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Abstract
In this paper, we prove that if b(z) satisfies some suitable conditions, then —Au + u =
b(z)uP in RY with the boundary condition u(z’,0) = Ag(z’) has at least two positive
solutions if 0 < A < A*, a minimal positive solution if A = A* and no positive solution if
A>T
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1 Introduction
In this paper, we consider the following elliptic boundary value problem

—Au+u = b(z)u? in RY,
we H' (RY), u>0inRY, (1.1),
u(z’,0) = Ag(a'),

where A > 0,1 < p < 2* —1,2* = 2N/(N — 2) when N > 3, and 2* = oo when
N =22 = (21,..,on_1) € RVN7L Rf = {x = (2,zy) ERYN |2y > O} is the
upper half-space on RY and b(z) is a positive, bounded and continuous function on ]Rj\_f .
Moreover, b(x) satisfies the assumption (H 1) below
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188 T-S. Hsu

(H1) b(z) > by > 0inRY and lim b(x) = boo.

|xkﬁuLwERf

1/2
full = ([ (092 + laPyas)

+

1/q
lully = (/ |u|qu) for2 < ¢ < oo,
RN

¥
[ulloc = sup |u(z)],
z€RY

M= mf{/ ([Vaul? + [u]?)da : / e = 1),
RN RN
It is well-known that the following problem

—Au+ u = bsouP in €,
u € HYHQ), u>0inQ,

We define

(1.2)

has a unique radial positive solution w in the whole space RV (see Berestycki-Lions [5]
or Gidas-Ni-Nirenberg [11]). Esteban-Lions [10] asserted that (1.2) does not admit any
nontrivial solution in an Esteban-Lions domain. The definition of an Esteban-Lions domain
is that for a proper unbounded domain € in RY, there is a unit vector y € R such that
n(x) - x > 0and n(z) - x # 0 on 0N, where n(x) is the unit outward normal vector to
0%2 at the point x. A typical example is the half-space Rf . Hence, it is interesting to study
existence of solutions of (1.1), in the half-space RY .

In [3], Ai-Zhu considered (1.1), with b(z) = 1. They proved that there exists A* > 0
such that (1.1), has at least two positive solutions if 0 < A < A*, a minimal positive
solution if A = A\*, and no positive solution if A > A*.

In this paper, motivated by [3], we extend and improve the paper by Ai-Zhu [3]. First,
we deal with the more general function b(x) instead of b(z) = 1, and second, we provide
lower and upper bound for A*, and third, we also prove the uniqueness of positive solution
if A = A*. Our main results are as follows.

Theorem 1.1 Assume that g € H'Y/2(RN=1) N L2 (RN1), g(z') >0, g # 0 and b(z)
satisfies the assumption (H1). Then there exists a A\* € (0,00) such that

(1) (1.1)x has at least two positive solutions uy, Uy and uy < Uy if 0 < X < A*;
(#3) (1.1)x has a unique positive solution ux« if X = \*;

(#i1) (1.1)x has no positive solution if A > \*.

Furthermore, uy is strictly increasing with respect to A and

(p— 1)V e+ ppe+1)/(2p=2)

A=
T 20RO oy
< A (1.3)
2 1/(p—1)
< inf ( Ll — ) = Ao,
veH'®RNNOY\ p [on D(z)vy v2da

where wy is the unique minimal solution of (1.1)x, Uy is the second solution of
(1.1)x constructed in Section 4 and vg is the unique positive solution of (2.1).
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2 Asymptotic behavior of the solutions

In order to solve (1.1),, we first consider the Dirichlet problem for the linear equation
_ — 0 RN
Avo—i—vo Om/]R+7 (2.1)

UO(:C 70) = g(IE )

Then if g € H'/2(RN=1) N L°(RN~1), we know that (2.1) has a unique solution vy €
ot (Rf) N LM(R_IX). Since g(x’) > 0, g # 0, by the maximum principle, we have vy > 0
in RY . Itis easy to verify thatif v € H} (RY) satisfies the following equation

—Av +v = N"1b(z) (v + v9)P,
ve Hi (RY), v>0inRY, (2.2)
v(2’,0) =0in RN -1,

then uy = A(v+wvg) is a solution of (1.1) . The energy functional corresponding to (2.2)
is defined by

I( =: (V2 2d—)\p_1 b(z)(vT ptig
A(v) = [Voul” +v7) da () (v" + vg) x.
2 ]Rf erl Rf

By the strong maximum principle, we know that the critical points of the functional I are
the positive solutions of (2.2) .

Lemma 2.1 Suppose g € H'/2(RVN=1) N L>®(RN1), g(z') > 0 and g # 0. If vy is
the unique positive solution of (2.1), then vg € L™(RY) and lim wy(z) = 0.

T N —00

Proof. By section 42, chapter VI of Zofia [16], we have that

vo(x) = Pay (27) x g(a),

—N/2 o 2 2
™ TN N-1 eyt
where P, (x’):—/ t7z e tem T A dt.

