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Abstract

In this paper, we consider the problem
A%y = |uY " Yy 4 e f(z,u)

in Q, v = Au = 0 on 052, where 2 is a bounded and smooth domain in R™, n > 6, € is
a small positive parameter, and f is a smooth function. Our main purpose is to construct
families of solutions which concentrate around some well defined points depending on f.
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1 Introduction

In this paper, we deal with the concentration phenomena in a biharmonic equation under the
Navier boundary condition. In the last decades, there has been a wide range of activity in
the study of concentration phenomena for second order elliptic equations involving critical
Sobolev exponent, see for instance [1], [4], [7], [10], [12], [13], [14], [16], [18], [19], [20],
[21], [22], [23], [24] and the references therein. In sharp contrast to this, very little is
known for equations involving the biharmonic operator. In the following, we will consider
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the following problem

(Px)

A%u=uP +ef(z,u) u>0 in Q
Au=u=0 on 01},

where £ > 0, 2 is a smooth bounded domain of R™ with n > 5, f is a smooth function,
and p + 1 = 2n/(n — 4) is the critical Sobolev exponent of the embedding H? N H} ()
into LPT(Q).

The existence and multiplicity of solutions of ( P;) for ¢ small has been proved for some
special f in [15], [26]. When ¢ = 0, the situation is more complex, Van Der Vorst showed
in [26] that if € is starshaped () has no solution. As a consequence of this result, we see
that solutions of (P.) may disappear for £ = 0, either vanishing uniformly, or blowing up
at some points of the domain. In the case where f(x,u) = u, for instance, E1 Mehdi and
Selmi [15] showed that if u. are solutions of (P;) which concentrate around a point ¢ as
€ goes to zero, then x is a critical point of the Robin’s function ¢ (see (1.1)). Conversely
they proved that any nondegnerate critical point xg of ¢ generates a family of solutions of
(P.) concentrating around x( as & goes to zero. They also proved that for € small enough
(P:) has at least as many solutions as the Ljusternik-Schnirelman category of .

Here we will establish what happens in the case

f(x,u):f(a:), [#0,

and we will not impose on the solution to be positive. We are thus reduced to finding
solutions of the following problem

Q.) A2y = |ul¥/ "Dy +ef(z) inQ
€ Au=u=0 on 99.

We will also study the case where

flz,u) =eu+ef(x).

Our results extend to fourth order equations some results of Olivier Rey for second order
elliptic equations [24]. The proof is inspired by the work [24] and [25] of Rey. Compared
with the second order case, further technical difficulties have to be solved by means of del-
icate and careful estimates. To overcome these difficulties, we use the method developed
in [6], [9] and [15]. It involves a careful expansion of the Euler-Lagrange functional asso-
ciated to (P;), and its gradient in a small neighborhood of highly concentrated functions.
Such expansions use the techniques developed by Bahri [2] and Rey [20].

To state our results, we need to fix some notations. Let us define on € the following
Robin’s function

o(x) = H(z,z), with H(z,y)=|z—y|/*" - G(z,y), for (z,y) € AxQ, (1.1)
where G is the Green’s function of A2, that is,

2 _ .
Vo€ Q, { A*G(x,.) = cn)ém in Q

AG(z,.) =G(z,.) =0 on 09,
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where §, denotes the Dirac mass at x and ¢,, = (n — 4)(n — 2)|S" 1.
For A > 0 and = € R™ we consider the functions

)\(71—4)/2
(T ¥y = 2Py 072

595,/\(y) =
It is well known (see [17]) that d, 5 are the only solutions of
Ay = cg/(rb_él)zt(”J“l)/("74)7 u >0 in R", (1.2)

with u € LPHY(R"), Au € L*(R") and ¢y = [(n — 4)(n — 2)n(n + 2)]»~H/8 and
are also the only minimizers of the Sobolev inequality on the whole space, that is the only
functions which achieve

S =inf { |Au\2Lg(Rn)|u|Z§n/(n—4)(Rn), sit. Aue L% ue LY 440 b (13)

In the case of a bounded domain €2, the function J, » does not satisfy the boundary con-
ditions of (Q.). Hence we need to consider their projections Pd, » on H%(Q) N H} (Q),
defined by
AQP(LM = Azd/r,,\ in Q
{ AP(SL)\ZP(SZ,)\:O on 0f).

Observe that for x € Q and A\d(x, 00) large, PJ, » the projection of J, », is an almost
solution of (Q).) and our aim is to construct a family of solutions of the form aPd, » + v
where v is a function which goes to zero as ¢ tends to zero.

Let f be the function defined by

{ A*f =
Af=F

The first result is the following:

f in Q
=0 on 09.

Theorem 1.1 Let n > 6. Assume that f € C*(Q) and let zo € Q be such that
(i) flwo) > 0;

f(@)
o)t/

(ii) xo is a nondegenerate critical point of the function: x —

Then, there exists a family (u:) of solutions of (Qc) which concentrate at x¢ as
€ — 0, that is,
| Aue [P— S"26,, | [PT— 8265,

in the sense of measures, where S is the best Sobolev constant defined by (1.3).
Moreover, if f >0 in Q, (i) is satisfied and u. > 0 on .

Next, we want to state a multiplicity result for problem (Q.). For this purpose, given
asubset F' C ) we say that the category of F in 2 is k, denoted by Cat(F, ), if F' may
be covered by k closed sets, each contractible to a point in €2, but not by (k — 1) such sets.
We call category of 2 the positive integer C'at(£2, 2) (see Chapter 2 of [11]).
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Theorem 1.2 Let n > 6. Assume that f > 0 and f € C3(Q). Then, for ¢ small,
(Qc) has at least as many positive solutions in H*(Q) N Hy(Q) as the category of

f(=)

Q; each one of them concentrates at a critical point of the function x — POLEE

To study problem (@, ), we make the following change of variable
u=1u-+e f ,
and we are led to consider the equivalent problem

(0.) A% =|u+eflP~ (a+ef) inQ
N Ai=u=0 on 99).

