtain ∫

RN
+

pb(x)up−1
λ v2dx = 1.

Therefore, v achieves σλ. Clearly, |v| also achieves σλ. By the maximum principle, we
may assume v > 0 in RN

+ .
(ii) From the argument of the above Lemma, we note that, if uλ and uλ′ are positive

solutions of (1.1)λ with 0 < λ < λ′ < λ∗, then uλ′ > uλ. Applying the Taylor expansion,
we obtain

−∆(uλ′ − uλ) + (uλ′ − uλ) = b(x)(up
λ′ − up

λ)

> pb(x)up−1
λ (uλ′ − uλ) . (3.5)

By (i) , v achieves σλ, that is, v is a positive solution of (3.4) . Multiplying (3.5) by v, we
get

σλ

∫

RN
+

pb(x)up−1
λ v (uλ′ − uλ) dx >

∫

RN
+

pb(x)up−1
λ v (uλ′ − uλ) dx.

Thus, σλ > 1. Letting vλ be a minimizer of σλ, we have
∫

RN
+

pb(x)up−1
λ′ v2

λdx >

∫

RN
+

pb(x)up−1
λ v2

λdx = 1.

Then there is a constant t ∈ (0, 1) such that
∫

RN
+

pb(x)up−1
λ′ (tvλ)2 dx = 1.

Therefore, σλ′ ≤ t2 ‖vλ‖2 < ‖vλ‖2 = σλ, that is, σλ is strictly decreasing in λ for
λ ∈ (0, λ∗) .

Lemma 3.4 If b(x) satisfies the assumption (H1) , then λ∗ is finite and λ1 ≤ λ∗ ≤
λ2, where λ1 and λ2 are given by (1.3).

Proof. Since σλ > 1 and uλ ≥ λv0 for 0 < λ < λ∗, we select v > 0 (independent of λ)
in H1

0 (RN
+ ). Then by the definition of σλ and the assumption (H1), we have

∫

RN
+

(
|∇v|2 + v2

)
dx ≥ σλ

∫

RN
+

pb(x)up−1
λ v2dx

> λp−1

∫

RN
+

pb(x)vp−1
0 v2dx.

Thus,

λ ≤ inf
v∈H1

0 (RN
+ )\{0}

( ‖v‖2
p

∫
RN

+
b(x)vp−1

0 v2dx

)1/(p−1)

for all λ ∈ (0, λ∗).
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This implies that λ∗ is finite and

λ∗ ≤ inf
v∈H1

0 (RN
+ )\{0}

( ‖v‖2
p

∫
RN

+
b(x)vp−1

0 v2dx

)1/(p−1)

. (3.6)

By (3.6), Lemma 3.1 and the definition of λ∗, we have that λ1 ≤ λ∗ ≤ λ2.

In order to establish the existence of a solution uλ∗ for (1.1)λ∗ , we need an a priori
Lq(RN

+ ) bound for the minimal solution vλ.

Lemma 3.5 Let λ ∈ (0, λ∗). Suppose b(x) satisfies the assumption (H1). Then for
any q ∈ [2,+∞), there exists a positive constant Cq, independent of vλ, such that

∫

RN
+

vq
λdx ≤ Cq, (3.7)

where vλ is the minimal solution of (2.2)λ.

Proof. Our method is a combination of ideas found in papers of Egnell [8] and Brezis-Kato
[6]. For j ≥ 1, t ≥ 0, define φj(t) = tj , and ψj(t) =

∫ t

0
(φ′j(s))

2ds = j2

2j−1 t2j−1. For
λ ∈ (0, λ∗), we denote that uλ and vλ are the corresponding minimal solutions of (1.1)λ

and (2.2)λ, respectively. Then we have uλ = λ(vλ + v0), where v0 is the unique solution
of (2.1). From the definition of σλ and since σλ > 1, we have

∫

RN
+

(|∇v|2 + v2)dx > p

∫

RN
+

b(x)up−1
λ v2dx (3.8)

for all v ∈ H1
0 (RN

+ ). Since φj(vλ) ∈ H1
0 (RN

+ ), by the asymptotic property of vλ (see
Remark 2.1), we may choose v = φj(vλ) in (3.8) to obtain

∫

RN
+

(φ′j(vλ))2|∇vλ)|2dx +
∫

RN
+

φj
2(vλ)dx > p

∫

RN
+

b(x)up−1
λ φj

2(vλ)dx. (3.9)

Since uλ = λ(vλ + v0), vλ is a solution of (2.2)λ, and ψj(vλ) ∈ H1
0 (RN

+ ), we also have

∫

RN
+

ψ′j(vλ)|∇vλ|2dx +
∫

RN
+

ψj(vλ)vλdx = λp−1

∫

RN
+

b(x)(vλ + v0)pψj(vλ)dx

=
∫

RN
+

b(x)up−1
λ (vλ + v0)ψj(vλ)dx.