We note that the inequality
o—(1—e/a)t

t7z et < Olm (2.3)

holds for any fixed 0 < ¢ < 1, for all ¢ > 0 and some constant C; independent of ¢. From
(2.3), the following formula (see Zofia [16])

o0 —S8 2
e B = / £ e~ ds for any 8 > 0,
0

T8
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and the definition of the convolution, we have

'U()(.’E)

= Poy(a) xg(a")
-N/2 00 o—(1-e/4)t (—c/0) @3+l —212)
< Cl/ 3 a - 33N2N2 c e A= e/ g(2)dtdz
w1 (@ 4 2" = 2[2)N/2 [y /n(1— /ANt
_N/2

B - / 2 i / xN2 N/26_\/1_5/4\/I?V+‘x/_z‘29(3)d2

1—¢/4 Jgn-r (x3 + 2" — 2|?)
< Oy 67\/175/2\/x?\,+|m’fz|2g(z)dzl

RN-1

It is easy to see that the following inequality

Va2 + [p2) > va + /1 — 92b

holds for any a,b > 0and0 < 9 < 1. Leta = zn, b= |z’ — 2|, and ¥ = 11:5;2. Then

we have
vo(x) < Coe~ViTerN / e~V leszlg(z)dz
N-—1
< 0367\/17511\] R

for some constants Co, C3 and any zy > 0. Ford =1 — /1 —e € (0, 1), we get
vo(z) < ce_(l_‘;)x’v, forall zy > 0.

Hence, lim wvp(x)=0.

TN —00

Lemma 2.2 If v € H}(RY) is a weak solution of the equation —Av+v =g and g €
LYRY) for some q € [2,00), then v € W»4(RY) and ”UHW?"I(Rf) <C(N,q)llgll, -

Proof. We extend u and g to all RY by odd reflection, that is, by setting

a($/7 J,‘N) = —U(Z‘/, _]JN), g('r/v JZN) = _g(x/a _J:N)
for zy < 0, where *’ = (21,9, - -, zny—_1). It follows that the extended functions satisfy
—Atu+71u = g weakly in RY. To show this, we take an arbitrary test function ¢ € C}(RY),
and for e > 0, let 1) be an even function in C''(R) such that n(xy) = 0 for |zy| < &,
n(xy) = 1for |zy| > 2¢ and || < 2/e. Then

/ ngeds :/ Vﬂ-V(mp)dm—&-/ unpdx
RN RN RN

:/ nVﬂ'VgodaH—/ n’@—udx —1—/ unpdz.
RN RN 8$N RN
Now, we obtain that

/ n’wﬁdw
RN 31:N

ou
[ e am) = ol —an ) s
0<xn<2e a~ TN
U

—|d
8.13]\[ v

< 8max |V

O0<zNn<2e
—0ase — 0.
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Consequently, letting € — 0, we obtain

/ §g0dx:/ Vﬂ-Vgpdw—F/ updz,
RN RN RN

so that & € H'(RY) is a weak solution of —A% + u = g. By the Calderon-Zygmund
inequality and [7], Chap. II, section 8, Proposition 27 (or [14], Proposition 4.3), we have
u € W24(RY) and [llyy2.amny < C(N,q) [|gll, - Hence, we have u € W24(RY) and

[ullwz.a@yy < C(NV @) llgll, -

Lemma 2.3 Suppose g € H'/2(RN-"1 N L¥RN"1), g(z') > 0 and g # 0. If u €
H' (RY) is a solution of (1.1)y, then uw € L*(RY) and lim wu(z) = 0.
TN —00

Proof. Suppose u is a solution of (1.1) . Then there exists a solution v of (2.2) such that
u = A(v + vp).
From b(x) is bounded on RY, we deduce that
NP 1b(@) (0 + v)?] < Cr(Jof? + [ool?), (2.4)

where C; is some constant. By Lemma 2.1, we obtain vy € LI(RY) for all ¢ € [2, c0].
Since v satisfies

—Av+v = N"1(z) (v 4 vo)P in H-Y(RY),
and by (2.4) and Hsu-Lin [12, Lemma 3.5], we have
v € LYRY) for g € [2,00).

Hence N
N 1p(z) (v +vo)? € LAH(RY) N LYRY)  forall g > 5

Then by Lemma 2.2, we have v € W24(RY) for all ¢ > % By the Sobolev embedding
theorem, v € C*(RY) for all 0 < a < 1 and there exists C' > 0 such that for any r > 1,

||U||Loo(§j) < C”””w%z(? )

where o
B, = {z e RY | |z| > r}.

This implies lim v(z) = 0. By Lemma 2.1, we obtain that uw € L>°(RY ) and lim u(z)

‘1|_’°° TN —00
=0.

Remark 2.1 From the proof of the above lemma, we also have that every solution
v € HJ(RY) of (2.2)5 belongs to L>=(RY) N CH*(RY) for all 0 < o < 1 and
hszRf,|a:|~>oo U(ZL’) =0.
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Lemma 2.4 Suppose g € H'/2(RN="1)NL®RN-1), g(z') >0 and g Z 0. If uy is a
solution of (1.1)x, then there exist positive constants C and 0 < § < 1 such that
up(z) > Ce™ IV for o = (2, 2n) with xy > 1 and |2/ < 1. (2.5)
Proof. First we consider the following Dirichlet problem
{ —Au—&-u:Oian,
u(z’,0) = Ag(z').
Then we get (see Ai-Zhu [3, Lemma 2.4])
u(z) > Ce~ (492N for 2 > 1 and |2/ < 1.

It is clear that any solution of (1.1), is a supersolution of (2.6) . Hence, we obtain (2.5) .

3 Existence of the minimal solution

In this section, we shall prove the existence of the minimal solution of (1.1) by using the
mountain pass theorem and the standard barrier method.

Lemma 3.1 If b(x) satisfies the assumption (H1), then (1.1) has a solution uy if
0 < A < A\, where Ay is given by (1.3).