Notice that the study of (QE) allows us to state the same results concerning the following
problem
A%y = |u[P~lu in Q
/
(Qc) { Au=u=¢eg on 9,

where g # 0. Indeed, if we change the variable in (Q)',), writing
u=1u+eg,
where g is the function defined by

A%G=0 in Q
Ag=g=g on 0,

the problem (Q”) becomes equivalent to the following
{ A2 = [i+ g~ (i +§) in Q

=

€
At = 0 on 05,

which is exactly (QE) with f replaced by g. Hence the following result follows immediately
from those for (Q.).

Theorem 1.3 The results of Theorems 1.1, and 1.2 are valid for (QL), provided that
in all statements f is replaced by g and f by g.

Our last result concerns the following problem

(

R.) A%y = |ulP"lu+eu+ef(x) inQ
© Au=u=0 on 09.

Theorem 1.4 For f € C*(R2), assume that one of the following conditions holds:
(i) 8 < n < 12 and z9 € Q is a nondegenerate critical point of the function

T — % such that f(xO) > 0.

(ii) 9 <n <12 and xo € Q is a nondegenerate critical point of the function f such
that f(zo) = 0.
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(#i1) m = 12 and xo € Q is a nondegenerate critical point of the function x +—

f;fi;l/f such that f(a:o) > —1/2.

(tv) n>12 and xy € Q is a nondegenerate critical point of the function .
Then there exists a family (ue) of solutions of (R.) which concentrate at xo as e
goes to 0. Moreover, if f > 0, these solutions are positive.

Our paper is organized as follows. The next section will be devoted to some useful facts
and some estimates for later use. Theorems 1.1, 1.2, and 1.4 are proved in Sections 3, 4,
and 5 respectively. Finally, we collect in the appendix some results needed in the proof of
our Theorems.

2 Useful facts and some estimates

‘We introduce the functional
1 1 -
J(a) == Aa2——/ i+ ef|Pt 2.4
@) =5 [ 180 = = [ Ja+er (24)

defined on H(2) := H?(Q) N H{(Q) whose critical points are solutions of (Q.). Recall
that, if (@) is a family of minimizing solutions of (Q.), then @. may disappear for & = 0,
either vanishing uniformly, or blowing up at some points of the domain. In the last case,
for ng as small as desired, the function u. belongs to the potential set

V(1,m0) == {aPsx +v:x €Q, Ja—col <o, Ad(z,00) > ng ", [Jv]| <o}, (2.5)

for € small enough and where

il = ( [, |Au|2)1/2, u € H(Q) = HA(Q) 0 HA(9).

Therefore, to prove our results we need to focus on the functions of the form aPd, » + v
and to show that we can choose «, A and x so that we have a critical point of J. It is proved
in [3], that if & € V' (1,19), the problem

Minimize |& — a«Pd, x| with respect to a >0,z €Q, A >0

has a unique solution (@, 7, \). Hence, denoting

it is easy to see that v belongs to
Ey = {v € H(Q)| (v, Pdy \) = (v,0Pb3 7/ON) = (v,0Pd, »/0z;) =0, fori < n},

where
(u,v) = / AuAv, u,v € H(Q). (2.6)
Q
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Furthermore, the set V' (1, 1), defined by (2.5), can be parametrized by
M = {(o, \,z,v) e RxRL x Q x H(Q) /v € E) 5, | —co| < 1o,
Ad(z,09) > 5", v ll<no},  (2.7)

with 7 is a positive constant.
Now, as in [20], we can see that &« = aPJ, » + v is a critical point of J if and only if
(o, A, z,v) € M is a critical point of the function K defined by

K:M — R
(o, A\ z,v) —  J(aPd; \ +v);

that means there exists (A, B, C; ..., C,) € R""2 such that

9K (a, A\, z,v) =0 (Eq)
% Ps, n 9°Ps,
(@A z,0) = [ A(B g)A?'A +22521C; afmﬁ)A” (Ex)
(2.8)
d Pé, 9> Ps,
g—g(m)\,w,v):fQA( a,\azA'FZJ e D0 *)Av 1<i<n (E)
%Iy((a A x,v) = APy \ +Bap51A +Zg 1 Cj 8gi;m' (Ey)

In order to prove Theorem 1.1, we show first that for a given («a, A, z), Ad(x, 9Q2) large
enough, there exist ve o ). € Ex . and (A, B,Cy,...C,) € R"2 such that the equation
(Ey) of (2.8) is satisfied. Moreover, ve o x4 g0€s to zero as ¢ tends to zero. Then, the
problem of finding («, A, z) such that the equations (E,), (E)), (E.,),1 < i < n, are
satisfied will turn out to be equivalent to finding a fixed point of a certain continuous map
which we will estimate, and Brouwer’s theorem will allow us to conclude.

Concerning Theorem 1.2, we proceed by successive optimizations of K, with respect
to the different parameters v, o and A on M. Then we get a new function

K:z — K(og, Mg 2,0g) = J(agPogx, +7y)

and we shall show that its gradient is pointing outward on the boundary of K., where K. is a
subset of () with the same category as 2. So by the Ljusternik-Schnirelman’s theory, }C has
at least p = Cat(f2) many critical points 21 ... z,, of 2. Then the o, Pdy, x,, + Va,;y 1 <
1 < p are critical points of J.

To prove theorem 1.4, we combine the estimates involved in the proof of theorem 1.1
with other in [15] and we use the same idea as in the proof of theorem 1.1.

Usually, in this type of problems, we first deal with the v-part of 4., in order to show
that it is negligible with respect to the concentration phenomenon. We have

Proposition 2.1 There exist e > 0, Ty > 0 and a C' map, which to any

(e, N, x) € (0,e1) x R x RY x Q, with \d > T1,
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associates Ve = Ve g g belonging to Ex, such that (E,) is satisfied for some
(A,B,Cy,...,Cp) € R"™2. Such a v. is unique and it minimizes K (o, \,x,v)
with respect to v € Ey , and we have the estimate
(Ad)ln—4 + )\(nf4)/2 + &P Zf’ﬂ < 12
2/3 2/3 .
vl < € (log&j))g) + E(loii) +eP ifn=12
W + % + &P ’LfTL > 12

where C' is a positive constant independent of € and d = d(z, 02).