(3.10)
From (3.9) and (3.10), we obtain

(p− j2

2j − 1
)
∫

RN
+

b(x)up−1
λ v2j

λ dx ≤ j2

2j − 1

∫

RN
+

b(x)up−1
λ v0v

2j−1
λ dx. (3.11)
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Since j2

2j−1 ≥ 1 and is increasing in j, we may choose j0 > 1 sufficiently close to 1 such

that j2

2j−1 < p for j ≤ j0. Set α(j, p) = p − j2

2j−1 . By (3.11), the fact uλ ≥ λvλ and the
hypothesis b(x) ≥ b∞ > 0 for x ∈ RN

+ , we obtain

λp−1α(j, p)b∞
∫

RN
+

vp+2j−1
λ dx ≤ p

∫

RN
+

b(x)up−1
λ v0v

2j−1
λ dx (3.12)

for 1 ≤ j ≤ j0.
Notice that p+2j−1

p ≥ 2N
N+2 and v0 ∈ Lq(RN

+ ) for all q ∈ [2,∞]. Therefore, the
boundedness of b(x) and Hölder inequality imply that

∫

RN
+

b(x)up−1
λ v0v

2j−1
λ dx

≤ λp−1C1

∫

RN
+

(vp+2j−2
λ v0 + v2j−1

λ vp
0)dx

≤ λp−1C1

[(∫

RN
+

vp+2j−1
λ dx

) p+2j−2
p+2j−1

(∫

RN
+

vp+2j−1
0 dx

) 1
p+2j−1

+
(∫

RN
+

vp+2j−1
λ dx

) 2j−1
p+2j−1

(∫

RN
+

vp+2j−1
0 dx

) p
p+2j−1

]

≤ λp−1C2

(
‖vλ‖p+2j−2

p+2j−1 + ‖vλ‖2j−1
p+2j−1

)
.

(3.13)

for some positive constants C1, C2, depending only on ‖v0‖2 and ‖v0‖∞. From (3.13) and
Young’s inequality, it follows that for any ε > 0, there is Cε > 0 such that

∫

RN
+

b(x)up−1
λ v0v

2j−1
λ dx ≤ λp−1Cε(C

p+2j−1
2 + C

p+2j−1
p

2 ) + λp−1ε

∫

RN
+

up+2j−1
λ dx.

(3.14)
By choosing ε > 0 sufficiently small and using (3.12) and (3.14), we obtain

∫

RN
+

vp+2j−1
λ dx ≤ C3, j ≤ j0, for some j0 > 1, for all 0 < λ < λ∗, (3.15)

where C3 > 0 is a constant depending only on p, j0, ε, ‖v0‖2 and ‖v0‖∞. This shows that
(3.7) holds for all q ∈ [p+1, p+2j0− 1]. To establish (3.7) for all q ∈ [2, p+1], we only
need to prove the case q = 2. Multiplying (2.2)λ by vλ, and using integration by parts,
Hölder’s inequality and (3.15), we deduce that

∫

RN
+

v2
λdx ≤ λp−1

∫

RN
+

b(x)(vλ + v0)pvλdx

≤ C4

∫

RN
+

(vp+1
λ + vλvp

0)dx

(by using b(x) is bounded and 0 < λ < λ∗ < +∞)

≤ C5 + C4

(∫

RN
+

vp+1
0 dx

) p
p+1

(∫

RN
+

vp+1
λ dx

) 1
p+1

≤ C5 + C6,
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where C4, C5 and C6 are positive constants, independent of vλ. Therefore, (3.7) holds for
all q ∈ [2, p + 2j0 − 1].

Now, we use ideas in Brezis-Kato [6] to prove that (3.7) holds for all q ≥ p + 1. Since
vλ is a solution of (2.2)λ, and φ2s+1(vλ) ∈ H1

0 (RN
+ ), for s ≥ 0, then we have

∫

RN
+

|∇vλ|2φ′2s+1(vλ)dx +
∫

RN
+

vλφ2s+1(vλ)dx

= λp−1
∫
RN

+
b(x)(vλ + v0)pφ2s+1(vλ)dx.

