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Abstract

We consider a wide class of degenerate quasilinear second order elliptic equations with

model representative
nP

i=1

�|uxi |pi−2uxi

�
xi

= 0, 1 < p1 ≤ p2 ≤ . . . ≤ pn, whose

solutions have singularity at a point. There are established sharp point-wise conditions
for removable isolated singularity of solutions of such equations. For solutions with non-
removable point singularity (source type or fundamental solution), precise upper and lower
estimates near the singularity point are obtained.
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1 Introduction

In this paper we study of the local behavior of an arbitrary generalized solution to the
quasilinear anisotropic elliptic equation of general form

Lu :=
n∑

i=1

d

dxi
ai

(
x, u,

∂u

∂x

)
− a0

(
x, u,

∂u

∂x

)
= 0, ∀x ∈ Ω\{x0}, (1.1)

near the isolated singularity point x0 ∈ Ω ⊂ Rn, n ≥ 2. Here Ω is a bounded domain.
We assume that functions ai(x, s, ξ), i = 0, 1, . . . , n, are defined in Ω× R1 × Rn, satisfy
the Caratheodory conditions, and there exist constants K1, K2 such that for every x ∈ Ω,
s ∈ R1, ξ ∈ Rk the following inequalities hold:

n∑

i=1

ai(x, s, ξ)ξi ≥ K1

n∑

i=1

|ξi|pi − g1(x)|s|p − f1(x), K1 > 0,

|ai(x, s, ξ)| ≤ K2




n∑

j=1

|ξj |pj




1− 1
pi

+ g2(x)|s|p
�
1− 1

pi

�
+ f2(x), i = 1, n, K2 < ∞,

(1.2)

a0(x, s, ξ) ≤
n∑

i=1

hi(x)|ξi|pi(1− 1
p ) + g3(x)|s|p−1 + f3(x).

Here the nonnegative functions hj(x), gi(x), fi(x), i = 1, 2, 3, j = 1, n, belong to certain
Lebesgue classes over the domain Ω (see § 2),

1 < p1 ≤ p2 ≤ p3 ≤ . . . ≤ pn < ∞,
1
p

:=
1
n

n∑

i=1

1
pi

, p ≤ n. (1.3)

In the sequel, all the constants in (1.2), (1.3) will be called the structural constants of
equation (1.1). The equation

L0u :=
n∑

i=1

∂

∂xi

(∣∣∣∣
∂u

∂xi

∣∣∣∣
pi−2

∂u

∂xi

)
= 0 in Ω\{x0} (1.4)

is the simplest example of equations from class (1.1). In the case

1 < p1 = p2 = · · · = pn = p ≤ n (1.5)

equation (1.4) has the source type (fundamental) solution of the form

u(x) = |x− x0|−
n−p
p−1 , p < n; u(x) = ln |x− x0|, p = n; (1.6)

which exhibits the solution with the “minimal” singularity at x = x0. J. Serrin [6] was
the first who proved that even in the general case of the isotropic equation (1.1) with struc-
tural condition (1.2), (1.5) there is no solution singular at the point x0 and satisfying the
condition

u(x) = O
(
|x− x0|−

n−p
p−1 +δ

)
, δ > 0, 1 < p < n, (1.7)
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u(x) = O
(| ln |x− x0||1−δ

)
, δ > 0, p = n. (1.8)

Further analysis of sufficient conditions for removability of singularities of solutions
has been made by many authors for different classes of nonlinear elliptic and parabolic
equations (cf., e.g. [8] and references therein). The precise point-wise sufficient condition
for removability of the isolated singularity of the solution to general isotropic equation (1.1)
(case (1.5)) was found in [5], which is in the form

max
r≤|x−x0|≤R0

|u(x)| = o
(
r−

n−p
p−1

)
, 1 < p < n, (1.9)

max
r≤|x−x0|≤R0

|u(x)| = o

(∣∣∣∣ln
1
r

∣∣∣∣
)

, p = n. (1.10)

For anisotropic equation (1.4), the explicit source type solution in the form similar to (1.6),
is not known. Existence of the nonnegative fundamental solution to equation (1.4) was
proved in [9] under the following additional restriction:

1 < p1 ≤ p2 ≤ . . . ≤ pn < (n− 1)(n− p)−1p if p < n. (1.11)

Moreover, it was proved ([9]) that such a fundamental solution belongs to the anisotropic
Sobolev space

W 1
(q)(Ω) :=

{
v ∈ W 1,1(Ω) :

∂v

∂xi
∈ Lqi(Ω), i = 1, n

}
, (1.12)

where the real qi satisfy the following conditions

1 < qi < n(p− 1)p−1(n− 1)−1pi, i = 1, n. (1.13)

It is easy to check that for an arbitrary δ > 0 the function

uδ(x) :=

(
n∑

i=1

|xi − xo,i|bi

)−n−p
p−1−δ

, bi :=
pi(p− 1)

p(pi − 1) + n(p− pi)
, 1 < p < n,

(1.14)
satisfies (1.12) with some qi = qi(δ) from (1.13). Here qi(δ) → n(p− 1)p−1(n− 1)−1pi,
i = 1, n, as δ → 0. This fact yields the following: In analogy with the isotropic case,
one can guess that the function u0(x) (uδ(x) from (1.14) with δ = 0) determines the
removability condition at the point x0 in the sense that there is no solution singular at the
point x0 with asymptotic

|u(x)| = o(u0(x)).

It is also natural to expect that u0(x) determines the asymptotic of the source type solution
to the model equation as well as to the general anysotropic quasilinear equation.

The aim of this paper is to substantiate the above statements. The precise formula-
tions will follow. The proofs are based on the extension of the method of local pointwise
estimates developed by I. V. Skrypnik [7].
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The paper is organized as follows. In Section 2 assumptions and main results are for-
mulated. The auxiliary integral estimates for solutions with isolated singularities are estab-
lished in Section 3. We prove point-wise estimates for solutions in Section 4. Section 5
contains the proof of the theorem on removability of singularities. In Section 6 we prove
the upper and lower pointwise estimates on the fundamental solution. These estimates
show the sharpness of the removability condition in Theorem 2.1 for fundamental solution
of equation (1.4).

2 Framework and main results

First we formulate assumptions for the functions gi, fi, hi from (1.2). Set

H1(x) :=
n∑

i=1

hp
i (x)+g1(x)+g3(x)+f1(x)+f3(x), H2(x) :=

n∑

i=1

(g2(x)+f2(x))
pi

pi−1

and suppose that there exists δ ∈ (0, min((1, p1 − 1))) such that

H1 + H2 ∈ L n
p−δ

(Ω), 1 < p ≤ n. (2.1)

Definition 2.1 We say that the function u is a weak solution of equation (1.1) in
Ω\{x0} if u ∈ W 1

(p)(Ω
′) := W 1

p1,p2,...,pn
(Ω′) for an arbitrary subdomain Ω′ ⊂ Ω such

that x0 6∈ Ω
′
and the following integral identity holds

n∑

i=1

∫

Ω

ai

(
x, u,

∂u

∂x

)
∂

∂xi
(ψϕ)dx +

∫

Ω

a0

(
x, u,

∂u

∂x

)
ψϕ dx = 0, (2.2)

where ϕ is an arbitrary element of
◦

W 1
(p)(Ω) and ψ is an arbitrary function from

C1(Ω), which is equal to zero in a neighborhood of x0.