Proof. In order to simplify the notation, in the remainder we write ¢ instead of 6, x. Ex-
panding K (o, A, ,v) in a neighbourhood of v = 0, we obtain

K(a,\z,v) = K(a, A\, 2,0) — Fy 5 0(v) + Qanz(v) + Rare(v) (2.9)
where
Fone(v)= / |aPs + e f|P~ (P8 + ¢ f)v, (2.10)
Q
1 2 D Fip—1,.2
Qana®) =5 [ 180 2 [ |aPs +efPt (2.11)
9Ny 2 Q 2 Q

and R, » ;(v) satisfies
Rapa(v) = O( | v [fnrth))
oae(V) =0 ([ v ™)) (2.12)
() = O( [ o P02 ).

Fy .,z 18 a continuous linear form on ) , equipped with the 7 (2)-scalar product defined
by (2.6). Therefore there exists a unique fu x o € £, such that

Fapa(v) = (farav)- (2.13)

Qo xz(v) is a continuous quadratic form over E} ;. Thus, according to [5] there exists
Bo > 0, independent of z, such that

Qanz(v) = Bollv]l?. (2.14)

Using (2.14) and the implicit function theorem, we derive the existence of a C* map which
to (g, a, A, x) such that |a—co| < ng, Ad(z,9Q) > 1/n9, € < €9 (1o and ¢ small enough)
associates v, € E, x such that v, minimizes K («, A, z, v) with respect to v € E) , and
(E,) is satisfied for certain (A, B, C1, . ..,C,) € R""2. Furthermore

[vell = Ol faxzl)- (2.15)

We need to estimate (fq xq,v) forv € Ej 4.
(Forast) = [ aPS+ 2P aP5 + <)o
Q

:/ |aP5+sf|p*1(aP5+€f)v+/ |aP§ + ef[P~H(aPd + ef)v,
Ba Q\Ba
(2.16)
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where B, denotes the ball of center x and radius d. We have

/ |aP5+€fp1(aP5+€f)vO</ ((p(s)f’+ep|f|p)|v|>. (2.17)
Q\Bgq Q\Bg

Using Holder’s inequality and Sobolev embedding theorem with the fact that |f|oo is
bounded, we derive

/ 6p|f|p|v|=0<sp (f |fp“)pil (f |v|p+1)”1“> —o(erel)  (218)

and

/Q\Bd (P)P v| =0 <</Q\Bd (517+1>vp+1(/Q v|p+1>v+1> =0 (()\gﬂ;) .(2.19)

Therefore, (2.17), (2.18) and (2.19) imply

- ~ 1
aP§ +ef|P~HaPS +¢ UO< el + — v). 2.20
g, P54 eTP T P <Dlel = O (&4 i (220)
We also have

/ |aP§+5f|p_1(aP6+5f)v = /
By

B,

(P50 +0 ( [ ool + <a|f|>P|v|) |

(2.21)
Using Proposition 6.1, Holder’s inequality and Sobolev embedding theorem we obtain

ol o (0B A
Poyo =0 — WL, = qg) H08AD V] 2.22
/Bd( 5) v o (()\d)min(n—él,w) T (l " ) ()\d)g ’ ( )
ellv] e(log \)? [lv]

17 . .

Using (2.16), (2.18), (2.20), ..., (2.23), we get

()\d)ln—4 + >\(n54)/2 + Ep lf n < 12
° 2/3 ° 2/3 .
[farzll =0 - g((/\)\;))s) + £ g}\i\) +¢e? ifn=12
W-ﬁ-)\%-&&p ifn > 12.
From (2.15), the same estimate holds for ||v]|. O

Next, we give useful estimates of the derivative of the function K with respect to the
variables «, A and z.
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Proposition 2.2 Let (a, A\, z,T) € M, where v = v, is the function obtained in Propo-
sition 2.1. Making the change of variable: o = ¢y — p, we have

%f (a0, \,2,7) = Cyp + Vo (o, A, x) (2.24)
0K acf(z)  oPp(x)
Sy (@A 7) = G T s ) + Vil A ) (2.25)
0K a?¢/(x)  aef'(z)
B (o, A\, 2,0) = Cs( T )\(n74)/2) + Vala, A, ) (2.26)

where C1, Cy and C3 are positive constants which depend on n only, Vy, Vy and V,
are smooth functions which verify

1 5 g2
= 2 pHL 2.2
Vala, A, x) O(p +()\d)"—4+)\"7_4+6 +)\4> (2.27)
Va(a, A, 2) = O R T I ) (2.28)
[ )\nfldn72 )\n73dn74 )\77';2 )\"+2 d2
Pt 22(log \)?
+ by + \inf(5,n—3)
B 1 ol elp| 5 elog Ad
Vela, A, x) = O<(/\d)inf(2ng’n2)d + g T e + = + T g
(2.29)
2
11 e (log M)
AT A+ \inf(3,n-5) |’
where y =1 ifn=8 and vy =0 if n # 8.
Proof. To prove claim (2.24), we write
0K _
a—a(a A, x, D)
/A(aP5+v)AP6 / |aP§ + T+ ef[P"HaPs + T +ef)Po
=a / |APS|? — / (P8P PS —p / (aP3)P~ (T + e f)PS (2.30)
Q

+O</ ) (aP5)P2(v+sf)2P5> +O</ ) |@+€f|1)p5> .
[o+e fl<PS PS<|v+ef]

Using Proposition 6.1, Holder’s inequality and Sobolev embedding theorem, we obtain

/ IAPS]? = &715, + 0 ((d;ﬂ) : /Q(Pd)p“ — 5,40 (w;ﬂ) ,
(2.31)
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where S, =[5, 532/("74). Furthermore, as in (2.19) and (2.22), we get

