Advanced Nonlinear Studies 6 (2006), 617-641

Isolated Singularities of Solutions of Quasilinear

Anisotropic Elliptic Equations

Yuliya V. Namlyeyeva,
Andrey E. Shishkov*, Igor I. Skrypnik *

Institute of Applied Mathematics and Mechanics of NAS of Ukraine
R. Luxemburg str. 74, 83114 Donetsk, Ukraine
e-mails: namleeva@iamm.ac.donetsk.ua
shishkov@iamm.ac.donetsk.ua

skrypnik@iamm.ac.donetsk.ua

Received 14 June 2006
Communicated by Laurent Véron

Abstract

We consider a wide class of degenerate quasilinear second order elliptic equations with

model representative é:l (Jua; \pi’guzi)zi =0,1 <p1 < p2 < ... < ppn, whose
solutions have singularity at a point. There are established sharp point-wise conditions
for removable isolated singularity of solutions of such equations. For solutions with non-
removable point singularity (source type or fundamental solution), precise upper and lower

estimates near the singularity point are obtained.
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1 Introduction

In this paper we study of the local behavior of an arbitrary generalized solution to the
quasilinear anisotropic elliptic equation of general form

Lu = Z o ( g“) —ag (wu gZ) =0, Vae\{z}, (1.1)

near the isolated singularity point xg € 2 C R", n > 2. Here (2 is a bounded domain.
We assume that functions a;(,s,€),i = 0,1,...,n, are defined in Q x R! x R”, satisfy
the Caratheodory conditions, and there exist constants K, Ko such that for every x € €,
s € R, ¢ € RF the following inequalities hold:

Zazx 85&21(12@

1— L
Piq

n L '
(5,0l <Ko [ Sl | +a@ls07%) + fo@), i =T, K < oo,
j=1

ag(z, 5, €) SZ z)[&;

Here the nonnegative functions h;(x), g;(z), fi(z), i = 1,2,3, j = 1,n, belong to certain
Lebesgue classes over the domain €2 (see § 2),

_gl | |p fl(x)7 K >0a

(1.2)

Pi1=5) 4 ga()|slP" + falw).

1 11
1<pr <pa<p3<...<p, <o, ]f?::ﬁzf, p<n. (1.3)
In the sequel, all the constants in (1.2), (1.3) will be called the structural constants of

equation (1.1). The equation

i —2
pi au

m) =0 in Q\{zo} (1.4)

is the simplest example of equations from class (1.1). In the case
l<pi=pa=--=p,=p<n (1.5)
equation (1.4) has the source type (fundamental) solution of the form
u(ac):|x—x0|_z%f, p<n; u(z) =z —xo|, p=n; (1.6)

which exhibits the solution with the “minimal” singularity at x = x¢. J. Serrin [6] was
the first who proved that even in the general case of the isotropic equation (1.1) with struc-
tural condition (1.2), (1.5) there is no solution singular at the point x( and satisfying the
condition

U($)20(|$—5€0 )7 0>0, 1<p<n, (1.7)
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u(@) =0 (|In|z —z0||'°), >0, p=n. (1.8)

Further analysis of sufficient conditions for removability of singularities of solutions
has been made by many authors for different classes of nonlinear elliptic and parabolic
equations (cf., e.g. [8] and references therein). The precise point-wise sufficient condition
for removability of the isolated singularity of the solution to general isotropic equation (1.1)
(case (1.5)) was found in [5], which is in the form

max u(x)| =o r7%>, 1 <p<n, 1.9
e fu(a) ( p (1.9)
ju(z)| = o ( [ln L (1.10)
max u\xr = 0 n-— =n. .
r<|z—z0|<Ro r » P

For anisotropic equation (1.4), the explicit source type solution in the form similar to (1.6),
is not known. Existence of the nonnegative fundamental solution to equation (1.4) was
proved in [9] under the following additional restriction:

l<pr<ps<...<pp<(n—1)(n—p)~'pif p<n. (1.11)

Moreover, it was proved ([9]) that such a fundamental solution belongs to the anisotropic
Sobolev space

ov ‘ .
Wi () := {u e Wh(Q): B, © L%(Q), i= 1,n} : (1.12)

where the real g; satisfy the following conditions

l<g<np-ptn—1)"1p, i=T1n. (1.13)

It is easy to check that for an arbitrary § > 0 the function

n-p_g

_nzg
(-1
b) ;b= pilp 1) , 1<p<n,

n
el (; o e p(pi = 1) +n(p = pi)

(1.14)
satisfies (1.12) with some ¢; = ¢;(8) from (1.13). Here ¢;(6) — n(p — 1)p~t(n —1)"1p;,
i = 1,n,as & — 0. This fact yields the following: In analogy with the isotropic case,
one can guess that the function ug(z) (us(x) from (1.14) with 6 = 0) determines the
removability condition at the point x in the sense that there is no solution singular at the
point zy with asymptotic

lu(2)] = o(uo(x)).

It is also natural to expect that ug(x) determines the asymptotic of the source type solution
to the model equation as well as to the general anysotropic quasilinear equation.

The aim of this paper is to substantiate the above statements. The precise formula-
tions will follow. The proofs are based on the extension of the method of local pointwise
estimates developed by 1. V. Skrypnik [7].



620 Y.V. Namlyeyeva, A.E. Shishkov, I.I. Skrypnik

The paper is organized as follows. In Section 2 assumptions and main results are for-
mulated. The auxiliary integral estimates for solutions with isolated singularities are estab-
lished in Section 3. We prove point-wise estimates for solutions in Section 4. Section 5
contains the proof of the theorem on removability of singularities. In Section 6 we prove
the upper and lower pointwise estimates on the fundamental solution. These estimates
show the sharpness of the removability condition in Theorem 2.1 for fundamental solution
of equation (1.4).