Proof. Assume that A € (0, 1), B, = {u € H} (RY) | [[u] < p}, and also let S, =
{ue Hj (RY) | [Jull = p} . Clearly, I,(0) < 0 for any A > 0. Using the Sobolev em-
bedding theorem and by the assumption (H 1), we get that for any v € S,

1 2 Ap_l + p+1
I(v) = 5P T oE T L b(x)(v™ + vo)PT dx
1, 2rtiyes “ !
> 3 - E 2ol (Hols + fooll2) (3.1)
1 2ttt _pgt 1
> 507 = Il (0 o).

where
M = inf{/ (|Vv]? + |[v]*)dx | / loPTlde =1}
RN RN

_ inf{/ (1Vol? + [v]2)dz | / o de = 1)
RY RY
(see Wang [15, Proposition 14]). Set

1
flp) = 502 — NTIC (pP T+ Co),
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where C; = ﬂHbHOOM_pTﬂ and Cy = |lvg|[PT?. It then follows that f(p) achieves a

p+1
maximum at py = [Cy(p + 1)]®=D "X\~ and

1
fpx) ~p% = NWTICL(pR + C)

ptl

= S[(Cilp+ D] TN = G CLp+ D] TP ATE = GG (3.2)

~1 12
P+ 17550 7T - it A2,

For
(p— 1)V e+ pr(p+1)/(2p=2)

O0< A<\ =
2t D L o

we can deduce that
—1 _ _
A< (B e p 4 1)~ e 2/ D) (0 0y) 1/ D) (3.3)

Then, by (3.1) — (3.3), forall v € S, , we obtain
In(v) = f(pa) > 0forall 0 < A < Ap.

Let 8 = inf{I,(v) | v € B,}. Then, clearly 3 > —oo. By the Ekeland variational principle
[9], there exists a (PS) g-sequence {vi} C B,, thatis, Ix(vk) = B + o(1) and I (vy) =
o(1) strongly in H~*(RY) as k — oo. Then there exists a subsequence, still denote by
{vp}, and v € H§ (RY) such that vy, — v weakly in Hj (RY), v, — v strongly in
LL . (RY) for 2 < ¢ < 2N/(N — 2) and v, — v almost everywhere in RY. Since
I{ (vr) = o(1) strongly in H~*(RY) as k — oo, we have I{(v) = 0 in H !(RY) and
v > 0in RY. Thus, it follows that (1.1), is solvable.

Lemma 3.2 If b(x) satisfies the assumption (H1), then there exists a \* > 0 such
that

(7) (L.1)x has a minimal positive solution uy if 0 < X < X* and uy is strictly
mcreasing in A;

(#3) (1.1)x has no positive solution if A > A*.

Proof. Denote
Q ={X€(0,00) | (1.1)y is solvable}.

By lemma 3.1, @ # @. Next, we claim that (1.1), has at least one solution for any
A € (0, \*) where A* = sup @ > 0. It is easy to verify that 0 is a subsolution of (1.1), for
any A > 0. Actually, by the definition of \*, for any A € (0, \*), there exists a A" € (A, \*)
such that (1.1)/ has a solution uy, > 0, that is,

—Auy +uy = b(x)ub, in RY,
uy (2',0) = Ng(a') > Ag(z').

By the standard barrier method [1], there exists a solution uy > 0 of (1.1), such that
0 < uy < uy . Since 0 is not a solution of (1.1), and A’ > ), applying the maximum
principle, we obtain 0 < uy < uys. Using the result of Amann [1, Theorem 9.4] again, we
can choose a minimal positive solution uy of (1.1).
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Remark 3.1 Let us denote E = {\ € (0,00) | (2.2), is solvable}. By adopting the
argument in Lemma 3.2 , we obtain that sup £ = sup @ = \* > 0 and

(1) (2.2)x has a minimal positive solution vy if 0 < A < A*. Moreover, uy =
A(vx +vg) and vy is strictly increasing in A;

(1) (2.2)x has no positive solution if A > A*.

Let u) be the minimal positive solution of (1.1), for A € (0, A*), we study the eigen-
value problem

—Av+v = oapb(z)uf 'win RY, (3.4)
ve Hi (RY), v>0inRY. '
Then we have the following lemma.

Lemma 3.3 Suppose b(x) satisfies the assumption (H1) and the first eigenvalue oy
of (3.4) is defined by

ox = inf / <|Vv|2 +v2) dz | ve H (RY) and / pb(x)ul v?de =13 .
RY Rﬁ

+
Then
(1) oy is achieved;
(i) on > 1 and oy is strictly decreasing in A for A € (0, \*) .
Proof. (i) By the definition of o, we know that 0 < o < oo. Let {v;} C Hj (RY) bea
minimizing sequence of o, that is,

/ (\Vvk|2 + v,%) dx =0+ o(1) as k — oo and / pb(x)uf~ 'wide = 1 for all k.
Y

N
RY

This implies that {vj,} is bounded in H{ (RY') . Then there exist a subsequence, still de-
noted by {vy}, and v € H} (RY) such that vy — v weakly in H} (RY), and v, — v
almost everywhere in RY . Thus,

/ (|Vv|2 + UQ) de < liminf/ (|Vvk|2 + v,f) dx = oy.
Ry koo Jpy

For any fixed R > 0, let Bg, = {z € RY | |z| < R} . Since b(x) is bounded on RY and
by the Holder inequality, we have

/ pb(x)uf " oy — of* da
R

N
+
p—1 2 p—1 2
S/ pb(x)ul™ [vp — v dx—i—/ pb(x)ul™ " |vp — v|” dx
BR+ Rf\BR+

(p—1)/(p+1) 2/(p+1)
<Ci (/ u§+1da:> (/ o — v|p'|r1 da:)
Br, B

(p=1)/(p+1) 2/(p+1)
+ 4 (/ uf\“dm) (/ v, — ofP T dac) ,
RY\Br, RY\Br,

By
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where C| is independent of k and R. Since v, — v strongly in L°(Bg, ) for 2 < s <
2N/(N — 2), {v;} is bounded sequence in Hg(RY), taking k — oo, then R — oo, and
we obtain

/ pb(x)ub v dr = 1.
RY

Therefore, v achieves . Clearly, |v| also achieves o). By the maximum principle, we
may assume v > 0 in RY.