2 5 _ (log Ad)”
/Q(P(;)p(’l) + Ef) =0 ()\7124 + ||'UH ()\d)inf(n4,(n+4)/2)> s (232)

where v = 2/3ifn =12and v = 0if n # 12. ~
For the fourth integral in (2.30), using Holder’s inequality and the fact that |f| is
bounded, we derive

2
/ (P8P~ (T +ef)? < cf[t]* + 052/ ot = O<||v2 + 5.(IOW>,
[o4ef|<Pé Q \inf(4,n—4)
(2.33)
where v = 1ifn =8and v = 0if n # 8.
It remains to compute the last integral in (2.30). It is easy to obtain

/ [o+ef|PP§ < / T+ efPH = O(|[o]|P+! + P +Y). (2.34)
P§<|T+ef] Q

From (2.30),..., (2.34) and Proposition 2.1, claim (2.24) follows.
Now we turn to the proof of our claim (2.25). As in claim (2.24), we have
0K
)N

:/A(QP(Hﬁ)A <aaa}i\§> /|aP6+v+sf|p YaP§+7 +ef)a
Q

=« /AP(SA@f/( P(S)pa@—p/(aPé)p '@+ ef) o9
Q Q Q

(o, A\, z, U)

EN

oA oA EN

=~ OPO dPo
+0 / (aP§P~2(w +ef)’a +0 / o+ efPa——
( [wtefl<Ps OX Pé<[vtef] oA
(2.35)

Since | f|oo is bounded and AOP35/OX = O(PS§), using Holder’s inequality and Sobolev
embedding theorem, we derive

. ops B+ ertt )
v—i—efpa:O(—i— , (2.36
/P(5<v+ef | | oA A A )

—2 2 0Pd [o]I> | e*(log \)”
Py = - 2.
/v+5f<P6(a YT + f) X O < T ey ) (2.37)

wherey =1ifn=8andy=0ifn # 8.
Now, using the fact that v € E, » and Proposition 6.1, one can check

8P5 il (log A\d)”
p—1
/Q(P T O( X D)0 73) ) (2.38)
where v = 2/3ifn =12and v = 0if n # 12.
Claim (2.25) follows from Propositions 6.2, 6.3 and (2.35), ..., (2.38).
The proof of claim (2.26) is similar to the one of claim (2.25), so we will omit it. O
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Proposition 2.3 Let n > 6. Assume that (a, \, x,7) € M where T = v, is the
function obtained in proposition (2.1). Then we have

K(a,\, z,7)
(e s (o - B e S
+ O((,\d)ln‘l + /\(nfg)/z ;iﬁg;\% + Pt + (ifn > 12)52(10?)4/3)

where Sy, = [pn 6577;/(”74), In = Jan (5((:1%)/(”74) and cq is defined by (1.2).

Proof. Using (2.9),..., (2.13) we obtain
K(a, A, 2, 7) = K(a, A, 2, 0) + O ([[9]]*) + O (| faxal7])

o? 2 1 Flp+1 2

G [ 18PsE = = [ 1aPs+2fr 0 (lolF + o llol)
a2/ 1 .

— APézf—/aPép“f/aP(W’s + 0 (|[v]]?

5 [ 18P3F = — [ @Poyt = [ (@Poyef+ 0 (jolf)

+0( [ sy [ (ef>p+1+||fa,A,z||||v||).
lefI<|aPd| le f|>|aP§| (2 39)

Since | f |oo is bounded, we derive

/ ) (ef)Ptt =0 (7). (2.40)
lef|>|aPd]

Now, observe that, if n > 8, then p — 1 < 2. Therefore

1,z 1 _a_log(\d) . ez
75765 =0 (g 7= S 2+ it <)
(2.41)

Our proposition follows from (2.39), (2.40), (2.41) and Propositions 2.1, 6.2 and 6.3. O

3 Proof of Theorem 1.1

For the sake of simplicity, we assume that zo = 0 € €, f (0) > 0 and 0 is a nondegenerate
critical point of the function z — Ll)z Then we can write
o(x)t/
20(2) f'(x) = f(a)¢' (x) = Mz + o(|z]), (3.42)

where M is an invertible matrix.
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In the remainder, we will assume that z is restricted to a neighbourhood O of 0, such
that o
Ve e O, f(z) > 0 and d(O,00) = dy > 0.

Taking the following change of variable

1 _ef(x) 1
N2 mp(x)(l +€), €] < > (3.43)

then, (2.25) and (2.26) become

0K acf(z)

o\ — (o, A\, z,7) = C’g)\(n 5 /2§+V>\(0z A x) (3.44)
oK Csef
%(a, AT, V) = ;ipj((xz)) Mz + o0 (2|z]) + O (£%|¢]) + Vil A, ). (3.45)
Therefore, (2.24), (3.44) and (3.45) imply
0K
—(a, A\, z,7) = O (|]p| +£%), (3.46)
Oa
0K n—6
Sx(@he,0) = 0 (¥ (o] +|¢l) + 7 ) (3.47)
oK 2n-6
S(@n,2,9) = 0 (o] + 1] + fa) +7 ). (3.48)
and the estimate of ||v|| given in Proposition 2.1 becomes
loll = 0 (2 (ifn < 12), &*[logef*/* (ifn = 12), & (ifn > 12)). (3.49)
Now we need to estimate the numbers A, B, C, ..., C, which were determined by
equation (E,) defined in (2.8) . For this purpose we take the scalar product in H(€2) (see
(2.6)) of equation ([, with respectively Pd, & ap % and ap 9 i=1,...,n. Thus we obtain
a quasi-diagonal system of linear equations in A B Cl, .. ,Cn, Whose coefficients are
given by
1P =1+ 0 (=0) » (55 952) =0 ()
aPs dP§ 9Ps
(Po.52) =0 (), (38 852) =2V + 0 (), (350)
apPs ops||” _ 1
(Poe) =0 (). |5 = 0 ().

where c;’s are positive constants and d;; is the Kronecker symbol.
The right hand side is given by
oK oK 0K 0P 10K 0K 0P¢ 190K
_— P5 = — B — = — —" e — =
<8v7 > oo’ <8v’8)\> a ON’ <8v’8xi>

« 0x;
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Then using (3.46),..., (3.51) the solution of the system in A, B, C1, ..., C,, shows that

A=0(|p|+¢?)
B =0 (e (|o| + lg) + £ 7)) (3.52)
C; = o(gﬁ(|p|+|g|+|x|)+s%f), fori=1,...,n.