Now we introduce the family of subdomains. For r > 0, set

Ω(r) :=



x ∈ Ω : l(x) :=

(
n∑

i=1

|xi − xo,i|
bi
b1

)b1

< r



 , bi is from (1.14), 1 < p < n,

Ω(r) :=



x ∈ Ω : l(x) :=

(
n∑

i=1

|xi − xo,i|
pi
p1

) p1
n

< r



 , p = n. (2.3)

Let
R0 ∈ (0, {dist ({x0}, ∂Ω)}). (2.4)

Next we define the function M = M(r) characterizing local behaviour of the solution
u in the neighbourhood of the point x0:

M(r) := esssup {|u(x)| : x ∈ Ω(R0)\Ω(r)}, 0 < r < R0. (2.5)
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The regularity result from [1] yields that M(r) < ∞ for an arbitrary r > 0. Now we are
ready to formulate the main results.

Proposition 2.1 Let u be a weak solution of equation (1.1) in Ω\{x0} (in the sense
of Definition 2.1). Let parameters pi satisfy conditions (1.3), (1.11). Suppose that
the function M(r), defined by u in (2.5), satisfies the following condition

lim
r→0

M(r)r
n−p
p−1 = 0 if 1 < p < n, or lim

r→0
M(r)

(
ln

1
r

)−1

= 0 if p = n. (2.6)

Then there exist positive constants C0, γ, which depend on the structural constants
only, such that

M(r) ≤ C0r
−n−p

p−1 +γ ∀ r : 0 < r < R0, 1 < p < n; (2.7)

M(r) ≤ C0

[
ln

1
r

]1−γ

∀ r : 0 < r < R0, p = n. (2.8)

Theorem 2.1 Let u be a solution of equation (1.1) in Ω\{x0}. Let all conditions of
Proposition 2.1 be satisfied, Additionally, suppose that

g1(x) = f1(x) = 0, x ∈ Ω. (2.9)

Then the singularity of the solution u(x) at the point {x0} is removable, and con-
sequently integral identity (2.2) holds with ψ = 1.

Now we consider the source type (fundamental) solution U(x) of equation (1.4), that
is the weak solution of the boundary value problem

L0U = −δ(x− x0) in Ω, U(x) = 0 on ∂Ω. (2.10)

If condition (1.11) is satisfied, then the nonnegative solution to (2.10) exists ([9]) and

satisfies (1.12). From (1.11) it follows that the inequalities pi − 1 <
n(p− 1)pi

p(n− 1)
are valid,

i = 1, n. Therefore (1.12) implies that

∂U

∂xi
∈ Lpi−1(Ω), i = 1, n.

Hence we deduce from (2.10) that U satisfies the following integral identity
n∑

i=1

∫

Ω

∣∣∣∣
∂U(x)
∂xi

∣∣∣∣
pi−2

∂U(x)
∂xi

∂ϕ(x)
∂xi

dx = ϕ(0) (2.11)

for an arbitrary function ϕ ∈ C1
0 (Ω).

Now we introduce the function m = m(ρ) characterizing the local behaviour of the
fundamental solution U . Set

m(ρ) := ess inf {U(x) : x ∈ ∂Ω(ρ)} , ∀ρ > 0, 1 < p ≤ n. (2.12)

The next theorem, the second main result of the paper, shows in particular that condition
(2.6) is sharp.
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Theorem 2.2 Let U be the fundamental solution of equation (1.4), that is the solution
of the boundary-value problem (2.10). Then there exist positive constants R0, d0, d1,
which depend on parameters n, p1, . . . , pn only, such that the following estimates

d0ρ
−n−p

p−1 ≤ M(ρ), m(ρ) ≤ d1ρ
−n−p

p−1 ∀ρ < R0, if 1 < p < n, (2.13)

d0 ln
1
ρ
≤ M(ρ), m(ρ) ≤ d1 ln

1
ρ
∀ρ < R0, if p = n (2.14)

hold.

3 Auxiliary integral estimates of the solution

We accomplish the analysis of the singularity of the solution in several steps. First, we de-
duce some integral estimates of the solution under consideration. Without loss of generality
it can be assumed that the function M(r) defined by (2.5) satisfies

lim
r→0

M(r) = ∞. (3.1)

Suppose that the constant R0 from (2.4) satisfies also the condition

M(R0) ≥ 1. (3.2)

For an arbitrary R ∈ (0, R0), let the function uR and the set E(R) be defined by

uR(x) = (u(x)−M(R), 0)+,

E(R) = {x ∈ Ω(R)\{x0} : u(x) > M(R)}. (3.3)

Later on, by c, ci, C, Cj we will denote different positive constants depending on struc-
tural constants only. Without loss of generality it can be assumed that x0 = 0. Now we
introduce the nonnegative cut-off function ψ ∈ C∞(R1) satisfying conditions

ψ(t) = 0 for t ≤ 1, ψ(t) = 1 for t ≥ 2,

∣∣∣∣
dψ(t)

dt

∣∣∣∣ ≤ 2 for t ∈ [1, 2]. (3.4)

By ψr we denote our main cut-off function

ψr(x) := ψ


r−1

(
n∑

i=1

|xi|
bi
b1

)b1

 ∀r > 0, 1 < p < n; (3.5)

ψr(x) := 2− 2 (ln r)−1 ln

(
n∑

i=1

|xi|
pi
p1

) p1
n

in Ω(
√

r)\Ω(r),

ψr(x) = 0 in Ω(r), ψr(x) = 1 outside Ω(
√

r), Ω(r) from (2.3), p = n.

(3.6)
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It is easy to verify the following inequalities:

mes Ω(r) ≤ crn;
∫

Ω(R0)

∣∣∣∣
∂ψr

∂xi

∣∣∣∣
pi

dx ≤ cr
(n−p)(pi−1)

p−1 , ∀r > 0, 0 < p < n;

∫

Ω(R0)

∣∣∣∣
∂ψr

∂xi

∣∣∣∣
pi

dx ≤ c
(
ln r−1

)−(pi−1)
, ∀r > 0, p = n.

(3.7)

Let us also introduce the function ω = ω(r) by

ω(r) :=
(
M(r)r

n−p
p−1

)p1−1

, ∀r > 0, 1 < p < n; (3.8)

ω(r) :=
(
M(r)

(
ln r−1

)−1
)p1−1

, ∀r > 0, p = n. (3.9)

Lemma 3.1 Assume that conditions of Proposition 2.1 are satisfied. Then there
exists a positive constants C1 which depends on the structural constants only, such
that

n∑

i=1

∫

E(R)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤ C1{M(r)ω(r) + Mpn(R)},

∀r,R : 0 < r < R < R0, 1 < p ≤ n,

(3.10)

where ω(r) is from (3.8) if 1 < p < n and from (3.9) if p = n.