(3.16)

Now, set 2∗ = 2N
N+2 , s0 = j0 − 1 > 0 and q0 = 2s0 + p + 1 = p + 2j0 − 1. Therefore,

it follows from Hölder’s inequality, (3.15) and (3.16) and the fact v0 ∈ Lq(RN
+ ) for all

q ∈ [2,∞] and the boundedness of b(x), that
∫

RN
+

|∇(vs0+1
λ )|2dx = (s0 + 1)2

∫

RN
+

|∇vλ|2v2s0
λ dx

≤ C7

∫

RN
+

v2s0+1
λ (vλ + v0)pdx

≤ C8

∫

RN
+

(vp+2s0+1
λ + v2s0+1

λ vp
0)dx

≤ C8‖vλ‖p+2s0+1
p+2s0+1 + C8‖v0‖p

p+2s0+1‖vλ|2s0+1
p+2s0+1

≤ C9,

where C7, C8 and C9 are positive constants, independent of vλ. By the Sobolev’s inequal-
ity, there exists C > 0, independent of vλ, such that

∫

RN
+

v
2∗(s0+1)
λ dx ≤ C.

The desired inequality (3.7) then follows easily by iteration: set 2si +p+1 = 2∗(si−1 +1)
and qi = 2si + p + 1, for i = 1, 2, · · · .
Proposition 3.1 If b(x) satisfies the assumption (H1), then there exists a λ∗ <
∞ such that (2.2)λ has, for each λ ∈ (0, λ∗], a minimal positive solution vλ ∈
C1,α(RN

+ ) ∩ H1
0 (RN

+ ), for all 0 < α < 1. Thus, (1.1)λ∗ has a minimal positive
solution uλ∗ .

Proof. The conclusions of Proposition 3.1 for λ ∈ (0, λ∗) follow from Remark 2.1 and
Remark 3.1. We then consider the case λ = λ∗. By the Sobolev Embedding Theorem,
Lemma 2.2 and Lemma 3.5, for 0 < α < 1, we have

‖vλ‖C1,α(RN
+ )

≤ C1‖vλ‖W 2,qα (RN
+ )

≤ C2‖λp−1b(x)(vλ + v0)p‖Lqα (RN
+ )

≤ C3,

where qα = N
1−α and C1, C2, C3 are positive constants independent of vλ. A simple

diagonalization argument and the Arzela-Ascoli theorem may be employed to show that
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there exist a subsequence λk → λ∗ and a function vλ∗ ∈ H1
0 (RN

+ ) such that vλk
→ vλ∗

and |∇vλk
| → |∇vλ∗ | uniformly on each compact subset of RN

+ . Hence, we obtain that
∫

RN
+

∇vλ∗∇vdx +
∫

RN
+

vλ∗vdx =
∫

RN
+

(λ∗)p−1b(x)(vλ∗ + v0)pvdx

for all v ∈ H1
0 (RN

+ ). Therefore, it is easy to see that vλ∗ is a positive minimal solution of
(2.2)λ∗ . By Remark 2.1, we also have vλ∗ ∈ C1,α(RN

+ ). Let uλ∗ = λ∗(vλ∗ + v0). Then
by Remark 3.1, we can deduce uλ∗ is a positive minimal solution of (1.1)λ∗ .

4 Existence of the second solution

When λ ∈ (0, λ∗) , we have known that (1.1)λ has a minimal solution uλ by Lemma
3.2. Then we need only to prove that (1.1)λ has another positive solution in the form of
Uλ = uλ + v, where v is a solution of the following equation

{ −∆v + v = b(x)[(v + uλ)p − up
λ] in RN

+ ,
v ∈ H1

0 (RN
+ ), v > 0 in RN

+ .
(4.1)

Associated with (4.1) , we define the energy functional J : H1
0 (RN

+ ) → R as follows:

J(v) =
1
2

∫

RN
+

(
|∇v|2 + v2

)
dx−

∫

RN
+

∫ v+

0

b(x)[(s + uλ)p − up
λ]dsdx.

Using the maximum principle, we know that the nontrivial critical points of energy func-
tional J are the positive solutions of (4.1) .

Lemma 4.1 For any ε > 0, there is a positive constant Cε such that

(ξ + s)p − ξp − pξp−1s ≤ εξp−1s + Cεs
p for all s ≥ 0, ξ > 0.