2 Framework and main results

First we formulate assumptions for the functions g;, f;, h; from (1.2). Set

n n

Hie) = S W) +1(2) +95(@) + @) + fo(e), Ha(w) = Y (ga(a) + fol) 7T

i=1 i=1
and suppose that there exists ¢ € (0, min((1, p; — 1))) such that

H, —|—H2€eré(ﬂ), l1<p<n (2.1)

Definition 2.1 We say that the function w is a weak solution of equation (1.1) in
O\{zo} ifu e W(%)(Q’) =Ww! (Q') for an arbitrary subdomain €’ C € such

P1,P25--,Pn
that ¢ ¢ Q' and the following integral identity holds

- ou\ 0 ou
2/% (x,u, (%) a—xi(zbgo)dx + /ao (x,w 3x) Yo dr =0, (2.2)
=10 Q

where ¢ is an arbitrary element of W%p)(ﬂ) and 1 is an arbitrary function from
C1(Q), which is equal to zero in a neighborhood of x.

Now we introduce the family of subdomains. For r > 0, set

n by
bi
Qr) =< zeQ:l(zx):= < E |z; — a:o7i|b1> <rp, b isfrom(1.14), 1 < p < n,
i=1

P1

Qr)y:=<ze€Q:l(z):= (Z |zi — 0, 21) <rp, p=n. (2.3)
i=1

Let
Ry € (0,{dist ({zo},0)}). (2.4)

Next we define the function M = M (r) characterizing local behaviour of the solution
u in the neighbourhood of the point z¢:

M(r) := esssup {|u(z)|: x € Q(R)\Q(r)}, 0<r < Ryp. (2.5)
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The regularity result from [1] yields that M () < oo for an arbitrary » > 0. Now we are
ready to formulate the main results.

Proposition 2.1 Let u be a weak solution of equation (1.1) in Q\{xo} (in the sense
of Definition 2.1). Let parameters p; satisfy conditions (1.3), (1.11). Suppose that
the function M (r), defined by u in (2.5), satisfies the following condition

r—0 r—0 r

nop 1\
lim M(r)re=t =0 if 1<p<mn, or limM(r) (ln ) =0 if p=n. (2.6)

Then there exist positive constants Cy, 7y, which depend on the structural constants
only, such that

M(r)SCmeJ” Vr:0<r<Ry, 1<p<mn; (2.7)
11"
M(r) < Cy [ln] Vr:0<r<Ry, p=n. (2.8)
T
Theorem 2.1 Let u be a solution of equation (1.1) in Q\{zo}. Let all conditions of
Proposition 2.1 be satisfied, Additionally, suppose that
q1(z) = f1(z) =0, x € Q. (2.9)

Then the singularity of the solution u(x) at the point {x¢} is removable, and con-
sequently integral identity (2.2) holds with ¢ = 1.

Now we consider the source type (fundamental) solution U (z) of equation (1.4), that
is the weak solution of the boundary value problem

LoU = —6(z —z9) in Q, U(x)=0 on Of. (2.10)
If condition (1.11) is satisfied, then the nonnegative solution to (2.10) exists ([9]) and
— 1)pi .
satisfies (1.12). From (1.11) it follows that the inequalities p; — 1 < m are valid,
1 = 1,n. Therefore (1.12) implies that
oU
D c L’ 1), i=1,n.

Hence we deduce from (2.10) that U satisfies the following integral identity
z”: / U () |72 0U (z) B (x)
. Oz;
i=1 Q

for an arbitrary function ¢ € C§ ().
Now we introduce the function m = m(p) characterizing the local behaviour of the
fundamental solution U. Set

m(p) :=essinf {U(z) : 2z € 00(p)}, Vp>0, 1<p<n. (2.12)

dx = ¢(0) (2.11)

The next theorem, the second main result of the paper, shows in particular that condition
(2.6) is sharp.
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Theorem 2.2 Let U be the fundamental solution of equation (1.4), that is the solution
of the boundary-value problem (2.10). Then there exist positive constants Ry, dg, d1,

which depend on parameters n,py,...,pn only, such that the following estimates
dop~ 71 < M(p), m(p) < dip~ 7T Vp<Ry, if 1<p<n, (2.13)
doln% < M(p), m(p) <d; ln% Vo< Ro, if p=n (2.14)
hold.

3 Auxiliary integral estimates of the solution

We accomplish the analysis of the singularity of the solution in several steps. First, we de-
duce some integral estimates of the solution under consideration. Without loss of generality
it can be assumed that the function M (r) defined by (2.5) satisfies

lim M (r) = cc. (3.1)

r—0

Suppose that the constant Ry from (2.4) satisfies also the condition
M(Ry) > 1. (3.2)

For an arbitrary R € (0, Ry), let the function u and the set E(R) be defined by

E(R) = {z € QR)\{zo} : u(z) > M(R)}. (3.3)

Later on, by ¢, ¢;, C, C; we will denote different positive constants depending on struc-
tural constants only. Without loss of generality it can be assumed that o = 0. Now we
introduce the nonnegative cut-off function v € C°>°(R!) satisfying conditions

Y(t)=0 for t <1, 9(t)=1 for t > 2, ’Chgl(f)’ <2 for t €[1,2]. (3.4)

