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Abstract
In this paper, we extend the result of R. Mazzeo and F. Pacard in the following direction:
Given (2 any bounded open regular subset of R™, n > 3 and given x1, x2 € {2, we give a
sufficient condition on z1, x2, for the problem

n+2
Au+un=2 =0

to have a positive weak solution in €2 with 0 boundary data, which is singular at each x;.
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1 Introduction

Recently R. Mazzeo and F. Pacard have developed a method to build positive solutions of

-2 n
AU“F%UHJ:; =0 in R”\{xl,-~~,wk} (1]‘)

*The author is grateful to F. Pacard for encouragement, insightful comments and assistance
through her work and to A. Bahri for his interest in this work which is a part of her thesis done
in 1997 at CMLA, ENS-Cachan, France.
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which are singular at every z; € R™ provided n > 3 and k£ > 3.

Our aim is to extend this method to study the following problem:
Given any (2, a regular bounded open subset of R™, n > 3, and given z1, - - - 3, € {2, does
there exist a positive weak solution of

Au+ %uﬁfﬁ = 0 in Q (1.2)
1.2
u = 0 on 09,

which is singular at each x;?
In the particular case where (2 = R", some decay assumption has to be imposed at oo,
namely

u(@) =O(| = [*7")

for | | large. This case has been studied by many authors. First of all, it is known since
the result of L. A. Caffarelli, B. Gidas and J. Spruck in [1], that, when k£ = 1, the problem
has no solution. Moreover, all solutions corresponding to k = 2 are known and constitute
a 2(n + 1) dimensional manifold. For at least 3 singularities, existence results of solutions
have been given first by R. Schoen [6] and later on by R. Mazzeo and F. Pacard [2], the
two proofs giving rise to two qualitatively different types of solutions. Solutions with even
numbers of singularities have been found by R. Mazzeo, D. Pollack and K. Uhlenbeck [4].
Moreover, the same authors have proved in [3] some results about the structure of the set of
all solutions of (1.2) itself when {2 = R™. In particular, they have proved that the dimension
of this set of solutions is equal to k(n + 1) near any “non-degenerate solution”. Finally let
us mention the result of D. Pollack which concerns the compactness properties of the space
of all solutions which are singular at finitely many points [5].

To our knowledge, very few results are known when (2 is a bounded regular open subset of
R™. Our first result is an easy nonexistence result :

Theorem 1.1 If Q C R" is a (bounded) regular domain which is starshaped with
respect to the point xo then there are no solution of (1.2) with a non removable
singularity at xg.

As a corollary, we get the nonexistence of solutions with one isolated singularity and 0
boundary data in any convex domain.

Before stating our result concerning the existence of singular solutions, we denote by
G(z,2'), the Green’s function in  and H (z,2’) the regular part of G(z, z"), namely

Gz, ') =|z —a' > +H(z,2). (1.3)
Our main result reads :

Theorem 1.2 Given Q a regular open subset of R™ with n > 3 and given ¥ =
{z1, 22} C Q. There exists a solution to the problem

Au—i—%u:ﬁ? = 0 in Q\X
U = 0 on 00 (1.4)

U > 0
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singular at every point of 3 provided
G($17x2)2 _H(xlaml)H(Jj27$2) > 0. (15)

It is easy to see that the last condition is always full-filed provided the two points x; and
x9 are close enough.
The proof of this result relies on the proof of [2].

Remark 1.1 We don’t know if there exists a solution with just one isolated singu-
larity when the domain is not starshaped.

2 The building blocks : Delaunay type solutions

The Delaunay type solutions are defined to be singular radial solutions of

- 2 n+2
Au + %unz =0. (2.1)

It is classical to look for such a solution in the form

2—n
w(@) =|z |2 v(-log |z [). (2.2)
Setting t = — log | = |, we obtain the following autonomous ODE
d*>v  (n—2)? n(n —2) n+2
ﬁ — 4 v+ 4 yn—2 = 0 (23)

The trajectories of this ODE are easy to study since they are related to the level sets of the
following Hamiltonian
(n - 2)2 2 (?’L - 2)2 2n

H(v,w) = w? — Y + ) vR-2, (2.4)

Using this, it is proved in [2]:

Proposition 2.1 [2] For any Hy € (—”772(”7*2)%,0), there exists a unique bounded
solution of (2.3) satisfying H(v,v) = Hy, ©(0) = 0 and ©(0) > 0. This solution is
periodic and for all t € R we have v(t) € (0,1). This solution can be indexed by the
parameter € = v(0) € (0, (%)W,_z

7). When Hy = —"52("=2)% | there is a unique
bounded solution of (2.3), given by

n—2 n-2

o(t) = (=)

Finally, if v is a solution with Hy = 0, then either v(t) = 0 or v(t) = (cosh(t —
to))z% for some ty, € R.

In this proposition, - denotes the derivative with respect to ¢.
These solutions are called Delaunay type solutions. Their behavior as ¢ tends to zero is
explained in the following two propositions :
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Proposition 2.2 [2] Fiz € € (0, (”7—:2)%2) and let ve be the corresponding Delaunay
type solution. Then the period T, of v. tends to infinity monotonically as € tends
to 0 and satisfies

T = (n f 5+ 0(1)) log(e).