Proof. Test (2.2) by

ϕ(x) = uR(x)ψr(x)pn−1, ψ(x) = ψr(x),

where ψr(x) is defined by (3.5) if 1 < p < n and by (3.6) if p = n. After simple
computations using structural conditions (1.2) and the Young inequality we deduce that

n∑

i=1

∫

E(R)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤ c1

∫

E(R)

H1(x)up
R(x)ψpn

r (x)dx+

+ c1M
pn(R)

∫

E(R)\Ω(r)

(
g1(x) + g3(x)

)
dx+

+ c1

n∑

i=1

∫

K(r)∩E(R)

[
upi

R (x)
∣∣∣∣
∂ψr

∂xi

∣∣∣∣
pi

+ g
pi

pi−1

2 (x)up(x)

]
dx+

+ c1

∫

E(R)\Ω(r)

[
f1(x) +

n∑

i=1

[f2(x)]
pi

pi−1 + f3(x)

]
dx,

(3.11)
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where H1(x) is from (2.1), K(r) := Ω(2r)\Ω(r) if 1 < p < n, K(r) := Ω(
√

r)\Ω(r) if
p = n.

First we consider the case 1 < p < n. We estimate the first term in the right-hand side
of (3.11) using conditions (2.1), the Hölder inequality and inequality (2.1) from lemma 7.1
with α1 = · · · = αn = 0. As a result we obtain

∫

E(R)\Ω(r)

H1(x)up
R(x)ψpn

r (x)dx ≤
∫

E(R)\Ω(2r)

H1(x)up
R(x)dx+

+
∫

K(r)

H1(x)up
R(x)dx ≤ c2





Rδ
n∑

i=1

∫

E(R)\Ω(2r)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx + Mp(r)rn−p+δ





.

(3.12)
Using conditions (2.1), property (3.7), and the Hölder inequality we obtain the following
estimate

n∑

i=1

∫

K(r)∩E(R)

[
upi

R (x)
∣∣∣∣
∂ψr

∂xi

∣∣∣∣
pi

+ [g2(x)]
pi

pi−1 up(x)
]

dx ≤

≤ c3

n∑

i=1

Mpi(r)r
n−p
p−1 (pi−1) + c3M

p(r)rn−p+δ.

(3.13)

It follows from (2.1) that the second and fourth integral terms in the right-hand side
of (3.11) are bound by a constant. Let us suppose that the constant R0 satisfies also the
following smallness condition

c1c2R
δ
0 ≤ 2−1. (3.14)

The next equality is evident:

p1 − 1 = min
{

p− 1, min
1≤i≤n

{pi − 1}, min
1≤i≤n

{
p(pi − 1)

pi

}}
. (3.15)

Now from inequality (3.11) due to estimates (3.12), (3.13), assumption (3.14), property
(3.15) and assumptions (2.6), (3.1) we obtain estimate (3.10).

For the case p = n this statement can be proved in the same way. Instead of inequalities
(3.12), (3.13) we have:

∫

E(R)\Ω(r)

H1(x)up
R(x)ψpn

r (x)dx≤c4





R
δ
2

n∑

i=1

∫

E(R)\Ω(2r)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx + Mp(r)r
δ
2





;

(3.16)
n∑

i=1

∫

K(r)∩E(R)

[
upi

R (x)
∣∣∣∣
∂ψr

∂xi

∣∣∣∣
pi

+ [g2(x)]
pi

pi−1 up(x)
]

dx ≤

≤ c5

n∑

i=1

Mpi(r)
(
ln r−1

)−(pi−1)
+ c5M

n(r)r
δ
2 .

(3.17)
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For an arbitrary R < R0 we define the number ρ0 = ρ0(R) by

M(ρ0(R)) = max
{

2M(R), M

(
R

2

)}
, (3.18)

and the set E(ρ,R) by

E(ρ,R) := {x ∈ Ω : 0 < uR(x) ≤ M(ρ)−M(R)} for all ρ ≤ ρ0(R). (3.19)

Lemma 3.2 Assume that all the conditions of Proposition 2.1 are satisfied. Then
there exists a positive constant C2, depending on structural constants only, such that
the following estimate

n∑

i=1

∫

E(ρ,R)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤ C2(M(ρ)ω(r) + Mpn(R)) + C2M(ρ)×

×
∫

E(ρ)

{
n∑

j=1

hj(x)
∣∣∣∣
∂u

∂xj

∣∣∣∣
pj(1− 1

p )
+ g3(x)up−1(x)

}
ψpn

r (x)dx, 1 < p ≤ n,

(3.20)

is true for all 0 < r < ρ < ρ0(R).

Proof. Test integral identity (2.2) by

ϕ(x) = min [uR(x), M(ρ)−M(R)] ψpn−1
r (x), ψ(x) = ψr(x), 1 < p ≤ n. (3.21)

Using assumptions (1.2) and the Young inequality we obtain the estimate

n∑

i=1

∫

E(ρ,R)

∣∣∣ ∂u

∂xi

∣∣∣
pi

ψpn
r (x)dx ≤ c1

∫

E(ρ,R)

H1(x)up
R(x)ψpn

r (x)dx + c1M(ρ)×

×
n∑

i=1

∫

K(r)∩E(R)

[ 


n∑

j=1

∣∣∣∣
∂u

∂xj

∣∣∣∣
pj




1− 1
pi

+ g2(x)up
�
1− 1

pi

�
+ f2(x)

] ∣∣∣∣
∂ψr

∂xi

∣∣∣∣ ψpn−1
r dx+

+ c1M(ρ)
∫

E(ρ)

{
n∑

j=1

hj(x)
∣∣∣∣
∂u

∂xj

∣∣∣∣
pj(1− 1

p )
+ g3(x)up−1(x) + f3(x)

}
ψpn

r (x)dx+

+ c1M
p(R)

∫

E(ρ,R)

(f3(x) + g3(x)) dx.

(3.22)
Now consider the case p < n. The first term in the right-hand side is estimated analo-
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gously to (3.12)
∫

E(ρ,R)

H1(x)up
R(x)ψpn

r (x)dx ≤

≤ c2





Rδ
n∑

i=1

∫

E(ρ,R)\Ω(2r)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx + Mp(r)rn−p+δ





.

(3.23)

Now we consider the second integral term in the right-hand side of (3.22). From the Hölder
inequality, Lemma 3.1, definition (3.8), and inequality (3.7), we obtain

n∑

i=1

∫

K(r)∩E(R)




n∑

j=1

∫ ∣∣∣∣
∂u

∂xj

∣∣∣∣
pj




1− 1
pi ∣∣∣∣

∂ψr

∂xi

∣∣∣∣ ψpn−1
r (x)dx ≤

≤
n∑

i=1




∫

K(r)∩E(R)

n∑

j=1

∣∣∣∣
∂u

∂xj

∣∣∣∣
pj

ψpn
r (x)dx




pi−1
pi




∫

K(r)

∣∣∣∣
∂ψr

∂xi

∣∣∣∣
pi

dx




1
pi

≤

≤ c3

n∑

i=1

(M(r)ω(r))
pi−1

pi r
n−p
p−1 ·

pi−1
pi ≤ c4ω(r).

