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Abstract
Using variational methods we establish existence of multi-bump solutions for the
following class of quasilinear problems

~Apu+ AV (x) + Z(x))uP™t = f(u), u>0 in RY

where A, u is the p-Laplacian operator, 2 < p < N, A € (0, 00), f is a continuous
function with subcritical growth and V, Z : IRN — IR are continuous functions
verifying some hypothesis.
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492 C.0. Alves

1 Introduction

We are concerned with the existence of positive solutions for the following class of quasi-
linear elliptic problems

—Apu+ (AV(z) + Z(2)uP~" = f(u), RN
u>0 in RN (P)x
ue Whe(RN)

where Apu = div(|VulP~2Vu),2 < p < N, f is a continuous function with subcritical
growth, A € (0,00) and V,Z : RN — IR are continuous functions with V(z) > 0
Va € IRN. The general hypotheses considered in this work are the following:

(H1) The potential well 2 := intV ~1(0) is a non-empty bounded open set with smooth
boundary 9 and V=1(0) = Q.

(H2) There exist two positive constants M, and M verifying

0< M, <AV (z)+ Z(z) Yo € RN and VA > 1

and
|Z(z)| < My Vz € RN,
(f1) There exists p < g < p* = NN—% such that
t
lim sup 1) =m < +o0.
jtl—oo [E77

(f2)  f(t) =o(|tlP~t) as t—0.
(f3) There exist 6 € (p,p*) such that
0 < 0F(t) < tf(t) Vi >0
where F(t) = fg f(r)dr.
(f4) The function f(t)/tP~! is increasing for ¢ € [0, +00).

For the case p = 2, there exist a lot of papers concerning the existence and multiplicity
of positive solutions, where the behavior of functions V' and Z as well as their geometry
are main points to make a careful study of solutions. We cite the papers of Bartsch & Wang
[3, 4], Clapp & Ding [7], Bartsch, Pankov & Wang [5], de Figueiredo & Ding [10], Gui
[12], Séré [14] and references therein. For the case p > 2, in [1], Alves & Ding considered
the existence, multiplicity and concentration of solution for a class of quasilinear problem
in IR" involving the p-Laplacian operator and a nonlinearity with critical growth.

In [9], Ding & Tanaka considered (P), assuming that ) has k connected components
and p = 2. The authors showed that (P)) has at least 2 — 1 solutions for large A and
established the existence of multi-bump solutions with the following characteristics :
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If Q has k components Q;, for each non-empty subset I' C {1,2,...,k} there
exists a positive solution uy of (P)y for large A verifying:

1 1 -1
’/ |Vu|? + AV (2) + Z(x))ud — (5 - m) cj‘ —0as A—oo Vjel

2

and
/ |Vup|? + |ur> = 0 as A — oo
RN\Qr

where Qr = UjeF Q; and c; is the minimaz level of energy functional related to the
problem

—Au+ Z(z)u=ul, Q, P)
u>0, inQ; and u=0 on 0Q;. J

Motivated by papers [1] and [9], we show the existence of multi-bump solutions to
(P)y for general case p > 2 with the same above characteristics. However, here we use
different approach in some estimates, because the p-Laplacian is not linear, and some prop-
erties that occur for 2-Laplacian ( Laplacian operator ), in our opinion, are not standard that
they hold for general case, p > 2, therefore, a careful analysis it is necessary. Moreover,
our nonlinearity is nonhomogeneous and some arguments developed in [9] can not be ap-
plied. So, we modify the sets that appear in the minimax arguments explored in [9]. The
arguments developed in this paper are variational, and our main result completes the study
made in [9], in the sense that, we are working with p-Laplacian operator and a general class
of nonlinearity.

Before enunciating our main results, it is necessary to fix some notations. Since we
intend to find positive solutions, throughout this paper, we assume that

f(t) =0 Vvt e (—o0,0].
Moreover, let us assume that the set €2 consists of k& connected components denoted by
Q;, 7 €{1,.., k} satisfying d(€2;, ;) > 0 for ¢ # j, that is
Q=0 UQU...U Q.