In addition, for allt € R

-2
e <wv(t) < scosh(nT ).

And, more important for us, we also have :

n—2

Proposition 2.3 [2] For any ¢ € (0, (T)nTﬂ) and for any t € R, the Delaunay type
solution v. satisfies the estimates

n—2 nt2 nt2
Z %y =t
b

| ve(t) — € cosh( ) |< cpen—2e 2

-2 -2 nt2 n
| 0e(t) — n 5 Esinh(n 5 t)|< Cngnfge ?\tl7

for some constant c,, > 0 which depends only on n.

n—

For all € € (0, (”T’Q)TQ), for all R > 0 and for all ¢ € R™ we define
Uepa(r)=lz—alx |2|2an ve(—2log |z | +log |z —a|x|?| +logR). (2.5)

One easily checks that this is a solution of (2.1) in R™ \ {0, #} A simple proof of this
fact is available in [2].

3 Construction of the approximate solutions

We define a family of approximate solutions to our problem using the Delaunay type so-
lutions defined in the previous section. The approximate solutions are obtained by gluing
together Delaunay type solutions centered at each z; with a harmonic function. Let

g = (51,52) S (Rj_)Q,
be a set of Delaunay parameters,
R = (RhRg) S (Ri)z,

parameters corresponding to translations of Delaunay type solutions

4 4

p=(p1,p2) = (7" "5 ) € (RY)? (3.1)

and
a= (al, a2)
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a set of vectors in R™.
We assume that the parameters p; are sufficiently small so that the balls B(z;, p;) do
not intersect. We denote
Qp = Q\ UL, B(zi, pi).- (3.2)

We finally fix a pair of positive numbers ¢; and ¢» and assume that
g, =¢€q 1=1, 2, (33)
or simply € = g for some € > 0. In this case, for the sake of convenience we will denote
4
p= enZ—1

As we have already said, G(x,2’) denotes the Green’s function in 2 and H(z,z’) the
regular part of G(z, x'), namely

G(z,2')=|z —2' |*™™ +H(z,2). (3.4)
We have the following proposition:

Proposition 3.1 Suppose that € = €(q1,q2) with € > 0 small. Suppose that the pa-
rameters R; > 0 and a; satisfy the relations

2—n n—2 n—-2
R ? =qR;? H(z,z) +qR;* G, x5) (3.5)
and . - -
R, Z (n—2)a; = ¢iR; > Vi H(zi, 1)+ qujTVIG(mi, ;). (3.6)
If Wz p(x) is defined on Q5 by
n—2 n-2
W, p(z) = %RlTG(z,xl) + %QRQTG(x,zQ). (3.7)

Then, fori=1,2, we have the estimates
Ue;,R;,a; (33‘ - xl) - wé,ﬁ’,(x) = O(6p2)

and
v(u5i7Ri~,ai (.I - in) - wé,f{(x)) = O(Ep)

in B(xi,2p;) \ B(zi, pi)-
Proof. In order to prove the result, it is sufficient to expand both w., g, o, (z — z;) and

We g(w) in B(wy,2p;) \ B(w;, p;). First, we consider uc, g, q,(* — ;), using Proposition
2.3 and the definition of u. g, we get, if p is small enough

E; n—2 2—n
teria@—z) = 5 (BT o= PR (L4 (0= 2)(a (2 - 2))

YO(e |z —2; |2) + O(en2 |z —x; |77).
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We now give the expansion of w; () in the same set

QD5,R(33) = %R:% [| T — T |2—n +H(xi,m;) + Vo H (2, x) (2 — Z’z)]
+%R;% [G(zi,2) + VG (2i,7;)(x — )] + Oe | @ — 5 |?)

and the result follows from the values given at the different parameters.
Let us now show that it is possible to find ¢ and R satisfying (3.5). In fact, we have to
be able to solve the following system

2—n n—2

qi(R,® —R,? H(z1,21)) = 2R,” G(1,2)
(3.8)

2—n n

¢(Ry® —Ry? H(w2,25)) = iR, ? G(ws,11).

The problem reduces to find ¢;, g2, R; and R, all positive, which are solutions of (3.8).
First observe that H(z1,21) < 0, H(z2,22) < 0 and G(z1,x2) > 0. Therefore, if the
above system has a nontrivial solution it has a solution (g1, g2) whose components are all
> (. Thus, it is enough to find R;, Ry > 0 such that

2—n n—2 2—n n—2 n—2

(R —R,™ H(er,2)(Ry® — Ry® Hla,22)) = By ® Ry Glay,m)’.
But this is equivalent to say that we can find a solution X3, X3 > 0 to
(1 — X1 H(z1,21))(1 — XoH(z9,12)) = X1 XoG (21, 22)2.
This is always possible provided
G(x1,20)? — H(xy,21)H(x2,29) > 0.
Let x; be a smooth radial function defined as follows

{1 if |z |< p;

0 if | z |> 2p;

(3.9)

and

-1

| Orxi() | cp;

| 2xi(z) | < epi”

IN

we define the approximate solution as follows (regardless of whether the relations (1.5),
(3.5) and (3.6) are satisfied.)

