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Abstract

In this paper, we study some fourth order conformal invariants on the standard n-spheres,
n ≥ 5. Using topological arguments, we give a variety of classes of functions that can be
realized as Paneitz curvature .
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1 Introduction

Given (M, g) a smooth 4-dimensional Riemannian manifold, let S,Rc denote respectively,
the scalar curvature and the Ricci curvature of g.

The Paneitz operator, discovered in [35], is the fourth order operator defined by

P 4u = ∆2u− div(
2
3
Sg − 2Rc)du,

where ∆u = div∇u is the Laplacien of u with respect to g. This operator enjoys many
interesting propertie (in particular, it is conformally invariant) and can be seen as a natural
extension of the well known second order conformal operator ∆ on 2-manifolds.

In [12], Branson generalized the Paneitz operator P 4 to higher dimension. More pre-
cisely, let (Mn, g) be a compact Riemannian n-manifold, n ≥ 5. The Paneitz-Branson
operator is defined by
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Pnu = ∆2u− div(anSg + bnRc)du +
n− 4

2
Qnu,

where

an =
(n− 2)2 + 4

2(n− 1)(n− 2)
, bn =

−4
n− 2

and,

Qn =
−1

2(n− 1)
∆S +

n3 − 4n2 + 16n− 16
8(n− 1)2(n− 2)2

S2 − 2
(n− 2)2

|Rc|2.

Such a Qn is a fourth order invariant called Q-curvature or Paneitz curvature. As for P 4,
the operator Pn, n ≥ 5, is conformally invariant; if g̃ = ϕ

4
n−4 g is a conformal metric to g,

then for all ψ ∈ C∞(M) we have,

Pn(ψϕ) = ϕ
n+4
n−4 Pn(ψ).

In particular, taking ψ = 1, we have

Pn(ϕ) =
n− 4

2
Qn ϕ

n+4
n−4 . (1)

Many interesting results on the Paneitz operator and related topics have been recently
obtained by several authors. Among them, let us mention Branson [13], Branson-Chang-
Yang [14], Chang-Yang [21], Chang-Gursky-Yang [17], Chang-Qing-Yang [19] and [20],
Gursky [29], Hebey-Robert [31] and Qing-Raske [36]. See also the surveys S. A. Chang
[16] and Chang-Yang [22], for more results on basic property of the Paneitz operator.

In view of relation (1) it is natural to study the problem of prescribing the Paneitz
curvature, that is: given a smooth function

K : Mn −→ R,

does there exist a metric g̃ conformally equivalent to g such that, Qn = K? This problem
is equivalent to finding a smooth positive solution of the following equation,

{
Pn(u) =

n− 4
2

K u
n+4
n−4 ,

u > 0 in M. (2)

In this paper, we study the case of the standard sphere (Sn, g), n ≥ 5, endowed with
it’s standard metric g; the operator Pn := P is coercive on the Sobolev space H2

2 (Sn), and
has the expression

Pu = ∆2u− cn∆u + dnu,

where

cn =
1
2
(n2 − 2n− 4), dn =

n− 4
16

n(n2 − 4).
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Thus, we are have reduced it to looking for positive solution u of the following problem:

(P )

{
∆2u− cn∆u + dnu =

n− 4
2

K u
n+4
n−4

u > 0 on Sn.

Problem (P ) is the analogue for Paneitz operator, of the so-called Scalar curvature
problem, to which many works are devoted with various methods. Among them, let us cite
Bahri and Coron see [5] (topological method), Schoen and Zhang [37] (compactness and
topology), Chang, Gursky and Yang [18] (perturbation method) and Y. Y. Li [40] (subcriti-
cal approximations and blow-up analysis).

It is easy to see that a necessary condition for solving (P ) is that K has to be positive
somewhere. Moreover, due to topological obstructions, very close to Kazdan-Warner ob-
structions for the Scalar curvature problem (see [24] and [39]), the problem of realizing a
function as a Q curvature of some metric conformal to a given one does not always have a
solution.

The special nature of problem (P ) appears when we consider it from a variational view-
point. Indeed, the Euler-Lagrange functional associated to (P ) does not satisfy the Palais-
Smale condition, that is there exist non compact sequences along which the functional is
bounded and it’s gradient goes to zero. This fact is due to the presence of the critical expo-
nent. Furthermore, as is already known for problems related to the scalar curvature, there
is a new phenomenon in dimension n ≥ 7, due to the fact that the self interaction of the
functions failing the Palais-Smale condition dominates the interaction of two of those func-
tions. In the five dimensional case, the reverse happens. In the six dimensional case, we
have a balance phenomenon, that is the self interaction and the interaction are of the same
size (see [11]).