Now, a simple computation shows that

0?Ps 1 0%P§ || O?P§
) HWH =0 ()\2) ’ Ha)\axz o), (@) Haxiafj H = 0.

It follows that

0K aQP(S)\,z 9? P5)\z |B|

oy @A) = /QA(B N2 +;CJ 970z, Jav=0((3 +Z|O| )
(3.53)

and

0K _ 0?P6y , 0?Péy »

axi(a,/\,m,v):/QA(B e +;c]a]axi) (|B|+)\2;C| =)
(3.54)

fort=1,...,n.

Combmmg (2.24), (3.44), (3.45), (3.49), (3.53) and (3.54) together with the estimates
of A, B,CY,...,C,, we conclude that the system of equations (E, ), (E\), (Ey,) given by
(2.8) is equivalent to

p="Vi(e, p, & @)
§=Vale, p, & @) (3.55)
r = ‘/3(57 P, Ev l‘),

where V7, V5 and V3 are some continuous functions satisfying the estimates
Vi=0(p" +¢°)
Vo = O(|p| + € + [af? +¥Y)
Vs = O(lp| + [¢] + |2* + &>/ =),

Thus by the Brouwer’s fixed point theorem, the system (3.55) has a solution (p, &, z2)
for € small enough such that

pe=0(?), & =0 ), o =0 D).

By construction
Ue = aspéxs,)\e + Ve + Ef
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5.);(1‘5)
azp(ze)

with o. = ¢p — pe, /\(,,L,14)/2 = (1+&.) and De = Ve o, 2. 2. is @ solution of (Q.).

And one easily checks that
|Auc]® — Sn/25o7 |ue [Pt — S"/Zéo, as e — 0.

To complete the proof of Theorem 1.1, it only remains to prove that if f > 0, then u. > 0
on €. For this purpose we will argue as in [8].

Since f > 0, using the maximum principle we derive f > 0, and therefore |u_ | < |ve|,
where uZ = max(0, —uy). It follows that (u_ )("+4)/(n=4) ¢ [27/(n+4) et us introduce
w satisfying

AQw — —(u;)("+4)/("_4), w= Aw =0. (356)

Using a regularity argument, we derive that w € H2(Q) N H}(2). Furthermore, by the
maximum principle w < 0. Multiplying equation (3.56) by w and integrating on €2, we
obtain

—\(n n— — 4 —4
]2 = /Q Awa = — /Q (uZ )P =D < el | D

so that we have either ||w|| = 0 and it follows u_ = 0 or ||w|| # 0 and therefore

lwll < efug [p2nn-

Now, in view of the fact that @i, = . P, . + 7 is a solution of (QE) for £ small enough.
We have

/AszIE:/wAQfLE:/w|115+5f|8/("_4)(12€+€f)
Q Q Q

_ / (0= )+ (0=) 4 / () )/ (=),
ue <0

ue >0

< —/ (uZ )/ =Dy, (since w < 0)
u:<0

< —/(u;)("+4)/(n74)w = / Awaw = ||w]?. (3.58)
Q Q

On the other hand, since u. < u., we derive
/ Awi, = — / (uy )t/ (=D > / (uz )2/ (=9, (3.59)
Q Q Q

From (3.57), (3.58) and (3.59), we deduce

—2n/(n—4) 2 —12(n+4)/(n—4)
|ua |L2n/(n—4) S H’LU” S C|u5 ‘L2n/(n—4) .
Now since, for e sufficiently small, |u_ |;2n/(n—s) is small enough, we derive a contradic-
tion, and the case ||w|| # 0 cannot occur. Therefore u_ = 0 on €2, and applying the strong
maximum principle we derive u. > 0.
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4 Proof of Theorem 1.2

Our aim in this section is to show that for £ small enough, problem (). ) has at least p
solutions, where p is the Ljusternik-Schnirelman category of 2. We will use the same
framework and notations as in Section 2. The method consists in looking for critical points
of the functional J by successive optimizations of K, with respect to the different param-
eters o, A,z and v. We assume that z € Qg := {y € Q /d(y,0Q) > d}, where d is a
positive constant. We proceed in three steps:

Step 1. Optimization with respect to v. Arguing as in section 2 and using the implicit
function theorem, we see that there exists a Cz-map which to each (a, A, x), such that
la — ¢co| < no, Ad(x,00) > ngl with 79 small, associates 7 = v, 3> € E) , such that
(E,) of (2.8) is satisfied. Moreover v satisfies the estimate of Proposition 2.1.

Step 2. Optimization with respect to a and A. Given x € )4, we have to find o and A
such that

da ov ? da
(4.60)
oK oK 9m\ _
o (53 =0
Taking the derivatives, with respect to « and A, of the equalities
oPs oPés
Ps T, =N =0, j=1,...,
<’U > < 8)\ > <’U7 8.13_7 > Y j I n
and using the fact that ¥ satisfies (E, ), we see that system (4.60) is equivalent to
oK _
5. =0
(4.61)

oK 2°P§ — 2°P§

o =B >+Zg 1 Cj <8)\81]’ 7).
The expansions of aK and 2K Sy are given by (2.24) and (2.25). On the other hand, one can
easily verify that

0°Ps 1 | 9P
H N2 H =0(%): @) Haxasz = 0.
Then making the change of variable
1 el 1 B
)\(n—4)/2 - OZQO(IE) (1 + 5)7 ‘§| < 5 and a = Co— P (462)

and arguing as in Section 3, we see that system (4.61) is equivalent to

p=Vp&z)
4.63
{5=W<s>p,£,x), (4.63)
where V and W are some C* functions, which satisfy the estimates
V =0(p*+¢?)