By v, we denote our main cut-off function

n bs b1
Yp(x) = [ r! <Z |xl|bl> Vr>0, 1<p<mn; (3.5)
Yol@) =2 —2(Inr) "' In (Zm) in Q(v\Q(1), (36)

Pp(x) =0 in Q(r), ¥.(z) =1 outside Q(/7r), Q(r) from (2.3), p=n.
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It is easy to verify the following inequalities:

mes Q(r) < e’

o, [P (n=p)(p;=1)
/ ‘ali dx <ecr = 1, Vr>0, 0<p<mn;
Q(Ro) (3.7)
a Pi (i
/ ‘ O dv<c(mnr )"V vrso p=n
axi
Q(Ro)
Let us also introduce the function w = w(r) by
n—p\P1—1
w(r) = (M(r)r P*1> , Vr>0, 1<p<mn; (3.8)
—1\P1—1
w(r) == (M(r) (Inr™") 1) ' , Vr>0, p=n. (3.9)

Lemma 3.1 Assume that conditions of Proposition 2.1 are satisfied. Then there
exists a positive constants Cy which depends on the structural constants only, such
that

8u

W( Jdw < Ci{M(r)w(r) + MP"(R)},

E( " (3.10)

VrR:0<r<R<Ry, 1<p<n,
where w(r) is from (3.8) if 1 < p <n and from (3.9) if p=n.

Proof. Test (2.2) by
p(x) = ur(@)r ()7, Y(a) = (2),

where 1,.(x) is defined by (3.5) if 1 < p < n and by (3.6) if p = n. After simple
computations using structural conditions (1.2) and the Young inequality we deduce that

> [ I3

+ ci MP"(R) / (gl(w)Jrgs(x))dH
B(R\Q(r)

oz, @[Jp“ )dx < ¢ / Hiy (x)uly (2) P (z)da+

(3.11)

Di P

0y =
U7y P (@) (a)

(9562‘

dx+

+c E”: / [u’;{ (z)

=l ()NE(R)

+a / [fl(w) + Y @) + fs(:r)} dx

B(R)\Q(r) =1
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where Hy(z) is from (2.1), K(r) := Q(2r)\Q(r) if 1 <p <n, K(r) := Q(/r)\Q(r) if
p=n.

First we consider the case 1 < p < n. We estimate the first term in the right-hand side
of (3.11) using conditions (2.1), the Holder inequality and inequality (2.1) from lemma 7.1
with oy = - - - = «,, = 0. As a result we obtain

/ Hy (z)ul (2)ypP (z)dx < / Hy (z)uly (z)de+

E(R)\Q(r) E(R)\Q(2r)

n

+/H1((E)U%($)d$§02 R‘SZ

K(r) =lpr)\Q(2r)

Pi

0
Y dx + M”(r)r”_pJ“S

6561‘

(3.12)
Using conditions (2.1), property (3.7), and the Holder inequality we obtain the following

estimate

n pi

T [m(m)}pfilup(x)] dr <

(3.13)

S C3 Z MPi (T)T%(pifl) + C3Mp(7")7"n_p+6.

It follows from (2.1) that the second and fourth integral terms in the right-hand side
of (3.11) are bound by a constant. Let us suppose that the constant R satisfies also the

following smallness condition
cicaRy <271 (3.14)

The next equality is evident:

R B plpi — 1)
pr—1= mln{ 1, 1anln {p: — 1}, 1r<nl£1n {Pi }} . (3.15)
Now from inequality (3.11) due to estimates (3.12), (3.13), assumption (3.14), property
(3.15) and assumptions (2.6), (3.1) we obtain estimate (3.10).
For the case p = n this statement can be proved in the same way. Instead of inequalities
(3.12), (3.13) we have:

)

dx + MP(r)r2 »;

5 — ou |?

(o) e S RS / \ o
E(R)\Q(r) TrEMm)\Q(2r)
(3.16)

n

> [ [we

=l NER)

Pi

Ny
8xi

(ol ) o <

(3.17)

)

<CsZM“ (nr=) ™" esnn (et
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For an arbitrary R < R, we define the number py = po(R) by

M(po(R)) = max {QM(R), M (1;) } , (3.18)

and the set E(p, R) by
E(p,R):={x€Q:0<ug(x) <M(p)— M(R)} forall p < po(R). (3.19)

Lemma 3.2 Assume that all the conditions of Proposition 2.1 are satisfied. Then
there exists a positive constant Co, depending on structural constants only, such that
the following estimate

Z / ‘3%

Ppr(w)de < Co(M(p)w(r) + MP"(R)) + C2 M (p)x

=lE(p.R)

ou [P/ 0=3) (3:20)
/ {Zh oz +93<x>u“<x)}w£"<x>dx, 1<p<n,
E(p)

is true for all 0 <1 < p < po(R).

Proof. Test integral identity (2.2) by

p(x) = min [ug(z), M(p) = M(R)] 2"~ H(z), ¥(z) =tr(z), 1<p<n (3.21)

Using assumptions (1.2) and the Young inequality we obtain the estimate

Z/ 8961

vW} (z)dz <7 / Hy (x)uly ()P (z)da 4+ ¢ M (p) x

E(p,R)
1—L
n p; i )
< [ o +galwyu () +fz(x)] 5| v
=l NER) J=1
n p) pi(1-3)
+ ¢ M(p) / {Zhg(l") 8722 +g3($)up_1($)+f3(33)}¢5)”(37)d$+
E(p) ~I=1
+ @ MP(R) / (Fs(2) + g5(2)) da.
E(p,R)

(3.22)
Now consider the case p < n. The first term in the right-hand side is estimated analo-
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gously to (3.12)