(#i) From the argument of the above Lemma, we note that, if u) and )/ are positive
solutions of (1.1), with0 < A < X' < A\*, then uy), > u,. Applying the Taylor expansion,
we obtain

—A (uy —ux) + (uy —un) = b(z)(u}, — uf)

> pb(x)ul " (ux — uy) . (3.5)

By (i), v achieves o, that is, v is a positive solution of (3.4) . Multiplying (3.5) by v, we

get
R

Thus, o) > 1. Letting vy be a minimizer of o, we have

J

Then there is a constant ¢ € (0, 1) such that

pb(x)ul ™ v (un — uy) do > / pb()ul ™ v (un — uy) da.
¥ RY

R pb(x)ul; vide > /RN pb(z)ul wide = 1.
¥ +

/ pb(x)uifl (tvy)*dz = 1.
RY

Therefore, ox < 12 ||lua]> < |jval|> = o, that is, o is strictly decreasing in A for
A e (0,M).

Lemma 3.4 If b(z) satisfies the assumption (H1), then X* is finite and Ay < \* <
A2, where A1 and A2 are given by (1.3).

Proof. Since o > 1 and uy > Avg for 0 < A < A*, we select v > 0 (independent of \)
in Hj(RY). Then by the definition of ¢, and the assumption (H1), we have

Vo> +v?) da > oy pb(z)ul ™ v?da
A
RY RY
n +
> )\p_l/ pb(z)vl ™ wide.
RY
Thus,

2
[[o]]

. il
veH (RY)\{0} prf b(x)vh ™ vidx

1/(p—1)
) forall A € (0, \").
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This implies that A* is finite and

A<

||v||2 1/(p—1)
n ( 5T ) . (3.6)
veH (RY)\{0} prﬁ b(z)vf v2dx

By (3.6), Lemma 3.1 and the definition of A*, we have that \; < \* < As.

In order to establish the existence of a solution uy~ for (1.1)x«, we need an a priori
L7(RY) bound for the minimal solution vy.

Lemma 3.5 Let A € (0,\*). Suppose b(x) satisfies the assumption (H1). Then for
any q € [2,+00), there exists a positive constant Cy, independent of vy, such that

/ vide < Cy, (3.7)
R

N
+
where vy is the minimal solution of (2.2).

Proof. Our method is a combination of ideas found in papers of Egnell [8] and Brezis-Kato
[6]. For j > 1,¢ > 0, define ¢;(t) = ¢/, and ¥;(t) = fOt(QS;(s))zds = %t%_l. For
A € (0, A*), we denote that uy and vy are the corresponding minimal solutions of (1.1)
and (2.2), respectively. Then we have uy = A(vy + vg), where vy is the unique solution
of (2.1). From the definition of ¢ and since o) > 1, we have

/ (Vo + 02z > p [ blapd ode (3.8)
RY RY

+ +

for all v € H}(RY). Since ¢;(vy) € H(RY), by the asymptotic property of vy (see
Remark 2.1), we may choose v = ¢;(vy) in (3.8) to obtain

/(qb}(v,\))2|Vv,\)|2dx+/ 6.2 de > p [ byl o (0n)de.  (3.9)
RY RY RY

+

Since uy = A(vx + vp), v» is a solution of (2.2) 5, and ¢;(vy) € H&(Rf), we also have

/ 0 (0n) Vs [2de + / Yionyoade = N1 [ b()(ox + v0)P; (v)da
RY RY RY
— /RN b(m)ui_l(m + ’U())’(/Jj(’l})\)dl'.

(3.10)
From (3.9) and (3.10), we obtain

-9 ) .2 .
(- 52 )/ bayl P dr < / b(z)ub  oguy T d. (3.11)
RY 2 RY

2j —1 j— 1
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-2
Since 23— > 1 and is increasing in j, we may choose jo > 1 sufficiently close to 1 such

that 23 7 <pforj < jo.Seta(j,p) =p— 2; 7- By (3.11), the fact uy > Avy and the

hypothesis b(z) > by, > 0 forz € Rf, we obtain

)\pfla(j,p)boo/ v§+2j_ldz §p/ b(:c)ui_lvovij_ldx (3.12)
RY RY
for1 < j5 < jo. 4

Notice that 1”"’21’%]_1 > 1\2,—% and vg € LI(RY) for all ¢ € [2,00]. Therefore, the

boundedness of b(x) and Holder inequality imply that

1, 2j-1
b(z)ub ™ vgvy T dx
RY

< Nl (W2 200 + 0¥ T b da
]RN
+ .
; =t 2i1 . \ pF2=T
< Nl [(/ Uﬁﬁj*ldx) e (/ vfﬁ 7 dx) (3.13)
RY RY
+ ¥