(3.24)

By the same arguments, using assumption (2.1), we deduce the estimate

n∑

i=1

∫

K(r)∩E(R)

g2(x)up(1− 1
pi

)(x)
∣∣∣∣
∂ψr

∂xi

∣∣∣∣ ψpn
r (x)dx ≤ c5ω(r). (3.25)

Let us suppose that the constant R0 satisfies additionally the following smallness con-
dition

c1c2R
δ
0 ≤ 2−1. (3.26)

Taking into account (3.23)–(3.25), from (3.22) we derive the necessary estimate (3.20).
The proof of inequality (3.20) in the case p = n is the same with ψr(x) defined in (3.6).
Similarly to the proof of inequalities (3.16), (3.17) it is not hard to justify the estimates
analogous to (3.23)–(3.25). 2

Lemma 3.3 Let all the assumptions of Proposition 2.1 be satisfied. Then there ex-
ist a positive constant C3, depending on structural constants only, such that the
estimates

n∑

i=1

∫

E(ρ)

u−q
R (x)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤ C3

(
ω(r) + r

p n−p

(p−1)2
· p1−1

p1 + ρ
δ
2

)
, 1 < p < n;

(3.27)
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n∑

i=1

∫

E(ρ)

u−q
R (x)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤ C3

(
ω(r) +

[
ln

1
r

]−p
p1−1

p1

+ ρ
δ
2n

)
, p = n;

(3.28)
hold for all 0 < r < ρ < ρ0(R) < R0, where q = 1 + 2−1(n − p)−1δ if 1 < p < n,
q > 1 if p = n.

Proof. Test integral identity (2.2) by

ϕ(x) :=
{

[M(ρ)−M(R)]1−q − [max(uR(x),M(ρ)−M(R))]1−q
}

ψpn−1
r (x),

ψ(x) := ψr(x), (3.29)

where ψr(x) is from (3.5) if 1 < p < n and from (3.6) if p = n.

Using structural conditions (1.2) and the Young inequality, after simple computations
we obtain

n∑

i=1

∫

E(ρ)

u−q
R (x)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤ c1

∫

E(ρ)

u−q
R (x)

[
g1(x)up(x)+

+ f1(x)
]
ψpn

r (x)dx + c1M
1−q(ρ)

n∑

i=1

∫

K(r)∩E(ρ)

{


n∑

j=1

∣∣∣∣
∂u

∂xj

∣∣∣∣
pj




1− 1
pi

+

+ g2(x)up
�
1− 1

pi

�
(x) + f2(x)

}∣∣∣∣
∂ψr

∂xi

∣∣∣∣ ψpn−1
r (x)dx+

+ c1M
1−q(ρ)

∫

E(ρ)





n∑

j=1

hp
j (x)uq(p−1)

R (x) + g3(x)up−1(x) + f3(x)



ψpn

r (x)dx.

(3.30)
Set

A1 :=
n∑

j=1

∫

E(ρ)

hp
j (x)uq(p−1)

R (x)ψpn
r (x)dx.

It is easy to see that E(ρ) ⊂ Ω(ρ) ∀ ρ < ρ0(R0). Therefore due to condition (2.1), the
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Hölder inequality, and assumption (2.6), we have

A1 <c2




∫

E(ρ)\Ω(r)

u
q(p−1)n
n−p+δ

R dx




n−p+δ
n

≤c3




∫

Ω(ρ)

(
n∑

i=1

|xi|bi

)− qn
n−p+δ (n−p)

dx




n−p+δ
n

,

where bi are from (1.14), 1 < p < n;

A1 <c4




∫

E(ρ)\Ω(r)

u
q(p−1)n

δ

R (x)dx




δ
n

≤c5




∫

Ω(ρ)


ln

(
n∑

i=1

|xi|
pi
p1

)− p1
n




qn(p−1)
δ

dx




δ
n

,

p = n.
(3.31)

Here 0 < r < ρ < ρ0(R) < R0. Let us introduce new independent variables

xi := y
θ
bi
i sign yi, i = 1, n, θ = 2 max

1≤i≤n
(1, bi), 1 < p < n;

xi := y
θ n

pi
i sign yi, i = 1, n, θ = 2 max

1≤i≤n
(1,

pi

n
), p = n.

(3.32)

Then after simple computations we deduce from (3.31) that

A1 ≤ c6




∫

|y|θ<ρ

(
n∑

i=1

|yi|θ
)− qn(n−p)

n−p+δ n∏

i=1

|yi|
�

θ
bi
−1
�
dy




n−p+δ
n

≤

≤ c7




ρ
1
θ∫

0

|y|−θ
qn(n−p)
n−p+δ +

nP
i=1

θ
bi
−1

d|y|




n−p+δ
n

≤ c8ρ
δ
2 , 1 < p < n;

A1 ≤ c9ρ
δ
n (ln ρ−1)q(p−1) < c10ρ

δ
2n , p = n,

(3.33)

where 0 < r < ρ < ρ0(R) < R0. In the same way, we deduce

∫

E(ρ)

g3(x)up−1(x)ψpn
r (x)dx ≤ c11ρ

δ
2n , 1 < p ≤ n. (3.34)
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The first term in the right-hand side of (3.30) is estimated as follows:
∫

E(ρ)

g1(x)u−q
R (x)up(x)ψpn

r (x)dx ≤ c12

∫

E(ρ)

g1(x)up−q
R (x)ψpn

r (x)dx+

+ c12M
p−q(ρ)

∫

E(ρ)

g1(x)dx ≤ c13

(
Mp−q(ρ)ρn−p+δ + ρδ( 1

2(p−1)+1)
)

, 1 < p < n;

∫

E(ρ)

g1(x)u−q
R (x)up(x)ψpn

r (x)dx ≤ c14

(
Mp−q(ρ)ρδ +

(
ln ρ−1

)p−q
ρ

δ
n

)
, p = n.

(3.35)
Using condition (2.1) we infer

∫

E(ρ)

[f1(x) + f3(x)]dx ≤ c15ρ
n−p+ δ

2n , 1 < p ≤ n; (3.36)

n∑

i=1

∫

E(ρ)

f2(x)
∣∣∣∣
∂ψr

∂xi

∣∣∣∣ dx ≤ c16

n∑

i=1

r
n−p

(p−1)2
· pi−1

pi
p ≤ c17r

n−p

(p−1)2
· p1−1

p1
p
, 1 < p < n;

n∑

i=1

∫

E(ρ)

f2(x)
∣∣∣∣
∂ψr

∂xi

∣∣∣∣ dx ≤ c18

(
ln r−1

)−p
p1−1

p1 , p = n.

(3.37)

Then from (3.30), due to estimates (3.33)–(3.37) and inequalities (3.24), (3.25) for the
case 1 < p < n and analogues of these inequalities for the case p = n, we obtain the
necessary estimates (3.27), (3.28). 2

Our next proposition contains the main a priory estimate of the section.

Proposition 3.1 Let all the assumptions of Proposition 2.1 be satisfied. Then there
exists a positive constant C4, depending on structural constants only, such that the
following estimates hold:

n∑

i=1

∫

E(ρ,R)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤

≤ C4

{
M(ρ)

[
ω(r) + r

p n−p

(p−1)2
· p1−1

p1 + ρ
δ
2

]
+ 1

}
, if 1 < p < n;

(3.38)

n∑

i=1

∫

E(ρ,R)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψpn
r (x)dx ≤

≤ C4

{
M(ρ)

[
ω(r) +

(
ln

1
r

)−p
p1−1

p1

+ ρ
δ
2n

]
+ 1

}
, if p = n.