Our main result is the following

Theorem 1.1 Assume that (H1)— (H2), (f1) — (fa) occur. Then, for any non-empty
subset T' of {1,2,..,k}, there exists \* such that, for X > X (P)x has a family
{ux} of positive solution verifying: For any sequence A\, — oo, we can extract a
subsequence A, such that uy, —converges strongly in WLP(IRN) to a function u
which satisfies u(x) = 0 for x ¢ Qr, and the restriction ulg, is a least energy
solution of

—Apu+ Z(2)uPt = f(u), u>01in Q;, ulgg, =0 forj €T
where Qr = Ujerfl;.

Corollary 1.1 Under the assumptions of Theorem 1.1, there exists \* > 0 such that
for X > X*, (P)x has at least 2F — 1 positive solutions.



494 C.0. Alves

2  Preliminary remarks

In this section, we fix some notations and recall the definition of some functionals that will
be used in this work.

Hereafter, when h is a mensurable function, we denote by |’ w1 the following integral
Jp~ hdz. Moreover, we will use the symbols |ul[, [ul. (r > 1) and [Ju|« to denote the
usual norms in the spaces W1 (IRN), L"(IRY) and L>°(IR") respectively. For an open
set © C IRY, the symbols ||ul|e, |u|.eo(r > 1) and |u|~ o denote the usual norms in the
spaces W1P(0), L"(0) and L>(O).

The nonnegative weak solutions of (P), are the critical points of functional
J : By — IR given by

=2 [+ V@) + 2@l - [ P

where Fy is the space of functions defined by
E\ = {u € WhHP(IRN) - / V(z)|ul? < oo}
RN
endowed with the norm

fulls = ([ 1VaP+ 0@+ Z@)up)

It is easy to see that (Ey, ||.||») is a Banach space and E) ¢ WHP(IRY) for A > 1.
We also write for an open set © C IR

B(©) = {ue W' (o) /@ V@)ul? < oo}

and
1

lulso = ([ 1Vul? + V@) + Z@)ler)
In view of (H2),
Molul} o < /@ [Vul? + (A\V(z) + Z(z))|u|P forall uw € E(O) and A > 1
or equivalently
[ul}.e = Molul, o forall ue E(O) and A > 1.

The next result is an immediate consequence of the above considerations

Lemma 2.1 There exist 0y, v > 0 such that for all open sets © C RN

dollullf e < llullk o — wolulp o for all uw € E(©) and A > 1.
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To finish this section, in what follows, for each j € {1,2, ..., k}, we fix a bounded open
subset (2, with smooth boundary such that

i),

]
(44) Q;NQ =0 forall j # L.

BN

3  An auxiliary problem

In this section, we adapt for our case some arguments developed by Ding & Tanaka [9], del
Pino & Felmer [8] and Alves & Figueiredo [2].

Let 19 > 0 be the constant given in Lemma 2.1, a > 0 verifying f(a)/a?~! = 1 and
f, F : IR — IR the functions

CEERIES

f(s) vysPt ifs>a

and

Fo) = [ frar

From now on we fix a non-empty subset I" C {1, 2, ..., k} and

/ / 1 for z € Q
Qr = U Q;, Qp = U Q;, xr(z) Z{ A

jer jer 0 forx¢Qp
and the functions
g(w,s) = xr(@)f(s) + (1 = xr(@))f(s) (91)
and
Gz, s) =/0 g(a,t)dt = xr(x)F(s) + (1 = xr(2)) F(s). (92)

Moreover, @, : £\ — IR denotes the functional given by

@ = [ (ar + (V@) + Z@)al - [ Gl

p

Under the conditions (H1), (H2),(f1) and (f2), ®» € C'(E), IR) and its critical points
are non-negative weak solutions of

—Apu+ AV (x) + Z(x))|uP2u = g(z,u) in RY. (A)x

We would like to detach that if w) is a positive solution of (A), verifying u(z) < a in
RN \ Qp, then it is a positive solution to (P).
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3.1 The Palais-Smale condition and its consequences

We start this subsection studying the boundedness of (P.S). sequences, that is, a sequence
{un} C E) verifying
By (un) — ¢ and B (uy) — 0 (3.1)

for some ¢ € IR.