27—1
+(/ U§+2j—1dx)p+’zﬁ (/ vé’“j_ldx)ﬁ}
RY RY
- +25—2 2j—1
< VG (IlBETE + loa e )

for some positive constants Cy, C, depending only on ||vg||2 and ||vg||eo. From (3.13) and
Young’s inequality, it follows that for any € > 0, there is C. > 0 such that

p+2j—1 .
b(z)ul vy Hde < NPTIC(CETTT 40, ) + ,\P*le/ WBFH g,
RY RN
(3.14)
By choosing € > 0 sufficiently small and using (3.12) and (3.14), we obtain
/ U§+2j71dm < C3, j < jo, for some jg > 1, forall 0 < A < \*, (3.15)
RN

where C'3 > 0 is a constant depending only on p, jo, €, ||vg||2 and ||vg||co. This shows that
(3.7) holds for all ¢ € [p+ 1, p+ 2jo — 1]. To establish (3.7) for all ¢ € [2, p+ 1], we only
need to prove the case ¢ = 2. Multiplying (2.2) by vy, and using integration by parts,
Holder’s inequality and (3.15), we deduce that

/ vide < WP b(x)(vx + vo)Purdx
RY RY

< 6’4/ (W 4 vavl)da
RY

(by using b(x) is bounded and 0 < A < \* < +00)

<o o[ o) ([ e )

S 05+063

N
+



198 T-S. Hsu

where C4, C;5 and Cg are positive constants, independent of vy. Therefore, (3.7) holds for
all ¢ € [2,p + 250 — 1].

Now, we use ideas in Brezis-Kato [6] to prove that (3.7) holds for all ¢ > p + 1. Since
vy is a solution of (2.2), and ¢o,41(va) € Hg(RY), for s > 0, then we have

/ IV 0r 261 (02)dz + / oxbass(va)dz
RN RN

. (3.16)
= )1 fRf b(z)(vx + v0)PP2st1(va)de.

Now, set 2* = 13—4]\_’2 so =7Jo—1>0and qo = 250 +p + 1 = p + 2jo — 1. Therefore,
it follows from Holder’s inequality, (3.15) and (3.16) and the fact vy € L?(RY) for all

q € [2, 00| and the boundedness of b(x), that

/RN IV (030 | 2da :(30+1)2/

. Vo |2v3da
N R

+

< 07/ 030 (vy + vp)Pda
RN

N
< Cg /N(v§+250+1 + visﬁlv(’)’)daz

+2s0+1 2 1
< CSHUA||Z+2:3+1 + 08”710”24-2304-1““)\ pT2t0+l
S C97

where C7, Cy and C are positive constants, independent of v. By the Sobolev’s inequal-
ity, there exists C' > 0, independent of vy, such that

/ Ui* (30+1)d$ S C
Y
The desired inequality (3.7) then follows easily by iteration: set 2s; +p+1 = 2*(s;—1+1)
andg; =2s; +p+1,fore =1,2,---.

Proposition 3.1 If b(x) satisfies the assumption (H1), then there exists a A\* <
oo such that (2.2)x has, for each A € (0,\*], a minimal positive solution vy €
Che(RY) N H(RY), for all 0 < a < 1. Thus, (1.1)x« has a minimal positive
solution uy~.

Proof. The conclusions of Proposition 3.1 for A € (0, A*) follow from Remark 2.1 and
Remark 3.1. We then consider the case A = A*. By the Sobolev Embedding Theorem,
Lemma 2.2 and Lemma 3.5, for 0 < o« < 1, we have

o7l onem < Callallwane ey
< GolIN7Ho(x) (0x + v0)P || Laa )
S 037

where ¢, = 1=, and C1, Cy, C3 are positive constants independent of v,. A simple
diagonalization argument and the Arzela-Ascoli theorem may be employed to show that
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there exist a subsequence A\, — A* and a function vy~ € Hg(RY) such that vy, — vy-
and |Vvy, | — |Voa«| uniformly on each compact subset of RY. Hence, we obtain that

J

forall v € H} (]Rj\_[ ). Therefore, it is easy to see that vy~ is a positive minimal solution of

(2.2)x+. By Remark 2.1, we also have vy« € C’La(@). Let uy» = A*(va« + vg). Then
by Remark 3.1, we can deduce wu)- is a positive minimal solution of (1.1) .

Vo Vodx + /

vyrvdx :/ (A)P71b(z) (vae + vo)Poda
RY R

N N
+ +

4 Existence of the second solution

When A € (0,A*), we have known that (1.1), has a minimal solution u) by Lemma
3.2. Then we need only to prove that (1.1), has another positive solution in the form of
Uy = uy + v, where 7 is a solution of the following equation

{ —Av+v = b(z)[(v+uy)P —uf] inRY, (4.1)

v e H(RY), v>0inRY.

Associated with (4.1) , we define the energy functional J : H} (RY) — R as follows:

+
1 v
J(v) == / <|VU\2 + v2) dx — / / b(x)[(s + ur)? — ul]dsda.

2 Jry RY Jo
+ +
Using the maximum principle, we know that the nontrivial critical points of energy func-
tional J are the positive solutions of (4.1).

Lemma 4.1 For any € > 0, there is a positive constant C. such that
(E+5)P —&P —pePls < P ls 4+ Cs?  foralls >0, &> 0.
Proof. From the fact

1+t)P —-1—pt 1+¢t)P—-1—pt
i AHDP=1=pt oy LD 1wt

t—0+ t $—00 tp L,
we obtain that for any ¢ > 0, there is a positive constant C. such that
(I+¢t)P —1—pt <et+ CctP forallt > 0.
Letting £ > 0, s > 0, and taking ¢t = s/£ in the above inequality, we deduce that
(E+8)P — &P —ptPls < P ls + CesP.