Hy(2)ull ()¢l (z)da <
E(p,R)
(3.23)

pi

- Ou
= 4 n—p+a0
<t (R E / ’ oz, dx + MP(r)r™™P

=lep,R)\Q(2r)

Now we consider the second integral term in the right-hand side of (3.22). From the Hoélder
inequality, Lemma 3.1, definition (3.8), and inequality (3.7), we obtain

1—L
~ - Ou [P oY,
> / Z/ P Ve | on L (z)dz <
=lgmner) \I=1
pi—1 1
n n . Pi Pi (3 24)
ou Pj 87/)7“ P7 A
< — | YPr(2)d <
<3 D O I W A
=L \k(mnEerR) 771 K (r)
n Pi=l n—p pi—1
<T Y (M(r)w(r) 7 re=t i < gw(r).
i=1
By the same arguments, using assumption (2.1), we deduce the estimate
n 4 9 .
> [ et RS @ <eet). @29

Sl rmnER)
Let us suppose that the constant R satisfies additionally the following smallness con-
dition
tie Ry <271 (3.26)
Taking into account (3.23)—(3.25), from (3.22) we derive the necessary estimate (3.20).
The proof of inequality (3.20) in the case p = n is the same with v,.(z) defined in (3.6).
Similarly to the proof of inequalities (3.16), (3.17) it is not hard to justify the estimates
analogous to (3.23)—(3.25). O

Lemma 3.3 Let all the assumptions of Proposition 2.1 be satisfied. Then there ex-
ist a positive constant C3, depending on structural constants only, such that the
estimates

> [ i
=1 E(p)

ou |?

(9331‘

n—p p1—1

wf"(x)dac<03< (r) + P07 +pg), 1<p<my

(3.27)
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n

Z / ug’(x)

=LE()

ou "
ox;

17775
PP (z)dr < Cs <w(7‘) + [ln ] + p25n> . p=mn

(3.28)
hold for all 0 < r < p < po(R) < Ro, where g =1+2"Y(n—p)~16 if 1 <p <mn,
q>1ifp=n.

Proof. Test integral identity (2.2) by

() = {[M(p) ~ M(R))"™ ~ [max(un(e), M(p) — MR} 42 (a),

P(x) := . (x), (3.29)

where ¢,.(z) is from (3.5) if 1 < p < n and from (3.6) if p = n.

Using structural conditions (1.2) and the Young inequality, after simple computations
we obtain

ou |P

n

> [ v s [ uponee-

=1E(p) E(p)
N\ e
) .

+ fl(z)]zbf«’" (z)dz + 1 M ~9(p) i / { (an

=R (NE(p)

890]

+ ga(yu? (75 () + fz(f”)} ‘% o (@) da+

redr=i(p) [ th W0 @)+ gyl @) + fo(e) g v )
o (3.30)
Set

A=Y / W ()l (@) () de
I=1E(p)

It is easy to see that E(p) C Q(p) ¥V p < po(Rp). Therefore due to condition (2.1), the
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Holder inequality, and assumption (2.6), we have

n—p+é n—p+é
a(p—1)n ! n _nj:JrJ (n—p) "
A <cy ugp " de <c3 EAk dz ,
E(\Q(r) ) M1
where b; are from (1.14),1 < p < n;
S
% pL qn(gfl) n
a(p—1)n n Py "
Ai<c / up ° (v)dr | <cs / In Z || P de |
E(P\Q(r) ) =
p=n.
(3.31)
Here 0 < r < p < po(R) < Ry. Let us introduce new independent variables
0
T =y tsigny;, i=1,n, 0=2 max (1,b;), 1 <p<mn;
1<i<n
. v (3.32)
x; =y, isigny;, i=1,n, 6 =2 1?%}(71(1’ n), p=n.
Then after simple computations we deduce from (3.31) that
n—p+35
_an(n—p) n
n n—pté M (ifl)
Mze| [ (Sl T 1wl Y ay <
o<y Ni=l i=1
3 ) nepte (3.33)
LDy £l 5
<c| [ Eay | <t 1<pen
0
Ay < copr(Inp~H1P=Y) < ¢ppin, p=n,
where 0 < r < p < po(R) < Rp. In the same way, we deduce
/ g3(x)uP ! (z) P (x)dex < cup%, l<p<n. (3.34)

E(p)
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The first term in the right-hand side of (3.30) is estimated as follows:

/ g1(x)ug? (z)u? (z)yYl (x)de < c12 / g1(z)uly U (x) P (z)da+

E(p) E(p)

+e12MP7(p) / gi(w)da < c13 (M”‘q(p)p”‘p+5 + p‘s(ﬁ“)) ,L<p<n
E(p)

[ st @ e < exs (M) + (mp )" t)  p=n

E(p)

(3.35)
Using condition (2.1) we infer
/ [f1(2) + f3(x)]lde < c15p" P35, 1 <p < (3.36)
E(p)

n ", n—p  pi—1 n—p_ p1—1
2 / £a@) | 920w < 16 32 TR < e T 1 < p <
° Ty —
=B !
n a . opyt
Z / fa(z) aﬁ_ dr < cis (1117”71) P ,p=n.
=Lg(p) Z

(3.37)

Then from (3.30), due to estimates (3.33)—(3.37) and inequalities (3.24), (3.25) for the
case 1 < p < n and analogues of these inequalities for the case p = n, we obtain the
necessary estimates (3.27), (3.28). O

Our next proposition contains the main a priory estimate of the section.