(3.39)
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Proof. Let us estimate the second term in the right hand-side of (3.20)by means of inequal-
ity (3.27). Using the Hölder inequality and estimate (3.33), we obtain, particulary

M(ρ)
∫

E(ρ)

hj(x)
∣∣∣∣
∂u

∂xj

∣∣∣∣
pj(1− 1

p )
u
−q(1− 1

p )
R (x)u

q(1− 1
p )

R (x)ψpn
r (x)dx ≤

≤ M(ρ)




∫

E(ρ)

∣∣∣∣
∂u

∂xj

∣∣∣∣
pj

u−q
R (x)ψpn

r (x)dx




p−1
p




∫

E(ρ)

hp
j (x)uq(p−1)

R (x)ψpn
r (x)dx




1
p

≤

≤ cM(ρ)
(

ω(ρ) + r
p(n−p)(p1−1)

(p−1)2pi + ρ
δ
2

) p−1
p

ρ
δ
2p .

From (3.20) using the above estimate and inequality (3.34) we deduce the necessary
estimate (3.38). In the same way we derive upper bound (3.39). 2

In virtue of assumption (2.6) we have that ω(r) → 0 as r → 0. Then, passing to the
limit in (3.38), (3.39) as r → 0 we obtain

Corollary 3.1 Let all the assumption of Proposition 2.1 be satisfied. Then the fol-
lowing estimate holds:

n∑

i=1

∫

E(ρ,R)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx ≤ C4

(
M(ρ)ρ

δ
2n + 1

)
, i = 1, n, 1 < p ≤ n. (3.40)

4 Point-wise estimates of the solution

Our further study of properties of the solutions requires the new family of cut-off functions.
Let us fix positive numbers ai, i = 1, 2, 3, 4, 0 < a1 < a2 < a3 < a4, and define the func-
tion χa3,a4

a1,a2
∈ C1(R1) such that 0 ≤ χa3,a4

a1,a2
(s) ≤ 1 ∀ s ∈ R1, χa3,a4

a1,a2
(s) = 1 in (a2, a3),

χa3,a4
a1,a2

(s) = 0 in R1\(a1, a4),
∣∣∣∣
dχa3,a4

a1,a2
(s)

ds

∣∣∣∣ < C max
{
(a2 − a1)−1, (a4 − a3)−1

}
. Now

we introduce the family of cut-off functions χl(x) := χa3,a4
a1,a2

(l(x)), where the function l(x)
is from (2.3), 1 < p ≤ n. It is easy to see that

χl(x) = 1 in Ω(a3)\Ω(a2),

χl(x) = 0 in Rn\{Ω(a4)\Ω(a1)},
∣∣∣∣
∂χl(x)
∂xj

∣∣∣∣ ≤ c max





a
1− 1

bi
1 + a

1− 1
bi

2

a2 − a1
,
a
1− 1

bi
3 + a

1− 1
bi

4

a4 − a3



 , j = 1, n, (4.1)

where the constant c does not depend on ai, i = 1, 2, 3, 4.
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Let u be a solution from Theorem 2.1 and uR is defined by (3.3) for an arbitrary R, 0 <
R < R0. Then we consider the family of sets

Ak(s, t) := {x ∈ Ω : uR(x) > k} ∩ (Ω(t)\Ω(s)), 0 < s < t. (4.2)

Let us also fix some constant σ ∈ (0, 2−1).

Lemma 4.1 Let all the assumptions of Proposition 2.1 be satisfied. Then there exists
a positive constant C5, which does not depend, particulary, on k > 0, r > 0, σ, such
that the following estimate holds:

n∑

i=1

∫

Ak( r(1+σ)
2 ,

3r(1−σ)
2 )

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx ≤ C5σ
−pnr−

p(n−p)
p−1 −δ

(
mes Ak

(
r

2
,
3r

2

))1− p
n + δ

n

,

1 < p < n,

n∑

i=1

∫

Ak( r(1+σ)
2 ,

3r(1−σ)
2 )

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx ≤ C5σ
−pnr−δ(ln r−1)n

(
mes Ak

(
r

2
,
3r

2

)) δ
n

, p = n.

(4.3)

Proof. Test (2.2) by

ϕ(x) = (uR(x)− k)+χpn−1
r (x), ψ(x) = χr(x), 1 < p < n,

where χr(x) := χa3,a4
a1,a2

(l(x)) with l(x) from (2.3) and

a1 =
r

2
, a2 =

r

2
(1 + σ), a3 =

3r

2
(1− σ), a4 =

3r
2

. (4.4)

Denoting Ak,r = Ak

(
r

2
,
3r

2

)
, Ak,r,σ = Ak

(
r(1 + σ)

2
,
3r(1− σ)

2

)
, using struc-

tural conditions (1.2) and the Young inequality with ε, after standard computations we
deduce that

n∑

i=1

∫

Ak,r

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

χpn
r (x)dx ≤ c1

∫

Ak,r

H1(x)up(x)χpn
r (x)dx+

+ c1

∫

Ak,r

(f1(x) + f3(x))dx + c1

n∑

i=1

∫

Ak,r\Ak,r,σ

upi(x)
∣∣∣∣
∂χr(x)

∂xi

∣∣∣∣
pi

dx+

+ c1

n∑

i=1

∫

Ak,r\Ak,r,σ

(
g2(x)up

�
1− 1

pi

�
(x) + f2(x)

)
(uR(x)− k)

∣∣∣∣
∂χr(x)

∂xi

∣∣∣∣ dx,

(4.5)

where H1(x) is from (2.1). Using conditions (2.1) and property (4.1), we estimate integrals
in the right-hand side of (4.5) as follows:

∫

Ak,r

H1(x)up(x)χpn
r (x)dx ≤ c2M

p
(r

2

)
(mes Ak,r)

1− p
n + δ

n , (4.6)
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∫

Ak,r

(f1(x) + f2(x))dx ≤ c3 (mes Ak,r)
1− p

n + δ
n , (4.7)

∫

Ak,r\Ak,r,σ

upi(x)
∣∣∣∣
∂χr

∂xi

∣∣∣∣
pi

dx ≤ c4σ
−pir

− pi
bi Mpi

(r

2

)
mes (Ak,r\Ak,r,σ), (4.8)

∫

Ak,r\Ak,r,σ

(
g2(x)up

�
1− 1

pi

�
+ f2

)
(uR(x)− k)

∣∣∣∣
∂χr

∂xi

∣∣∣∣ dx ≤ c5σ
−1r

− 1
bi ×

×
(

M
(r

2

)
+ M

(r

2

)p
�
1− 1

pi

�
+1

)
[mes(Ak,r\Ak,r,σ)]1−

p
n + p

pin +
δ(pi−1)

pin .

(4.9)

By (3.7), it follows from Ak,r ⊂ Ω(2r) that mes Ak,r ≤ crn. Using this fact, condition
(2.6), inequality (4.5) and estimates (4.6)–(4.9), we obtain the necessary inequality (4.3).
2

Let us fix constants k0 > 0, σ0 ∈
(
0, 2−1

)
, ρ > 0, and introduce the sequences:

kh = k0(2− 2−h), h = 0, 1, 2, . . .

th =
3
2
ρ(1− σ0(1− 2−h)), h = 0, 1, 2, . . .

sh =
ρ

2
(1 + σ0(1− 2−h)), h = 0, 1, 2, . . .

