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Abstract

This article is concerned with the regularity of the entropy solution of

—div (Jz|"?|VulP™2Vu) = f(z) inQ,
u = 0 on 0f),

where € is a smooth bounded domain € of RY suchthat 0 € ©, 1 < p < N, and
v < (N =p)/p. Assuming f € LI(Q, |z|*9~Vdz) for some ¢ > 1 and Nyp/(N —p) <
a < (y + 1)p, we obtain estimates for the entropy solution w and its weak gradient in
Lebesgue spaces with weights. Moreover, we introduce some explicit examples showing
the optimality of our results and a relation between our problem and a Hardy-Sobolev type
inequality.

2000 Mathematics Subject Classification. 35D05, 35D10, 35120, 35J25, 35170, 46E35.
Key words. Quasi-linear elliptic equations, degenerate and singular equations, Caffarelli-Kohn-Nirenberg inequalities, apriori

estimates

1 Introduction.

Let © be a smooth bounded domain of R such that 0 € €. Let 1 < p < N and
—00 < v < (N — p)/p. We consider the quasilinear elliptic problem

{—div(xl_wlvup_gvu) = fl®) i, (1.1)

u = 0 on 0f).

Throughout the paper we assume that f belongs to the Banach space

(€2, || - lla,q)» for some g and « satisfying
N
qg>1 and Niipp <a<(y+1)p, (1.2)
where
ELQ) = {f: |x|*f € LY |z|~%dx)} = LI, |z|*7Vda)
and

I £ll(asq) = [1flLa(@,jz)eta—1 da)-

Problem (1.1) and assumption (1.2) are related with the following Hardy-Sobolev inequal-
ity which is an immediate consequence of some well known Caffarelli-Kohn-Nirenberg
inequalities (see [8]).

Lemma 1.1 Let r > 1 and a,y € R such that « < N and v < (N —r)/r. Let

. (N —a)r
TN -G
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There exists a positive constant D depending only on the parameters and indepen-
dent of Q0 such that

1

. 1/7-:;,7 [
([1oroteiar) " < ( [ 1vefial ) (13
Q Q

for all ¢ € C§°(Q) if and only if

(N —r)a
a—1<gr < ————.

We note that for o, v = 0 the previous inequality reduces to the classical Sobolev
inequality. For « = (7 + 1)r one obtains the Hardy-Sobolev inequality (if in addition
v = 0 and r = 2 one has the classical Hardy inequality). In the last section of this paper
we give some examples related to these inequalities and problem (1.1).

The energy setting for problem (1.1) is the weighted Sobolev space Déz(Q) which is
defined as the completion of C5°(£), with respect to the norm

1/p
o= ([ el e as)
Q

However, this variational setting requires that the right-hand side f to be in the dual space
D:}Y’p (Q) of D} 7(€2). Under this requirement it is easy to obtain the existence and unique-

1]

ness of a weak energy solution u € D(l),’:(Q) using the classical results developed in the
sixties by Browder and Minty (see [15]). By a weak energy solution of (1.1) we mean a

function u € D(l)g(ﬂ) such that

/ |Vu|P~2Vu - V¢ || Pdx = / fodx for all ¢ € C3°(Q).
Q Q

As a consequence of Lemma 1.1 we have that £4(Q) C D:i’p l () for all

(N —a)p an
p—)N+(y+1-a)p N-p

v

q g::( <a<(y+1)p (1.4)

(see Lemma 2.3 below). Therefore, if f € Ei‘i (€2), with « and ¢ satisfying (1.4), then there

exists a unique weak energy solution u € Dy’* (Q) of (1.1).

Remark 1.1 The regularity theory of finite energy solutions of elliptic equations in
divergence form, has been investigated by brilliant mathematicians of XX century.
The first works by De Giorgi in 1957, [10], and Nash in 1958, [18]. Later, appeared
the papers by Moser [16], [17] with different proofs. Some more relevant results
were given by Stampacchia, Ladyzhenskaya-Ural’tseva, Serrin, etc.

Closer to the result of regularity that we will proved here, there are the C*
regularity results studied obtained in [12] for the linear case: p = 2, —c0 < v <
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(N —2)/2, and in [9] for the nonlinear case: 1 < p < N, —oo < v < (N —p)/p,
where, among other results, is proved that if f satisfies

L/uvm%%“*wx<m
Q

for some r > N/p, then u € L>(Q) and moreover, u € C*(Q) for some 0 < k < 1.
Observe that the previous L result is covered in Theorem 1.1 (i) below.