Lemma 3.1 Suppose that a sequence {u,} C E\ satisfies (3.1). Then there exists a
positive constant K which is independent of X\ > 1 such that

lun ||} < K Vn e IN.

Proof. 1t follows from the definition of Palais-Sequence that

1./
P (un) — Eq)A(“n)un = c+on(1) + €nllun||r,

where €, — 0. From (g¢1) and (g2)

1 1

G-ghtg= [ g ) - S Funun) < et on(V) + enllunlln (32)

Since f and F verify

F(s) — %f(s)s < (]1) - %)VO|S|P forall s € IR,
we obtain,
(5= ) Unll = o) < e 0,(1) + en s,
and by Lemma 2.1
(5 = 5)dollunls < e+ on() + eullunl
p 6
Therefore,
lim sup fJun [} < (% - %)_ 8y e,

from which it follows that there exists & > 0 such that

|un||} < K ¥n e IN.

Proposition 3.2 For A\ > 1, @) satisfies (PS). condition for all ¢ € IR, that is, any
(PS). sequence {u,} C E\ has a strongly convergent subsequence in E).



Existence of multi-bump solutions 497

Proof. Let {u,} C E) be a (PS). sequence. By Lemma 3.1, {u,,} is bounded in E and
we may assume

u, — u weakly in Ey and WP (IRY)

U, — win LEY(RN) and LY. (IRN).

loc loc

First, we observe that the limit function w is a critical point of ®,. In fact, because for
any bounded sequence {¢,} C E, we can easily see that @, (u,, )@, — 0. Using the
sequence

on(x) = n(x)un(z)
where nn € C*°(IRY) is given by

n(x) =1Vz € Bf(0),n(x) =0V € B%(O), n(z) € [0,1] with Qf C Bg(O)

and adapting the arguments used in [8, Lemma 1.1]( see also [2] ), for each € > 0 there
exists & > 0 such that

/ [Vun|P + (AV (z) + Z(z))|un|? < e forn € IN.
{z€RN:|z|>R}
The last inequality together with subcritical growth of g imply

lim P!+ (\V(z)+ Z(x))P?=0
n—0oo J RN
where
P! = ([Vun [PV, — |VuoP > Vu,, Vi, — V)

and
P2 = (|un|P 2wy — |uo]P"%uo) (tn — o))

Using the same type of arguments found in Jianfu [13, Lemma 4.2] ( see Tolksdorff
[15]), it follows that

Uy — u in Fy.

Remark 3.3

e Using well-known arguments, we can assume that all (PS). sequences are nonnegative
functions

e Since ®, verifies the mountain pass geometry, the above results imply the existence of
a non-trivial critical point to ®,.

Our next step it is to study the behavior of a (PS). sequence, that is, a sequence
{u,} € WHP(IRN) satisfying:

uy € Ey, and A, — oo,
(I))\n (un) — G, (PS)oo
@5, (un)]] — 0.
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Proposition 3.4 Let {u,} be a (PS)w sequence. Then, for some subsequence, still
denoted by {u,}, there exists u € WHP(IRYN) such that

U, — u weakly in WHP(IR"N).
Moreover,
(i) u=0in RN \ Qr and u is a non-negative solution of

~Agut Z@)P = f) in P,
u=20 on 0% ’

for each j €T.
(i) u, converges to u in a stronger sense;
[[un —ul|x, — 0.

Hence,
Uy, — u strongly in WHP(IRN).

(#i1) un also satisfies

A [ V(@) |unlP — 0

HunHI;\MZRN\QF —0

lunl}, p = Jo, IVul? + Z(@)|ul? for all j €T.