W =0(|p| + & + |z|* + ¥/ =1,
‘We have
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Proposition 4.1 There exists a C* map, which to x € Qg associates (a, \), such
that (4.60) is satisfied, where o, and N\, are defined by (4.62). Moreover, p, =
O(€?) and &, = O(e¥/ (=),

Proof. Using Brouwer’s fixed point theorem, the existence of the map = — (c, \;) fol-
lows from (4.63). We need to prove that it is a C' map. By using the implicit function
theorem, it suffices to show that the point (a, A, ), for z € Q4 being fixed, is a nondegen-
erate critical point of the C? map

K,:M,—R
(o, A) — K(a, A, 2,0)

where M, = {(a,\) € R x R%, |a — ¢o| < 1o, Ad(x,0Q) > ny'}. Then, we have just
to prove that the determinant of the matrix

8°K, 8°K,
Oa? BETN
(4.64)
K, 9’°K,
OX0a  OAZ
is nonzero for (a, A\) = (g, A, ). We have
0K, 0K 0K, 0K 0K o7,
da  Ba’ O O\ v’ O\
Therefore
2 2 2 _
880{{2$ = %ofg + <£38a§('u’ %>
K, _ O0°K ’K 9v
OadX — Oad <8a6v7 ﬁ> (465)

*K, 9’K K 9t 0K 8%w
o = oz T 2ox00 ox) + (G0 axe)-

First let us estimate the scalar products in H({2) := H?(Q)N H} () which occur in (4.65).

Since g{igy is orthogonal to E , and g—z is in ) ,, we have
0’K 0Ov
— —)=0. 4.66
<8a8v’ 8a> ( )
We write
v OP5 <~ OPS
— = Py +b—— i —— 4.
oy = Wi +aPi+ b +i:1c oo (4.67)

withwy € Ey 4, a,b, ¢; € R. Furthermore if we take the scalar product in H(€2) of (4.67)

with respectively P4, aa}i\‘s, %, j = 1,...,n we get a quasi-diagonal linear system in
J
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a, b, ¢;, whose coefficients are given by (3.50) and the left side by

Ju Pé

Gy PO =~ 55 =0
ov oPs.__ _ 0*Ps. |7
v an ! = e =)
ov OPs,  ,_ O*PS

(

where we have used the facts that H 5 )1\326

1 82 P§
= 1z ) and
O( 2 ‘ ‘ 8)\6$7

= O(1). The solution
of this system then yields

a=0(). v=o(m). e=o(lT) (1.68)

Let us estimate ||w ||. From (2.8) we have

n

O 4 (a2 (japrta) = AP5+B@ +ZC oro

o (4.69)

where & = aP§ 4+ T 4 ¢ f and (A2)~'(g) denotes the solution of
A%p=¢ginQ; =AY =0 on .

Differentiating (4.69) with respect to A and taking the scalar product with w; in H(2), we
obtain

~ oP6 Ov
2 _ I p—1( ~“7 7 -
/Q|Aw1\ p/ laP§+v+efP~H (a N +m)
a P(S 92Ps
:B/Q e Aw1+20/ A5 g5) A (4.70)

We recall that at the point (., A\z) = (¢o — pz, Az), we have

1 ef) _ _ -
I = (e LT e pr =0, & =0, (4.71)

Then, a computation using (4.70), (2.11), (2.14) and (3.52) shows that
lwi ]| = O (/=Y a])). (4.72)

In the same way, we prove that

|52] = o). @73)
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Then using (4.67), (4.68), (4.71), (4.72) and (4.73) a computation shows that

02K 0t ot ov ., 01

[t N p—1 i i

{5ad0 2 /Aaa o™ /'O‘P‘””“f' (Po+5.)5n
= 0(e*/"=Y|1v]?) (4.74)

and

021( 81} oPs v, Ov

_ p—1 N2

v /| | p/'“m”“f' 5%+ ox)an
=0 |5)?). (4.75)

Lastly, we write

9%% , OPs oPs
ooz = w2 TA PO E ) G

i=1

(4.76)

with we € Ej 5, a/,0, ¢, € R. We take the scalar product of (4.76) with respectively

Pé, 681;5, 861:5, j =1,...,n. On the left side we have
0*v v 0P) 9?P§
PS) = —9 _ 4/(n—4) || 4.77
(0 PO =20 00 5, T = oIl @)
since € Ey 4, || 8;;\32‘5 | = O(55) and using (4.67), (4.68) and (3.50). In the same way,
using also (4.72), ||a>\P‘S I =001), |5E]=0(35), and || 55|l = O(5), we get
0%v OPs o 9*Ps D3PS 6
el Y il G - /(n=4) 15 4
o == O — @, S =0 Il (@T)
&?v OPs o 9*Ps 83P5 9
el W, ¥ Al = /(n—4) |7 4

On the right side we use again (3.50), and from the linear system that we obtain, we derive
d = 0", v =0E ")), ¢ =0@E"Y|)). (4.80)

From (4.69), (4.76), (4.80), (3.50) and (3.52) we find

0K 0%T e ned) /() ||
(G g3z) = O((pPet/ =0 4 o=/ =) ). (4.81)

Coming back to (4.65), It only remains to estimate the second derivatives of K with respect
to o and A. Using (4.71), a computation shows

82

=i+ 0pl +&Y (452
2

IR (een-0)/m-) (4.83)

OaO
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2K (f(‘r))(2n*4)/(n*4)

1
e = (o))

where C1 and CY, are positive constants which depend on n only. Then using (4.65), (4.66),

(4.74), (4.75), (4.81)...., (4.84) together with (3.49) we can compute the determinant of
the matrix (4.64), and we prove that it is equal to

e@n=1)/(n=4) | O(2n/(n=1)) (4.84)

e (2n—4)/(n—4)
Cicé (f(m)) T E(Qn—4)/(n—4) + O(€2n/(n—4)).
(@)

This ends the proof of proposition 4.1.
Step 3.Optimization with respect to x. We consider the following C'* map K defined
on Qg :={x € Q|d(z,00) > d} by

’C(l‘) = K(awa)‘wvxvﬁw) = J(O‘wpékm,;c +@JJ)'

As H(z,z) ~ ¢/d"* as d = d(z,00) — 0, it follows from proposition 2.3 that, for d
and € small enough, there exists ¢ such that the level set

Ke:={z€Qy/K(x) <c}
satisfies
Doy C K. C Qq.