Proof. From the fact

lim
t→0+

(1 + t)p − 1− pt

t
= 0 and lim

s→∞
(1 + t)p − 1− pt

tp
= 1,

we obtain that for any ε > 0, there is a positive constant Cε such that

(1 + t)p − 1− pt ≤ εt + Cεt
p for all t ≥ 0.

Letting ξ > 0, s ≥ 0, and taking t = s/ξ in the above inequality, we deduce that

(ξ + s)p − ξp − pξp−1s ≤ εξp−1s + Cεs
p.

Lemma 4.2 If b(x) satisfies the assumption (H1), then there exist ρ > 0 and γ > 0
such that

J(v)|Sρ ≥ γ > 0, (4.2)

where Sρ =
{
u ∈ H1

0

(
RN

+

) | ‖u‖ = ρ
}

.
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Proof. For any ε > 0, by Lemma 4.1 (with ξ = uλ), there exists a positive constant Cε

such that

J(v) =
1
2

∫

RN
+

(|∇v|2 + v2)dx− 1
2
p

∫

RN
+

b(x)up−1
λ (v+)2dx

−
∫

RN
+

∫ v+

0

b(x)[(uλ + s)p − up
λ − pup−1

λ s]dsdx

≥ 1
2

[∫

RN
+

(|∇v|2 + v2)dx− (p + ε)
∫

RN
+

b(x)up−1
λ (v+)2dx

]

− Cε

p + 1

∫

RN
+

b(x)(v+)p+1dx.

(4.3)

Furthermore, from the definition of σλ, for any v ∈ H1
0

(
RN

+

)
,

∫

RN
+

(
|∇v|2 + v2

)
dx ≥ σλ

∫

RN
+

pb(x)up−1
λ v2dx.

Therefore, by (4.3), the boundedness of b(x) and the Sobolev inequality, we obtain

J(v) ≥ 1
2σλ

(σλ − 1− ε

p
)‖v‖2 − C ′ε‖v‖p+1

for some C ′ε > 0. Since σλ > 1, we may choose ε > 0 small enough such that σλ − 1 −
ε/p > 0. If we take ε = p (σλ − 1) /2, then

J(v) ≥ 1
4σλ

(σλ − 1) ‖v‖2 − C ′ε ‖v‖p+1
.

Hence, there exist ρ > 0 and γ > 0 such that J(v)|Sρ ≥ γ > 0.

Now, we introduce the following elliptic equation in the whole space.
{ −∆u + u = b∞up in RN ,

u ∈ H1(RN ), N ≥ 2.
(4.4)

The corresponding variational functional of (4.4) is

I∞(u) =
1
2

∫

RN

(
|∇u|2 + u2

)
dx− 1

p + 1

∫

RN

b∞(u+)p+1dx, u ∈ H1(RN ).

By Bahri-Lions [4] and Kwong [13], we know that (4.4) has a unique radial symmetric
ground state solution $(x) > 0 in RN such that

M∞ = I∞($) = sup
t≥0

I∞(t$), (4.5)

and there is a constant C > 0 such that
{

$(x)|x|(N−1)/2 exp(|x|) → C,
$′(x)|x|(N−1)/2 exp(|x|) → −C,

as |x| → ∞. (4.6)

Moreover, we have the following decomposition Lemma.
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Lemma 4.3 Let {vk} be a (PS)β-sequence of J, that is, J(vk) → β and J ′(vk) → 0
strongly in H−1(RN

+ ) as k → ∞. If b(x) satisfies the assumption (H1), then there
exist a subsequence, still denote by {vk} , an integer l ≥ 0, sequences

{
xi

k

} ⊂ RN
+ (1 ≤

i ≤ l), and a solution v of (4.1) such that

vk ⇀ v weakly in H1
0

(
RN

+

)
,

vk −
(
v +

∑l
i=1$(· − xi

k)
)
→ 0 strongly in H1

0

(
RN

+

)
,

β = J(v) + lM∞,

and that for each 1 ≤ i ≤ l, the sequence of the last component of {xk} approaches
+∞ as k →∞.

Thus we agree that the above results hold without ui and xi
k for l = 0.

Proof. See Ai-Zhu [3, Lemma 3.2].

Let η(x) be a function in C∞0 (RN ) satisfying: 0 ≤ η(x) ≤ 1 for x ∈ RN , η(x) ≡ 1
for xN > 1 and η(x) ≡ 0 for xN < 1

2 . Set eN = (0, 0, · · · , 0, 1) and denote ητ (x) =
η(x + τeN ), $τ = $(x− τeN ) for τ ∈ (0,∞). Clearly, η$τ ∈ H1

0 (RN
+ ).