Proof. As in the proof of Lemma 3.1, it is easy to check that there exists & > 0 such that
Junl’ < K Vn € IN.
Thus {u,} is bounded in WP (IRY) and we may assume that for some u € W1P(IRYN)
U, — u weakly in WHP(IRN)

and
Uy (z) — u(x) aein RV,

To show (i), we fix the set C,, = {z € RY : V(z) > -}. Then,

[l <3 [ av@lul
Cm n J RN

m
[ unl < el
n

m

that is
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The last inequality together with Fatou’s Lemma imply
/ |ulP =0 Vm € IN.
CTIL

+oo

Thus u(z) = 0 on U Cr, = RN \ Q, from which we can assert that ul, € W2P(€;)
m=1

Vie{l,... k}.

Using again arguments explored in the above section, we get

lim P+ (\V(z)+ Z(x)P2 =0

n—oo [N

where
P! = (|Vuy, |P"2Vuy, — |Vuo|P 2V, Vuy, — Vu,)
and
P’Z = (|U/\n p_2u>\n - |uo|p_2uo)(u>\n — Uyp))-
Thus,

u, — u in WHP(IRY).
From the last limit, for each ¢ € C3°(€2;)
/ \VulP2VuVe + Z () |uP~?up — / g(z,u)p =0,
j Q;
showing that u is a solution to (P;) for each j € T'.
Foreach j € {1,2,...,k} \ T, setting ¢ = u, we have

/Qj IVl + Z(x)|ul’ — /Qj Fuyu=0

that is,
[lull? _/ fN(u)u =0.
Q) o

By Lemma 2.1 and the fact that f(s)s < vys? for all s € IR, we have

Solull g < el gy = solul? o < lull o = [ Fuwyu =0,
j
Thus, v = 01in Q; for j € {1,2, ..., k} \ I showing that () holds.
For (i7), we use again [13, Lemma 4.2] to get the following inequality:

= ullX, = Srsyar (F(un) = F@)(un =) = for ( (un) = f () (wn — )

< @) (un)(un —u) = &y (w)(up — u).
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Using the limits below

[ () = ) — ) = 0,0,
Q

r

O (u)(un —u) = Jo [VulP72VuV (un —u) + Z(2)ul ™ (un — u)—
- fQF fu)(un —u) = o,(1)

and
1Dy, (un)(un — )| < [Py, (wn)|[(lunllx, + llullx,) = o0n(1)

it follows that
lJwn —ull§ —/ (fun) = fu)(un = u) < 0n(1),
RN\QL

Now, using Lemma 2.1, the fact that w = 0 in RN \ Qr and the last estimate, we obtain
[un —ull} —0 as n— oo,

To prove (4i%), notice that from (Hs)

| AV@unl? < Clu,
RN "

SO,

/ AV (@) |ug [P — 0 as n — oo.
RN

Proposition 3.5 Let {uy} be a family of positive solutions of (Ay) with uy — 0 in
WLP(IRN \ Qr) as A\ — +oo . Then, there exists \* > 0 such that

‘u’\‘OO,IRN\Q/F <a V> )\

Proof. In this proof we adapt some arguments developed in Gongbao [11, Theorem 1.11]
('see also [2] ). In the sequel, u denotes u ).
For each 7 € C°°(IR"), we define the functions

(6-1) 1

v = nPuul and Wy = nuu€7
where u;, = min{u, L}. By direct computation, using the fact that v, given in Lemma
2.1 can be chosen sufficiently small, the growth of function g and the definition of weak

solution, we have

(W

P, < C/RN IVWL|P < Cﬁp(/lRN |vn\Pupu§“—1>).
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Fixing Q; C ﬁj and 7 verifying

0 <nx )<1V9:EBN
(x)—OV:cEQ
n(a:)flvbrERN\U

JeF

the above estimate implies

WP, 5 < 016”(/ upﬁg(ﬁﬂ))
T

where T = UJeFQ \Q and B = RN \ U]EF
Fixing § = p , the last inequality implies that

*2

ue L% (B).