Our aim in the present work is to give sufficient conditions on K such that problem (P )
possesses a solution. Our approach follows closely the ideas developed in Aubin-Bahri [1]
and Bahri [3] where the problem of prescribing the scalar curvature on closed manifold
was studied using some topological and dynamical tools of the theory of critical points at
infinity (see [2]). The main idea is to use the difference of topology of the critical points
at infinity (see definition below) between the level sets of the associated Euler-Lagrange
functional and the main issue is under our conditions on K, there remains some difference
of topology which is not due to the critical points at infinity and therefore the existence of
solution of (P ) in our statement.

In order to state our results, we need to fix some notations and assumptions that we are
using.

In this paper, we assume that K has only non degenerate critical points y0, y1, . . . , yh

such that

K(y0) ≥ K(y1) ≥ · · · ≥ K(yh)

and

∆K(yi) 6= 0 for each i = 0, . . . , h.

We denote by F+ the set
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F+ = {yi/ ∇K(yi) = 0 and ∆K(yi) < 0}.
Let Z be a pseudo-gradient of K of Morse-Smale type (that is the intersections of the stable
and the unstable manifolds of the critical points of K are transverse).

(H0) Assume that Ws(yi) ∩ Wu(yj) = ∅ for each critical points yi, and yj such that
yi ∈ F+ and yj 6∈ F+, where Ws(yi) is the stable manifold of yi and Wu(yj) denotes the
unstable manifold of yj for the pseudo-gradient Z.

Remark 1.1 Recall that Ws(yi) is the set of all points x ∈ Sn attracted by yi through
the decreasing flow η(., x) of Z : {x ∈ Sn, s. t η(s, x) → yi when s → +∞}
and Wu(yi) = {x ∈ Sn s. t η(s, x) → yi when s → −∞}.

For each index i, 0 ≤ i ≤ h, we let

Xi =
⋃

0≤s≤i

ys∈F+

W s(ys).

Our first main result is the following,

Theorem 1.1 Let n = 5. Suppose that under the assumption (H0), there exists an
index i, 0 ≤ i ≤ h satisfying the two following conditions:
(H1) Xi is not contractible, we denote by k the dimension of the first nontrivial
reduced homological group.
(H2) For each yj ∈ F+ such that j ∈ {i + 1, . . . , h}, we have

1
K(yj)

1
4

>
1

K(y0)
1
4

+
1

K(yi)
1
4
.

Then (P ) has a solution of Morse index ≥ k.

This result allows us to prove the following:

Corollary 1.1 Let n = 5. Under the assumption (H0), if
∑

yj∈F+

(−1)5−ind(yj) 6= 1

then (P) has a solution. Here, ind(yj) is the Morse index of K at yj.

Remark 1.2 This kind of result given by Corollary 1.1 was first proved by Bahri-
Coron [5], concerning the scalar curvature problem on the standard three dimen-
sional sphere. Their approach consisted of studying the critical points at infinity
of the associated variational problem, computing their total Morse index and com-
paring this index to the Euler-poincaré characteristic of the space of variation. For
the four dimensional case, the result was proved by the second author and Ben
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Ayed-Chen-Hammami [8]. On the other hand, this kind of result has been proved
by Djadli-Malchiodi-Ould Ahmedou [25] for the Paneitz curvature problem on five
and six dimensional spheres. Their approach involved a fine blow up analysis of
some subcritical approximations and the use of the topological degree tools.

In Remark 1.3, we exhibit a situation in which Theorem 1.1 applies but not Djadli-
Malchiodi-Ould Ahmedou’s [25]

To state our next result, we need to introduce the following assumptions:

(H3) Assume that there exist G+ ⊂ F+ such that

X =
⋃

yi∈G+

Ws(yi)

is a stratified set in dimension k ≥ 1 without boundary (in the topological sense, i.e.
X ∈ Sk(Sn), the group of chains of dimension k and ∂X = 0).

(H4) Assume that for all y ∈ F+ \G+ we have,

ind(y) 6= {n− k, n− (k + 1)}.

Theorem 1.2 Let n = 5. Under the assumptions (H0), (H3) and (H4), (P ) admits
a solution.

Remark 1.3 Here, we give some situation where the result of Corollary 1.1., (see
also Theorem 1.7 of [25]), does not give solution to problem (P). But, by Theorem
1.1. or Theorem 1.2. we derive that problem (P) admits a solution.