Lemma 4.2 If b(x) satisfies the assumption (H1), then there exist p > 0 and v > 0
such that
J(v)|s, > v >0, (4.2)

where 8, = {u€ HY (RY) | ul = p}
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Proof. For any € > 0, by Lemma 4.1 (with £ = u)), there exists a positive constant C,
such that

J(v) = ;/ (|IVo* 4+ v?)dx — %p/}RN b(w)uf\_l(v"’)zdm’

/RN / [(ux + 8)P — ub — pul~"s]dsdz
[/RN(WUF e —(pte) [ blapd ) de

N
R

(4.3)

v

1
5 +

Ce
_p+1

b(x)(vT)PHd.
Furthermore, from the definition of ¢, for any v € H, (} (Rf ) s

/ <|Vv|2 + v2) dx > 0’)\/ pb(x)ub v da.
RY RY
Therefore, by (4.3), the boundedness of b(z) and the Sobolev inequality, we obtain

1 €
J(v) = E(ax -1- ];)IlvH? = ClflofP*

for some C’ > 0. Since o) > 1, we may choose £ > 0 small enough such that o) — 1 —
e/p>0.If wetakee = p (o) — 1) /2, then

J(v) = — (o = 1) [[ol* = CL|Jol"*.

- 4
Hence, there exist p > 0 and v > 0 such that J(v)|s, > v > 0.

Now, we introduce the following elliptic equation in the whole space.

—Au+u = boouP in RV, (4.4)
we H'(RV), N > 2. :
The corresponding variational functional of (4.4) is
1 ) 1
1%°(u) = - ( 2)4 —— | b de, ue H'(RY).
(u) 2/RN|Vu|—|-u v [ty e B EY)

By Bahri-Lions [4] and Kwong [13], we know that (4.4) has a unique radial symmetric
ground state solution w(x) > 0 in RY such that

M = I*°(w) = sup I*°(tw), (4.5)
>0

and there is a constant C' > 0 such that

{ @ (@) ]| VD2 exp(|al) — C,

(@) 2] VD72 exp(fa]) — —c, *1#17oe (46)

Moreover, we have the following decomposition Lemma.
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Lemma 4.3 Let {vi} be a (PS)g-sequence of J, that is, J(vg) — B and J'(vg) — 0
strongly in H-H(RY) as k — oo. If b(z) satisfies the assumption (H1), then there
exist a subsequence, still denote by {vy} , an integerl > 0, sequences {x}C} - Rf(l <
i <1), and a solution T of (4.1) such that

v — U weakly in Hé (Rf) ,
Vg — (ﬁ + Zizlw( - :z:%)) — 0 strongly in Hj (RY),
B=J@)+1M>,

and that for each 1 < i <1, the sequence of the last component of {xr} approaches
+o00 as k — o0.

Thus we agree that the above results hold without u' and zi, for 1 = 0.

Proof. See Ai-Zhu [3, Lemma 3.2].

Let (z) be a function in C§°(RY) satisfying: 0 < n(z) < 1 forz € RN, n(z) =
for zy > 1and n(z) = 0 for zy < %.Setey = (0,0, --,0,1) and denote 7, (z)
n(z+ Ten), w, = w(z — Ten) for 7 € (0, 00). Clearly, nw, € H(RY).

1

Lemma 4.4 Let A € (0, \*) be fized. If b(x) satisfies the assumption (H1), then
(i) there exists to > 0 such that J(tnw,) <0 fort >tg, 7> 2,
(1) there exists 7o > 0 such that the following inequalities hold for T > ¢ :

0 < sup J(tnw,) < M. (4.7)
>0

Proof. (i) Applying the Green’s formula, realizing ) € [0, 1] and by (4.4), we obtain

1
Henr) = 56 [ (V) + o, o

+

1
fitp+1 b p+1d
it L ooy

tnwr
7/ / b(x)[(s + ur)P — ub — sP]dsdx
rY Jo
1

1
< —t2/ (—Aw+w)(n3w)da¢+7t2/ V0, |2 |2da (4.8)
2 RN 2 ]RN
IM’*”“ " b(w)n(lae)wp% ~ ren)da
< 7t2/ boow? T dx 4+ ~t?(max |V77|2)/ | |?da
2 D%N 2 zERN RN

ey ba) )z = e )
— T)w x — Tey)dz.
P+ 1 J@ am)lan>1}
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Set Bi(ten) = {z € RY | |z — Ten| < 1}. From the assumption (H 1) and the positive-
ness of w, as 7 > 2, we deduce that

/ b(z)w? ™ (x — Ten)dx
/(x’xN)xN>1}
> boow@? T (x — Ten)dx
Bi(ten) (49)

= booww? T (x)dx
{zeRN[|z|<1}
= C>0

where C'is independent of 7. Combining (4.8) and (4.9), there exist some positive con-
stants C7, Cs, independent of 7, such that

J(tnw,) < C1t? — CotP™ forall T > 2. (4.10)

From (4.10) we obtain the result of (7).