Proposition 3.1 Let all the assumptions of Proposition 2.1 be satisfied. Then there
exists a positive constant Cy, depending on structural constants only, such that the
following estimates hold:

P ( <
Z / 8% ¢ (z)dx <
~EeR) (3.38)
§C4{M(p) [w( )—i—?“p“f’ ST +p2 ]+1}, if 1<p<mn;
P ( <
Z / ‘ o g oy <
LE(o,R)
- (3.39)
1 7pp1711
<) o)+ (m) 7 1 i p=n
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Proof. Let us estimate the second term in the right hand-side of (3.20)by means of inequal-
ity (3.27). Using the Holder inequality and estimate (3.33), we obtain, particulary

ri(1-%) —q(1-1

ou a7 @)l (e (@) <

M) [ o) | o

E(p)
p—1 1

<o) | [ || e @an | ([ w@ @

E(p) E(p)
p—1

p(n—p)(p1—1) s\ P 5
ScM(p)(‘”(P)JrT =D%rs +Pz> p.

bl
Il

IN

From (3.20) using the above estimate and inequality (3.34) we deduce the necessary
estimate (3.38). In the same way we derive upper bound (3.39). O

In virtue of assumption (2.6) we have that w(r) — 0 as r — 0. Then, passing to the
limit in (3.38), (3.39) as  — 0 we obtain

Corollary 3.1 Let all the assumption of Proposition 2.1 be satisfied. Then the fol-
lowing estimate holds:

- ou
Z / ‘ Ox;

=1B(p,R)

Pi
dr < Cy (M(p)p‘zin—l—l), i=1,n, 1<p<n. (3.40)

4 Point-wise estimates of the solution

Our further study of properties of the solutions requires the new family of cut-off functions.
Let us fix positive numbers a;,© = 1,2,3,4, 0 < a1 < a2 < ag < a4, and define the func-
tion x3*%4 € C1(R') such that 0 < x33%(s) <1V s € RY, x%:%4(s) = 1 in (az,as3),

ay,a2 al,a

as,aq — : Rl dng:g;‘(s) C —1 -1
Xaljaz(s) = 0in R*\(a1, aq), T ds < max{(a2 —a1)" ", (aq — a3) } Now

we introduce the family of cut-off functions x; () := x5%44(I(z)), where the function /(z)
is from (2.3), 1 < p < n. Itis easy to see that

xi(z) =1 in Q(a3)\Q(az),

xi(z) =0 in R™\{Q(as)\Q(a1)},

1-4& -4+ 1-2 1-&
oxi(x a;, P Hay toag T H4ay )
‘ (z) < cmax { —* 23 4 , 7 =1,n, (4.1)
Oz, as — aq as — as

where the constant ¢ does not depend on a;, 7 = 1,2, 3, 4.
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Let u be a solution from Theorem 2.1 and ur, is defined by (3.3) for an arbitrary R, 0 <
R < Ry. Then we consider the family of sets

Ap(s,t) :={z € Q:ur(z) >k} N (Q)\Q(s)), 0<s <t (4.2)
Let us also fix some constant o € (0,271).

Lemma 4.1 Let all the assumptions of Proposition 2.1 be satisfied. Then there exists
a positive constant Cs, which does not depend, particulary, on 'k >0, r > 0, o, such
that the following estimate holds:

r 35
n (9 Di (n—p) 3 17g+g
Z / ’ Y dx < 050_’)”7"_??*11) - (mes Ay (T r)) ,
8xi

— 22
A, ( 7-(1;0) i 3rr~(1{a) )

<.

1 <p<n,
i / Ou ™ dx < Cso Prr~°(Inr~1)"( mes A s ; =n
: 6IZ >~ Us0 k 23 2 y P=
Z:1Ak<v-<12+a) Jariza))
(4.3)
Proof. Test (2.2) by
p(x) = (ur(x) — k)4t~ H(z), (@) =x(2), 1<p<n,
where x-(7) := xg2 a4 (I(z)) with [(z) from (2.3) and
T r 3r 3r
@ =g, a2 2( +0), a3 2( o), as 5 (4.4)
1 1-—
Denoting Ay, = A ; 3; s Agro = Ag r( ;_0), 3r( 5 0)), using struc-

tural conditions (1.2) and the Young inequality with ¢, after standard computations we
deduce that

/ ’3%

x)dr < ¢p / Hy(z)uP (x)xP (z)dx+
Ag,r

+c /(fl( )+ fa(x dm+clz / 8;(3:) pidw—f— (4.5)
Apr i= 1A,”\Akrg ’
o 2 [ (n@et e fz(x)> (unlz) — ) \%T;f) dr,
Ak \Ak o

where H1 () is from (2.1). Using conditions (2.1) and property (4.1), we estimate integrals
in the right-hand side of (4.5) as follows:

/ Hy (z)uP () )P (x)dx < caMP (g) (mes Ak,)l_%ﬂ% , (4.6)
Ak,T
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_pys
[ (1@ + fala)de < ca mes A) EE (4.7)
Ag r
/ uPi(x) O | dz < cyo Py b MP (f) mes (Ag r\Ak r.o) (4.8)
8(Ei > 2 T ;70 )y
Ak, \ Ak, o
[ (@05 4 ) ante) - \‘ZX de < cyo=lr
T
Ak‘r\Ak,'r“o‘

) (4.9)
: (M (5) (;)p(l_“>+l> mes(Ag\ g o)) R A

By (3.7), it follows from Ay, C Q(2r) that mes Ay, < cr”™. Using this fact, condition
(2.6), inequality (4.5) and estimates (4.6)—(4.9), we obtain the necessary inequality (4.3).