U pa(®) = D Xil® = 20, i a0, (€ — 23) + @z () (1 - Z xi(T — wi)) - (3.10)

=1
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4 Definition of the Jacobi fields

The nonlinear operator we deal with is defined by

nn—2) nt2

N(u) = Au + — U
The linearization of the operator A" at a fixed Delaunay type solution u. g, is defined by
2) _4_
Le pov=~A7Av+ %u;}‘:av. (4.1)

Varying the parameters in any one of the families of Delaunay type solutions leads to solu-
tions of L. r .1 = 0. Solutions of this homogeneous problem are called Jacobi fields.
We will denote by \; the eigenvalues of the Laplacian on S™~! and ¢, () the correspond-
ing eigenfunctions.

For the time being, we set R = 1 and a = 0. To Ay = 0 correspond the following
Jacobi fields

8 2—n 8 2—n
W) = S =la ' TE(-tog| x| =[x | 8L (~log |z ),
0 -2 n O
W) = — o] So@) - S oul) =l |57 TE(—log | <)
= |z o0t (~log |z |).
The Jacobi fields corresponding to the next set of eigenvalues Ay = Ao =--- =\, =n—1

are given by

v,

w7 = 1o (e log o) - R tog |2 00

= |z obF(—log |z [)g;(0)

' du.
W (@) =
(x) 9, (x)
n Ove
= |z|% (22”1)5(—10g|x)— (,;;(—long) ;(0)
= |z |7 L (~log | a|)e;(0).
We also have (cf. [2])
dIt(t) = e7H(F2u(t) — L= (1)
. (4.2)

= gz e 2ty O(gn—2 e%t)

and differentiating the equality v, (¢t + T¢) = v.(t) with respect to &, we have

dT. _
OO (t+T.) + T PO (t+T.) = d% ().
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This last equation shows that %~ is a linearly growing function of ¢.
Later, we shall use the Jacobi fields corresponding to differentiating the family u. g o (x)
and evaluating not necessarily at R = 1, a = 0. We shall denote these Jacobi fields by

it —| |5 it .
Pt @) =la | e0E (<log |z ]), =0,

5 Function spaces

We will use weighted Holder spaces defind as follows.

5.1 Function spaces on the ball B(0, R)

Foreachk € N,0 < aa < 1 and o € R, we set

k

| u ‘k,(x,[n,Qa] = sup ZOJ | v]u(x) |
z|€lo,20 i
lel€lo2o] |\ j=0 (5.1.1)

+ohte sup
lz|,ly|€lo,20],z7y

( Vhu(e) - Vhu(y) ).

|z —yl|®

Then, for any 1 € R, we define the weighted Holder space on B(0, R) \ {0} as follows

ek (BO,R)\{0} = {u e X BORNIY | | ulhau< oo,  (512)
where
H Uu ”k,a,,u,: Sllp J_M ‘ Uu |k,a,[0,20] . (513)
agg

Notice that, the radial function r# is in C}>*(B(0, R) \ {0}) for any k, a and .

5.2 Function spaces on 2\ X

We define analogous function spaces on 2 \ ¥. For any v € R, we define the space
Cr(Q\ X) as follows

CU@\D) = {uech(Q\ D) |[lu

ko< 00 (5.2.1)
where the norm is given by
Il llkaw =l w k0w vy + 1 lkaouseE,n + 1w lkew,Bes )

and || f ||k,a,0\U; B(z:,1) denotes the usual Holder norm of the function over the set Q \
UiB(l‘i, 1).
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6 The linearized operator on the unit ball

We study the Dirichlet problem in the unit ball B(0, 1) for the linearization about one of
the radial Delaunay solutions u. g o = u.,r. The reason why we restrict our attention to
the linearized operator around the radial Delaunay type solution is because it can be studied
using separation of variables. Set

LE,R,O = LE,R and Le,l,O = Ls-
We want to study the problem

Lerw = f in B(0,1)\ {0}
{ w = 0 on 0B(0,1).

(6.1)

We will study the properties of L. r on the weighted Holder spaces defined in the previous
section.
We know that the Jacobi fields satisfy

2—n

wg:;;,a € Ci’o‘ and wg:g’a € Cf;“ forall p < (6.2)

andforj=1,---,n,

. 4 — o
Wlha€Ch forall p< =" and ¢l €CR forall p< -l (63)

€, g,R,a

We introduce { pjt (e)}; a discrete set of reals determined by the ordinary differential

equation induced by L. g on the jt" eigenspace of the Laplacian on S"~!. These values
play the same role as the indicial roots of a regular singular problem. They are defined

as the rates of growth or decay of solutions of L, pw = 0 and are usually impossible to

compute. We notice that u(jf (e) and qu (e) for j = 1,---,n do not depend on ¢, precisely
we have
92— 4- -
,u(jf:Tn and ,uj'z 2n,uj_ :771, for 7=1,---,n.