(#4) Due to Lemma 4.2 we can find ¢ > 0 such that ||¢tnc || = p. The left inequality in
(4.7) follows from (4.2). To show the right inequality, we have by (¢) that J(tnw,) < 0
fort > to, 7 > 2, there is t5 € (0,tg) such that

sup J(tnw,) = sup J(tnw,), forany 7 > 2.
>0 0<t<ts

Since J is continuous in H} (R%Y) and J(0) = 0, there exists a constant ¢; > 0 such that
J(tnw,) < M, forany 7 € (0,00) and 0 < ¢ < ¢;.
Then, to prove (4.7), we now only to prove the following inequality

sup J(tnw,) < M for T large enough .
t1<t<ts

By the definition of J, we get

£ 2 2 tr +1
(e, = = / (N (@) + o, ) — / boo (s )P L

2 RN p+1 Ri

! b b ptlg

+p+1/ (bse — b(2) 07"

tnw,-
/ / (s +ux)? —ub — sPldsdx.
RN

Since w is the ground state solution of (4.4) and by the assumption (H1), then we have

+2 tp+1
sup J(tnw,) < — (—Aw + w)(nPw)dx — / boow? T dx
RN

t<ts 2 RN p+1
t2
2 [ VPl P
N
tp«i» | ) (411)
+ boo (1 — nPT wp+ dzx
p+1/ (L=n)

an
/ / (s +un)P — ub — sPldsda.
]RN
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/ boo P dx
RN

(4.12)

—ren| N tlda

By (4.5) and (4.6), we have that there exists a constant 71 > 2 such that, for all 7 > 74,
2 tp+1
v A do —
5 RN( w+ w)(n’w)d P
< I®(tw)
< supI®(tw) = M,
>0
and
é |V7]‘2|‘(7J |2dx+ t127+1 / b (1 _ 77p+1)wp+1d$c
2 N i P+ 1 RN > T
< (s [2 + e [P
(z'zn)|on <1})
< G exp(—2|z — Ten|)|z
{@en)lzn<1}
< 01/ exp(—2r)dr
T—1
= Cyexp(—27),

where C', Co > 0 are independent of 7.

(4.13)

Set Bi(tey) = {z € RN | |z — ren| < 1}. For 7 > 75 = 2 + 71, we have that

Bi(ren) C {(2',zn) € RY | |2'| < 1, zx > 1}. Note that (a +
+

b)P > aP + P, for all

a>0,b>0,p> 1. Then for 7 > 79, we have n(z) = 1 on B;(7ey) and

(s +ux)? —ub — sPldsdx

tnw,

> / / (s + ur)P — ub — sPldsdx
Bi(ren)

- /;1(7'61\]) /Ot

> / / (s 4+ ur )Pt — b Musdsdz
Bi(ren) J0O

th +un)P —ub

pw-

b

(x

/Bl TEN

— tuifl} wruxdx.

[(s+un)P "t —sP s+ [(s+uy)P~' — uﬁ_l}u,\)dsdm

(4.14)

Since limg 00 ux(x) = 0, there exist 73 > 75 and & > 0, such that

(twr 4+ up)P — uf

pw;

p—1
— tuy

> a, forT > 73, © € Bi(Ten), t € [t1,ta].
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By the assumption (H1) and Lemma 2.4, we deduce from (4.14) that

tan
/ / (s +ux)P — ub — sP|dsdx
RN

boo w(x — Ten)ux(x)dz

Y

rtren) (4.15)
> C w(z — Ten) exp[—(7 + 1)(1 + 9)]dz
Bl(‘reN)
> Cyexp(—(1+9)71),

for some 0 < 6 < 1 and for all 7 > 73, t € [t1, ta] where Cy > 0 is independent of 7.
If 6 =1/2,by (4.11) — (4.15) and b(x) > beo, we get, for 7 > 73 and t € [t1, 2],

J(tnw,) < M™ + Cy exp(—27) — Cs eXp(_gT)

where C and Cs are independent of 7. Hence, we can find some 79 > 73 large enough
such that

3
Cy exp(—27) — Cy eXp(—iT) <0
for all 7 > 7 and (4.7) is proved.

Proposition 4.1 If b(z) satisfies the assumption (H1), then (4.1) has at least one
solution for A € (0, \*).

Proof. By Lemma 4.4, we know that there are positive constants 7y and ¢ such that
J(tonw.,) < 0. We set

I = {h e C([0,1], Hy(RY)) | h(0) = 0, h(1) = tonwy, }.
Then, by (4.2) and (4.7) we get

<a= . .
0<y<a= i?elfl; Jnax, J(h(s)) <M (4.16)

Applying the mountain pass lemma of Ambrosetti-Rabinowitz [2], there exists a (P.S),-
sequence {vy, } such that

J(vr) — aand J'(vg) — 0in H~H(RY).

By Lemma 4.3, there exist a subsequence, still denoted by {vy }, an integer I > 0, sequence
{#{} in RY, 1 < i <[, with the last component tend to +oc, and a solution T of (4.1)
such that

v =T weakly in Hj(RY),
v — U+Z (- — xL)] — 0 strongly in H'(RY), (4.17)

a=J@w )—|—ZM°°
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We only need to prove v # 0 in Rf . Indeed, if 7 = 0, then by (4.17), we have
a=0ifl=0, a>M>ifl>1.

This contradicts (4.16). So ¥ # 0 and we know that 7 > 0 in RY by the strong maximum
principle.

Corollary 4.1 Ifb(x) satisfies the assumption (H1), then (1.1)x has another positive
solution Uy if 0 < A < A*.

Proof. Applying Proposition 4.1, then (1.1), has another positive solution in the form of
Uy = uy + T, where u) is a minimal solution of (1.1), and ¥ is a solution of (4.1) .

5 Uniqueness of minimal solutions

Let us denote by u) the minimal solution of (1.1), and U is the second solution of (1.1)
constructed in Corollary 4.1. For each solution u of (1.1)y, let o) (u) denote the number
defined by

ox(u) = inf {/ (|Vw|2 + wQ) de |w € H&(Rf),/ pb(z)uP " w?dr = 1} ,
RY RY

which is the smallest eigenvalue of the following problem

—Aw +w? = ox(u)pb(z)uP~rw in RY,
w >0, we HY(RY).