O
Let us fix constants kg > 0, g € (O, 2_1), p > 0, and introduce the sequences:
kn=ko(2—27"), h=0,1,2,...
th = ;p(l—ao(l—rh)), h=0,1,2,... (4.10)
s = g(1+00(1—2 "), h=0,1,2,...
Set
Ap = Ap, (snotn), h=0,1,..., (4.11)

where Ay, (sp,tr) is defined by (4.2). Now we prove the following statement which is a
generalization of Theorem 5.1 from [2] to the anisotropic case.

Lemma 4.2 Let all the conditions of Proposition 2.1 be fulfilled. Then there exists
positive constant Cg, such that

esssupu(@)  \"UTE) s, [
< (»-1)
(Q( ))) < Cep 3 up(x)dz,

22 (1-00))\2( £ (1+00

l<p<n, (4.12)

(P ine ))”(H“gc<;<1np1>2fp2” [ ez, p=n.

(2 (1-00))\2( 4 (1+00)
Q(30)\2(5)
(4.13)

Proof. Consider the case 1 < p < n. Let us introduce additional sequences of numbers:

_ 1 3 3
== =Zpl1- 1—S97h =0,1,...
th 2(th +th+1) 2p( ] < 4 >) ) h 07 )



Quasilinear anisotropic elliptic equations 633

1 3._
Sh 22(Sh+5h+1)g<1+00 <142 h)), h:(),l,

We define the family of cut-off functions
as(h),aq(h
Chia (@) = X2 (@), h=0,1,2,...,

where a1 (h) = Sp, as(h) = spi1, az(h) = thy1, as(h) = .
Due to the Holder inequality and the embedding theorem (Lemma 7.1 in Appendix) we
have

Jh1 1= / (ur(z) = kpg1)Pde < / (ur(@) = kns1)P Gy (z)de <

Apyr Ak, Gnotn)
n—p
_ B np PR
< (mes Akh’Jrl (gh, th)) " / (uR(x) — kh+1) n—p C}:’;f (x)dx <
Akp g Gnotr)
o _ .z

< (mes Akh+1 (Sh, th)) "X

n ou | . | 0Ch41 |7

= Ak, 1 Gnotn)

(4.14)

2
In order to obtain this estimate in the case p = n one chooses ¢ = 2% in the embedding
theorem.
From Lemma 4.1 it follows that

/ Ou

Ak yq Grotn) (4.15)

Pi
Pi
h1de <

8%—

p(n—p) _5

~Pn 5= 1-242
< ciog p p »1 2hpn (mes Akh+1 (Sh,th)) '

By virtue of property (4.1) and assumption (2.6) we have

/ (ur = kny1)" %

K2
Akpyq Gnotn)

Pi
dr <

v (4.16)
< a0 2Pt pT B MP (5 ) mes Ay, (Sh, th) <
n— _Py3s
< g0 P2 T T (mes Ag, ()T
Using estimates (4.15), (4.16), we deduce from (4.14)
ne) 5
Jh+1 < C42pnhp_(p(p—1p) +6) (mes Akh+1 (Sh, th)) o . (417)
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Let us estimate mes Ay, , (sp,t,) from above as follows:
Jh Z / (’U,R - kh)pdl’ Z (kh+1 - kh)pmes (Akh+1(5h;th)) =
Ak, (Shith)

=27 P kbmes (A, (s, th)) -

Due to the last estimate, inequality (4.17) implies that

_ S5 p(n—p 3
Topt < es2p(r 2 r(F2) (20 SO =01, (4.18)

Inequality (4.18) via Lemma 7.3 implies that
Jn — 0 as h — oo, (4.19)

if Jy satisfies the following smallness condition

n

r p(n— K 2n+43
p(l+n)p_p(p71p) +5 2_1’( 7;2 n

Jo < |esky (4.20)

or, equivalently,

k1
&

2(2n+38)n n(n—p)p
pi

RPUTE) 5 (B o2Cin —(n20582) 1 (4.21)
Estimate (4.12) follows immediately from (4.19), (4.21). Estimate (4.13) is deduced the
same way. We remark only that the smallness condition in the case p = n is

2n

Kl 2—26%2(47%{-6)

(14l
Jo < |esky (1+2n)p—5(1np—1)n
O

Now we are ready to prove Proposition 2.1, which is the main step in the proof of
Theorem 2.1.

3
Proof of Proposition 2.1. Using the Holder inequality and the inclusion Q(Qp) \

Q (3) CE (g R), we obtain

2
L= / ub(x)dx < cp? / up ? (z)dx
a(2o)\2(%) 5(5.1)
Applying the embedding theorem (Lemma 7.1) with oy = ap = - - - = o, = 0, inequality

(3.40) and assumption (2.6), we deduce from the last inequality that

n au
I < pg
L=ar Pt / ’3%
B(

4.1)

Pi _
dr < co (M(p)p’”'% + p”) < 63p7ﬁ+p+%.
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Using this estimate in inequality (4.13), after simple computations we obtain
= b cu R
ess sup u(x) < cap (115 (4.22)
(% (1-00))\2(£(1400))

From this estimate inequality (2.7) follows immediately. This completes the proof in the
case 1 < p < n. By the same argument, using inequality (3.40) and Lemma 7.1 with
ay =---=a, =0, ¢ =n we get Proposition 2.1 in the case p = n. O

5 Proof of Theorem 2.1

Define the number A by
1 —Dp-1 -1
)\:mln{ (pl >(p )'77n p_pnapl_l}v (51)
2 n—op n—op
where 7 is from (2.7).