We can prove as what is done in [4], that the operator
Lo : Cp(B(0,1) \ {0}) — C%(B(0,1) \ {0})

is Fredholm for all p € R, p1 ¢ {uf(s)}
We have the following proposition

Proposition 6.1 Fiz R € RY and p € (452,2). Let us assume that A and B are
reals satisfying

n —

5 (

A cosh(

210gR)+n;2Bsinh ;2logR):1 (6.4)
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and define the deficiency space

W = Span{AweR + 1/)5 IS wZR with j=1,---,n}. (6.5)
Then, there exists an g9 > 0 such that for all € € (0,e¢], the operator
Ler : [C2*(B(0,1) \ {0}) ® W]p — €% (B(0,1) \ {0}) (6.6)

is an isomorphism. The inverse map will be denoted L;}%. In particular, for

fe Cg’fQ(B(O, 1)\ {0}) there ezists a unique solution w of (6.1) which has a de-
composition

n

w(e) = Genl(f) (@) + K2 g (f) (Awswj;) + fws’ﬂj;)) F YK (U ()

j=1
The operator

Ger - €% (B(0,1)\ {0}) — Cy*(B(0,1)\ {0})

and the functionnals KJ g for j=0,1,---.n defined from Cﬂ’f‘Q(B(O, 1)\ {0}) onto
R satisfy the following propertzes

o G. R is defined for all 1 € (%",2) and is bounded independently of € when
l<p<2.

o The restriction of G. g to the space of functions h(r,0) with eigencomponents
hj(r) vanishing for j = 0,---,n, is defined and bounded independently of €
when —n < p < 2.

n

e The functional KS’R is defined for all pu > 2% and is bounded independently
of € when 0 < p.

e The functionals Kg_R, j = 1,---,n, are defined for all p > 4_7" and are

bounded independently of € when 1 < p.

Proof. The proof will be decomposed into three steps. The solution is constructed by
separation of variables, restricting the problem to each eigenspace of the Laplacian on the
sphere. Replacing f(z) by R™2f (%) and w(z) by w(4 ), we remark that (6.1) is equivalent
to
Low = f in B(0,%)\{0}
(6.7)
w = 0 on 9B(0, %)

Setting t = —log | x |, this rescaling has the effect of replacing v. r(t) = v.(t + log R)
by v (t).
Replacing, in (6.7), w and f by their eigenfunction decompositions

w(z) —le‘fzwa —log | 2 |)¢;(0)
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and

f(@) —le‘"”ng (—log | @ )¢, (8),

we get the following series of ODE satisfied by w;

d?w; n—2 n(n+2) -4,
]szwj(t) = dtzj - ( 2 )ij — )\jw] + T'l}g ij = f]

w;(logR) = 0,

where, for all j > 0, L. ; is the restriction to the eigenspace Span{¢;} of Agn-1 of the
operator
Pw  n—2, n(n+2) -4

el —( 5 )w—l—ASn_lw—&—Tv; w.

cw(t,0) =

We assume, after multiplying by a suitable factor, that || f [|o,q,,—2= 1. We will study the
operators L. ; for j > n, then for j = 0 and finally for j = 1,---,n

1%t step : j > n. We assume that —n < p < 2 and j > n. We denote by f the projection
of f onto &>, Span{¢p;}. Thus the problem we study is the following

L.w(t,0) = f(t,0) in (logR,+oo) x S"~!
{ (6.8)
w(logR,0) = 0

It has a unique solution @ which is uniformly bounded by ce % for t > 0 where § =
n=2 4 . We refer to [2] for the details.

27 step : j = 0. We assume that ;2 > 0. We want to solve

{Lg’owo(t) = fo in (logR,+0o0)
wo(logR) = 0.

(6.9)

We normalize fo so that || fo [|0..,—2= 1 and choose an extension f, of fo to R satisfying
| fo llo,a,u—2< 2. For each T' > log R, we denote by wr the unique solution of

Le owr = fo, wr(T) = 0, wp(T) = 0.
We have the following result proved in [2].

Lemma 6.1 [2] For u > 0, let § = % + . Then for all R > 0, there are constants
g0 > 0 and C > 0 independent of T, such that for all € € (0,20] we have

sup e | wp(t) |< C.
te(log R, T
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Letting 7" tend to infinity, we get a unique solution w to (6.9) satisfying

sup e |@(t) < C.
te[log R,+00]

We must add an additional term to correct the boundary data. We define the solution wq by
wo(t) = w(t) — c[ADL™ (t) + BOYT(1)],

where the constant ¢ € R is chosen so that wg(log R) = 0. Thanks to the result of
Proposition 2.3, it is easy to see that

n —

5 2 log R)

lin(l)(Ang’* (log R)+B®% " (log R)) = Acosh(nTi2 log R)JrnTiQB sinh(

which by assumption is equal to 1. Therefore, the choice of c is always possible provided
€ is chosen small enough. Moreover the constant c is bounded by a constant.

Knowing that the functions <I>2’i are solutions to L. pw = 0, we conclude that wy sat-
isfies the equation L, gwo(t) = fo as well as the correct boundary conditions.

374 step : 1 < j < n. We suppose that 1 > 1. We want to solve the problem

Lejw;(t) = f; in (logR,+00)
{ (6.10)

w;j(logR) = 0.
We define an extension fj of f; to all of R and find the unique solution w of L. ;i = fj,
wr(T) = wr(T) = 0. We have the uniform bound of e** | wr | on (—oo, T]. Letting T

tend to 400, we get a suitably bounded solution w to (6.10). To correct the boundary data,
we define the solution w; as follows

w;(t) = w(t) — w(log R)(®L™ (log R)) ™' ®L ™ (t).