For f ¢ D:}y’p / (©2) problem (1.1) does not admit any weak energy solution. However
there exists a new framework for which problem (1.1) is solvable. More precisely, defining
the truncation function 7} by

Ti(s) := max {—t,min{¢,s}}, s€R,

we say that a measurable function  is an entropy solution of (1.1) if T} (u) € Dé:g(Q), for
every t > 0, and

/ |VulP2Vu - VTi(u — v) |2| "Pdr = / fTi(u—v)dx (1.5)
Q Q

for every ¢t > 0 and for every v € Dé:g(Q) N L°(£2). We note that a measurable function

u such that Ty (u) € Dé:,’;(Q), for every t > 0, does not necessarily belong to W, ().
However, it is possible to define its weak gradient (see Lemma 2.4), still denoted by Vu.

Bénilan et al. [3] introduced this notion of solution to problem (1.1) for v = 0 and
f € LY(Q). They proved the existence and uniqueness of an entropy solution to problem
(1.1). Recently, Peral and one of the authors [1] extended these results to every v <
(N — p)/p. Therefore, we may assume the existence of a unique entropy solution to (1.1),
since £4(Q2) C L'(Q) for all « and g satisfying (1.2). Our main purpose here is to study
the regularity of such a solution.

The first result that we prove concerns the regularity of the entropy solution in some
appropriate Lebesgue spaces with weights.

Theorem 1.1 Assume f € E1(QY) for some « and q satisfying (1.2). Let
(p— DN —a)g
N-a-(yp+p-a)

There ezists a positive constant C, depending on N, «, v, and p such that if u is
the entropy solution of (1.1), then the following assertions hold:
) Ifa<(y+1pandqg> (N —a)/(yp+p— ), then u € L>®(Q). Moreover,

1918 :=/|x\_°‘dx and ry:= (1.6)
Q

_1
lulloe < ClFIZL Q1™ (<r0).

(i) fa<(y+1Dpand q= (N —a)/(yp+p — ), then u € L"(Q, |z|*dx) for
all 1 <r < +o00. Moreover,

(/ " |xo‘da:> "<l
Q

1

f||("(?1) forall1 <r < +o0.

1
P
a
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(iii) If either a = (y+ Dp ora< (y+1)p and 1 < g < (N —a)/(yp+p — @),
then |u|” € L*(Q, |z|~%dz) for all 0 < r < ry. Moreover,

v 11 a1
</ |u|” |m"dx> <C|19s ™ Hf||(”oj;) for all 0 <1 <1y,
o ;
where in this case the constant C' depends also on q.

In order to prove this theorem we take an adequate test function in the entropy condition
(1.5). Then, using the Hardy-Sobolev inequality (1.3) with = 1, we obtain a differen-
tial inequality for the distribution function of u with weight |z|~“. Finally, solving this
inequality in the different cases of the theorem, we prove the result. This kind of argument
was used by Talenti [19] to obtain some a priori estimates for weak energy solutions when
«a = v = 0. Recently, Grenon [13] and Alvino et al [2] proved Theorem 1.1 forao =~y =0
in a similar way.

Our next result concerns the regularity of the weak gradient of the entropy solution u of
(1.1) when 1 < ¢ < G. As we said above, if ¢ > § then there exists a weak energy solution
u € Dé:g(Q). In this last case, higher integrability results are known for the gradient of u
when o« = v = 0 (see [11] and [14]). However, to our knowledge, the techniques used here
do not apply in this case.

Theorem 1.2 Let § be defined in (1.4) and

N —«
p—D(N—-a)+v+1-a/p

G:=

Assume f € EL(Q) for some o and q satisfying (1.2). If u is the entropy solution
of (1.1) then we have:

(i) If max{1,q} < g < g thenu € Dé:gz (Q), where

_ (=1 -0a) —y X2
TQ'iN—oz—(v—l—l—a/p)q and ﬂ.—'y+r2 p (1.7)

In particular, uw € L™ (Q, |x|~*dx), where ry is defined in (1.6).
(ii) If 1 < ¢ < max{1,qG} then there exists a constant independent of u such that

/ (Vu|" 2|~ 05 2)"de < O for all 0 < r < ry.
Q

Part (i) extends the regularity results by Boccardo and Gallouét [4, 5] for « = v = 0.
We prove the general case in a similar way, but using the Hardy-Sobolev inequality (1.3)
instead of the classical Sobolev inequality. Alvino et al [2] proved part (ii) (and also part
(1)) for & = v = 0. The proof in the general case uses the estimates obtained, in order to
prove Theorem 1.1, for the distribution function of u with weight |z|~¢.
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Remark 1.2 First, we note that the last assertion in Theorem 1.2(i) is an immediate
consequence of Lemma 1.1 with r = r and replacing v by 3, since

(N —a)ry
N —(B+1)ry

T =

and all the assumptions in the lemma hold by (1.2). On the other hand, if ¢ = ¢
then 7 = p and =, and for ¢ = gone has r =1 and § =~y — a/p’.