For this, let K : S5 −→ R, be a function such that F+ = {y0, y1, y2} with,
K(y0) ≥ K(y1) ≥ K(y2), ind(y0) = 5, ind(y1) ∈ {1, 3}, ind(y2) ∈ {2, 4} and
K(y) < K(y1) for any critical point y of K which is not in F+. It is easy to
see that,

∑

yj∈F+

(−1)5−ind(yj) = 1.

Let
X1 = W s(y1) = Ws(y1) ∪ {y0}.

X1 is a stratified set in dimension ≥ 1, without boundary. Thus, X1 is not con-
tractible. We distinguish two cases:

First Case: If K(y2)−1/4 > K(y0)−1/4 +K(y1)−1/4, we deduce from Theorem 1.1
that problem (P) admits a solution.

Second Case: If
(
ind(y1), ind(y2)

)
= (1, 2) or (3, 4), by Theorem 1.2. we derive

that (P ) has a solution (in this case we choose G+ = {y1}).
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Remark 1.4 For n = 6, we set the following hypothesis:

(H5)
∆K(yi)∆K(yj)

K(yi)K(yj)
<

(
15G(yi, yj)

)2

for each yi 6= yj in F+, where G denote

the green function associated to the operator P. Under the assumption (H5), the
results of Theorem 1.1 and Theorem 1.2 are true in dimension six.

In the above results, we have assumed that the hypotheses (H0) holds; in the second
part of this paper, we propose to handle problem (P) without the assumption (H0). To
this aim we give a contribution in the same direction as in the paper of Aubin-Bahri [1]
concerning the scalar curvature problem.

Let `′ ≤ ` ≤ h, ` be chosen so that for each s ≥ ` + 1, ys 6∈ F+. We let

X ′ =
⋃

0≤i≤`′

yi∈F+

Ws(yi) and X =
⋃

0≤i≤`

yi∈F+

W s(yi).

Let

g : X ′ −→ X the natural embedding.

We assume

(A1) X ′ is contractible in T =
⋃

0≤i≤`

W s(yi). Now we define the set

I− =
{

yp, 0 ≤ p ≤ `, such that yp 6∈ F+ and there exists yj , 0 ≤ j ≤ `,

satisfying yj ∈ F+ and Ws(yj) ∩Wu(yp) 6= ∅
}

.

Let

Γ =
⋃

yp∈I−

Ws(yp).

We then have

Theorem 1.3 Let n = 5. Under the assumption (A1) if we have:
(A2) g∗ is nontrivial in dimension m and the critical points of Γ of index 5 − m
has an intersection number equal to zero (modulo 2) with the critical points of index
5− (m + 1) in X. Then (P ) has a solution.

The last result can be extended to higher dimensional spheres.

Theorem 1.4 Let n ≥ 6. Adding to the hypothesis (A1) and (A2) the condition
(A3)

K(y0)
K(y`)

≤ 2
4

n−4 ,

then K is a Paneitz curvature for a conformal metric to the standard metric of Sn.
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Remark 1.5 To see how to construct an example of a function K satisfying the
assumptions of Theorem 1.3 and Theorem 1.4, we refer the interested reader to [1].

The remainder of the present paper is organized as follows. In section 2, we set up
the general framework of the problem (P), and we recall the characterization of the critical
points at infinity of the associated variational problem. Section 3 will be devoted to the
proof of our results.

2 Variational structure and preliminaries

In this section, we recall the functional setting and the variational problem and it’s main
features. The functional is

J(u) =

∫

Sn

Pu.udv

(∫

Sn

Ku
2n

n−4 dv
)n−4

n

, u ∈ H2
2 (Sn)

where dv is the volume element of (Sn, g). The space H2
2 (Sn) is equipped with the norm:

‖u‖2 =
∫

Sn

Pu.udv =
∫

Sn

|∆u|2 + cn

∫

Sn

|∇u|2 + dn

∫

Sn

|u|2.

Problem (P ) is equivalent to finding critical points of J subject to the constraint u ∈
Σ+ where,

Σ+ =
{

u ∈ H2
2 (Sn)/ u > 0, and ‖u‖ = 1

}
.

The functional J is known not to satisfy the Palais-Smale condition which leads to the
failure of the classical existence mechanisms. The failure of the Palais-Smale condition can
be described using arguments similar to those of of [15], [32] and [38], see also [30]. In
order to characterize the sequence failing the Palais-Smale condition, we need to introduce
some notations.