Still using Proposition 2.3, we see that, for j = 1,--- | n
1_. n—2
i — Jst = 2
;I_I:[(l) E &7 (log R) 5 R

and the result follows in this case too.

7 A model for the linearization about . ,(z)

We study here the linearization of A/ about the approximate solution . g ; ().
Using the dilation invariance of our problem, we may always assume that for i = 1, 2,
B(w;,2) are included in © and moreover that B(z1,2) N B(z2,2) = 0.



The singular Yamabe problem 449

Let x de a cutoff function defined by
=1 in B(0,1)
Supp(x) C B(0,2)
0<x<1 in B(0,2)\ B(0,1).

We first study the simpler operator

2
L. pw = Aw n—|—2 Zf(xfxz g, (T —zi)w, (7.1)

where the parameters a; have all been set to zero and then will treat the true linearization as
a perturbation of L . The operator L 3 is simple to study thanks to the fact that the term
of order zero is radial in each B(z;, 1). We will construct an inverse of £ p resolving the
equation

L:gw=f in Q\X. (7.2)

To this end, we will first solve the homogeneous Dirichlet problem outside the balls B(z;, 1),
then solve the homogeneous Dirichlet problem in each of the balls and finally show that
the sum of these solutions can be modified using the Dirichlet to Neumann maps on the
boundary of these balls. We have the following result

Proposition 7.1 Let ¢ = G be a set of Delaunay parameters. Suppose that R =
(Ry1, R2) satisfies the relation (3.5). Suppose also that 1 < v < 2. In addition
assume that, for i = 1,2, we have chosen A; and B; such that

-2 -2 -2
A; cosh(n log R;) + n 5 B; sinh(n 5 logR;) =1 (7.3)

and also such that
(2+ (1 + H(z1,21)) (A1 sinh(252 log R1) + %52 By cosh(252 log R1)))
X (2 + (1+ H(za,22)) (Ag si1r1h("7_2 log Ry) + ”7_282 cosh(”7_2 log RQ)))
# (A sinh(%52 log R1) + 252 B cosh(%52 log Ry)) Y
x (Ag sinh(252 log Ry) + 252 B2 cosh(%52 log Ry)) G(z1, x2)2.

We define the deficiency space
Wo = Span { X(- — 2;) [ A; 07—(ﬂ)+@¢0»+(ﬂ)
0= 0p X 7 1Ve; RZ € €4 Ri ) )

X(-—x;) g’f with j=1,---.n and i:172}.

(Tll)a
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Then for € sufficiently small, the operator
Lop:Cop(Q\E)® Wy — C%(Q\ ) (7.5)

is an isomorphism. In particular, for each f € CS%(Q \ X) there exists a unique
solution of (7.2) which has a decomposition

T — T

R;

Xr — I;

R, )

(o) = Gen(No) + 3 1o — ) (K2, (1) [ Al () + 2

The operator
Gern: C(Q\2) — CoB(Q\ X)

and functionals

/Cj

é,R,i:CSf‘Q(Q\E)HR, for j=0,---n and i=1,2

are bounded independently of .
Remark 7.1 The condition (7.4) is not restrictive.

Proof. The proof will be done in five steps.

1%t step: The exterior problem
We have the following proposition similar to a result in [2]:

Proposition 7.2 Let f € CB;&Q (Q\X). Then foreg > 0 sufficiently small, there exists
a unique solution w € C>*(Q) to
L:pw = f in Q
~ (7.6)
w = 0 on 09

where Q = Q\UZ_, B(z;,1) and f is the restriction of f to Q. This solution satisfies
the estimate -
[ wll2an<cll flloap—2,

with some constant ¢ > 0 independent of €; € (0,e0]. The norms here are taken in
Q.

The proof of this result is straightforward once we have noticed that, in €2, the potential
in L; j tends to 0 like a constant times .

24 step: The exterior Dirichlet to Neumann map
Let W(0) = {11(0),92(0)} € @7_,C**(0B(w;,1)) be a set of boundary values. Thanks
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to the previous proposition, we know that there exists a unique solution w € C> (Q) of the
homogeneous problem

Lopw = 0 in Q
w = on 0B(z;,1), for i=1,2 (7.7)
w =0 on 0

which we denote by wy. We define S; ; by
SE,R(\I]) = (arlw\lj|7‘1=17ar2w‘ll|r2=1) € @f:lcl’a(aB(xiv D), ri=lz—x;|.

This is the Dirichlet to Neumann map for the operator £ z on Q (with 0 boundary condi-
tions on 0€2). We have the following result

Lemma 7.1 The norms of the mappings
U e @?_,C**(0B(x,1)) — wy € C2¥(Q)
and
Sert ®71C*(0B(x4,1)) — @,V (0B (24, 1))

are bounded independently of € provided each €; < €¢ and ¢ is sufficiently small.
Furthermore, if all €; tend to zero, Sz g converges to a limiting operator So which is

the Dirichlet to Neumann map for the Laplacian on Q (with 0 boundary conditions
on 99).

The proof of the Lemma also follows from the fact that, in Q, the potential in /357 R
tends to O like a constant times ¢.