Now, if 3 = ;71)W1tht = (p
Holder’s inequality,

( ) € (p,p*). Thus, using

1

t

WilE 5 < Czﬁ”( [ )
T

Hence, Letting L — oo, we obtain

|, [PB
|“|,3p B C287 |ul 2oy

Defining & = p*(;;l) ;8 = (tlitl) and § = £™(m = 1,2,3,....), it is possible to show that

there exists C3 > 0 such that

|U|§m+15$8 S OS‘“L’ES,T Vm S {172,3, }

Letting m — 400, we get
|u|oo,3 S C?:

Using the fact that
uy — 0 in WHP(IRN \ Qr) as A — oo

from the last inequality, we can conclude that there exists A* > 0 such that

03], vy, @ VA Z A,

The last proposition implies the following result

Corollary 3.6 Under the hypothesis of Proposition 3.5, there exists \* > 0 such that
for X > X\*, uy is a positive solution of (P)x.
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4 The existence of multi-bump positive solutions

In this section, we denote by I; : Wl?(Q;) — IR and ®y; : W(Q)) — IR the
functionals given by

L= [ e+ z@p - [ P (11)
and
By (u) = %/Q Vul? + AV (2) + Z(2))ul? — / Flu). (4.2)

We know that the critical points of the above functionals are related with the weak
solutions to the problems

—Apu+ Z(@)ufP~?u = f(u), in Q; (4.3)
u=0, on 0Q; :
and
—Apu+ (AV () + Z(2)|ul?~2u = f(u), in Q] (4.4)
%Z =0, on 8(2;. :

It is easy to check that functionals I; and ® ; satisfy the mountain pass geometry. In
what follows, we denote by c; and c)_ ; the minimax level related to the above functions
defined by

¢; = inf max I;(y(t))

v€l; te[0,1]
and
eng = Inf  max ®5;(7(1))
where
;= {y € C([0, 1], W, " (2;));7(0) = 0, I;(v(1)) < 0}
and

Tyj = {7 € C([0,1], W'(Q}));7(0) = 0, @5 ;(v(1)) < 0}.

Moreover, the Palais - Smale conditions implies that there exist two nonnegative func-
tions w; € W, P(;) and wy ; € WHP(9Q;) verifying

Ij(wj) =Cj and IJI(’LU]) =0

and
<I>,\’j(w>\’j) = C),j and (I))\’j(w)\}j) =0.
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4.1 A special critical value to &,

In what follows, let us fix £ > 0 such that
1 [ .
)Ij(ﬁwj)‘ < E] Viel
and
I (Rw;) —c;l =1 Vjel.

From the definition of ¢;, the equality below is standard.

SG[I%'I/E}%};” Ij(SRU}j) =Cj Vi el.

Hereafter, I' = {1, .....,l}(I < k),

1
Yo(81, 82y ey S1)(T) = Zszwj(x) Y(s1,....,81) € [1/R? 1), (4.5)

j=1

. ={y € C([1/R* 1], B\ {0});7 = 7, on O([1/R*1]")}
and

byr = inf max P S1y.0581))-
AT I P o gy A((s1 1)

We remark that v, € I',, so 'y # 0 and b, 1 is well-defined.

Lemma 4.1 For any v € T, there exists (t1,....,t;) € [L/R%,1]! such that

N s ) (Yt s 1)) = 0 for j € {1, 1}

Proof. For a given «y € T, let us consider the map 7 : [1/R?,1]! — IR' defined by

F(815 e 81) = (PN (Y);oerees @A, (V) (7))

where
M) = @4 (v(s15 0 80)) (V(515 -5 81)) Vi €T,

For (1, ..., 1) € O([1/R?,1]"), it follows that
V(815 ey S1) = Yo (81, -+-5 S1)

and
(515,51))(0(51,..,81)) =0 =s; ¢ {1/R* 1} V j €T.