Lemma 5.1 Let all the conditions of Theorem 2.1 be satisfied. Then there exist posi-
tive constants Cg, k depending on structural constants only, such that the inequality

i/(u — k)L

i:1Ak

pi

ou
a.’bi

_p4s
dr < Cg (k:’”')‘_l—l—l) mes A,lc "+", 1<p<n,

- (5.2)
holds for all k > k.

Proof. 1t is easy to check that
° R
vp(2) == (u— k)3l (2) € W%ﬁ)(Q(RO)) Vk > M (;) , 1> pn,  (5.3)
where 1, (z) is the cut-off function from (3.5). Let ¢(x) = vi(z), ¢ = ¢¥.(x), k >

M (%) . Due to (5.3) we can use 1) as a test function in (2.2). Using structural conditions
(1.2), we obtain

;l(u gt

+c1 Zn: /(u — k) [92(:c)up(lfi) (x) + fg(l‘)} ‘8%

‘ Ox;
z:lA
k

Pi pPi

% dzx+

Yl(z)de < ¢ Z /(u — k)pim1A 3
T
=14

o
8331‘

dx+

(5.4)

to / [ B — Ry gy — k)b
Ap =1

+ fa(@) (= k) |eh@)de = > 15,
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where Ay, = {z € Q(Ry) : u(x) > k}. Property (2.7), the Holder inequality, and estimate
(3.7) imply that

L < 627"%(1’171)(1*%) I, < 637"%(17"%)(1+%) (5.5)

) )

n—p

Iz3<ca (/ (u— k)%wr(l‘)"ﬂp dx) ! (mes Ak)% +
Ay

+eyq (kp_1+’\ +1) (mes Ak)lf%r% .

(5.6)

Applying Lemma 7.2 witha, =1 - A\, e =1,n,q= np (1 + @>, we deduce that
(n—p) P
np
. n(p,,;j:A) n
( [ = w7 dx> <
A
“ s_1| Ou ™ Lps+A—1)
< c;,Z/(u—k) - 3 ()" PFA-T dz+ (5.7)
=13 T
n U(p+2r—1) Pi
ey / (u — k)P (o) oo | Q1T g 0 4 1),
x;
=14

The term 1. éQ) is estimated in the same way as I; in (5.5). Therefore from inequality (5.4),
due to (5.5)—(5.7), one infers

n B ou Pi

S [ w2 vt <

i=1"Y Ak ¢
n 3 au Pi L(p,-+>\:11)
i=1Y Ak v

x (mesAg)™ + cer%(’“_l)(“%) +oegr? (Y

+ cg (kp+)‘_1 +1) (meSAk)17%+% .

This inequality yields

n

I (2r) ::Z / (u— k)Mt

=1, n@\Q(2r)

< ¢ (mesAg) ™ T(r) + cou(r)
g(k) := (kp+>‘_1 + 1) (mesAk)l_ ks ,

2
ol

s

|
~
—

—
™~
=
N

,U/(’r’) = r%(ﬁl—l)(l_;'_pf%l) L,
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Now we come back to the term I3 from (5.4) and estimate it using inequality (2.7),
proved in Proposition 2.1. As a result, using additional condition (2.1), we obtain

Iy < erM(r) (1+ M(ry~") (mesdy) 7 <
o= » 5.10
< cg (T_(ﬁ_’y)(p—w\_l) + 1) (mesAk)lfiJf% ) ( )

Using now estimates (5.5), (5.10), we derive from inequality (5.4)
n—p
(p—1

Thus, the nondecreasing function Iy (r) satisfies both inequalities (5.9) and (5.11). We
claim that there exist a number £ > 0 and a sequence r; — 0 as ¢ — oo such that the
estimate

I(2r) < ¢ (r~" +1) Vr >0, 1/:< )—'y) (p+A—1)>0. (5.11)

Tu(r) < (mesAp) " (u(r) + g(k)) k> k (5.12)

is valid. The proof of this claim is based upon the method of analysis of nonhonogeneous
functional inequalities, introduced in [10]. Let us suppose that (5.12) fails and, conse-
quently,

p(r) + g(k) < (mesA,;)% In(r)Vr: 0 <r <. (5.13)
Using (5.13), inequality (5.9) yields
I (2r) < 2¢q (mesA,;)% L(r) Yk > k, Vr < ro. (5.14)
Iterating this relationship, we deduce easily the estimate
_s r —h(k)
Ii(r) > (2¢6) ™" (mesAz) ™ Ii(ro) (m) vr <o, (5.15)

where h(k) = (In2)~! (—In(2¢g) — 2 1n (mesAy)). Let k be a fixed number such that
the following inequality holds

h(k) = (In2)~* (z In ((mesA,;)_l) - ln(206)> > v, (5.16)

where v is from (5.11). It is clear that for k satisfying (5.16) estimate (5.15) contradicts
estimate (5.11). Therefore our assumption (5.13) is not true, and estimate (5.12) is proved
for l;, satisfying condition (5.16). Using estimate (5.12) in the right-hand side of (5.9) and
passing to the limit as ; — 0, we obtain the required estimate (5.2). This completes the
proof in the case 1 < p < n. In the case p = n, estimate (5.2) follows by the similar
computations with using of imbedding Lemma 7.2 with ¢ = % (p + XA — 1). m]

Proof of Theorem 2.1. Due to Lemma 7.2, witha =1 — A\, ¢ =
deduce from (5.2) that