3" step: The interior Dirichlet to Neumann map
Given W () = {11(0),12(0)} € ®2_,C**(0B(x4, 1)), a set of boundary values, we know
from Proposition 6.1 that there exists a unique solution to the homogeneous problem

Lopw = 0 in B(x;,1)
w = ’(/)Z on 8B(x2,1)7

(7.8)

such that

w=uwy, € CE’O‘(B(xi, D\ {z;}) ® Span {Azwg(?) + flq/;ng(_xz)}

1 .. —x
n + i
This defines in &2_,C?*(9B(x;,1)) a continuous

,TE',R(\I/) = (7—513(11)1)77;2,1?(1/}2)) = (87’1"‘)71)1‘7,1:1;8T2w1b2|,.2:1) € @12:1C1’a(8B(35i7 1))7

where 7; =| © — x; |. We have the following lemma
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Lemma 7.2 The norms of the mappings
i € C*(0B(xi, 1)) — wy, € Co(B(w,1) \ {z:})

=X

R;

e

Bi o4, — n Lo, =T
)+ Bt (5 ) ey span { Luir (2}

©Span {Ai@/fg;_(

and
Top - ®7CP¥(0B(wi, 1)) — @7_,CV*(0B(z4, 1))

g
are bounded independently of e; provided all &; are sufficiently small. The mappings
T.  converge as & tends to zero to a limit operator Ty = (13", 1) where Ty is
defined as follows

—-n n—2)?2
o) = (5 + ("5 )

[N

>¢>j forall 7>1

-2 n—2

-2
log R;) + nTBi cosh(

75 (¢o) = (n ; 2

(.Ai sinh( i log Rz)) ®o,

Proof. The proof is almost similar to the one done in [2]. The only difference being on the
limit of TEJ (00). Therefore, we refer to [2] for the proof of the relation giving 7 (¢;) for
J > 1. When 5 = 0 and ); is the eigenfunction ¢, an explicit solution of (7.8) is given by

| — ;|
R;

| z — ;|

Bi o+
) + Ei 1/}5,- ( RZ

e [ A )| i)

where the constant c., tends to 1 as €; tends to 0. Therefore, we have

T§(g0) = lim (Al-i)g;’(log Ry) + B;d% (log Ri)) o,

1 —0
where  is the derivative of ® with respect to t. We recall the following expansions

0 (t) = cosh(252t) + O(em2e "3 1M)

n+2

PoUF(t) = "T_Qgsinh(”T_Qt)+O(5n,2en\t|)_

Using these expansions, we get

(n—2)
2

n — n —

2 -2 2
5 log R;) + nTBi cosh( 5 log Rl)) ®0,

Ti(po) = <A1- sinh(

which ends the proof of the lemma.

4t step: Invertibility of the difference of Dirichlet to Neumann maps

In order to glue the interior and exterior solutions together, we must add correction terms
to these solutions. They are solutions of the homogeneous problem chosen such that the
Cauchy data from inside and outside match up. For that, we must prove that the difference
Sz r — 7z g is invertible when all ¢; are sufficiently small. This is the aim of the following
proposition :
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Proposition 7.3 There exists g > 0 such that for all e; < €g,
Se k= Top + ©i1C(0B(i, 1)) — ®,CH*(0B(w4,1))

is invertible. The norm of its inverse is bounded by some constant C' > 0 indepen-
dent of g; for alli=1,2.

Proof. Tt is proved in [2] that, it is sufficient to show that the limit operator Sy — 7y is
injective. To do so, we argue by contradiction assuming that Sy — 7 is not injective. Then
there exists a function Vo € ©?_,C*(0B(x;, 1)) satisfying (So — Zo)(¥o) = 0. We ex-
tend the Dirichlet data ¥y to a harmonic function, w’, on Q \ U2, B(z;, 1), and to another
harmonic function, w”, in the interior of the balls B(z;,1) \ {z;}. On dB(z;, 1), these
functions have the same Dirichlet data equal to ¥ ; and by assumption, all eigencompo-
nents with index j > 1 of their Neumann data agree since Sy is the Dirichlet to Neumann
map for the Laplacian on the exterior region and 7 is the Dirichlet to Neumann map for
the Laplacian on the union of the balls B(x;, 1) only for the spherical eigencomponents
with index 7 > 1.

We call w the function defined on 2 \ . Given the definition of 7 (¢;) for j > 1, itis
easy to see that there exist two reals p; and p, such that

2

w(z) = ZpiG(x,xi),

i=1

or

2

w(z) = sz(| T —x; P +H(x,x5)).

i=1

Since w is harmonic, it is easy to see that the radial part of w in B(z1, 1) is given by

Wé(ﬁf) =P (| r—2T |2_n +H(CU1,901)) + p2G(z1, 72).