(4.10)

Set
Ah := Akh

(sh, th), h = 0, 1, . . . , (4.11)

where Akh
(sh, th) is defined by (4.2). Now we prove the following statement which is a

generalization of Theorem 5.1 from [2] to the anisotropic case.

Lemma 4.2 Let all the conditions of Proposition 2.1 be fulfilled. Then there exists
positive constant C6, such that

(
ess sup u(x)

Ω( 3ρ
2 (1−σ0))\Ω( ρ

2 (1+σ0))

)p(1+ n
δ )

≤ C6ρ
−(1+ p(n−p)

(p−1)δ )n

∫

Ω( 3
2 ρ)\Ω( ρ

2 )

up
R(x)dx,

1 < p < n, (4.12)
(

ess sup u(x)
Ω( 3ρ

2 (1−σ0))\Ω( ρ
2 (1+σ0))

)n(1+ n
δ )
≤ C6(ln ρ−1)

2n2
δ ρ−2n

∫

Ω( 3
2 ρ)\Ω( ρ

2 )

un
R(x)dx, p = n.

(4.13)

Proof. Consider the case 1 < p < n. Let us introduce additional sequences of numbers:

th :=
1
2
(th + th+1) =

3
2
ρ

(
1− σ0

(
1− 3

4
2−h

))
, h = 0, 1, . . .
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sh :=
1
2
(sh + sh+1) =

ρ

2

(
1 + σ0

(
1− 3

4
2−h

))
, h = 0, 1, . . .

We define the family of cut-off functions

ζh+1(x) := χ
a3(h),a4(h)
a1(h),a2(h)(l(x)), h = 0, 1, 2, . . . ,

where a1(h) = sh, a2(h) = sh+1, a3(h) = th+1, a4(h) = th.
Due to the Hölder inequality and the embedding theorem (Lemma 7.1 in Appendix) we

have

Jh+1 :=
∫

Ah+1

(uR(x)− kh+1)pdx ≤
∫

Akh+1 (sh,th)

(uR(x)− kh+1)pζp
h+1(x)dx ≤

≤ (
mes Akh+1(sh, th)

) p
n




∫

Akh+1 (sh,th)

(uR(x)− kh+1)
np

n−p ζ
pn

n−p

h+1 (x)dx




n−p
n

≤

≤ (
mes Akh+1(sh, th)

) p
n ×

×
n∏

i=1




∫

Akh+1 (sh,th)

(∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ζpi

h+1(x) + (uR(x)− kh+1)pi

∣∣∣∣
∂ζh+1

∂xi

∣∣∣∣
pi

)
dx




p
npi

.

(4.14)
In order to obtain this estimate in the case p = n one chooses q = 2n2

δ in the embedding
theorem.

From Lemma 4.1 it follows that
∫

Akh+1 (sh,th)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ζpi

h+1dx ≤

≤ c1σ
−pn

0 ρ−
p(n−p)

p−1 −δ2hpn
(
mes Akh+1(sh, th)

)1− p
n + δ

n

(4.15)

By virtue of property (4.1) and assumption (2.6) we have
∫

Akh+1 (sh,th)

(uR − kh+1)
pi

∣∣∣∣
∂ζh+1

∂xi

∣∣∣∣
pi

dx ≤

≤ c2σ
−pn

0 2pihρ
− pi

bi Mpi(sh)mes Akh+1(sh, th) ≤

≤ c3σ
−pn

0 2pnhρ−
p(n−p)

p−1 −δ
(
mes Akh+1(sh, th)

)1− p
n + δ

n .

(4.16)

Using estimates (4.15), (4.16), we deduce from (4.14)

Jh+1 ≤ c42pnhρ−( p(n−p)
p−1 +δ) (

mes Akh+1(sh, th)
)1+ δ

n . (4.17)
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Let us estimate mes Akh+1(sh, th) from above as follows:

Jh ≥
∫

Akh+1 (sh,th)

(uR − kh)pdx ≥ (kh+1 − kh)pmes
(
Akh+1(sh, th)

)
=

= 2−p(h+1)kp
0mes

(
Akh+1(sh, th)

)
.

Due to the last estimate, inequality (4.17) implies that

Jh+1 ≤ c52p(2+ δ
n )hk

−p(1+ δ
n )

0 ρ−( p(n−p)
p−1 +δ)J1+ δ

n

h , h = 0, 1, . . . (4.18)

Inequality (4.18) via Lemma 7.3 implies that

Jh → 0 as h →∞, (4.19)

if J0 satisfies the following smallness condition

J0 ≤
[
c5k

−p(1+ δ
n )

0 ρ−
p(n−p)

p−1 +δ

]−n
δ

2−
p(2n+δ)n

δ2 (4.20)

or, equivalently,

k
p(1+ n

δ )
0 ≥ c

n
δ
5 2

2(2n+δ)n

δ2 ρ−(n+
n(n−p)p
(n−1)δ )J0. (4.21)

Estimate (4.12) follows immediately from (4.19), (4.21). Estimate (4.13) is deduced the
same way. We remark only that the smallness condition in the case p = n is

J0 ≤
[
c5k

−n(1+ δ
2n )

0 ρ−δ(ln ρ−1)n
]− 2n

δ

2−
2n2

δ2 (4n+δ).

2

Now we are ready to prove Proposition 2.1, which is the main step in the proof of
Theorem 2.1.

Proof of Proposition 2.1. Using the Hölder inequality and the inclusion Ω
(

3
2
ρ

)
\

Ω
(ρ

2

)
⊂ E

(ρ

2
, R

)
, we obtain

I1 =
∫

Ω( 3
2 ρ)\Ω( ρ

2 )

up
R(x)dx ≤ cρp




∫

E( ρ
2 ,R)

u
np

n−p

R (x)dx




n−p
n

.

Applying the embedding theorem (Lemma 7.1) with α1 = α2 = · · · = αn = 0, inequality
(3.40) and assumption (2.6), we deduce from the last inequality that

I1 ≤ c1ρ
p

n∑

i=1

∫

E( ρ
2 ,R)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx ≤ c2

(
M(ρ)ρp+ δ

2 + ρp
)
≤ c3ρ

−n−p
p−1 +p+ δ

2 .
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Using this estimate in inequality (4.13), after simple computations we obtain

ess sup
Ω( 3ρ

2 (1−σ0))\Ω( ρ
2 (1+σ0))

u(x) ≤ c4ρ
−n−p

p−1 + δ

2p(1+ np
δq ) . (4.22)

From this estimate inequality (2.7) follows immediately. This completes the proof in the
case 1 < p < n. By the same argument, using inequality (3.40) and Lemma 7.1 with
α1 = · · · = αn = 0, q = n we get Proposition 2.1 in the case p = n. 2

5 Proof of Theorem 2.1

Define the number λ by

λ = min
{

1
2
· (p1 − 1)(p− 1)

n− p
γ,

n− 1
n− p

p− pn, p1 − 1
}

, (5.1)

where γ is from (2.7).

Lemma 5.1 Let all the conditions of Theorem 2.1 be satisfied. Then there exist posi-
tive constants C8, k̃ depending on structural constants only, such that the inequality

n∑

i=1

∫

Ak

(u− k)λ−1

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx ≤ C8

(
kp+λ−1 + 1

)
mes A

1− p
n + δ

n

k , 1 < p < n,

(5.2)
holds for all k > k̃.