Now we will apply the Ljusternik-Schnirelman theory to the function K defined on K. For
this we need to prove that the gradient of —K is pointing inward on the boundary of /..
Using proposition4.1 we have

oK _ 0K 0K

Tm(az,)\m,x,vx) = %(ax,)\z,x,@z)+<%(az,)\m,x,ﬁx), %>, fori=1,...,n.

The expansion of %—Ix{(aaj, Az, X, Uy ) is given by (2.26), and it is easy to obtain

) n 2
et =2 et) - 36 )

=1

= o((B1+ 3¢5 el

since Hgigj,- | = O(1) and Ha‘zigjj | = O(A\?). Therefore (2.26), (3.52), (4.71) and
proposition 2.1 show that
2 7 1
oy (¥ (@) aef'(x)
K (@) = Cs ot~ 30md )+ Valaw, A 2) (4.85)

where V), is a continuous function which satisfies the same estimate as V,;, given by (2.29).
It follows

oK C ) of
o (0) = V(e = s (g ) — 212

N2 g, o, )Jerm.
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Here n,, is the outward normal to 0€), at the point z.

Now, since d¢/On, ~ c¢/d"~3 as d = d(z,0Q) — 0, one has dp/dn, > 0 for d
small enough. We have also by Hopf Lemma 0 f /On, < 0. Therefore we deduce that the
gradient of —/C is pointing inward on the boundary of IC.. Then applying the Ljusternik-
Shnirelman theory to the function K defined on ., we conclude that C has at least as
many critical points in {24 as the category of /IC.. Moreover, since 2 is smooth, we have for
d small enough

Cat(K.) = Cat(K.,K.) > Cat(Qaq4,Q) = Cat(Q,Q) = Cat(Q).
Thus, there exist at least p = Cat(£2) distinct points x1, . . . , z, of  such that £’ (x;) = 0.

Consequently, the functions «; Pé, Ao, TV, 1 <4 < pare critical points of J. It follows

that u; = aiPémi’,\zi +Uy, +5f, 1 <4 < pare solutions of (Q).). Proceeding as in Section
3 these solutions are positive. By construction, each of them concentrates at a point of {2 as
€ goes to zero. Using (4.85) and Proposition 4.1, it is easy to see that for each i = 1, ..., p,
T; = lim._,g z; is a critical point of f /+/%- Thereby, Theorem 1.2 is proved.

Remark 4.1 We believe the results of theorems 1.1, 1.2 and 1.3 to be true for n = 5.
More careful estimate of the function v., defined in proposition 2.1, should include
the case n = 5.

5 Proof of Theorem 1.4

Making the change of variable in (R,)
u=u-+e f ,

we are led to consider the equivalent problem

() A2 = |a+efP Y a+ef) +e(a+ef) inQ
€ At =1u= on 0.

We will use the same framework and notations as in section 2 and 3. We look for solutions
of the form
aPdg \+v

U=
where o — ¢q (cg is defined by (1.2)),  — 29 € Q, A — 400, v € Ej , with |[v]| — 0,
ase — 0.
For € > 0, we define on H(Q2) = H?(Q) N H}(Q) the functional

J(ﬁ):%/Q|Aﬂ|2—1%/g|ﬂ+5f|p“—%/Q(ﬁ—i-af)Q

whose critical points are solutions of (R.). We define also the functional

K:M — R
(a, \,z,v) +—  J(aPdyx+v).
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Then (o, A\, z,v) € M is a critical point of K if and only if & = aPd, » + v is a critical
point of .J. That means there exists (A, B,C; ..., C,,) € R"2 such that the system (2.8)

is satisfied. We have

Proposition 5.1 There exist 1 > 0, T1 > 0 and a C' map which to any (e, a, \, )
in (0,e1) x R x RY x Q with Ad > T, associates U = ve oz 2 € Exq such that (E,)
of (2.8) is satisfied for some (A, B,Cy,...,Cy) € R"™2. Such a v is unique and

minimizes K (a, A\, z,v) with respect to v € Ey ,. Moreover

o) +/ — +f;2 ifn < 12

2/3 2/3
ol < ¢ § Uoslde™ y sUosD™ yer jfp =12
W + % + &P ifn>12

where C is a positive constant independent of ¢ and d = d(x,090).

The proof is the same as the one of proposition 2.1 and will be omitted. Now combining

the estimates that we obtain in proposition 2.2 with other in [15], we obtain

oK _ cae

%(m)\,x,v) =Cup — XS + Vi, A, )

0K _ acf(x)  2ccoas  oPp(x) 1

oy (@A) = C*(A(H)/z T N s ) + Vil 2)

0K _
%(m)\?x,v) = C’z<

a?¢'(x)  acf'(z)
oAn—4  \(n—4)/2

) + Vi, A, )

(5.86)

(5.87)

(5.88)

where C,, C = %7402/ (n—4) Jan 5(({?4)/ ("=4) and C, are positive constants which de-
pend on 7 only, ¢ is defined by (1.2), ¢ = [, 63, and V,}, V), V! are smooth functions

which verify

1 2 1 € e? p+1
Va(a,)\,x)20<p +W+)\n?+ﬁ+€ )

1 _ [ Elrl 1 lp| elpl

V)\ (Oé, )\7 l‘) - O( A5 + An—1lgn—2 + An—3qn—4 + /\7";2
€ gptl g2 g2 €

FaEat ottt i)

1 lp| elp| £
1 _ +1
Vi(a, \, z) = O( 2T + N ign 8 + e + N2 + AP
2

elog Ad N g2 N € L€ )
A2 ge A3 An—ign=3 T ngt
If (n —2)/2 < 5,i.e. n < 12, we have

T =olwtam) w5 =o (e

(5.89)

(5.90)

(5.91)
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Therefore (5.86),(5.87) and (5.88) become similar to (2.24), (2.25) and (2.26). Note that
other terms appear in V! (o, A\, z), Vil (o, A, z) and V} (v, A, ). Those terms will modify
the estimates of (2.27), (2.28) and (2.29) but, we obtain other estimates which do not
change the argument used in Section 3. Thus (7) follows.