The normal derivative of this function at 9B(z1,1) is just (2 — n)p, it must agree with
74 (w) which gives the relation

n—2

n —

2

n —

2

(2—n)p = (n—2) (.Al sinh(

2
5 By cosh(

2
log Ry) +

log Rl))

x| pr(1+ H(zy,71)) + p2G(21, 72)

Similarly

n— n—2 n—2
2 2 2

(n—2)
2

(2—n)ps = (Ag sinh( 2 log R2) + B cosh( log Rg))

x| p2(1+ H(xa,22)) + p1G(x2,21)
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This system in p; and p2 only has nontrivial solutions if and only if its determinant is 0. But
it is always possible to choose A; and B; satisfying (7.3) in such a way that the determinant
is nonzero. Namely

n —

2

n —

2
log Ry) + 5

(2+ (1+ H(zy,21)) (A1 sinh( 2B, cosh("—2 logRl)))

2
n— n—
2 2

n— n—2 n—

2 2
5 log Ry) + 5 B cosh( ) logR1)>

2
log Ry) +

X <2 + (14 H(za,22)) (Az sinh( 2 B, cosh("—2 log RQ))>

2

+ (A1 sinth(

n—2

n —

2

n —

2
5 Bs cosh(

2
log Rs) +

X (A2 sinh( logR2)> Gz, x2)%

5" step: The correction term

We consider f € CSf‘Q(Q \ ). Thanks to the previous propositions, there exist functions
Wegt and wine ; for ¢ = 1,2, such that

Lopwest = f in Q
Wezt = 0 on 9
and
L:pWinti = [ in B, 1)
{ Wint,i = 0 on 0B(xz;1).

We also know that w;y,; ; has the following decomposition in B(z;, 1)
_ . B T — X
i) = G () + K, () (A + 202 ) (25

o\ 1 . rx—x
+ZK21,Ri(fi);w§;+(Tz)7

Jj=1

where f; is the restriction of f to the ball B(x;, 1). Moreover

n
I Geiri (fi) 20w + D I K2 g, () IS e f llo.aw—2

J=0

and
|| Wezxt ||2,oz,u§ c || f ||O,a,l/—2 .

Let us find a function wy., € Q\ {UZ_,0B(z;,1) UX}, continuous across dB(x;, 1), such
that the function w defined by
Weat () + Wker () in Q
w(x) =
Wint,i(T) + Wger () in B(z;,1)
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satisfies £ p(w) = fin Q \ X. In order for this to be true, the function wy., must satisfy
L p(wker) = 0in Q\ {UL8B(z;,1) U X} and the jump of 9, wie, across dB(z;, 1)
should be equal to O, wjnt,; — Or,Weq+. This is equivalent to finding ¥ solution of

(Sé_ﬁ{ - 27§)(W) = (87'1wint,1 - 87'1 Wext) BT'zwint,Q - 67‘2wewt) S @?:1617(1(83(]}1‘, 1))

This equation has a solution thanks to Proposition 7.3. Using the estimates of Lemma 7.1
and 7.2, we get the estimates of the Proposition which ends the proof.

8 The true linearization

Aa‘,R,a =A+ T(ﬂa‘ﬁ,a)m~ (8-1)

Notice that

and N
z/g,:gﬁ’i(x):aai;aam(x) for j=1,---,n and i=1,2,

which are defined by differentiating @ g 5 (=) with respect to &;, R; and ag respectively,
satisfy

Acpatlt (z)=0 neareach ;.
In the remaining, we will denote
70,— 0,4+ . 5 _
EiAi/(bg_’]}_ﬁ’i(x) + Biwg,fgﬁ_’i(‘r) - M’i(gu R,a, iC)
. o (8.2)
77/};:;%@1(@ = 712(57R7a51‘) for ] = 17"'7”

We assume that A; and 13; satisfy the conditions of Proposition 7.1.

We define the space

M={(,5.8)eClp@\D) o R & (R")?},

with norm

I (v, 8,8) = 2" v ll2.a +e | S +pe | B

Moreover, we define the linear mapping
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Finally, we define
Aé,R,& =A:Ra

IELY)

LM — CO%(Q\ D).

We consider the problem

Apaw=f for feCr%(Q\D).

We will prove that we can find a solution with optimal bounds in the space M.
As in [2], we have the following proposition:

Proposition 8.1 Let & = =G be a set of Delaunay parameters and suppose that R; > 0
and a; € R™ are a collection of numbers and vectors satisfying (3.5) and (3.6). Then

A 5 R,a ‘M — C %2\ D)
is an isomorphism, prom'ded all e; are less than a sufficiently small numbers eg. Fur-

thermore, for f € CO%(Q\X), the solution w = (v, S, 3) of the equation Ag,R,aw =f
satisfies

o 11 o< ¢ (p” 15 lomama 4500 [ K2 (1) | +psup | KL g (1) ) ,

sS|§c<p 0 ) |+t sup | K2 g () )

2Y)

and

ep|Bl<ec (p oo +psup | K2 5, (f) | +psup | KL 4 .(f) ) :

0,J

Proof. The proof being completely identical to the one in [2], we will omit it.

9 Estimates on the error term in the approximate
solution
Thanks to our construction of the approximate solution, we have a result similar to the one

proved in [2]. Its proof being readily the same, we will refer to [2] for it.
In the following, we recall the result

Lemma 9.1 [2] Suppose that the parameters R; > 0 and a; € R™ satisfy the relations
n+2

(8.5) and (5.6) of Proposition 3.1. Define ¢ = Atz g, + %ﬁf;_ and set

w = A_R ¢. Then, for v € (1,2) and for some constant C independent of €,

lw | < Cocp®.
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10 The nonlinear fixed point argument

In this section, we will find a solution of the nonlinear problem. We consider an approx-
imate solution as constructed in (3.10) in section 3, i () associated to the data g, R
and a satisfying (3.5) and (3.6) of the Proposition 3.1. The perturbation of %  ;(x) to an
exact solution will involve not only a decaying term in the space C2({) \ ¥), but also a
slight adjustment of the parameters &, R and a.