For a ∈ Sn and λ > 0, let

δ̃(a,λ)(x) = cn
λ

n−4
2

(λ2 + 1 + (1− λ2) cos d(a, x))
n−4

2

,

where d is the geodesic distance on (Sn, g) and,

cn =
(
(n− 4)(n− 2)n(n + 2)

)n−4
8

.

After performing a stereographic projection π with the point −a as pole, the function
δ̃(a,λ) is transformed in to

δ(0,λ) = cn
λ

n−4
2

(1 + λ2|y|2)n−4
2

,



518 W. Abdelhedi, H. Chtioui

which is solution of the following problem,

∆2u = u
n+4
n−4 , u > 0 on Rn (see [33]).

For p ∈ N and ε > 0, we define the set V (p, ε) of the function u ∈ Σ+ satisfying: there
exist α1, . . . , αp > 0, a1, . . . , ap ∈ Sn, and λ1, . . . , λp > ε−1 with

∥∥∥u−
p∑

i=1

αiδ̃(ai,λi)

∥∥∥ < ε,
∣∣∣1− J(u)

n
n−4 α

8
n−4
i K(ai)

∣∣∣ < ε, and εij < ε for each i 6= j

where,

ε−1
ij =

(λi

λj
+

λj

λi
+

λiλj

2
(1− cos d(ai, aj))

)n−4
2

.

The failure of the Palais-Smale condition can be described as follows,

Proposition 2.1 ([30])Assume that J has no critical point in Σ+. Let (uj) ∈ Σ+ be
a sequence such that ∂J(uj) tends to zero and J(uj) is bounded. Then, there exist
an integer p ∈ N∗, a sequence εj > 0, (εj tends to zero), and an extract of uj’s,
again denoted by uj such that uj ∈ V (p, εj).

The following result defines a parameterization of the set V (p, ε).

Proposition 2.2 There exists ε0 > 0 such that if ε ≤ ε0 and u ∈ V (p, ε), then the
problem

min
{
‖u−

p∑

i=1

αiδ(ai,λi)‖, αi > 0, λi > 0, ai ∈ Sn
}

has a unique solution (ᾱ, λ̄, ā) (up to permutation). In particular, we can write u

as follows: u =
p∑

i=1

ᾱiδ(āi,λ̄i) + v, where v belongs to H2
2 (Sn) and satisfies

(V0)





(
v, δ(ai,λi)

)
= 0(

v,
∂δ(ai,λi)

∂ai

)
= 0 for each i = 1, . . . , p(

v,
∂δ(ai,λi)

∂λi

)
= 0.

The proof of Proposition 2.2 is similar up to minor modifications to the corresponding
statements in [3] and [5] (see also Lemma 2.2 of [26] for the fourth order elliptic equation).

Definition 2.1 ([2]) The critical points at infinity of the associated variational prob-
lem are the noncompact orbits of the gradient flow associated to the function (−J).
It follows from Proposition 2.1 that under the assumption that J has no critical
points, these noncompact orbits remaind in V (p, ε(s)), where ε(s) is given function
such that ε(s) goes to zero when s goes to +∞.
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The following proposition which is proved in [11] (see Proposition 4.3 of [11]), charac-
terizes the critical points at infinity of the associated variational problem. Their argument
involves the construction of a pseudo-gradient for the associated variational problem, the
Palais-Smale condition is satisfied along the decreasing flow lines as long as these flow
lines do not enter a neighborhood of the critical points at infinity.

Proposition 2.3 Let n = 5. Assume that J has no critical point in Σ+. Then the
only critical points at infinity are δ(y,∞) such that y ∈ F+, (δ(y,∞) correspond to
the limit of the noncompact orbit, notation of [3] p335). Such a critical point at
infinity has a Morse index equal to 5 − ind(y). Its level is S

4/5
5 /K(y)1/5, where

S5 =
∫
R5 δ10

(0,1)dx.

Remark 2.1 Proposition 2.3 can follow from section 3.2 of [25], where the authors
studied problem (P ) for n = 5 and proving in this section that blow ups of solutions
(of subcritical approximations) occur at one point.

We end this section by the following lemma the proof of which is very similar to the
proof of Corollary B.3 of [6], see also [3].

Lemma 2.1 Let a1, a2 in Sn, α1, α2 > 0, and λ large enough. For u = α1δ(a1,λ) +
α2δ(a2,λ), we have

J(u) ≤
(
Sn

2∑

i=1

1

K(ai)
n−4

4

) 4
n

(1 + o(1)).