Proof. It is easy to check that

vk(x) := (u− k)λ
+ψl−1

r (x) ∈
◦

W 1
(p)(Ω(R0)) ∀k > M

(
R0

2

)
, l ≥ pn, (5.3)

where ψr(x) is the cut-off function from (3.5). Let ϕ(x) = vk(x), ψ = ψr(x), k >
M

(
R0
2

)
. Due to (5.3) we can use ϕψ as a test function in (2.2). Using structural conditions

(1.2), we obtain

n∑

i=1

∫

Ak

(u− k)λ−1

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψl
r(x)dx ≤ c1

n∑

i=1

∫

Ak

(u− k)pi−1+λ

∣∣∣∣
∂ψr

∂xi

∣∣∣∣
pi

dx+

+ c1

n∑

i=1

∫

Ak

(u− k)λ
[
g2(x)up

�
1− 1

pi

�
(x) + f2(x)

] ∣∣∣∣
∂ψr

∂xi

∣∣∣∣ dx+

+ c1

∫

Ak

[ n∑

i=1

hp
i (x)(u− k)p−1+λ + g3(x)(u− k)λ

+up−1+

+ f3(x)(u− k)λ
]
ψl

r(x)dx =
3∑

j=1

Ij ,

(5.4)
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where Ak = {x ∈ Ω(R0) : u(x) > k}. Property (2.7), the Hölder inequality, and estimate
(3.7) imply that

I1 ≤ c2r
γ
2 (p1−1)

�
1+ 2λ

p1−1

�
, I2 ≤ c3r

γ
2

�
1− 1

pi

�
(1+ 2δ

γ ), (5.5)

I3 ≤ c4

(∫

Ak

(u− k)
n(p−1+λ

n−p ψr(x)
ln

n−p dx

)n−p
n

(mes Ak)
δ
n +

+ c4

(
kp−1+λ + 1

)
(mes Ak)1−

p
n + δ

n .

(5.6)

Applying Lemma 7.2 with αi = 1− λ, i = 1, n, q =
np

(n− p)

(
1 + λ−1

p

)
, we deduce that

( ∫

Ak

[
(u− k)ψr(x)

l
p−1+λ

]n(p−1+λ)
n−p

dx

)n−p
n

≤

≤ c5

n∑

i=1

∫

Ak

(u− k)λ−1

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψr(x)
l(pi+λ−1)

p+λ−1 dx+

+ c5

n∑

i=1

∫

Ak

(u− k)pi−1+λψr(x)
l(pi+λ−1)

p+λ−1 −pi

∣∣∣∣
∂ψ

∂xi

∣∣∣∣
pi

dx := I
(1)
3 + I

(2)
3 .

(5.7)

The term I
(2)
3 is estimated in the same way as I1 in (5.5). Therefore from inequality (5.4),

due to (5.5)–(5.7), one infers

n∑

i=1

∫

Ak

(u− k)λ−1

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψl
r(x)dx ≤

≤ c6

(
n∑

i=1

∫

Ak

(u− k)λ−1

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

ψ
l(pi+λ−1)

p+λ−1
r dx

)
×

× (mesAk)
δ
n + c6r

γ
2 (p1−1)

�
1+ 2λ

p1−1

�
+ c6r

γ
2

p1−1
p1

(1+ 2δ
γ )+

+ c6

(
kp+λ−1 + 1

)
(mesAk)1−

p
n + δ

n .

(5.8)

This inequality yields

Ik(2r) :=
n∑

i=1

∫

Ak∩(Ω\Ω(2r))

(u− k)λ−1

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx ≤

≤ c6 (mesAk)
δ
n Ik(r) + c6µ(r) + c6g(k),

g(k) :=
(
kp+λ−1 + 1

)
(mesAk)1−

p
n + δ

n ,

µ(r) := r
γ
2 (p1−1)

�
1+ 2λ

p1−1

�
+ r

γ
2

(p1−1)
p1

(1+ 2δ
γ ) → 0 as r → 0.

(5.9)
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Now we come back to the term I3 from (5.4) and estimate it using inequality (2.7),
proved in Proposition 2.1. As a result, using additional condition (2.1), we obtain

I3 ≤ c7M(r)λ
(
1 + M(r)p−1

)
(mesAk)1−

p
n + δ

n ≤
≤ c8

(
r−(n−p

p−1−γ)(p+λ−1) + 1
)

(mesAk)1−
p
n + δ

n .
(5.10)

Using now estimates (5.5), (5.10), we derive from inequality (5.4)

Ik(2r) ≤ c9

(
r−ν + 1

) ∀r > 0, ν =
(

n− p

(p− 1)
− γ

)
(p + λ− 1) > 0. (5.11)

Thus, the nondecreasing function Ik(r) satisfies both inequalities (5.9) and (5.11). We
claim that there exist a number k̃ > 0 and a sequence ri → 0 as i → ∞ such that the
estimate

Ik(ri) ≤
(
mesAk̃

)− δ
n (µ(ri) + g(k)) ∀k ≥ k̃ (5.12)

is valid. The proof of this claim is based upon the method of analysis of nonhonogeneous
functional inequalities, introduced in [10]. Let us suppose that (5.12) fails and, conse-
quently,

µ(r) + g(k) ≤ (
mesAk̃

) δ
n Ik(r) ∀r : 0 < r < r0. (5.13)

Using (5.13), inequality (5.9) yields

Ik(2r) ≤ 2c6

(
mesAk̃

) δ
n Ik(r) ∀k > k̃, ∀r < r0. (5.14)

Iterating this relationship, we deduce easily the estimate

Ik(r) ≥ (2c6)−1
(
mesAk̃

)− δ
n Ik(r0)

(
r

r0

)−h(k̃)

∀r ≤ r0, (5.15)

where h(k̃) = (ln 2)−1
(− ln(2c6)− δ

n ln
(
mesAk̃

))
. Let k̃ be a fixed number such that

the following inequality holds

h(k̃) = (ln 2)−1

(
δ

n
ln

((
mesAk̃

)−1
)
− ln(2c6)

)
> ν, (5.16)

where ν is from (5.11). It is clear that for k̃ satisfying (5.16) estimate (5.15) contradicts
estimate (5.11). Therefore our assumption (5.13) is not true, and estimate (5.12) is proved
for k̃, satisfying condition (5.16). Using estimate (5.12) in the right-hand side of (5.9) and
passing to the limit as ri → 0, we obtain the required estimate (5.2). This completes the
proof in the case 1 < p < n. In the case p = n, estimate (5.2) follows by the similar
computations with using of imbedding Lemma 7.2 with q = n

δ (p + λ− 1). 2

Proof of Theorem 2.1. Due to Lemma 7.2, with α = 1 − λ, q =
n

n− p
(p + λ − 1), we

deduce from (5.2) that



∫

Ak

(u− k)
n(p+λ−1)

n−p

+ dx




n−p
n

≤ c1k
p+λ−1 (mesAk)1−

p
n + δ

n . (5.17)
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Using the Hölder inequality, we have additionally

∫

Ak

(u− k)+dx ≤



∫

Ak

(u− k)
n(p+λ−1)

n−p

+ dx




n−p
n(p+λ−1)

(mesAk)1−
n−p

n(p+λ−1) . (5.18)