Lemma 4.4 Let λ ∈ (0, λ∗) be fixed. If b(x) satisfies the assumption (H1), then
(i) there exists t0 > 0 such that J(tη$τ ) < 0 for t ≥ t0, τ ≥ 2,
(ii) there exists τ0 > 0 such that the following inequalities hold for τ ≥ τ0 :

0 < sup
t≥0

J(tη$τ ) < M∞. (4.7)

Proof. (i) Applying the Green’s formula, realizing η ∈ [0, 1] and by (4.4), we obtain

J(tη$τ ) =
1
2
t2

∫

RN
+

(|∇(η$τ )|2 + |η$τ |2)dx

− 1
p + 1

tp+1

∫

RN
+

b(x)(η$τ )p+1dx

−
∫

RN
+

∫ tη$τ

0

b(x)[(s + uλ)p − up
λ − sp]dsdx

≤ 1
2
t2

∫

RN

(−∆$ + $)(η2
τ$)dx +

1
2
t2

∫

RN

|∇ητ |2|$|2dx

− 1
p + 1

tp+1

∫

RN

b(x)η(x)$p+1(x− τeN )dx

≤ 1
2
t2

∫

RN

b∞$p+1dx +
1
2
t2(max

x∈RN
|∇η|2)

∫

RN

|$|2dx

− tp+1

p + 1

∫

{(x′,xN )|xN >1}
b(x)$p+1(x− τeN )dx.

(4.8)
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Set B1(τeN ) = {x ∈ RN | |x− τeN | < 1}. From the assumption (H1) and the positive-
ness of $, as τ ≥ 2, we deduce that∫

{(x′xN )|xN >1}
b(x)$p+1(x− τeN )dx

≥
∫

B1(τeN )

b∞$p+1(x− τeN )dx

=
∫

{x∈RN ||x|≤1}
b∞$p+1(x)dx

= C > 0

(4.9)

where C is independent of τ . Combining (4.8) and (4.9), there exist some positive con-
stants C1, C2, independent of τ , such that

J(tη$τ ) ≤ C1t
2 − C2t

p+1 for all τ ≥ 2. (4.10)

From (4.10) we obtain the result of (i).
(ii) Due to Lemma 4.2 we can find t > 0 such that ‖tη$τ‖ = ρ. The left inequality in

(4.7) follows from (4.2). To show the right inequality, we have by (i) that J(tη$τ ) < 0
for t ≥ t0, τ ≥ 2, there is t2 ∈ (0, t0) such that

sup
t≥0

J(tη$τ ) = sup
0≤t≤t2

J(tη$τ ), for any τ ≥ 2.

Since J is continuous in H1
0 (RN

+ ) and J(0) = 0, there exists a constant t1 > 0 such that

J(tη$τ ) < M∞, for any τ ∈ (0,∞) and 0 ≤ t < t1.

Then, to prove (4.7), we now only to prove the following inequality

sup
t1≤t≤t2

J(tη$τ ) < M∞ for τ large enough .

By the definition of J , we get

J(tη$τ ) =
t2

2

∫

RN
+

(|∇(η$τ )|2 + |η$τ |2)dx− tp+1

p + 1

∫

RN
+

b∞(η$τ )p+1dx

+
tp+1

p + 1

∫

RN
+

(b∞ − b(x))(η$τ )p+1dx

−
∫

RN
+

∫ tη$τ

0

b(x)[(s + uλ)p − up
λ − sp]dsdx.

Since $ is the ground state solution of (4.4) and by the assumption (H1), then we have

sup
t≤t2

J(tη$τ ) ≤ t2

2

∫

RN

(−∆$ + $)(η2
τ$)dx− tp+1

p + 1

∫

RN

b∞$p+1dx

+
t22
2

∫

RN

|∇η|2|$τ |2dx

+
tp+1
2

p + 1

∫

RN

b∞(1− ηp+1)$p+1
τ dx

−
∫

RN
+

∫ tη$τ

0

b(x)[(s + uλ)p − up
λ − sp]dsdx.