3 Proof of Theorems

Proof of Theorem 1.1. We argue by contradiction. We assume that J has no critical point
in Σ+. Using Proposition 2.3, the only critical points at infinity of J correspond to δ(y,∞)

such that y ∈ F+. The level of such critical point at infinity is C∞(y) = S
4/5
5 ( 1

K(y)1/5 ).
We then have the following Morse Lemma at infinity for J in V (1, ε) (we consider the case
of a single masse); it follows from the corresponding statement in [10] (see Theorem 1.2
of [10], see also [3]).

For ε > 0 small enough and αδ̃(a,λ) + v ∈ V (1, ε), we can find a change of variable

(a, λ, v) −→ (ã, λ̃, V )

where V belongs to a neighborhood of zero in a fixed Hilbert space, such that

J
(
αδ̃(a,λ) + v

)
= J

(
αδ̃(ã,λ̃)

)
+ ‖V ‖2. (3.1)

Moreover, (3.1) can be improved where the concentration point is near a critical point y of
K with y ∈ F+, leading to the following normal form:

J
(
αδ̃(ã,λ̃)

)
=

S
4/5
5

K(ã)1/5

(
1− 4c(1− η)∆K(y)

5S5λ̃2K(y)

)
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where c = 1
10

∫
R5 |x|2δ10

(0,1) and η is a small positive constant.

Thus, the unstable manifolds at infinity for the vector field (−∂J) of such critical points
at infinity Wu(y)∞ can be described as the product of Ws(y) ( for a decreasing pseudo-
gradient of K) by [A,∞[ domain of the variable λ, for some positive number A large
enough. Let

C∞(y0, yi) = S
4/5
5

( 1
K(y0)1/4

+
1

K(yi)1/4

)1/5

.

It follows from assumption (H2) of Theorem 1.1 that the only critical points at infinity
of J under the level c1 = C∞(y0, yi) + ε, for ε small enough, are δ(yj ,∞) where yj ∈ F+

and j ∈ {0, . . . , i}. Since J has no critical points, it follows from Proposition 7.24 and
Theorem 8.2 of [7], that Jc1 = {u ∈ Σ+/J(u) ≤ c1} retracts by deformation onto

(Xi)∞ =
⋃

0≤j≤i

yj∈F+

Wu(yj)∞,

which can be parameterized by Xi × [A,∞[, where

Xi =
⋃

0≤j≤i

yj∈F+

W s(yj).

Observe that by assumption (H1) of Theorem 1.1, Xi is not a contractible set.
Now, we claim that (Xi)∞ is contractible in Jc1 . Indeed, let

f : [0, 1]× (Xi)∞ −→ Σ+

(t, x, λ) 7−→ tδ(y0,λ)+(1−t)δ(x,λ)∥∥∥tδ(y0,λ)+(1−t)δ(x,λ)

∥∥∥
.

f is continuous and satisfies for t = 0, f(0, x, λ) = 1
S δ(x,λ) ∈ (Xi)∞, and f(1, x, λ) =

1
S δ(y0,λ).

For a1, a2 ∈ S5, α1, α2 > 0 and λ large enough, let u = α1δ(a1,λ) + α2δ(a2,λ). By
Lemma 2.1 we have the following estimate:

J
( u

‖u‖
)
≤

(
S(

1
K(a1)

1
4

+
1

K(a2)
1
4
)
) 4

5
(1 + o(1)).

Hence,

J
(
f(t, x, λ)

)
≤

(
S(

1
K(y0)

1
4

+
1

K(x)
1
4
)
) 4

5
(1 + o(1)).

Since K(x) ≥ K(yi) for any x ∈ Xi, we derive

J
(
f(t, x, λ)

)
< c1 for any (t, x, λ) ∈ [0, 1]× (Xi)∞.
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Thus, the contraction f is performed under the level c1. We derive that (Xi)∞ is con-
tractible in Jc1 , which retractss by deformation on (Xi)∞. Therefore (Xi)∞ is contractible
leading to the contractibility of Xi which is a contradiction. Hence, J has a critical point.
Arguing as in the scalar curvature case (see [8], see also the proof of Theorem 1.1 of [11]),
we derive that such critical point is positive. Therefore (P ) has a solution. Now we are
going to show that such critical point has a Morse index ≥ k.

Arguing by contradiction, we may assume that the Morse index of the solution provided
in Theorem 1.1 is ≤ k − 1. Perturbing J if necessary, we may assume that all the critical
points of J are non degenerate and have their Morse index≤ k− 1. Such critical points do
not change the homological group in dimension k of the level of J .