(p+A—1), we
n—p

n—p

n(ptr—1) " L B,
/(u —k), "7 dx < e kP (mesAy) T (5.17)
;
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Using the Holder inequality, we have additionally

n(pa=1) AT 1 n=p
/(u —k)pdx < /(u —k), "7 dx (mesAy) "D . (5.18)
Ag k
Combining (5.17) and (5.18), we obtain
/(u —k)pde <k (mesAk)l+n<p+5A—1) VEk > k. (5.19)

Ag

From (5.19) it follows that the solution u is bounded in 2(Ry) (see Lemma 5.1, [2]). This
together with (3.7) imply that we can pass to the limit in inequality (3.11) as » — 0, and

obtain
/ n
q =l

Let us test integral identity (2.2) by ¥(z) = ,.(z). Then due to the boundedness of the
solution and property (5.20), it is easy to pass to the limit as » — 0. So we obtain the

pPi
86; dzr < c. (5.20)

required integral identity with an arbitrary ¢ € W%@ (Q) and ¢(z) = 1. Thus Theorem
2.1 is proved in the case 1 < p < n. All proofs of these results can be repeated for the case
p = n, using appropriate estimates from Section 3. O

6 Point-wise estimates of source-type solution

Proof of Theorem 2.2. Let us introduce the family of cut-off functions

() =1—¢.(z) vr > 0, (6.1)

where 1,.(x) is function from (3.5). Now we fix an arbitrary p > 0 and test integral identity

(2.11) by the function ¢ = @12 p(a:), I > np. Using the Holder inequality, we arrive at

=y [

=lop)\(2p)

pi—2 WA
OU —1—1, 0y, (x)
= 2720 e &
ox; 1/}2p (I.C) ox; d <

pi—1

Di

dx ,

b aEQp
Z;

n 81) Y A(pi—1
< E i ll li Di )
=a / ‘&ri du /

=1 \e@p)\2(2p) Q4p)\Q(20)

where 0 < A < 1. Let x,(x) be the cut-off function from (2.3) with

a; =p, az =2p, a3 =4p, as = 6p.



Quasilinear anisotropic elliptic equations 639

Testing integral identity (2.11) by () := Ul_’\(a:)xij(x) yields
ou |7

2”: oz, “Max)dz < e z": / UPi=(z) ‘

T=1op)\Q(2p) I=1a(6p)\2(p)

IXp () b
78%- dx. (6.3)

Estimating the first term in right-hand side of (6.2) by (6.3) and using property (3.7), we
obtain

(6.4)

n n (n—p)(pj—1) (=) (i=D \ P
L<e ) | Do Mly e T | (Mg ) <
=1
n
cay

From (6.4) the first estimate in (2.13) follows immediately. Now we prove the second

inequality from (2.13). Let us define the following function v € W%ﬁ) (©(Ro)), which was
introduced by J. Serrin [6]:

0, u(z) < M(R)
o(@) = { u(x) = M(R),  M(R) < u(x) < mip)
m(p) — M(R), u(z) > m(p).

Now let us test integral identity (2.11) by p(x) = v(z). As a result we obtain

au pi
Z / o] do = m(p) ~ M(R) (6.5)
]W )<u(z)<m(p)
Due to Lemma 7.1 and (6.5), we have:
1
! 1 np
(/' |mmwm> < clmip) =~ M()¥, 4= "2 (66)
{u(z)>M(R)} n—p
It is easy to see that
fo(a)|?da > /'hwwmzmw—Mwww (6.7)
{u(z)>M(R)} u(z)>m(p)

Combining (6.6) and (6.7) we obtain the required estimate (2.13). Theorem 2.2 is proved
in the case 1 < p < n. Using similar arguments, it is not hard to prove the result in the
case p = n. a
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7 Appendix

Lemma 7.1 ([1]) Let Q C R™, n > 2, be a bounded domain, v € Wi(Q), and

> [l
=g

ov

Pi
—| dr<oo, a; 20, p; >1.
8:1:1

1 & oy
If 1 <p<mn,pisdefined by (1.3), then v € Ly(Q), ¢ = P (1 + - > a) and
the following inequality holds:

||v||Lq(Q) < Kd H /|’U(;I;)|ai % dx s (71)

i=1 \g ¢
where the constant K3 depends on n,o;,p;, ¢ = 1,...,n only. If p = n, then
v € Ly(Q) for an arbitrary g > 1 and inequality (7.1) holds with the constant Kj

depending on n, oy, pi,q, i =1,...,n only.

It is easy to prove the following statement by obvious computations using Lemma 7.1.

Lemma 7.2 Let v € W1(Q) and

3 1wl

=1 Q

Pi
dI<OO, OéiZO, pizl, a;<p; i=1Ln.

»
3xi

1 n .
If1 < p <m, thenv € Ly(Q), ¢ = P (1— > al), and the following
n—p T i=1 Pi
inequality holds

- 1
; S(1_1 s %k
Pi np;(1— kgl Pk)

v ™ 4o (7.2)

aiL’i

ol < Fs [ / ()|~
=1 Q

with some positive constant K3 depending on n, o, p;,i = 1,n only.
If p = n, then v € Ly(Q) for any q¢ > 1 and inequality (7.2) holds with the
constant K3 depending on n, a;,p;,q,2,1i = 1,n.

Lemma 7.3 ([2]) Let sequence y;, | = 0,1,2,... of nonnegative numbers satisfy the
following relationship:
Y1 < cbly TS 1=0,1,...,

where positive constants ¢ > 0,e > 0,b > 1 do not depend on l. Then the following
estimate s true

a+o)l-1_ (a+4e)t-1 3
e 2 E

y<c
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Particularly, if

o=
w"“

Yo <O :=c b =

then y; < Gb_%, and consequently y; — 0 as | — oo.
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