Now, we make some comments about the critical case @ = vp + p. By The-
orem 1.1, if f € £%4(), for some ¢ > 1, then |u|” € LY(Q,|x|~%dx) for all
r < ry = (p—1)g. In particular, if ¢ = 400 we obtain |u|” € LY(Q, |z|~%dz)
for all 1 < g < +00. However, in this special case it remains open to prove that u is
a bounded solution. Finally, under the assumptions of Theorem 1.2, one has that
r1 = r9 whenever a = vp + p, and hence, we obtain |z|"|Vu|" € L}(Q, |z|~*dz) for
all < (p—1)q.

The paper is organized as follows. In section 2 we give the necessary tools to prove our
results. Section 3 concerns to the proof of Theorem 1.2. In section 4 we prove Theorem
1.2. Finally, section 5 deals with some explicit examples which show the optimality of our
results and the relation between problem (1.1) and the Hardy-Sobolev inequality (1.3).

2 Preliminaries
We start this section recalling the Caffarelli-Kohn—Nirenberg inequalities (see [8]).

Lemma 2.1 Let p, q, r, B, 0, v, and a be real constants such that p, ¢ > 1, r > 0,
0<a<1, and

1 a1 v 1 p
ETC N T A ST AN
R A AR R

where o = ao + (1 —a)B. There exists a positive constant C, depending only on the
parameters, such that the following inequality holds for all ¢ € Cé’o(ZRN):

‘ I "

if and only if the following relations hold:

O A M)

0<~y—0o if a>0,

< C|laP 19|

lafs]

L7 (RN) Lr(RN) ’ La(RN)

and

y—o<1 4f a>0 and
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As we said in the introduction, Lemma 1.1 is an immediate consequence of Lemma 2.1
and hence we omit its proof. We write Lemma 1.1 for » = 1 since it will be a key point in
the proof of most of our results.

Lemma 2.2 Let o,y € R such that « < N and v < N — 1. There exists a positive
constant D, depending only on the parameters, such that

N—(y+1)
N

( / |¢Niv<v3‘-n|x|-adx) T < [ 9ol (2.8)
Q Q

for all ¢ € C°(Q), if and only if
a—1<~v<

(N -1Da
-

Another consequence of Lemma 1.1 is the following inclusion.

Lemma 2.3 £1(Q2) C D:}Y’p/ (Q) for all

(N —a)p .
p—1)N+(y+1—a)p N—p

q=>q=
(

Proof. Since £4(Q) C £7(Q) forall 1 < r < g we may assume f € £(Q). Using Holder
inequality, Lemma 1.1 (with » = p), and noting that
(jl q (N — Oz)p

i-1 N-(+bp P

we obtain

1/q
Sl | [ 101 x| da < f i@l
Q

=

for all ¢ € C§°(€2). We conclude the proof by a standard density argument. B

As we said in the introduction, a measurable function u such that T3 (u) € Déjf’/ (Q), for

all t > 0, does not necessarily belong to W' (€2), nor to L*(£2). However, it is possible
to define its weak gradient as the unique function v satisfying condition (2.10) below. The
weak gradient of w is still denoted by Vu. The following result, proved in [1], introduces
this notion.

Lemma 2.4 If u is a measurable function such that Ti(u) € Dé:g(Q), forallt >0,
then there exists a unique measurable function v : @ — RN such that

VTiu = vX{u<y fora.e. x€Q and for allt >0, (2.10)

where xg denotes the characteristic function of a measurable set E.
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Finally, taking a suitable test function in the entropy condition (1.5) we obtain the following
useful inequality.

Lemma 2.5 Assume that u is the entropy solution of (1.1). Then
1
3 Vul? o Pz < [ f@)] de

t {s<|u|<s+t} {lu|>s}

for all s, t > 0.

Proof. The result follows taking v = Ts(u) in the entropy condition (1.5). B

3 Estimates in Lebesgue spaces

In order to prove Theorem 1.1, first we obtain some estimates for the distribution function
of the entropy solution to problem (1.1). We obtain such estimates using Lemmas 2.2 and
2.5.