(4.11)
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By (4.5) and (4.6), we have that there exists a constant τ1 ≥ 2 such that, for all τ ≥ τ1,

t2

2

∫

RN

(−∆$ + $)(η2
τ$)dx− tp+1

p + 1

∫

RN

b∞$p+1dx

≤ I∞(t$)
≤ sup

t≥0
I∞(t$) = M∞,

(4.12)

and

t22
2

∫

RN

|∇η|2|$τ |2dx+
tp+1
2

p + 1

∫

RN

b∞(1− ηp+1)$p+1
τ dx

≤ C1

∫

{(x′xN )|xN <1})
(|$τ |2 + |$τ |p+1)dx

≤ C1

∫

{(x′xN )|xN <1}
exp(−2|x− τeN |)|x− τeN |−N+1dx

≤ C1

∫ ∞

τ−1

exp(−2r)dr

= C2 exp(−2τ), (4.13)

where C1, C2 > 0 are independent of τ .

Set B1(τeN ) = {x ∈ RN | |x − τeN | < 1}. For τ ≥ τ2 = 2 + τ1, we have that
B1(τeN ) ⊂ {(x′, xN ) ∈ RN

+ | |x′| < 1, xN > 1}. Note that (a + b)p ≥ ap + bp, for all
a ≥ 0, b ≥ 0, p > 1. Then for τ ≥ τ2, we have η(x) = 1 on B1(τeN ) and

∫

RN
+

∫ tη$τ

0

b(x)[(s + uλ)p − up
λ − sp]dsdx

≥
∫

B1(τeN )

∫ t$τ

0

b(x)[(s + uλ)p − up
λ − sp]dsdx

=
∫

B1(τeN )

∫ t$τ

0

b(x)
(
[(s + uλ)p−1 − sp−1]s + [(s + uλ)p−1 − up−1

λ ]uλ

)
dsdx

≥
∫

B1(τeN )

∫ t$τ

0

b(x)[(s + uλ)p−1 − up−1
λ ]uλdsdx

=
∫

B1(τeN )

b(x)
[ (t$τ + uλ)p − up

λ

p$τ
− tup−1

λ

]
$τuλdx. (4.14)

Since limxN→∞ uλ(x) = 0, there exist τ3 ≥ τ2 and α > 0, such that

(t$τ + uλ)p − up
λ

p$τ
− tup−1

λ ≥ α, for τ ≥ τ3, x ∈ B1(τeN ), t ∈ [t1, t2].
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By the assumption (H1) and Lemma 2.4, we deduce from (4.14) that

∫

RN
+

∫ tη$τ

0

b(x)[(s + uλ)p − up
λ − sp]dsdx

≥ αb∞

∫

B1(τeN )

$(x− τeN )uλ(x)dx

≥ C

∫

B1(τeN )

$(x− τeN ) exp[−(τ + 1)(1 + δ)]dx

≥ C2 exp(−(1 + δ)τ),

(4.15)

for some 0 < δ < 1 and for all τ ≥ τ3, t ∈ [t1, t2] where C2 > 0 is independent of τ .
If δ = 1/2, by (4.11)− (4.15) and b(x) ≥ b∞, we get, for τ ≥ τ3 and t ∈ [t1, t2],

J(tη$τ ) ≤ M∞ + C1 exp(−2τ)− C2 exp(−3
2
τ)

where C1 and C2 are independent of τ . Hence, we can find some τ0 ≥ τ3 large enough
such that

C1 exp(−2τ)− C2 exp(−3
2
τ) < 0

for all τ ≥ τ0 and (4.7) is proved.

Proposition 4.1 If b(x) satisfies the assumption (H1), then (4.1) has at least one
solution for λ ∈ (0, λ∗).

Proof. By Lemma 4.4, we know that there are positive constants τ0 and t0 such that
J(t0η$τ0) < 0. We set

Γ = {h ∈ C([0, 1], H1
0 (RN

+ )) | h(0) = 0, h(1) = t0η$τ0}.

Then, by (4.2) and (4.7) we get

0 < γ ≤ α = inf
h∈Γ

max
0≤s≤1

J(h(s)) < M∞. (4.16)

Applying the mountain pass lemma of Ambrosetti-Rabinowitz [2], there exists a (PS)α-
sequence {vk} such that

J(vk) → α and J ′(vk) → 0 in H−1(RN
+ ).

By Lemma 4.3, there exist a subsequence, still denoted by {vk}, an integer l ≥ 0, sequence
{xi

k} in RN
+ , 1 ≤ i ≤ l, with the last component tend to +∞, and a solution v of (4.1)

such that 



vk ⇀ v weakly in H1
0 (RN

+ ),

vk − [v +
l∑

i=1

$(· − xi
k)] → 0 strongly in H1(RN ),

α = J(v) + lM∞.