Combining (5.17) and (5.18), we obtain
∫

Ak

(u− k)+dx ≤ k (mesAk)1+
δ

n(p+λ−1) ∀k > k̃. (5.19)

From (5.19) it follows that the solution u is bounded in Ω(R0) (see Lemma 5.1, [2]). This
together with (3.7) imply that we can pass to the limit in inequality (3.11) as r → 0, and
obtain ∫

Ω

n∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx < c. (5.20)

Let us test integral identity (2.2) by ψ(x) = ψr(x). Then due to the boundedness of the
solution and property (5.20), it is easy to pass to the limit as r → 0. So we obtain the

required integral identity with an arbitrary ϕ ∈
◦

W 1
(p)(Ω) and ψ(x) ≡ 1. Thus Theorem

2.1 is proved in the case 1 < p < n. All proofs of these results can be repeated for the case
p = n, using appropriate estimates from Section 3. 2

6 Point-wise estimates of source-type solution

Proof of Theorem 2.2. Let us introduce the family of cut-off functions

ψr(x) = 1− ψr(x) ∀r > 0, (6.1)

where ψr(x) is function from (3.5). Now we fix an arbitrary ρ > 0 and test integral identity
(2.11) by the function ϕ = ψ

l

2ρ(x), l > np. Using the Hölder inequality, we arrive at

1 = l

n∑

i=1

∫

Ω(4ρ)\Ω(2ρ)

∣∣∣∣
∂U

∂xi

∣∣∣∣
pi−2

∂U

∂xi
ψ

l−1

2ρ (x)
∂ψ2ρ(x)

∂xi
dx ≤

≤ c1

n∑

i=1




∫

Ω(4ρ)\Ω(2ρ)

∣∣∣∣
∂U

∂xi

∣∣∣∣
pi

U−λdx




pi−1
pi




∫

Ω(4ρ)\Ω(2ρ)

Uλ(pi−1)

∣∣∣∣∣
∂ψ2ρ

∂xi

∣∣∣∣∣

pi

dx




1
pi

,

(6.2)
where 0 < λ < 1. Let χρ(x) be the cut-off function from (2.3) with

a1 = ρ, a2 = 2ρ, a3 = 4ρ, a4 = 6ρ.
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Testing integral identity (2.11) by ϕ(x) := U1−λ(x)χl
ρ(x) yields

n∑

j=1

∫

Ω(4ρ)\Ω(2ρ)

∣∣∣∣
∂U

∂xj

∣∣∣∣
pj

U−λ(x)dx ≤ c2

n∑

j=1

∫

Ω(6ρ)\Ω(ρ)

Upj−λ(x)
∣∣∣∣
∂χρ(x)

∂xj

∣∣∣∣
pj

dx. (6.3)

Estimating the first term in right-hand side of (6.2) by (6.3) and using property (3.7), we
obtain

1 ≤ c3

n∑

i=1




n∑

j=1

M(ρ)pj−λρ
(n−p)(pj−1)

p−1




pi−1
pi (

M(2ρ)λ(pi−1)ρ
(n−p)(pi−1)

p−1

) 1
pi ≤

≤ c4

n∑

i=1




n∑

j=1

(
M(ρ)ρ

n−p
p−1

)pj




pi−1
pi

.

(6.4)

From (6.4) the first estimate in (2.13) follows immediately. Now we prove the second

inequality from (2.13). Let us define the following function v ∈
◦

W 1
(p)(Ω(R0)), which was

introduced by J. Serrin [6]:

v(x) =





0, u(x) ≤ M(R)
u(x)−M(R), M(R) < u(x) ≤ m(ρ)
m(ρ)−M(R), u(x) > m(ρ).

Now let us test integral identity (2.11) by ϕ(x) = v(x). As a result we obtain

n∑

i=1

∫

M(R)<u(x)<m(ρ)

∣∣∣∣
∂u

∂xi

∣∣∣∣
pi

dx = m(ρ)−M(R). (6.5)

Due to Lemma 7.1 and (6.5), we have:

(∫

{u(x)≥M(R)}
|v(x)|qdx

) 1
q

≤ c(m(ρ)−M(ρ))
1
p , q =

np

n− p
. (6.6)

It is easy to see that
∫

{u(x)≥M(R)}

|v(x)|qdx ≥
∫

u(x)≥m(ρ)

|v(x)|qdx ≥ (m(ρ)−M(ρ))qρn. (6.7)

Combining (6.6) and (6.7) we obtain the required estimate (2.13). Theorem 2.2 is proved
in the case 1 < p < n. Using similar arguments, it is not hard to prove the result in the
case p = n. 2
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7 Appendix

Lemma 7.1 ([1]) Let Ω ⊂ Rn, n ≥ 2, be a bounded domain, v ∈
◦

W 1
1(Ω), and

n∑

i=1

∫

Ω

|v(x)|αi

∣∣∣∣
∂v

∂xi

∣∣∣∣
pi

dx < ∞, αi ≥ 0, pi ≥ 1.

If 1 < p < n, p is defined by (1.3), then v ∈ Lq(Ω), q =
np

n− p

(
1 +

1
n

n∑
i=1

αi

pi

)
and

the following inequality holds:

‖v‖Lq(Ω) ≤ K3

n∏

i=1




∫

Ω

|v(x)|αi

∣∣∣∣
∂v

∂xi

∣∣∣∣
pi

dx




1

npi(1+
1
n

nP
k=1

αk
pk

)

, (7.1)

where the constant K3 depends on n, αi, pi, i = 1, . . . , n only. If p = n, then
v ∈ Lq(Ω) for an arbitrary q > 1 and inequality (7.1) holds with the constant K3

depending on n, αi, pi, q, i = 1, . . . , n only.

It is easy to prove the following statement by obvious computations using Lemma 7.1.

Lemma 7.2 Let v ∈
◦

W 1
1(Ω) and

n∑

i=1

∫

Ω

|v|−αi

∣∣∣∣
∂v

∂xi

∣∣∣∣
pi

dx < ∞, αi ≥ 0, pi ≥ 1, αi < pi, i = 1, n.

If 1 < p < n, then v ∈ Lq(Ω), q =
np

n− p

(
1− 1

n

n∑
i=1

αi

pi

)
, and the following

inequality holds

‖v‖Lq(Ω) ≤ K3

n∏

i=1




∫

Ω

|v(x)|−αi

∣∣∣∣
∂v

∂xi

∣∣∣∣
pi

dx




1

npi(1− 1
n

nP
k=1

αk
pk

)

(7.2)

with some positive constant K3 depending on n, αi, pi, i = 1, n only.
If p = n, then v ∈ Lq(Ω) for any q > 1 and inequality (7.2) holds with the

constant K3 depending on n, αi, pi, q,Ω, i = 1, n.

Lemma 7.3 ([2]) Let sequence yl, l = 0, 1, 2, . . . of nonnegative numbers satisfy the
following relationship:

yl+1 ≤ cbly1+ε
l , l = 0, 1, . . . ,

where positive constants c > 0, ε > 0, b > 1 do not depend on l. Then the following
estimate is true

yl ≤ c
(1+ε)l−1

ε b
(1+ε)l−1

ε2 − 1
ε .
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Particularly, if
y0 ≤ θ := c−

1
ε b−

1
ε2

then yl ≤ θb−
1
ε , and consequently yl → 0 as l →∞.
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