We recall that an element w € M has components (v,8,3). Given A; and B; satisfying
(7.3), we denote

&:(1 —i—fi X 5) = <81<1 —‘1-.,4151)752(1 + ./4252))
Similarly, we will denote
R+BxS= (R1 +617R2+8252).

We want to solve the equation A (w) = 0 where

Nw) = A(Uz14+4x8),R+Bx5,a+5 T V)
10.1
n(n—2) /- - ~ "fg ( )
+=5 (Us(14.4x8),R+BxS,a+p T V)" 2.

We see that /~\§7 &,a 18 just the linearization of N at w = 0. Using Taylor expansion, (10.1)
becomes

1
N(w) = N(0) + Az g zw + /0 (DN (10,5, — DNj(0,5,3)) (v, 0,0)dt

1
+(DN(0,5,5) — DN)(0,0,0))(v,0,0) +/0 (DN (0,43,15) — DN|(0,0,0))(0, S, B)dt.
Then, the equation A/ (w) = 0 becomes

w = P(w),

1
P(w) = —A7 N(0) — A;}% (/0 (DN |(1,5,8) — DN)(0,5,3))(v,0,0)dt

1
+(DN(0,5,5 — DNj(0,0,0))(v,0,0) +/o (DN\(0,t5.,t5) — DNj(0,0,0))(0, 575)‘175) .

To prove the existence of a solution of N (w) = 0 in the space M, we prove as in [2] that
for € small enough, P is a contraction in a small ball in M of radius C 5p2, for a constant
C1 equal to twice the constant Cy appearing in Lemma 9.1.
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More precisely, if w1, we are two elements in this ball, we have, as in [2],

I P(ws) = Pwr) | o< ep® ™ || wa — w1 || -

Taking ¢ sufficiently small, we conclude that the map P is a contraction on the ball of
radius Coep? in M. Therefore, thanks to the fixed point theorem, we deduce that it has a
(unique) fixed point w which we can write w = (v, S, B) and which is a solution of the
equation N(w) = 0. Itis clear that Uz(1 15 5), R+Bx3,a+5 + 1S positive near the points
z; € X thanks to the behavior of Uz, 1« 5), 7+Bx5,a+3 near x; and also thanks to the fact
that we have v € C2%(Q \ X) with v > 1. Then by the maximum principle, it is positive
everywhere. This completes the proof of Theorem 1.2.

11 Nonexistence results in the case of a starshaped
domain

We give here a proof of Theorem 1.1. Let us assume that 2 C R™ is a bounded regular

domain which is starshaped with respect to xy. Assume that we have a solution of

PP Gt = Y
4
defined in Q \ {z¢} and having 0 boundary data, with a non-removable singularity at .
Up to a translation, we may assume that zo = 0.
Thanks to the result of L. A. Caffarelli, B. Gidas and J. Spruck [1], we know that u near
x¢ is asymptotically equivalent to one of the Delaunay type solution. More precisely, there
existe > 0 and R > 0 such that

w(z) =| 2|7 v.(~log |z | +log R) (1 + o(1)) (11.1)

near 0.

Now let us use the Pohozaev formula: we multiply the equation satisfied by u by the

quantity
Z xl 311
We obtain
a'LL 81}, 82’LL au (77/ _ 2)2 n 8 .
2321 "0x; <3“fi333j> - ziMaTsj + T;%@(U ) =0,

which can be written

(11.2)
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Using once more the equation satisfied by « which we multiply this time by w itself, we get

) ou’) 2 n(n—2) on
;axi (uaxl) =|Vu |* — T (11.3)

Using (11.2) and (11.3), we conclude that

"0 " ou Ou 1 5 (n—2)2 2 m—2 Ou |
2 e, Z(%axiax)_zwlwl" Ty vt g o =0

i=1 =1
(11.4)
Since u = 0 on 0f2, we see that

= ou Ou B 9
(z-Vu)(Vu-v) = 1-]2::1 (xfmaxj) vi =|Vul|* (z-v),

where v denotes the unit normal vector on 0f).
Integrating the equality (11.4) in Q \ B(0, p), for some p small we find

%/m (?:)2@-1/)6&7

ou.o, 1 s (n—2)2 n—2 Ou
= _— _ — v —’—7 n— + _ d 8
/OB(Ow) <P( 87‘) 2P [Vl 8 puns 2 u()?“ 7

The left hand side of this equality is clearly > 0 since we have assumed that €2 is starshaped
with respect to 0. Now, letting p tend to 0 and using (11.1), we find that

ou n—2)%2 20 n-—2 5‘u>

1
lim Hhyz 2 v 24 e
pm [ <p< Qe Lopvup + 022,

= | st | H(ve, e)

which is < 0 as we have seen in Proposition 2.1. We therefore get the desired contradiction.
This ends the proof of Theorem 1.1.
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