//\](70
Thus (0, ...,0) ¢ 5(9([1/R?,1]")). Using this fact, it follows from the topological degree

deg(¥, (1/R?, 1)\, (0, ....,0)) = (=1)' #0
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and hence, there exists (t1, ....,%;) € (1/R?,1)! satisfying

Nty s t)) (Y (1, s 1)) = 0 for j € {1,...,1}.

In the sequel, we denote by cr the following number
!
cr = Z Cj.
j=1

Proposition 4.2
1

a) ZCAJ <bsr<ecr forall X>1.
j=1
b) ®r(v(s1,.es81)) < er for all A > 1,7y € T and (s1,....,s) € O([1/R%,1]1).

Proof.
a) Since 7, defined in (4.5) belongs to I',, we have

hhr < P
ar s max A(Yo(815 -5 51))
l

= Li(sRw;
I 2 D)

(815-..,81)€ =
l

= E Cj = Cr.
j=1

Fixing (t1,....t;) € [1/R?,1] given in Lemma 4.1 and recalling that c, ; can be characteri-
zated by

exg = inf {@x;(u); u € B\ {0} and ) (u)(u) = 0},

it follows that
Py j(v(trs s tr)) > eny Vi €T,

On the other hand, recalling that @A’RN\Q/F (u) > 0 forallu € WHP(IRN \ Qp), we have
1
DAY (51,00 51)) 2 Y Ox5(Y(51, 00, 51)).
Thus,

l
ma; P 814000, 81)) > @ t1,...,11)) > Cx.j-
OO P A(y(s1 D) = Pa(y(tr, 1)) =D en

From definition of by r, we can conclude

!
bxr > E CA,j
j=1
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finishing the proof of a).

b) Since Y(s1, ..., 51) = Vo(51, ..., 51) on A([1/R? 1]"), for (s1,...,51) € ([1/R?,1]") we

have
1

Ox(Yo(s1, - 50)) = 3 _Ij(s;Rwy).

j=1
Moreover, I;(s;Rw;) < ¢; for all j € T and for some j, € I',s;, € {1/R2,1} and
I;,(sj, Rw;,) < “ . Therefore,

o

(I)A(70(817 "'>Sl)) < cr — €
for some € > 0. m

Corollary 4.3
a) byr — cr as A — oo
b) bx; is a critical value of @y for large .

Proof.

a) Since ¢y ; — c; for each j ( see Ding & Tanaka [9]), it follows from Proposition 4.2
that by r — cr as A — oo.

b) Using the fact that @, verifies the Palais-Smale condition, we can use well known ar-
guments involving deformation lemma to conclude that by r is a critical level to ® for
A> 1.

4.2 Proof of the main theorem

To prove Theorem 1.1, we need to find a positive solution w) for a large A which approaches
a least energy solution in each 2, (j € I') and to 0 elsewhere as A — oco. To this end, we
will show two propositions which imply together with the estimates made in the previous
section that Theorem 1.1 holds.

Hereafter,

Bu11(0) = {u € Ex; |lullx < M +1}
and for small x> 0, we define
AN = {u € Bar(0); ully pvar, < o |@x5(w) —¢;| < Vi € r}.
We also use the notation:

(Pir = {u S E)\; <I>>\(u) < CF}
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1
and remark that w = Z w; € AI); N ®5°, showing that A}, N &S # (. Fixing
j=1

1
O<p< 3 min{c;;j € I'} (4.6)

we have the following uniform estimate of ||, (u)|| on the annulus (A3, \ A%) N @

Proposition 4.4 Let p > 0 satisfy (4.6). Then there exist o, > 0 and A, > 1
independent of \ such that

@)\ (w)|[x > 00 for A > A, and for all u € (A}, \ A}) N DS (4.7)

Proof. Arguing by contradiction, we assume that there exist A\,, — co and
Uy € (Aﬁw N Afp) naes

such that ||} (uy)|| — 0.