Lemma 3.1 Let a be any real number such that

N~p
N-—p

Assume v < (N —p)/p and f € EL(Q) for some q > 1. Consider u, the entropy
solution of (1.1), and let r1 be defined in (1.6), and

Vi(t) = / 2 da. (3.12)
{lu|>t}

<a<(y+1)p. (3.11)

There exists a positive constant C' depending only on N, a, 7y, and p such that the
following assertions hold:

(i) Ifa<(y+1pand qg> (N —a)/(yp+p — «a) then Vo (t) =0 for a.e.

1

>t = —n O £

Qo . (3.13)

(i) fa<(y+1pand q= (N —a)/(yp+p— «) then

t
Va(t) < Qa exp | —————— for a.e. t > 0.

1
o A1,
(iii) If eithera=(y+pora<(y+1)pand1 < g < (N —a)/(yp+p— @),
then
t

Val(t) < <A + B) for a.e. t >0,

where . )
A= and B:=rC"|f|7 "

(pa,q)'
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Proof. Let B :={s < |u| <s+t}fors,t>0,and
|Es t]a I:/ |z|~“dz.
{s<|u|<s+t}
From Lemma 2.5 and Holder inequality, we obtain
/ IVl ||~ Pde < ]| f](a.q) Va(s)/?  for all s, > 0. (3.14)

Sy

On the other hand, using Jensen inequality, we have

p
1 o a\\ P
— [Vul|z| 05+ dz | < \Vullz|~O0~%)) |z “da
|Es t|g¢ ! Es ¢ Eg ¢

for all s, ¢t > 0. From the last inequality and (3.14), we obtain

1 P (1 Estla \P71
(t [ vl o5 dx> <l Va0 (E2) as)
s,t

for all s, t > 0.
Let ¢ ; = T;(u — Tsu) and note that Vs ; = (Vu)x g, ,. By Lemma 2.2, we have

</ [ths,e|" |$_ad$>r < C/|V¢s,t||$|_(7_%+a) dx
@ Q
= o f 1l a
Bt

for all s, t > 0, where

N -« N~p

"TN_ma_,_ 1" N-p

P

<a<(v+1)p,

and C is a constant depending only on N, «, 7, and p. Therefore, using (3.15), we obtain

s " ]7) 4 Es « Pt
(o (5 ) =t e (55
{lul>s} \ ¢ ¢

for all s,t > 0. Letting £ — 0 we conclude that

Va(s)p/r < C’p||fH(a)q)Va(s)1/q, (—Vé(s))p_1 , fora.e. s>0,
and then .
’ —_— 1
1< CP | fll iy Val(s) T 77 (=V(s), for ae. s> 0, (3.16)

where

o (p-1((N-a)g

1 N-a-(p+p—a)
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Recall the assumption @ < (v + 1)p < N. We study the following different cases:
I.LIfa< (y+1)pandg > (N —a)/(yp+p—«),ie., r1 <0, then integrating (3.16)
in (0,t) we get
’ % 7% _ 1
t<—rCP ||f||g;;)(lﬂ\a V(1) n).
We conclude that V,, () = 0 if ¢ > ¢*, where ¢* is defined in (3.13).

2. Ifa<(y+1)pandqg= (N —a)/(yp+p— «a),ie., 1/r;y =0, then we obtain the
assertion integrating (3.16) in (0, ¢).

3. Ifeithera = (y+ 1)pora < (y+1)pand ¢ < (N — ) /(yp+p—a),ie.,ry >0,
we conclude as in the previous cases. B

Remark 3.1 The constant C' that appear in Lemma 3.1 is the constant D in (2.8)
replacing v by v+ a — a/p. This explains the relation between (2.9) and (3.11).

Now, we prove Theorem 1.1 as an easy consequence of Lemma 3.1.

Proof of Theorem 1.1. Part (i) follows directly from Lemma 3.1(i). Parts (ii) and (iii)
follow from Lemma 3.1(ii)-(iii) by noting

/ lu|™ |z|”“dx = T/ sV, (s) ds.
Q

0

4 Estimates for the gradient

In this section we prove Theorem 1.2 using Lemma 2.5 and the estimates obtained in
Lemma 3.1.