As (Xi)∞ defines a homological class in dimension k which is non trivial in JC∞(yi)+ε

for ε small enough but (Xi)∞ defines a homological class in dimension k, which is trivial
in Jc1 , our result follows and the proof of Theorem 1.1 is thereby complete.

Proof of Corollary 1.1. Assume that P has no solution. Observe that for i = h, we have

Xh =
⋃

yj∈F+

W s(yj).

Let χ(Xh) the Euler-poincaré characteristic of Xh. We claim that

χ(Xh) =
∑

yj∈F+

(−1)5−ind(yj).

Indeed, by the same arguments used in [5] (see the proof of Theorem 1 of [5]), we have
χ(Σ+) =

∑

yj∈F+

(−1)5−ind(yj). Also, Σ+ retractss by deformation on
⋃

yj∈F+

Wu(yj)∞ :=

(Xh)∞ (see sections 7 and 8 of [7]), therefore χ(Σ+) = χ((Xh)∞). Since (Xh)∞ can
be described as (Xh) × [A, +∞[, for some positive number A large enough, our claim
follows. Under the assumption of Corollary 1.1, we derive that Xh is not contractible.
Thus, the result of Corollary 1.1 follows from Theorem 1.1.

Proof of Theorem 1.2. Let

X =
⋃

yi∈G+

Ws(yi).

By the assumption (H3) of Theorem 1.2, X is a stratified set in dimension k ≥ 1 without
boundary. For λ large enough, we define the following set

Cλ(y0, X) =
{

αδ̃(y0,λ) + (1− λ)αδ̃(x,λ), x ∈ X and α ∈ [0, 1]
}

.

Cλ(y0, X) is a contractible manifold in dimension k + 1, that is its singularities arise in
dimension k − 1 and lower.

Let

X∞ =
⋃

yi∈G+

Wu(yi)∞
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where Wu(y)∞ denote the unstable manifold at infinity of the critical points at infinity
δ̃(y,∞). Using the same arguments as those used in Theorem 1.1, we derive that

X∞ = X × [A,+∞[.

We argue by contradiction. Suppose that J has no critical points in Σ+. It follows
from Proposition 7.24 and Theorem 8.2 of [7], that Cλ(y0, X) retracts by deformation on⋃

y∈H

Wu(y)∞, where

H =
{

y ∈ F+/ Cλ(y0, X) ∩Ws(y)∞ 6= ∅
}

.

Ws(y)∞ denote the stable manifold at infinity of the critical point at infinity δ(y,∞) (the
definitions of the stable manifold and the unstable manifold are very clear for usual critical
points (see Remark 1.1). For critical points at infinity which in our problem are combi-
nations of classical critical points with a 1-dimensional asymptote correspond to λ (see
[3]).

Since Cλ(y0, X) is a manifold in dimension k + 1, this manifold can be assumed to
avoid the unstable manifold of every critical point at infinity δ̃(y,∞) of Morse index > k+1
(i.e., ind(y) < 5− (k + 1)). Thus,

H ⊂ {y ∈ F+/ ind(y) ≥ 5− k}.
More precisely, Cλ(y0, X) retracts by deformation on X∞∪D∞, where D∞ =

⋃

y∈D

Wu(y)∞

and D = {y ∈ H \G+}.
Using the assumption (H4) of Theorem 1.2, we derive that

ind(y) > 5− k for each y ∈ D.

Thus, the Morse index at infinity of the critical point at infinity δ̃(y,∞), y ∈ D is ≤ k − 1,
and therefore D∞ is a stratified set of dimension at most k − 1. Since Cλ(y0, X) is a
contractible set, then Hk(X∞ ∪ D∞) = 0 for all ∗ ∈ N∗. Using the exact homology
sequence of

(
X∞ ∪D∞, X∞

)
, we have

... −→ Hk+1(X∞∪D∞) −→ Hk+1(X∞∪D∞,X∞) −→ Hk(X∞) −→ Hk(X∞∪D∞) −→ ...

Since H∗
(
X∞ ∪D∞

)
= 0 for all ∗ ∈ N∗, then

Hk

(
X∞

)
= Hk+1

(
X∞ ∪D∞, X∞

)
.

In addition,
(
X∞ ∪D∞, X∞

)
is a stratified set of dimension at most k, so Hk+1

(
X∞ ∪

D∞, X∞
)

= 0. Thus, Hk(X∞) = 0 and therefore Hk(X) = 0 which is in contradiction
to the assumption (H4) of Theorem. Hence our result follows.