Since u,, € A;; and {||un|/x, } is a bounded sequence, it follows that {® (u,)} is
also bounded. Thus we may assume

(I))\n (un) —cCcE (—OO, CI‘}

after extracting a subsequence if necessary.
Applying Proposition 3.4, we can extract a subsequence u,, — u in WP (IR™) where
u € WEHP(Qr) is a non-negative solution of (4.3) with

U, — u in WHP(IRY), (4.8)
)\n/ Vi(x)|up|? — 0 (4.9)
RN
and
||un /\n,RN\QF — 0 (410)

Since c; is the least energy level for I;, we have two possibilities:
() I;(u|q;) = c; forall j € T
(ii) I, (u|,, ) = 0, that s, ulg, = 0 for some j, € T
If (i) occurs, it follows from (4.8)-(4.10) that u,, € Af;" for large n, which is in contra-
diction to the assumption u,, € A} \ A\~
If (ii) occurs, from (4.8)-(4.9) it follows that

P, o (un) —¢j, | = ¢j, > 3p

which is a contradiction with the fact that u,, € AQZ \ Af;". Thus neither (i) nor (ii) can

hold, and we have completed the proof of Proposition 4.4. B
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Proposition 4.5 Let 11 satisfy (4.6) and A > 1 be a constant given in Proposition 4.4.
Then for X\ > A, there exists a positive solution uy of (P)y satisfying uy € Aﬁﬁ@ﬁf.

Proof. Assuming by contradiction that there are no critical points in Af; N 5", since the
Palais-Smale condition holds for @, ( see Proposition 3.2 ), there exists a constant dy > 0
such that /

[|®y(w)]| > dy forall ue Aﬁ N 5.

From hypothesis, we also have
@5 (u)|| > o, forall u€ (A3, \ Ay) N &S

where o, > 0 is independent of \. In what follows, ¥ : £y, — IR and H : <I>f\F — IR are
continuous functions that verify

20

)=1
U(u) =0 for for u ¢ Ay
0<T(u) <1 for u € E)

and
~()Y (@)Y (@), e Aj,
H(u) = { 0, u ¢ A%‘H

where Y is a pseudo-gradient vector field for 5 on M = {u € E) : ®) # 0}. Hence,
using the properties involving Y and ®,, we have the inequality

|H(u)[| <1 VA> A, and u € ®F.
Considering the deformation flow 7 : [0, 00) x ®{" — &' defined by

d
ST — Hn), n(0,u) =u € &5
dt
and observing that there exits K, > 0 such that
@55 (u) — x;(v)] < Killu = vl 0, Yu,v € Bar41(0) and Vj €T

we obtain, using similar arguments explored by Ding & Tanaka [9], two numbers
T =T(\) > 0and ¢, > 0 independent of A > A, satisfying

V(81505 81) = (T, Yo(815 -, 81)) € T
and

[} * < — €.
(sl,...,s?)lea[}f/RQ,l]l AV (81,0, 81)) <cep —e

Combining the definition of by r and the above informations, we get the inequality

bxr <er —e, VA>A,

which contradicts Corollary 4.3. [ |



508 C.0. Alves

4.3 Final conclusion

From Proposition 4.5 there exists a family {uy} of positive solutions to (A ) verifying the
following properties:
I) For fixed px > 0 there exists A* such that

[urllx,mvvon < VA > A%

Thus, from proof of Proposition 3.5, i fixed sufficiently small, we can conclude that
|uA|OO’,RN\Q/F <a VA>)\*

showing that u) is a positive solution to (P)j.

IT) Fixing A\, — oo and p,, — 0, the sequence {uy,, } verifies:

o &)\ (uy,)=0VnelN

e |lux,lIx, my\op — 0

o &)\ (uy,) —c¢ VjeTl.

ns

Thus from Proposition 3.4, we have that
e uy, —u in WHP(IRY) with u € WHP(Qr)

from which follows the proof of Theorem 1.1. [ |
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