Regarding claim (i7), since o = 0 is a critical point of f with f(0) = 0, we have

f(x) = F(0) +O(j]*) = O(|z*) 5 f'(x) = Hessf(0)x + O(|z]*).
Now making the change of variable

1 _ CCo 1
An—8 - 60)\044,0(‘@) (1 + 5)7 |£‘ < 57 (592)

and using the fact that n = 10, 11, equations (5.86),(5.87) and (5.88) become

K
g—a(a, Az, 0) =Cqup+ O(,o2 +e%2(if n = 10) 4+ e'¥/%(if n = 11))
0K aE _
(@A, 2,7) = A5(—c£+ 0= (P + 1o + =)
0K —ae P
%(a, \Z,0) = N (cHessf(O):r +O(Jz|* + |p| +573)>.

where Y1 = 1/2, Yo = 1/3, Y3 = 1/3 if n = 10 and Y1 = 1/6, Yo = 1/2, Y3 = 1/6 if
n = 11.

Using the following change of variables © = £7/2x;, p = &7 p; and arguing as in
Section 3, (i%) follows.

If (n —2)/2 = 5, ie. n = 12, a simple computation shows that %—iﬂ = 1, then the
expansion (5.87) becomes

0K f 1/2 2
O fah ) = 0y (L2, TRy o .

Hence arguing as in Section 3, (i) follows.
If (n —2)/2 > 5,i.e. n > 12, we have ;(‘#gf/)z = 0(5%). Then (5.87) becomes
0K 2

L ccoae  afp(x) € 1
a(a,)\,x,v)—C)\(C—/\ﬁf -3 ) +O(W) +V)\ (CM,)\7£L').

Assume that x is a nondegenerate critical point of ¢. Without loss of generality we will
assume that zo = 0. Since ¢'(x) ~ cd(x, dQ)3~™ for z close to the boundary of (2, one
can see that there exists dy > 0 such that d(z, dQ) > dg for = near 0. We have for = in a
neighborhood of 0 in )

p(z) = 9(0) +0(z[*) : ¢'(z) = Hessp(0)a + O(|jz]?).
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Then taking the change of variable defined by (5.92), we derive
0K

e —(a, A\, z,7) Cap—l—O(p + )\n T+ /\f I +F+Ep+1)
%—I;(a,)\w,ﬁ) =— %%

I B
%—Ix{(a, A, 2,7) :20/\1?1 Hessp(0)x

A E )

Now arguing as in Section 3, (iv) follows.
To complete the proof of the theorem, it only remains to show that if f > 0, the
solutions constructed in each previous case are positive functions. For this purpose we

proceed in the same way as in section 3 and the proof of theorem 1.4 is thereby complete.
|

6 Appendix

In this appendix, we collect some estimates used in the paper. These estimates were orig-
inally introduced by Bahri [2] for the case of the Laplace operator. In this appendix, we
suppose that Ad(x, 9Q) is large enough. We have

Proposition 6.1 [9] Let n > 5. For x € Q, A > 0 and @z \ = 6,1 — Pdz x, we have
the following estimates :

H(x,.
(Cl) 0 S Px X S 5.’1),)\? (b) Pz, = Co )\( ) + f.l/ Ay

where ¢y is defined by (1.2) and fz x satisfies

1 af:r/\ 1 1 6fac A 1
x - O n 9 )\ - = O [ 9 N ’ = O 2 )
fon (Azd”—Q) O (Aadn—2> A Oz </\”§dn—1>

where d is the distance d(x,00).

1 a@xk 1
. =O0(—5=): | = O( =5t )
(C) |§0 A L" . ((Ad)T) | |Ln—4 <()\d) ) )
1 10p. 2 1
T =0 T o n-4)» BN ’ 2, = O0(——=5 n=2 /"
@zl (()\d)T) N or s ((Ad) > )

Using proposition 6.1, a computation similar to the one performed in [2] and [20] allows
us to state the following
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Proposition 6.2 We have

An— 3 A\n—1gn—2
8P§ 41, n—4H(z, ) 1
/(aPé)paﬁ (n—4)aP"J, 5 3 +0 Ign2
Al 1
APS? =ch 'S, — T H ViV
fjlarse =a-ts, - Bt +o (e
2n 1
psyptl =g, - =L g S
oyt =5, 2t e +0 (s )
where Jp, = [g.. 6(()?’1+4)/(n_4), and cq is defined by (1.2).
Proposition 6.3
_10P - n—4 f(x) €
p—1 E—
p/g(m) ox =T e O </\(n+2)/2d2)' (6.93)
5 In oz log(Ad) 1
PF_
| rei= oo o (kg ) +0 (omam) - 09
Proof. To prove Claim (6.94), since | f|oo is bounded, it is easy to see that
~ 1
)
fon P77 =0 (i) 699

where B, denotes the ball of center © and radius d.
In the ball By, expanding f around x and using Proposition 6.1, we find

Jn log(Ad 1
/dea [ )+O(M)+O<W>. (6.96)

Hence, (6.95) and (6.96) imply Claim (6.94).
The proof of Claim (6.93) is similar to the proof of Claim (6.94). So we omitit. O
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