Proof of Theorem 1.2. Let u be the entropy solution of (1.1) and let V,, be defined in
(3.12). From Lemma 2.5 and Holder inequality, we have

1 _ /

3 Val? el o< [ (@) do < [l Vol (217)
{s<|u|<s+t} {lul>s}

for all s, ¢ > 0. Letting ¢ \, 0 we obtain

d

ds /{I <s} Vul? 2|7 7dz < || fll(a.q Vals)/?, forae. s>0,

and integrating the last expression in (0, t) we get

t
[ Ve < Wl | Vol ds (4.15)
{lul<t} 0
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(i) Assume max{1,d} < ¢ < G. Let vy and r := 73 be defined in (1.6) and (1.7),
respectively, then 1 < r < p. Let
(p—r)a (P =717 s

6:=—— (=749, and s:=—-T""7—
pr r

where 17, ~++s 1s the critical Hardy-Sobolev exponent defined in Lemma 1.1.
We note that 0 < s < 1 and there exists a constant C' such that

—~ 1
—_— 1 - for all . 4.1
kz=0(1+k) <C(+n'"%), forallneN (4.19)

Let M € N and define v := Ths41(u). By Holder inequality, we obtain

_ Vu|p _ % _rs_ _ 17%
Vol |z|~Prdx < (/ |7 T mdm) (/ 1+ |v|)r=r|x O‘dz) . (4.20
/Ql "] Q(1+|v|)6|\ Q( |v]) 7= || (4.20)

Now, using (4.17), (4.19), and Holder inequality, we estimate the first integral on the right-
hand side of (4.20) as follows

|VolP _ M 1 _
s |27 dr < Z ashr |VolP |z| PV dx
Q (1+|U|) (L +k)* Jir<iul<kti}
M

+oo
fld
Z 1 + k Z /n<|u<n+1} v

M
1
= dx + / —— dx
Z /n<|u|<n+1} kz 1+ k ,%_,'_1 {n<|u|<n+1} kZO (1 + k)s
<> e yas S [ O bl e
nZ:O {n<ju|<n+1} " %_,'_1 {n<|ul<n+1}

sowm+céumwﬂm

1 , 7
Q|8 + (/ v|(t=*)a |x|_adx> 1 .
Q

Using this inequality in (4.20) and noting that (1 — s)q’ = 77, 5 = sr/(p — r), we obtain

/|Vv|" 2| =P dx
Q .
r BN L’ B -3
< ClfGag <|Q|,§ —i—(/ o] (1= ||~ ”‘d) ) (/(1 + |/U|)p—7‘|x|_adx>
Q Q
P

<Clflfng <1+/Q|v "o |x_0‘dx>

Finally, since

< C”f”(a,q)
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we obtain, by Hardy-Sobolev inequality (1.3), that

/ Vol |2] P de — / Vul” 2|~ dz < C for all M >0,
o {lul<M+1}

where C' > 0 is a constant independent of « and M. In particular, u € Dl s 5 ().
The last assertion of part (i) follows directly from (1.3).

(ii) Let 7y := pq/(r1 + ¢) and 75 := (py — )71 /p. Assume 1 < ¢ < ¢ and note that
—r1/q¢'+1>0.Sincea < (y+1)p < N and
N -«
p—1D(N—a)+(y+1)p—

¢<q=
(

we are under the assumptions of Lemma 3.1(iii). Therefore, using (4.18) and Lemma 3.1,
we estimate

/ t" x| "
{lz|=72|Vu|m1 >t}

T2 T1 p/T1
S/ i <|17| |VU| > ‘$|7Oédl‘—|-/ tr1|l‘|7ad.’13
{\xl’*ZIVu|71>t}ﬁ{\tUI<t} {lu|>t}

< ||fH<a,q>t“—f’/ﬁ/ Va(s)7 ds + 171V, 0
0

, B ¢
) id-1_ B (4t + "V, (¢
<1 fll(aq) 1—r1/q’< +B> v
<c.

In particular, |x|~™2"|Vu|"" € LY(Q, |z|~%dx) for all 0 < r < 71, or equivalently,

/ (V| |z|"0FF=9)"de < € forall 0 < r < rs.
Q

5 Examples and applications

In this section we introduce some examples showing the optimality of our results and the
relation in some sense between problem (1.1) and the Hardy-Sobolev inequality (1.3).

5.1 Examples

1. We start with an example that shows the optimality of our results. Recall that «, 7, and
N satisfy

Np
<a< 1)p < N. 21
N_p_a_(wr )p < (5.21)
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Let 6 be a real number such that N — 6 — py > 0 and note that f(z) = |z|~(P+9) ¢
L'(B;1(0)). Let u be the unique entropy solution to problem

—div (|z| 77| VulP~2Vu) = |z|~0P)  in By(0),
u = 0 on 0B1(0).