Proof of Remark 1.4. Observe that under the assumption (H5), the least eigenvalue of
the k × k symmetric matrix (defined in [25] p 5) is negative (when k ≥ 2 and under the



On the Prescribed Paneitz Curvature Problem 523

assumption that the matrix is non degenerate). Using now Proposition 3.4 of [25], we derive
that the only critical points at infinity of J in Σ+ correspond to δ̃(y,∞), y ∈ F+. Thus our
Remark follows from the above arguments.

Proof of Theorem 1.3. Arguing by contradiction and assuming that J has no critical
point in Σ+, it follows from Proposition 2.3 that the only critical points at infinity of the
associated variational problem are in one to one correspondence with the critical points yj

of K such that yj ∈ F+.
For k ∈ N, we denote by Ak the set

Ak = {y ∈ S5, s.t. ∇K(y) = 0, and ind(y) = 5− k}.
Let ∂ the boundary operator in the sense of Floer [28], ∂ acting on critical points of K. For
any w critical point of index `, we have

∂(w) = ∂(Ws(w)) =
∑

w′ ofindex `+1

i(w, w′).Ws(w′),

where Ws(w) is the stable manifold of w for Z (pseudo-gradient for K), viewed as a
simplex of codimension ` of S5, and i(w, w′) is the number of flow-lines (modulo 2) in
Wu(w′) ∩Ws(w). The operator ∂ can be found in Milnor [34].

Under the assumption (A2) of Theorem 1.3, letOX′ the Z2 homology orientation class
of X ′ in dimension m which survive in X . OX′ is defined as a sum with Z2 coefficients of
stable manifolds of critical points of K in X ′ of index 5−m.

OX′ =
∑

xm∈X′
m

Ws(xm),

where X ′
m is a subset of X ′ ∩Am. The boundary of OX′ is given by

∂(OX′) =
∑

xm−1∈Am−1

( ∑

xm∈X′
m

i(xm, xm−1)
)
.Ws(xm−1).

Since OX′ is a cycle, we derive that ∂(OX′) = 0 and therefore,

∑

xm∈X′
m

i(xm, xm−1) = 0 for any xm−1 ∈ Am−1. (3.2)

On the other hand, given a decreasing pseudo-gradient V for J in Σ+, let

(OX′)∞ =
∑

xm∈X′
m

W∞
u (x∞m ) (3.3)

where W∞
u (x∞m ) is the unstable manifolds for V of the critical point at infinity x∞m ( x∞m :=

δ(xm,+∞) notation of [3]). (OX′)∞ is the equivalent of OX′ in the space of variation Σ+.
Following again A. Floer [28] ( see also J. Milnor [34] and C. C. Conley [23]), for w∞

a critical point at infinity of index k, We define
∂∞(w∞) to be
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∂∞
(
W∞

u (w∞)
)

=
∑

w′∞ of index k−1

i(w∞, w′∞).Wu(w′∞)

where i(w∞, w′∞) is the intersection number of the critical points at infinity w∞ and w′∞

in an intermediate level surface of W∞
u (w∞) with Ws(w′∞) (modulo 2).

We claim that ∂∞(O′X)∞ = 0. Indeed, from the description of the critical points at
infinity given by Proposition 2.3, we have

∂∞(O′X)∞ =
∑

xm∈X′
m

∂∞
(
W∞

u (x∞m )
)

=
∑

xm−1∈Am−1∩F+

( ∑

xm∈X′
m

i(x∞m , x∞m−1)
)
.W∞

u (x∞m−1).

The intersection number between the critical points at infinity X∞
m and X∞

m−1 can be
computed as follows:

i(x∞m , x∞m−1) = i(xm, xm−1) +
∑

ym−1∈Am−1∩Γ

i(xm, ym−1). i(y∞m−1, x
∞
m−1).

y∞m−1 is a (false) critical point at infinity, since ym−1 6∈ F+ and i(y∞m−1, x
∞
m−1) is the inter-

section number (modulo 2) in an intermediate level surface of W∞
u (y∞m−1) with W∞

s (x∞m−1).
W∞

u (y∞m−1) is not really an unstable manifold at infinity, but is the set of flow lines
emanating from a neighborhood of the point y∞m−1, (see Lemma 1.6 of [4]). Therefore,

∑

xm∈X′
m

i(x∞m , x∞m−1) =
∑

xm∈X′
m

i(xm, xm−1) +

∑

ym−1∈Am−1∩Γ

( ∑

xm∈X′
m

i(xm, ym−1)
)
. i(y∞m−1, x

∞
m−1).