(4.17)



Elliptic boundary value problems 205

We only need to prove v 6≡ 0 in RN
+ . Indeed, if v ≡ 0, then by (4.17), we have

α = 0 if l = 0, α ≥ M∞ if l ≥ 1.

This contradicts (4.16). So v 6≡ 0 and we know that v > 0 in RN
+ by the strong maximum

principle.

Corollary 4.1 If b(x) satisfies the assumption (H1), then (1.1)λ has another positive
solution Uλ if 0 < λ < λ∗.

Proof. Applying Proposition 4.1, then (1.1)λ has another positive solution in the form of
Uλ = uλ + v, where uλ is a minimal solution of (1.1)λ and v is a solution of (4.1) .

5 Uniqueness of minimal solutions

Let us denote by uλ the minimal solution of (1.1)λ and Uλ is the second solution of (1.1)λ

constructed in Corollary 4.1. For each solution u of (1.1)λ, let σλ(u) denote the number
defined by

σλ(u) = inf

{∫

RN
+

(
|∇w|2 + w2

)
dx | w ∈ H1

0 (RN
+ ),

∫

RN
+

pb(x)up−1w2dx = 1

}
,

which is the smallest eigenvalue of the following problem
{ −∆w + w2 = σλ(u)pb(x)up−1w in RN

+ ,
w > 0, w ∈ H1

0 (RN
+ ).

Lemma 5.1 (i) Let u be a solution of (1.1)λ for λ ∈ (0, λ∗). Then σλ(u) > 1 if and
only if u = uλ. Moreover, uλ is unique for λ ∈ (0, λ∗).
(ii) σλ(Uλ) < 1.

Proof. (i) Now, let ψ ≥ 0 and ψ ∈ H1
0 (RN

+ ). Since u and uλ are the solution of (1.1)λ,
then ∫

RN
+

∇ψ · ∇(uλ − u)dx +
∫

RN
+

ψ(uλ − u)dx

=
∫

RN
+

b(x)(up
λ − up)ψdx

=
∫

RN
+

b(x)
(∫ uλ

u

ptp−1dt
)
ψdx

≥
∫

RN
+

pb(x)up−1(uλ − u)ψdx.

(5.1)

Let ψ = (u− uλ)+ ≥ 0 and ψ ∈ H1
0 (RN

+ ). If ψ 6≡ 0, then (5.1) implies

−
∫

RN
+

(|∇ψ|2 + ψ2)dx ≥ −
∫

RN
+

pb(x)up−1ψ2dx.
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Therefore, by σλ(u) > 1 and the definition of σλ(u), we have
∫

RN
+

(|∇ψ|2 + ψ2)dx ≤
∫

RN
+

pb(x)up−1ψ2dx

< σλ(u)
∫

RN
+

pb(x)up−1ψ2dx

≤
∫

RN
+

(|∇ψ|2 + ψ2)dx,

and we get a contradiction. Hence ψ ≡ 0, and u = uλ in RN
+ . On the other hand, by

Lemma 3.3, we also have that σλ(uλ) > 1. This completes the proof of (i).
(ii) By (i), we get that σλ(Uλ) ≤ 1 for λ ∈ (0, λ∗). We claim that σλ(Uλ) = 1 can

not occur. We proceed by contradiction. Set w = Uλ − uλ; we have w > 0 in RN
+ and

−∆w + w = b(x)[Up
λ − (Uλ − w)p], w ∈ H1

0 (RN
+ ). (5.2)

By σλ(Uλ) = 1, we have that the problem

−∆φ + φ = pb(x)Up−1
λ φ, φ ∈ H1

0 (RN
+ ) (5.3)

possesses a positive solution φ1.
Multiplying (5.2) by φ1 and (5.3) by w, integrating and subtracting we deduce that

0 =
∫

RN
+

b(x)[Up
λ − (Uλ − w)p − pUp−1

λ w]φ1dx

= −1
2

∫

RN
+

p(p− 1)b(x)ξp−2
λ w2φ1dx,

where ξλ ∈ (uλ, Uλ). Thus w ≡ 0, that is Uλ = uλ for λ ∈ (0, λ∗). This is a contradiction.
Hence, we have that σλ(Uλ) < 1 for λ ∈ (0, λ∗).