A direct computation shows that:

1. If 6 < p, then

p—1 p=6
— (1= [z[»=T).
(p—0)(N—~p—0)r—T1

Hence, the solution is bounded.

u(zx) =

2. If 6 = p, then

1 1
u(z) = — log | — | .
(N —p(y+1))7 2]
In this case, one has that u € L™ (Q, |z|~*dx) forall 1 < r < +o0.

3. If 6 > p, then

Pl (o),
(0 —p) (N —yp—0)7"

In this last case, the solution « is unbounded and

u(zx) =

N —«
0—p-

we L"(Q,|z|"%dz) ifandonlyif 1<r<(p—1)

By analyzing the above example we get easily that the regularity of u obtained in The-
orems 1.1 and 1.2 is sharp.

2. Let us consider the following problem

T —vp p—2 — 1
{ div (|27 |VulP~2Vu) g(z,u) in g, (5.22)

U = 0 on 0f.
Assume that there exist positive constants ¢ and m such that
lg(z, )| < clz|~*(1+t)™"" forallt>0and ae. z€ Q.

In the particular case o« = v = 0, it is well known that every weak energy solution
u € Wy (Q) of (5.22) is bounded whenever m < p* = Np/(N — p). In the general case
one expects to obtain an analogous result, i.e., if u € D(l):f;(Q) is a weak energy solution
of (5.22) then u € L>(£2) whenever m < p, _, where pj, . is the critical Hardy-Sobolev
exponent appearing in Lemma 1.1. However, this problem remains open to our knowledge.
In section 5.2 we will relate problems (5.22) and (1.1) in a particular case.
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The following explicit example shows that the exponent py, . is optimal, in the sense
that if m > pj, . then a solution u € D(l):?;(Q) of (5.22) is not necessarily bounded. Set
g(z,t) = Na|~%(1 +t)™1, where

N —«

m>1+(p—1)m

(5.23)

and

A= (wyl [N_ (7P+p—a)(:z:;) +a(m—p)

Note that since (5.23) holds, then m > p and A > 0. An easy computation shows that

p —
U(z)=|z|7" =1, where 7= OFbp=a a,
m-—=p

is an entropy solution of (5.22). Moreover, U € Dég(Q) if and only if m > p, . There-

fore, if m > p, ., then U € Déjs (€2) is an unbounded weak energy solution of (5.22). See
[7] for more details in the case « = v = 0.

5.2 Applications

As a direct application we will consider the case p = 2. In [6], the authors proved a
regularity results for problem (5.24) considered bellow using linear arguments. We give
here a direct proof of this fact using the results of the previous sections.

Let u be the entropy solution to problem

. 9 B u .
{—dlv(x| TWVu) = am—kg in Q, (5.24)

u = 0 on 0f,

where @ < An - == (N —2(y +1))%/4. We set w(z) = |z|°u(x), where

N-20y+1
5;:%—1/“,7—(»0.

Then it is clear that w solves problem

—div (|z|20tVw) = |z|Pg inQ,
woo= 0 on OS2

As an immediate consequence of Theorems 1.1 and 1.2 we get the next corollary.
Corollary 5.1 Assume that |x| g € £1(Q) for some o and q satisfying (1.2). Let

(N —a)q
N—-a-Q2(y+p)+2-a)g

T =

Let u be the entropy solution of (5.24). Then there exists a positive constant C
depending only on Q, N, a, v and (8 such that the following assertions hold:
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(1) If a < 2(y+B+1) and ¢ > (N—a)/(2(v+8)+2—0), then u|z|® = w € L>(1Q).
Moreover,
lulz? | < Clllz = glla,0)-

(i) Ifa < 2(y+ B+1) and ¢ = (N —a)/(2(y + B) +2 — a), then ulz|? €
L™(Q, |z|~*dx), for all 1 <r < +00. Moreover,

1

( /Q v wﬂ“da:) < Clle Pl e

(iii) If esther a = 2(y+ B+1) ora <2(y+8+1) and 1 < ¢ < (N —a)/(2(y +
B) +2— ), then u"|z|?" € LY(Q, |z|~*dx) for all 0 < r < 1. Moreover,

(/ || |a:|rﬂ_“dx> ' < Cllglz| ™l (ag)s  for all 0 <7 <11,
Q

where in this case the constant C' depends also on q.

Moreover, by Theorem 1.2 one gets the corresponding integrability of
V(|27 u)].
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