Using (3.2), we derive that
∑

xm∈X′
m

i(x∞m , x∞m−1) = 0,

and thus ∂∞(O′X)∞ = 0. Hence our claim follows.
For λ large enough, we define

fλ : S5 −→ Σ+

a 7−→ δ(a,λ)

‖δ(a,λ)‖ .

We have (OX′)∞ = fλ(OX′) in Sm(Σ+), the group of chains of dimension m. Indeed,
OX′ is a cycle; so the intersection number with any critical point in Am−1 (so in Am−1∩Γ)
is equal to zero. Thus (OX′)∞ is made only by direct connection (see definition 2.3 of [9],
see also [4]). In addition, W∞

u (x∞m ), by the argument used in the proof of Theorem 1.1,
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can be viewed as combination of Ws(xm) (for K) with a 1-dimensional asymptote (the
variable is λ). Since this exists only as a limit, we will use fλ(Ws(xm)), λ very large, for
W∞

u (x∞m ). Thus, the identity follows.
By the assumption (A1) of Theorem 1.3, it is easy to see that fλ(X ′) is contractible in

fλ(T ). Since J has no critical points in Σ+, it follows from Proposition 7.24 and Theorem
8.2 of [7] that fλ(T ) retracts by deformation on

T∞ :=
⋃

0≤j≤`

yj∈F+

W∞
u (y∞j ).

Therefore fλ(X ′) is contractible in T∞.
Observe that (OX′)∞ = fλ(O′X) is a cycle of dimension m in fλ(X ′). Then we can

contract (O′X)∞ in T∞. Thus, let W be a chain of dimension m + 1 in T∞ such that the
boundary of W is precisely (O′X)∞. W is defined as a sum with Z2 coefficient of unstable
manifolds at infinity of critical points at infinity (y∞j ) such that yj ∈ Am+1 ∩F+. We then
have

(OX′)∞ = ∂
( ∑

xm+1∈ eAm+1

W∞
u (x∞m+1)

)

where Ãm+1 is a subset of Am+1 ∩ F+.

(OX′)∞ =
∑

zm∈Am∩F+

( ∑

xm+1∈ eAm+1

i(x∞m+1, z
∞
m )

)
. W∞

u (z∞m ).

Using the above argument, we have

i(x∞m+1, z
∞
m ) = i(xm+1, zm) +

∑

γm∈Am∩Γ

i(xm+1, γm). i(γ∞m , z∞m ),

by the assumption (A2) we have i(xm+1γm) = 0. Thus, we derive that,

i(x∞m+1, z
∞
m ) = i(xm+1, zm).

We then have

(OX′)∞ =
∑

zm∈Am∩F+

( ∑

xm+1∈ eAm+1

i(xm+1, zm)
)
. W∞

u (z∞m ).

From (3.3), we have

∑

xm∈X′
m

W∞
u (x∞m ) =

∑

zm∈Am∩F+

( ∑

xm+1∈Ãm+1

i(xm+1, zm)
)
.W∞

u (z∞m ).

So, let zm ∈ Am ∩ F+. If zm ∈ X ′
m we then have
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∑

xm+1∈Ãm+1

i(xm+1, zm) = 1 (3.4)

if zm 6∈ X ′
m we have

∑

xm+1∈Ãm+1

i(xm+1, zm) = 0 (3.5)

and if zm ∈ Γ, by the assumption (A2) we derive that,

i(xm+1, zm) = 0. (3.6)

On the other hand, we have OX′ =
∑

xm∈X′
m

Ws(xm). Using (3.4), (3.5) and (3.6), we

derive that

OX′ =
∑

zm∈Am

( ∑

xm+1∈ eAm+1

i(xm+1, zm)
)
. Ws(zm)

where the second sum is expanded on all critical points in Am. Using the fact that

∂(Ws(xm+1)) =
∑

zm∈Am

i(xm+1, zm). Ws(zm),

we derive that,

OX′ = ∂
( ∑

xm+1∈ eAm+1

Ws(xm+1)
)
.

Thus, OX′ is the boundary of chain of dimension m + 1 of X , which is a contradiction
with the assumption (A2) of Theorem 1.3. This concludes the proof of our Theorem.

Proof of Theorem 1.4. Under the assumption (A3) of Theorem 1.4, we can assume that
λ is so large that all the critical points at infinity of J of two masses or more are above
fλ(T ). This is a simple consequence of the expansion of J .

Thus, the sequel of the proof of our Theorem is exactly the same as in the proof of
Theorem 1.3; so our result follows.
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