Lemma 5.1 (i) Let u be a solution of (1.1)x for A € (0, \*). Then ox(u) > 1 if and
only if u = uy. Moreover, uy is unique for X € (0, \*).
(1) ox(Uy) < 1.

Proof. (i) Now, let ) > 0 and ¢ € H}(RY). Since u and u, are the solution of (1.1)y,
then

V- V(uy — u)de + Y(uy —u)de

N N
RY RY

/ b(z)(uf — uP)dx
R

¥ (5.1)
/

b(x) (/M ptp_ldt) pdx
RY

pb(z)uP ! (uy — u)de.
Let¢) = (u—uy)t > 0and ¢ € HJ(RY). If ¢ # 0, then (5.1) implies

N
+

Y

—/(Wwﬂwﬂmz—/‘mmw*wm.
RY RY
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Therefore, by o (1) > 1 and the definition of o (u), we have

/ (VeP + ¢2)de < / ph()ur 1
RY RN

+ +

< ox(u) /N pb(x)uP " 3 dx

Ry

< /M(WF 4 )da,

and we get a contradiction. Hence ¢ = 0, and © = wu, in Rf . On the other hand, by
Lemma 3.3, we also have that o) (uy) > 1. This completes the proof of ().

(73) By (i), we get that o (Ux) < 1 for A € (0, A*). We claim that o5 (Uy) = 1 can
not occur. We proceed by contradiction. Set w = Uy — uy; we have w > 0 in Rf and

—Aw +w = b(z)[U} — (Ur —w)?], w e Hy(RY). (5.2)
By 0 (Ux) = 1, we have that the problem
—A¢+¢ =pb()UL "9, ¢ € Hy(RY) (53)

possesses a positive solution ¢1.
Multiplying (5.2) by ¢; and (5.3) by w, integrating and subtracting we deduce that

0= / b(z)[U? — (U — w)P — pUL™ wprda
RY

1 _
= =5 [ plp- Db P uonda,
RY
where &) € (uy,Uy). Thus w = 0, thatis Uy = uy for A € (0, \*). This is a contradiction.
Hence, we have that 0 (Uy) < 1 for A € (0, A*).

Lemma 5.2 Suppose that uy is the minimal solution of (1.1) for A € (0, \*] and
ox(ux) > 1. Then for any h(z) € H™'(RY), problem

—Aw +w = pb(x)uy tw + h(z), w € H (RY) (5.4)
has a solution.

Proof. Consider the functional

1 1 _
O(w) = = (|Vw|? + w?)dz — = pb(x)uf wde — h(z)wdz,
2 RN 2 RN ]RN
+ + +
where w € H} (Rf ). From Holder inequality and Young's inequality, we have, for any
€ > 0, that

1 -1 2 1 2 CE 2
5(1—‘7/\(%\) )|w]| —§5||U’H - 7”9“1{71(1&1)

*CHgH?{—l(Rf)

(w) (5.5)

A\VARAY}
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if we choose € small.
Now, let {wy,} C H}(RY) be the minimizing sequence of variational problem

d = inf{®(w)|w € Hy(RY)}.

From (5.5) and o5 (uy) > 1, we can also deduce that {wy,} is bounded in H} (RY), if we
choose € small. So we may suppose that

wy, — w weakly in H)(RY) as k — oo,
wg — w almost everywhere in Rf as k — oo.

By Fatou’s Lemma,
lw]|? < liminf [jwy||?.

By the weak convergence and repeating the same arguments used in the proof of Lemma
3.3, we have, as k — o0,

/ guwrdr — gwdx,
RY RY
—1 92 —-1,2
/]RN b(z)ud  wide — /]RN b(z)ud widx.
+ +

Therefore
O(w) < klim O(wy) =d,

and hence ®(w) = d, which gives that w is a solution of (5.4).

Lemma 5.3 Suppose ux~ is a minimal solution of (1.1)x«, then ox«(ux«) = A* and
the solution of (1.1)x= is unique.

Proof. Let vy = % — vg be a solution of (2.2)y for A\ € (0,\*]. Define G : R x

Hy(RY) — H™(RY) by
G\, v) = Av — v + NP7 b(x) (v + vo)P.

Since ox(uy) > 1 for A € (0,\*), so ox=(up+) > 1. If ox«(ur+) > 1, the equation
G»(A\*,va+)¢ = 0 has only trivial solution. From Lemma 5.2, G, maps R x H (]Rf)
onto H~1 (Rﬂy ). Applying the implicit function theorem to G, we can find a neighborhood
(A" =38, \* + ) of \* such that (2.2) possesses a solution vy if A € (A* — 4§, A* +6). This
implies that (1.1), possesses a solution uy if A € (A\* — §, A* + 0). This is contradictory
to the definition of A*. Hence, we obtain that oy« (uy-) = 1.

Next, we are going to prove that uy~ is unique. In fact, suppose (1.1)~ has another
solution Uy« > uy«. Setting w = Uy~ — uy~, we have

—Aw +w = b(z)[(w +ur)? —u}.], we HHRY). (5.6)
By o)+ (ux+) = 1, we have that the problem

~A¢+ ¢ =pb(x)ultp, ¢ € HYRY) (5.7)
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possesses a positive solution ¢ .
Multiplying (5.6) by ¢; and (5.7) by w, integrating and subtracting we deduce that

0= b(z)[(w + ur- )P — b, — pub~ wprda
RY
1 _
= 5 [ - D& e,
RY

where £+ € (ups,uy- +w). Thus w = 0.

Proof of Theorem 1.1. By Lemmas 3.2, 3.4, 5.1, 5.3, Proposition 3.1 and Corollary 4.1,
Theorem 1.1 holds.
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