Lemma 5.2 Suppose that uλ is the minimal solution of (1.1)λ for λ ∈ (0, λ∗] and
σλ(uλ) > 1. Then for any h(x) ∈ H−1(RN

+ ), problem

−∆w + w = pb(x)up−1
λ w + h(x), w ∈ H1

0 (RN
+ ) (5.4)λ

has a solution.

Proof. Consider the functional

Φ(w) =
1
2

∫

RN
+

(|∇w|2 + w2)dx− 1
2

∫

RN
+

pb(x)up−1
λ w2dx−

∫

RN
+

h(x)wdx,

where w ∈ H1
0 (RN

+ ). From Hölder inequality and Young′s inequality, we have, for any
ε > 0, that

Φ(w) ≥ 1
2
(1− σλ(uλ)−1)‖w‖2 − 1

2
ε‖w‖2 − Cε

2
‖g‖2H−1(RN

+ )

≥ −C‖g‖2H−1(RN
+ )

(5.5)
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if we choose ε small.
Now, let {wk} ⊂ H1

0 (RN
+ ) be the minimizing sequence of variational problem

d = inf{Φ(w)|w ∈ H1
0 (RN

+ )}.
From (5.5) and σλ(uλ) > 1, we can also deduce that {wk} is bounded in H1

0 (RN
+ ), if we

choose ε small. So we may suppose that

wk ⇀ w weakly in H1
0 (RN

+ ) as k →∞,

wk → w almost everywhere in RN
+ as k →∞.

By Fatou′s Lemma,
‖w‖2 ≤ lim inf ‖wk‖2.

By the weak convergence and repeating the same arguments used in the proof of Lemma
3.3, we have, as k →∞,

∫

RN
+

gwkdx →
∫

RN
+

gwdx,
∫

RN
+

b(x)up−1
λ w2

kdx →
∫

RN
+

b(x)up−1
λ w2dx.

Therefore
Φ(w) ≤ lim

k→∞
Φ(wk) = d,

and hence Φ(w) = d, which gives that w is a solution of (5.4)λ.

Lemma 5.3 Suppose uλ∗ is a minimal solution of (1.1)λ∗ , then σλ∗(uλ∗) = λ∗ and
the solution of (1.1)λ∗ is unique.

Proof. Let vλ = uλ

λ − v0 be a solution of (2.2)λ for λ ∈ (0, λ∗]. Define G : R ×
H1

0 (RN
+ ) −→ H−1(RN

+ ) by

G(λ, v) = ∆v − v + λp−1b(x)(v + v0)p.

Since σλ(uλ) > 1 for λ ∈ (0, λ∗), so σλ∗(uλ∗) ≥ 1. If σλ∗(uλ∗) > 1, the equation
Gv(λ∗, vλ∗)φ = 0 has only trivial solution. From Lemma 5.2, Gv maps R × H1

0 (RN
+ )

onto H−1(RN
+ ). Applying the implicit function theorem to G, we can find a neighborhood

(λ∗−δ, λ∗+δ) of λ∗ such that (2.2)λ possesses a solution vλ if λ ∈ (λ∗−δ, λ∗+δ). This
implies that (1.1)λ possesses a solution uλ if λ ∈ (λ∗ − δ, λ∗ + δ). This is contradictory
to the definition of λ∗. Hence, we obtain that σλ∗(uλ∗) = 1.

Next, we are going to prove that uλ∗ is unique. In fact, suppose (1.1)λ∗ has another
solution Uλ∗ ≥ uλ∗ . Setting w = Uλ∗ − uλ∗ , we have

−∆w + w = b(x)[(w + uλ∗)p − up
λ∗ ], w ∈ H1

0 (RN
+ ). (5.6)

By σλ∗(uλ∗) = 1, we have that the problem

−∆φ + φ = pb(x)up−1
λ∗ φ, φ ∈ H1

0 (RN
+ ) (5.7)
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possesses a positive solution φ1.
Multiplying (5.6) by φ1 and (5.7) by w, integrating and subtracting we deduce that

0 =
∫

RN
+

b(x)[(w + uλ∗)p − up
λ∗ − pup−1

λ∗ w]φ1dx

=
1
2

∫

RN
+

p(p− 1)ξp−2
λ∗ w2φ1dx,

where ξλ∗ ∈ (uλ∗ , uλ∗ + w). Thus w ≡ 0.

Proof of Theorem 1.1. By Lemmas 3.2, 3.4, 5.1, 5.3, Proposition 3.1 and Corollary 4.1,
Theorem 1.1 holds.
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